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Abstract In this paper the product of classical Riemann zeta function ¢ (s) and fractional hypergeometric zeta
functions ¢, (s) is examined. As aresult of this product a new integral representation of the square of the Riemann
zeta function is obtained. We use this integral representation to show that some special Mellin transforms which
are naturally related to the fractional hypergeometric zeta functions have zero free regions in the specified right
half of the complex plane. Finally we show that the fractional hypergeometric zeta functions ¢, (s) are zero free
for some specified values of a.

Keywords Zeta function - Hypergeometric zeta functions - Fractional Hypergeometric zeta functions - Integral
representation - Mellin transforms - Product formula - Uniform convergence and Absolute convergence

1 Introduction

The origin of this study flows out of the works of Abdul Hassen and Heiu D. Nguyen where in [4] they generalized
the classical Riemann zeta function by Hypergeometric Zeta functions and in [5] they showed zero free regions
for hypergeometric zeta functions. This work is the continuation of the work in [3] where in [3] I myself and
Abdul Hassen introduced and investigated a generalization of the classical Riemann zeta function by fractional
hypergeometric zeta functions via integral representation. This defines a family of what we called fractional
hypergeometric zeta functions denoted by ¢, (s) and is defined by,

00 ,s+a—2 ,—x
fa(s) = — @ T i
I's+a—1) Jo y(a, x)

where a is any positive real number and y (a, x) is the lower incomplete gamma function defined as,

X
y(a,x):f ““leds.
0

Observe that if a = 1, then the above definition yields the classical Riemann zeta function, i.e; {1(s) = £(s).
These family of functions are shown to be analytic for %(s) = o > 1 and continued analytically to the
entire complex plane, except for simple poles at 1,0, —1, —2, .... We also established many properties of the
classical Riemann zeta function for the fractional hypergeometric zeta functions and revealed the numbers
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1 —a,—a,—(a + 1), —(a + 2), ... are trivial zeros of ¢,(s)(see the same paper [3]). But we have not yet
discovered whether or not the fractional hypergeometric zeta functions have non-trivial zeros; and whether or
not the fractional hypergeometric zeta functions have zero free regions. In this paper we try to demonstrate zero
free regions for some Mellin transforms which are naturally related to the fractional hypergeometric zeta functions
and specify infinitely many values of a for which ¢,(s) is zero free to the right half of the complex plane. To
do this first we use the integral representation of the fractional hypergeometric zeta function to form the product
of the classical Riemann zeta function and the fractional hypergeometric zeta functions. As a consequence of
this product we obtain an integral representation for the square of the Riemann zeta function. We found that this
integral representation of the square of the Riemann zeta function is a tool to find zero free regions for some
special Mellin transforms. So in this paper first we define the product of the classical Riemann zeta function
and the fractional hypergeometric zeta function as a result derive Integral representation for the square of the
Riemann zeta function. It is shown that this function can be represented as

2 _L > s—1
e (S)_F(s) A X7 g1(x)dx

where for any natural number 7,

o0

g1(x) = Ze”x;—l

n=1

Using this we also prove that Mellin transforms of the form,

F(s) = /Oox“‘gm
0

is zero free in the specified right half of the complex plane, as far as it exists for some specified functions g(x).

This paper is organized as follows: in section two we review some preliminary concepts which are important
for the coming sections. In section three we examine the product of the classical Riemann zeta function and
fractional hypergeometric zeta functions. In section four we prove the main results and lastly we draw some
conclusions.

2 Preliminaries

We begin this section by reviewing different representations of the classical Riemann zeta function and Mellin
transform. In mathematics, the Mellin transform is an integral transform that may be regarded as the multiplicative
version of the two-sided Laplace transform. This integral transform is closely connected to the theory of Dirichlet
series, and it is often used in number theory, mathematical statistics, and the theory of asymptotic expansions.
It is also a tool to solve some problems in differential equations, specifically to solve Boundary Value problems
(see [1] and [2]).

Definition 2.1 The classical Mellin transform of a function f(x) that is specified on the positive part of the real
axis is defined and denoted by

£(s) = ML) = /0 = F(odo,

By change of variables x = e~ we obtain the Laplace transform

Fls) = / T e fe .

—00

Thus
f()=M[f(x)]I(s) = LLf(e)(s),

where L is the Laplace transform and M the Mellin transform. As an example the product of the classical
Riemann zeta function and the gamma function ¢ (s)I"(s) is the Mellin transform of f(x) = (e* — D™, the
gamma function I'(s) is the Mellin transform of f(x) = e™*.
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Definition 2.2 The Riemann zeta function ¢(s) is a function of a complex variable s = o + it defined as an
infinite sum given below, convergent for all o > 1,

=1
’(s) = —-

This is its Dirichlet series representation.

It is also defined by the integral given below, and usually called an integral representation of the Riemann

zeta function.
1 00 s—1
(s) = —/ al dx.
I's) Jo e —1

)y =]Ja-p™.
p

Or equivalently

The product runs over all primes p. This product is called Euler’s product formula for the Riemann’s zeta function.
Since a convergent infinite product of non-zero factors is not zero, the zeta function does not vanish in in the
right half of the complex plane. Therefore, it is used to show that the Riemann zeta function is zero free in the
right half of the complex plane.

The functional equation is also another important representation of the zeta function to locate its zeros. It is
given by

L(s) = 2(27[)371{(1 —s)I'({1 —s) sin(%).

This is called the celebrated functional equation for the Riemann zeta function. The square of the Riemann zeta
function has a Dirichlet series representation which is given by,

¢ (s) =

= d(n)
s 9
n=1

where d(n) is the number of positive divisors of n.

3 Product of zeta functions

Let a be a fixed positive real number. Then the fractional hypergeometric zeta function of order a denoted by
Lq(s) is defined as follows,

I'(a) 00 ysta=2,—x
Ca(s) = dx.
F's+a—1)Jy y(a, x)
This function is defined and analytic for fi(s) = o > 1 (see [3]). Using the substitution x = nu for any natural
number n we have the following:

00 s+a—2 ,—nu
Ca(s) = L) (nu) ¢ ndu.
F's+a—-1)J y(a, nu)

Which in turn gives us,

I'(a) 00 MS+072efnu
F's+a—-1)J y(a,nu)
Summing both sides over positive integers, we obtain

- F(a) H—a -2 e
Ca($)C(s +a—1) = F(S+a—1)z~/ y(a, nu) S

Cals)n' 075 =
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This defines the product of the classical Riemann zeta function and the fractional hypergeometric zeta function
of order a.

Observe that, ¢ (s + a — 1) is the value of the classical Riemann zeta function at s + a — 1 and it is defined
for N(s) > 2 —a.lf ¢(s +a — 1)L, (s) is zero, then {,(s) is zero as £ (s + a — 1) is non-zero to the right half of
the complex plane.

The question is now, can we specify the value of a so that ¢, (s) is zero free? The trivial answer is ata = 1
since the classical zeta function is zero free to the right half of the complex plane.

Therefore, at a = 1 the product ¢ (s + a — 1)¢,(s) becomes,

us— lfnu

2
o) = F()Z/ DN

But y (1, nu) = 1 — ¢ and hence,

oo us—l —nu

2 _LOO/ ¢
“S)‘r(s);o .

Using power series expansion of e” at the origin and comparing with its power series expression we have

2,2
nu __ 1 > n-u ,
- 2!
and hence taking the reciprocal we have,
u’ 2
1

This in turn implies that,

NIN
I\)

o0 o
> =2
enu —
n=1 n=1

Therefore, the series converges uniformly on (0, 00).

4 Main results

In this section we try to show how zero free region of a given Mellin transform depends on the parameter a which
defines the fractional hypergeometric zeta functions ¢, (s). From the construction we have seen that

's4+a—-1 R
S0 = [ g o
where
o0 e X
ga(x) = ; e

From this equation we see that, the Mellin transform of the function
fa(x) = x*Tgq(x)
is given by,
F's+a-—1)
Fu(s) = W(a(s)ﬁs).

If a = 1, then the Mellin transform F (s) is zero free to the right half of the complex plane as it represents the
product of square of the Riemann zeta function and the gamma function (Fj(s) = I‘(s)(z(s)). This is shown in
the proof of the following theorem.
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Theorem 4.1 For N(s) =0 > 1,

2 _L > s—1
E(S)—F(s) A X g1 (x)dx,

where

o0

gl(x) = Z enxl_ 1

n=1

Proof For 9i(s) = o > 1, we have

o0

1 /OO s—1 ()d 1 /OO S—IZ 1 d
—_— X X)ax = ——— X X.
o &8 Fe) Jo & el

But, the series converges absolutely and uniformly for all x (interchanging summation and integration) we have

1 %) o Sl 1 1 S 0 x“l
T / X Z '”‘—ldx:I‘ Z/ nx_ldx.
(s) Jo e () = Jo e

Using change of variable r = nx, we have

0 00 [s—l

1 0 s—1 1 S 1
M e DI | .
I(s) 0o e —1 I(s) = nt Jo e —1

n=1

Which implies that,

1 e} s—1 B 1 o0 tS71 oo 1 B 5
F(s)_/o X7 g1(x)dx = F(s),/o e’—ldt;;_g ().

O

As ¢(s) is zero free to the right half of the complex plane, £2(s) is also zero free to the right half of the
complex plane.

Corollary 4.1 For any positive real number a with R(s) = o > 2 —a,

1 >
2 _ s+a—2 /
a 1 = X ’
¢o(s ) T(s 1 /0 g1(x)dx

where

ee]

@w=zwil

n=1

is zero free to the right half of the complex plane. Specifically *(s + a — 1) is zero free for R(s) = o > 2 — a.
The natural question is now: Is that possible to characterize a function g(x) such that integrals of the form

I'(a) o

st+a—2 d
Fota—D ), ©  8Wwdx

is zero free to the right half of the complex plane? An answer to this question shed light on how to find zero free
regions for the fractional hypergeometric zeta functions defined by

_ F(a) *© s+a—2
§a(S)——F(S+a_1)fO x 8a(x)dx
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where
o0 e X
8a(x) = Z m .
n=1
We have partial answer for the question raised: If g (x) has the following forms g (x) = e~“* or g(x) = xe™*

or g(x) = xbgl(x) then

[ (a) o +a-2
Sr+a d
Fota—1 )y © sWax

is zero free to the right half of the complex plane, where ¢ is any non-negative real number. We see these in the
following corollaries:
Corollary 4.2
F o
(a) xs+a—2g(x)dx

I's+a—-1)Jo
is zero free to the right half of the complex plane, provided that g(x) = e~“* for any ¢ non-negative real number.
Proof

—F(a) oOstra_zg()C)dx = —I"(a) Ooxs'“l_ze_cxdx.
F's+a—-1)J F's+a-—-1)J

Using the substitution # = cx, we have du = cdx and the integral becomes,

I'(a) > xs+a72efcxdx — I'(a) leafs /oo us+a72efudu.
F's+a—1)Jy I's+a-—1) 0
Therefore,
_Te xX$TI2e7% gy = 7T (a).
F's+a—1)Jy
Consequently,
1" o0
¢ xs+a—2g(x)dx
F's+a—1) Jy
is zero free in the right half of the complex plane, specifically, for fi(s) =0 > 1 —a as '(s +a — 1) is zero
free for N(s) = o > 1 —a. O
Corollary 4.3
1" o0
(Cl) xs+a—2g(x)dx
F's+a—1) Jo
is zero free to the right half of the complex plane, provided that g(x) = xe™* for any ¢ non-negative real
number.
Proof
_Te oo)c‘9+6172<é’()6)61)c = e /Oox””*sze*cxdx.
F's+a—-1)Jy F's+a—-1)J

Again using the substitution # = cx and replacing a by a + b only in the exponent of x, we have du = cdx and
the integral becomes,

F(a) * xs+a+h—26—cxdx — F(a) Cl—(a+h)—x /OO us—i—a+b—26—udu.
F's+a—1)Jy I's4+a-1) 0
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Therefore,
I'(a) ooxs+a—2xbe—cxdx — @S5 g b 1) Fa
F's+a—1)Jy I's4+a-—1)

Consequently,

1“ o

(a) xs+a—2g(x)dx
F's+a—1)Jy

is zero free in the right half of the complex plane, specifically, for W(s) =0 > 1 —a as'(s +a — 1) is zero
free for N(s) =0 > 1 —a. ]
Corollary 4.4

I'(a)

o0
s+a—2 d
Fota—D ), & sWwdx

is zero free to the right half of the complex plane, provided that g(x) = x" g1 (x) for any real number b for which
the integral is defined.

Proof

['(a)

® I'(a) ® sta=2.b
_— x5t 2 (x)dx = —/ x5 2x0 1 (x)dx.
Tsta—1)J Tsta—1)J

Which is equal to gz(s 4+ a + b — 1). Consequently,

1" o0
(a) xs+a—2g(x)dx
F's+a—1)Jy
is zero free in the right half of the complex plane, specifically, for fi(s) = o > 2 — (a + b). O

We have also the following theorem which gives infinitely many values of "a” for which the fractional

hypergeometric zeta functions of order a, ¢,(s) is zero free. It is shown that there is a positive number § such
that ¢, (s) is zero free fora € (1 — §, 1 4+ §). If we consider ¢, (s) as a function of both variables s and a, then
it is analytic with respect to both variables and hence continuous for %i(s) = o > 1 and N(a) = o > 1. Hence
we have the following results:

Theorem 4.2 There is a positive number 8 such that the fractional hypergeometric zeta functions of order"a”,

La(s) is zero free fora € (1 — 8,1+ 6).
Proof Since ¢,(s) is analytic and continuous with respect to both variables, we have
31_1311 Sa(s) = C1(s) = £ (s).
Thus given € > 0, there is a § > 0 such that
18a(s) = E(s)| <€
provided,
la—1] <.
Thus for € = @ we have a § that corresponds to it, so that the following holds. If a € (1 — 8, 1 + §), then

12a(®)] = 18a(5) = £(5) + £()] = [£(5)] — [als) — £()| = 'f(;)',

Since @ > 0, we have |{,(s)| > 0. Therefore, for these specified values of the fractional hypergeometric

zeta functions of order a is zero free in the right half of the complex plane, specifically, where the classical
Riemann zeta function is zero free. ]

"
a
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5 Conclusion

In this paper the product of the classical Riemann zeta function and fractional hypergeometric zeta function is
defined. As a consequence of this an integral representation of the square of the Riemann zeta function is derived.
Using this integral representation we proved that some Mellin transforms which are related to the square of the
classical Riemann zeta function and the fractional hypergeometric zeta functions are zero free in the specified
right half of the complex plane. More importantly we have shown that if a is in the delta neighbourhood of the
number 1, then ¢, (s) is zero free to the right half of the complex plane. But still it is not known whether or not
L4 (s) is zero free for all of a.
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