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Abstract Let R be a 2-torsion free unital prime ∗-ring containing a nontrivial symmetric idempotent. We prove
that if a map φ : R → R satisfies φ([A, B]∗) = [φ(A), B]∗ + [A, φ(B)]∗ for all A, B ∈ R, then φ is an
additive ∗-derivation, where [A, B]∗ = AB − B A∗.
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1 Introduction

Let A be an associative algebra. For A, B ∈ A, [A, B] = AB − B A denotes the Lie product of A and B, also
called a commutator of A and B. A linear map φ : A → A is called a derivation if φ(AB) = φ(A)B + Aφ(B)

for all A, B ∈ A, and φ is called a Lie derivation if φ([A, B]) = [φ(A), B]+ [A, φ(B)] for all A, B ∈ A. There
are many papers in the literature revealing the relationship between Lie derivations and derivations on various
algebras. Furthermore, without the linearity assumption, if φ only satisfies φ([A, B]) = [φ(A), B] + [A, φ(B)]
for all A, B ∈ A, then φ is called a nonlinear Lie derivation or a Lie derivable map. Chen and Zhang [3]
investigated nonlinear Lie derivations on upper triangular matrices. Yu and Zhang [11] discussed nonlinear Lie
derivations on triangular algebras. Lu and Liu [7] proved that every Lie derivable map on B(X) is the sum of an
additive derivation and a central mapping which vanishes at commutators. Jing and Lu [5] generalized the above
result to the case of Lie derivable mappings on prime rings.

Let A be an associative ∗-algebra. For A, B ∈ A, denote by [A, B]∗ = AB − B A∗ the skew Lie product of
A and B. The skew Lie product is found playing a more and more important role in some research topics, and its
study has attracted several authors’ attention, see for example [1,2,4,6,8–10,12]. A map φ : A → A (without
the linearity assumption) is called a nonlinear skew Lie derivation if

φ([A, B]∗) = [φ(A), B]∗ + [A, φ(B)]∗
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for all A, B ∈ A. A map φ : A → A is called an additive derivation if

φ(A + B) = φ(A) + φ(B)

and

φ(AB) = φ(A)B + Aφ(B)

for all A, B ∈ A. A map φ is called an additive ∗-derivation if it is an additive derivation and satisfies φ(A∗) =
φ(A)∗ for all A ∈ A. It is clear that every additive ∗-derivation is a nonlinear skew Lie derivation. Conversely, Yu
and Zhang [10] proved that every nonlinear skew Lie derivation on factor von Neumann algebras is an additive
∗-derivation. Jing [6] proved that every nonlinear skew Lie derivation on standard operator algebras is an additive
∗-derivation.

Recall that a ring R is called a ∗-ring or a ring with involution if there is an additive map ∗ : R → R satisfying
(AB)∗ = B∗ A∗ and (A∗)∗ = A for all A, B ∈ R. R is called prime when for A, B ∈ R, if ARB = {0}, then
A = 0 or B = 0. An element A ∈ R is called symmetric if A∗ = A. Note that the proof of main result in [10]
depends heavily on the imaginary number unit i, but ∗-rings do not contain the imaginary number unit i. It is
interesting to characterize nonlinear skew Lie derivations on ∗-rings. Motivated by the above mentioned works,
we will study nonlinear skew Lie derivations on prime ∗-rings.

2 Main result

The main result is the following theorem.

Theorem 2.1 Let R be a 2-torsion free unital prime ∗-ring containing a nontrivial symmetric idempotent. If
a map φ : R → R satisfies φ([A, B]∗) = [φ(A), B]∗ + [A, φ(B)]∗ for all A, B ∈ R, then φ is an additive
∗-derivation.

Denote by Z(R) the centre of R. Let P ∈ R be a nontrivial symmetric idempotent. Write P1 = P, P2 =
I − P1,Ri j = PiRPj (i, j = 1, 2). Then R=R11+R12+R21+R22, and so for each A ∈ R, A = A11 + A12 +
A21 + A22, Ai j ∈ Ri j (i, j = 1, 2).

Lemma 2.1 [5, Lemma 1.6] Let R be a prime ring containing a nontrivial idempotent.

(a) If A11 X12 = X12 A22 for all X12 ∈ R12, then A11 + A22 ∈ Z(R);
(b) If A22 X21 = X21 A11 for all X21 ∈ R21, then A11 + A22 ∈ Z(R).

Lemma 2.2 Let A ∈ R. If B A = AB∗ for all B ∈ R, then A = 0.

Proof For any B11 ∈ R11, we have B11 A = AB∗
11. This implies that B11 AP2 = 0 for all B11 ∈ R11, and

so A12 = 0 by the primeness of R. Similarly, A21 = 0. For any B12 ∈ R12, we have B12 A = AB∗
12. Hence

B12 AP2 = 0 for all B12 ∈ R12, and so A22 = 0. Similarly, A11 = 0. Hence A = 0.

Lemma 2.3 (a) φ(Pi )
∗ = φ(Pi ), i = 1, 2;

(b) Piφ(Pi )Pj = −Piφ(Pj )Pj , 1 ≤ i �= j ≤ 2.

Proof (a) Let 1 ≤ i �= j ≤ 2. It follows from φ(0) = 0 that

0 = φ([Pi , Pj ]∗)
= [φ(Pi ), Pj ]∗ + [Pi , φ(Pj )]∗
= φ(Pi )Pj − Pjφ(Pi )

∗ + Piφ(Pj ) − φ(Pj )Pi . (2.1)

Multiplying Eq. (2.1) by Pj from the left and by Pi from the right, we have

Pjφ(Pi )
∗ Pi = −Pjφ(Pj )Pi . (2.2)

Multiplying Eq. (2.1) by Pj from both sides, we get

Pjφ(Pi )Pj = Pjφ(Pi )
∗ Pj . (2.3)
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Nonlinear skew Lie derivations on prime ∗-rings 477

From

0 = φ([Pj , Pi ]∗) = φ(Pj )Pi − Piφ(Pj )
∗ + Pjφ(Pi ) − φ(Pi )Pj ,

we have

Piφ(Pj )
∗ Pj = −Piφ(Pi )Pj . (2.4)

From

0 = φ([Pi , Pi ]∗) = φ(Pi )Pi − Piφ(Pi )
∗ + Piφ(Pi ) − φ(Pi )Pi ,

we have

Piφ(Pi )Pi = Piφ(Pi )
∗ Pi (2.5)

and

Piφ(Pi )Pj = Piφ(Pi )
∗ Pj . (2.6)

It follows from Eqs. (2.4) and (2.6) that

Piφ(Pj )
∗ Pj = −Piφ(Pi )

∗ Pj ,

which implies that

Pjφ(Pi )Pi = −Pjφ(Pj )Pi . (2.7)

Comparing Eqs. (2.2) and (2.7), we get

Pjφ(Pi )Pi = Pjφ(Pi )
∗ Pi . (2.8)

From Eqs. (2.3), (2.5), (2.6) and (2.8), we have φ(Pi )
∗ = φ(Pi ) for i = 1, 2.

(b) From Eq. (2.4) and (a), we obtain that

Piφ(Pi )Pj = −Piφ(Pj )Pj

for 1 ≤ i �= j ≤ 2.

Lemma 2.4 Piφ(Pi )Pi + Pjφ(Pi )Pj ∈ Z(R), 1 ≤ i �= j ≤ 2.

Proof For every A12 ∈ R12, it follows from Lemma 2.3(a) that

φ(A12) = φ([P1, A12]∗)
= [φ(P1), A12]∗ + [P1, φ(A12)]∗
= φ(P1)A12 − A12φ(P1) + P1φ(A12) − φ(A12)P1. (2.9)

Multiplying Eq. (2.9) by P1 from the left and by P2 from the right, we have

P1φ(P1)P1 A12 = A12 P2φ(P1)P2

for all A12 ∈ R12. Hence P1φ(P1)P1 + P2φ(P1)P2 ∈ Z(R) by Lemma 2.1(a).
Similarly, we can show that P2φ(P2)P2 + P1φ(P2)P1 ∈ Z(R).
Let U = P1φ(P1)P2 − P2φ(P1)P1. We define a map ϕ : R → R by

ϕ(X) = φ(X) − (XU − U X)

for every X ∈ R. Then ϕ(P1) = φ(P1) − (P1U − U P1) = P1φ(P1)P1 + P2φ(P1)P2, and ϕ(P2) = φ(P2) −
(P2U − U P2) = P1φ(P2)P1 + P2φ(P2)P2 by Lemma 2.3(b). From Lemmas 2.3(a) and 2.4, we see that
ϕ(Pi ) ∈ Z(R) and ϕ(Pi )

∗ = ϕ(Pi ) for i = 1, 2. By Lemmas 2.3(a), it is easy to verify that ϕ is also a nonlinear
skew Lie derivation. ��
Lemma 2.5 ϕ(Ri j ) ⊆ Ri j , i, j = 1, 2.
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Proof For every A12 ∈ R12, by the fact that ϕ(P1) ∈ Z(R) and ϕ(P1)
∗ = ϕ(P1), we have

ϕ(A12) = ϕ([P1, A12]∗)
= [ϕ(P1), A12]∗ + [P1, ϕ(A12)]∗
= P1ϕ(A12) − ϕ(A12)P1.

This implies that P1ϕ(A12)P1 = P2ϕ(A12)P2 = P2ϕ(A12)P1 = 0, and so ϕ(R12) ⊆ R12. Similarly, ϕ(R21) ⊆
R21.

For every A11 ∈ R11, by the fact that ϕ(P1) ∈ Z(R) and ϕ(P1)
∗ = ϕ(P1), we have

0 = ϕ([P1, A11]∗)
= [ϕ(P1), A11]∗ + [P1, ϕ(A11)]∗
= P1ϕ(A11) − ϕ(A11)P1.

Then P1ϕ(A11)P2 = P2ϕ(A11)P1 = 0, and so

ϕ(A11) = P1ϕ(A11)P1 + P2ϕ(A11)P2 (2.10)

for all A11 ∈ R11. Similarly, we can show that

ϕ(B22) = P1ϕ(B22)P1 + P2ϕ(B22)P2 (2.11)

for all B22 ∈ R22. For every B12 ∈ R12, it follows from ϕ(R12) ⊆ R12 and Eq. (2.10) that

0 = ϕ([B12, A11]∗)
= [ϕ(B12), A11]∗ + [B12, ϕ(A11)]∗
= B12ϕ(A11) − ϕ(A11)B∗

12

= B12 P2ϕ(A11)P2 − P2ϕ(A11)P2 B∗
12. (2.12)

For every B22 ∈ R22, it follows from Eqs. (2.10) and (2.11) that

0 = ϕ([B22, A11]∗)
= [ϕ(B22), A11]∗ + [B22, ϕ(A11)]∗
= [P1ϕ(B22)P1, A11]∗ + [B22, P2ϕ(A11)P2]∗. (2.13)

Multiplying Eq. (2.13) by P2 from both sides, we have

B22 P2ϕ(A11)P2 = P2ϕ(A11)P2 B∗
22 (2.14)

for all B22 ∈ R22. For every B ∈ R, it follows from Eqs. (2.12) and (2.14) that

B P2ϕ(A11)P2 = (B11 + B12 + B21 + B22)P2ϕ(A11)P2

= P2ϕ(A11)P2(B∗
11 + B∗

12 + B∗
21 + B∗

22)

= P2ϕ(A11)P2 B∗.

This and Lemma 2.2 imply that P2ϕ(A11)P2 = 0. Hence ϕ(R11) ⊆ R11. Similarly, ϕ(R22) ⊆ R22. ��
Lemma 2.6 For every Aii ∈ Ri i , Bi j ∈ Ri j , B ji ∈ R j i (1 ≤ i �= j ≤ 2), we have

(a) ϕ(Aii + Bi j ) = ϕ(Aii ) + ϕ(Bi j );
(b) ϕ(Aii + B ji ) = ϕ(Aii ) + ϕ(B ji ).
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Proof (a) Let

T = ϕ(Aii + Bi j ) − ϕ(Aii ) − ϕ(Bi j ).

It follows from [Pi , Aii ]∗ = 0 that

[ϕ(Pi ), Aii + Bi j ]∗ + [Pi , ϕ(Aii + Bi j )]∗
= ϕ([Pi , Aii + Bi j ]∗)
= ϕ([Pi , Aii ]∗) + ϕ([Pi , Bi j ]∗)
= [ϕ(Pi ), Aii + Bi j ]∗ + [Pi , ϕ(Aii ) + ϕ(Bi j )]∗,

which implies that [Pi , T ]∗ = 0, and so Ti j = Tji = 0. For every Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), it follows from
[Xi j , Aii ]∗ = 0 that

[ϕ(Xi j ), Aii + Bi j ]∗ + [Xi j , ϕ(Aii + Bi j )]∗
= ϕ([Xi j , Aii + Bi j ]∗)
= ϕ([Xi j , Aii ]∗) + ϕ([Xi j , Bi j ]∗)
= [ϕ(Xi j ), Aii + Bi j ]∗ + [Xi j , ϕ(Aii ) + ϕ(Bi j )]∗,

which implies that [Xi j , T ]∗ = 0. Hence Xi j T Pj = 0 for all Xi j ∈ Ri j , and so Tj j = 0. Then there exists a
UAii ,Bi j ∈ Ri i such that

ϕ(Aii + Bi j ) = ϕ(Aii ) + ϕ(Bi j ) + UAii ,Bi j

for all Aii ∈ Ri i , Bi j ∈ Ri j . Hence there exists a U−Xi j B∗
i j ,Aii Xi j ∈ Ri i such that

ϕ(−Xi j B∗
i j ) + ϕ(Aii Xi j ) + U−Xi j B∗

i j ,Aii Xi j

= ϕ(−Xi j B∗
i j + Aii Xi j )

= ϕ([Aii + Bi j , Xi j ]∗)
= [ϕ(Aii ) + ϕ(Bi j ) + UAii ,Bi j , Xi j ]∗ + [Aii + Bi j , ϕ(Xi j )]∗
= ϕ([Aii , Xi j ]∗) + ϕ([Bi j , Xi j ]∗) + [UAii ,Bi j , Xi j ]∗
= ϕ(−Xi j B∗

i j ) + ϕ(Aii Xi j ) + UAii ,Bi j Xi j ,

which implies that

U−Xi j B∗
i j ,Aii Xi j = UAii ,Bi j Xi j . (2.15)

Multiplying Eq. (2.15) by Pi from the left and by Pj from the right, and by the fact that U−Xi j B∗
i j ,Aii Xi j ∈ Ri i ,

we have UAii ,Bi j Xi j = 0 for all Xi j ∈ Ri j . Hence, UAii ,Bi j = 0 by primeness of R, and we get (a). ��
Similarly, we can show that (b) holds.

Lemma 2.7 For every Ai j ∈ Ri j , B ji ∈ R j i (1 ≤ i �= j ≤ 2), we have

ϕ(Ai j + B ji ) = ϕ(Ai j ) + ϕ(B ji ).

Proof Let

T = ϕ(Ai j − B ji ) − ϕ(Ai j ) − ϕ(−B ji ).

Since

[ϕ(Ai j − B ji ), Pj ]∗ + [Ai j − B ji , ϕ(Pj )]∗
= ϕ([Ai j − B ji , Pj ]∗)
= ϕ([Ai j , Pj ]∗) + ϕ([−B ji , Pj ]∗)
= [ϕ(Ai j ) + ϕ(−B ji ), Pj ]∗ + [Ai j − B ji , ϕ(Pj )]∗,
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we have [T, Pj ]∗ = 0. This implies that Ti j = 0. Similarly, Tji = 0. Then there exist a UAi j ,−B ji ∈ Ri i and a
VAi j ,−B ji ∈ R j j such that

ϕ(Ai j − B ji ) = ϕ(Ai j ) + ϕ(−B ji ) + UAi j ,−B ji + VAi j ,−B ji .

Hence

ϕ(Ai j + B ji ) =ϕ([Pi , Ai j − B ji ]∗)
=[ϕ(Pi ), Ai j − B ji ]∗

+ [Pi , ϕ(Ai j ) + ϕ(−B ji ) + UAi j ,−B ji + VAi j ,−B ji ]∗
=ϕ([Pi , Ai j ]∗) + ϕ([Pi ,−B ji ]∗)
=ϕ(Ai j ) + ϕ(B ji ).

Lemma 2.8 For every Aii ∈ Ri i , Bi j ∈ Ri j , C ji ∈ R j i (1 ≤ i �= j ≤ 2), there exists a UAii ,Bi j ,C ji ∈ Ri i such
that

ϕ(Aii + Bi j + C ji ) = ϕ(Aii ) + ϕ(Bi j ) + ϕ(C ji ) + UAii ,Bi j ,C ji .

Proof Let

T = ϕ(Aii + Bi j + C ji ) − ϕ(Aii ) − ϕ(Bi j ) − ϕ(C ji ).

It follows from Lemma 2.7 that

[ϕ(Pj ), Aii + Bi j + C ji ]∗ + [Pj , ϕ(Aii + Bi j + C ji )]∗
= ϕ([Pj , Aii + Bi j + C ji ]∗)
= ϕ(C ji − Bi j ) = ϕ(C ji ) + ϕ(−Bi j )

= ϕ([Pj , Aii ]∗) + ϕ([Pj , Bi j ]∗) + ϕ([Pj , C ji ]∗)
= [ϕ(Pj ), Aii + Bi j + C ji ]∗ + [Pj , ϕ(Aii ) + ϕ(Bi j ) + ϕ(C ji )]∗.

This implies [Pj , T ]∗ = 0, and so Ti j = Tji = 0. For every Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), it follows from
Lemma 2.7 that

[ϕ(Xi j ), Aii + Bi j + C ji ]∗ + [Xi j , ϕ(Aii + Bi j + C ji )]∗
= ϕ([Xi j , Aii + Bi j + C ji ]∗)
= ϕ([Xi j , Aii ]∗) + ϕ([Xi j , Bi j + C ji ]∗)
= [ϕ(Xi j ), Aii + Bi j + C ji ]∗ + [Xi j , ϕ(Aii ) + ϕ(Bi j ) + ϕ(C ji )]∗,

which implies that [Xi j , T ]∗ = 0. Then Xi j T Pj = 0 for all Xi j ∈ Ri j , and so Tj j = 0. Hence there exists a
UAii ,Bi j ,C ji ∈ Ri i such that ϕ(Aii + Bi j + C ji ) = ϕ(Aii ) + ϕ(Bi j ) + ϕ(C ji ) + UAii ,Bi j ,C ji .

Lemma 2.9 For every Ai j , Bi j ∈ Ri j (1 ≤ i �= j ≤ 2), we have

ϕ(Ai j + Bi j ) = ϕ(Ai j ) + ϕ(Bi j ).

Proof Consider ϕ([Pi + Ai j , Pj + Bi j ]∗) = ϕ(−Bi j A∗
i j + Ai j + Bi j − A∗

i j ). By Lemma 2.8, there exists
U−Bi j A∗

i j ,Ai j +Bi j ,−A∗
i j

∈ Ri i , then we have

ϕ([Pi + Ai j , Pj + Bi j ]∗) =ϕ(−Bi j A∗
i j + Ai j + Bi j − A∗

i j )

=ϕ(−Bi j A∗
i j ) + ϕ(Ai j + Bi j ) + ϕ(−A∗

i j )

+ U−Bi j A∗
i j ,Ai j +Bi j ,−A∗

i j
. (2.16)

It follows from Lemmas 2.6 and 2.7 that

ϕ([Pi + Ai j , Pj + Bi j ]∗)
= [ϕ(Pi ) + ϕ(Ai j ), Pj + Bi j ]∗ + [Pi + Ai j , ϕ(Pj ) + ϕ(Bi j )]∗
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= ϕ([Pi , Pj ]∗) + ϕ([Pi , Bi j ]∗) + ϕ([Ai j , Pj ]∗) + ϕ([Ai j , Bi j ]∗)
= ϕ(Bi j ) + ϕ(Ai j − A∗

i j ) + ϕ(−Bi j A∗
i j )

= ϕ(Bi j ) + ϕ(Ai j ) + ϕ(−A∗
i j ) + ϕ(−Bi j A∗

i j ). (2.17)

Comparing Eqs. (2.16) and (2.17), we have

ϕ(Ai j + Bi j ) + U−Bi j A∗
i j ,Ai j +Bi j ,−A∗

i j
= ϕ(Ai j ) + ϕ(Bi j ). (2.18)

Multiplying Eq. (2.18) by Pi from the left and by Pj from the right, and by the fact that ϕ(Ri j ) ⊆ Ri j and
U−Bi j A∗

i j ,Ai j +Bi j ,−A∗
i j

∈ Ri i , we have ϕ(Ai j + Bi j ) = ϕ(Ai j ) + ϕ(Bi j ).

Lemma 2.10 For every Aii , Bii ∈ Ri i (i = 1, 2), we have

ϕ(Aii + Bii ) = ϕ(Aii ) + ϕ(Bii ).

Proof For every Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), it follows from Lemmas 2.5 and 2.9 that

ϕ(Aii + Bii )Xi j + Aiiϕ(Xi j ) + Biiϕ(Xi j )

= [ϕ(Aii + Bii ), Xi j ]∗ + [Aii + Bii , ϕ(Xi j )]∗
= ϕ([Aii + Bii , Xi j ]∗)
= ϕ(Aii Xi j + Bii Xi j )

= ϕ(Aii Xi j ) + ϕ(Bii Xi j )

= ϕ([Aii , Xi j ]∗) + ϕ([Bii , Xi j ]∗)
= [ϕ(Aii ), Xi j ]∗ + [Aii , ϕ(Xi j )]∗ + [ϕ(Bii ), Xi j ]∗ + [Bii , ϕ(Xi j )]∗
= ϕ(Aii )Xi j + Aiiϕ(Xi j ) + ϕ(Bii )Xi j + Biiϕ(Xi j ).

This implies that

(ϕ(Aii + Bii ) − ϕ(Aii ) − ϕ(Bii ))Xi j = 0

for all Xi j ∈ Ri j , and so ϕ(Aii + Bii ) = ϕ(Aii ) + ϕ(Bii ) by Lemma 2.5 and primeness of R.

Lemma 2.11 For every Aii ∈ Ri i , Bi j ∈ Ri j , D j j ∈ R j j (1 ≤ i �= j ≤ 2), we have

ϕ(Aii + Bi j + D j j ) = ϕ(Aii ) + ϕ(Bi j ) + ϕ(D j j ).

Proof Let

T = ϕ(Aii + Bi j + D j j ) − ϕ(Aii ) − ϕ(Bi j ) − ϕ(D j j ).

It follows from Lemma 2.6 that

[ϕ(Pi ), Aii + Bi j + D j j ]∗ + [Pi , ϕ(Aii + Bi j + D j j )]∗
= ϕ([Pi , Aii + Bi j + D j j ]∗)
= ϕ([Pi , Aii + Bi j ]∗) + ϕ([Pi , D j j ]∗)
= [ϕ(Pi ), Aii + Bi j + D j j ]∗ + [Pi , ϕ(Aii ) + ϕ(Bi j ) + ϕ(D j j )]∗.

This yields that [Pi , T ]∗ = 0, and so Ti j = Tji = 0. For every Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), we have from
Lemma 2.6 that

[ϕ(Xi j ), Aii + Bi j + D j j ]∗ + [Xi j , ϕ(Aii + Bi j + D j j )]∗
=ϕ([Xi j , Aii + Bi j + D j j ]∗)
=ϕ([Xi j , Aii ]∗) + ϕ([Xi j , Bi j + D j j ]∗)
=[ϕ(Xi j ), Aii + Bi j + D j j ]∗ + [Xi j , ϕ(Aii ) + ϕ(Bi j ) + ϕ(D j j )]∗,

which implies that [Xi j , T ]∗ = 0. Hence Xi j T Pj = 0 for all Xi j ∈ Ri j , and so Tj j = 0. Similarly, Tii = 0.
Hence T = 0.

123



482 L. Kong , J. Zhang

Lemma 2.12 For every A11 ∈ R11, B12 ∈ R12, C21 ∈ R21, D22 ∈ R22, we have

ϕ(A11 + B12 + C21 + D22) = ϕ(A11) + ϕ(B12) + ϕ(C21) + ϕ(D22).

Proof Let

T = ϕ(A11 + B12 + C21 + D22) − ϕ(A11) − ϕ(B12) − ϕ(C21) − ϕ(D22).

It follows from Lemma 2.7 that

[ϕ(P1), A11 + B12 + C21 + D22]∗ + [P1, ϕ(A11 + B12 + C21 + D22)]∗
=ϕ([P1, A11 + B12 + C21 + D22]∗)
=ϕ(B12 − C21)

=ϕ(B12) + ϕ(−C21)

=ϕ([P1, A11]∗) + ϕ([P1, B12]∗) + ϕ([P1, C21]∗) + ϕ([P1, D22]∗)
=[ϕ(P1), A11 + B12 + C21 + D22]∗

+ [P1, ϕ(A11) + ϕ(B12) + ϕ(C21) + ϕ(D22)]∗.
This implies that [P1, T ]∗ = 0, and so T12 = T21 = 0.

For every X12 ∈ R12, it follows from Lemmas 2.8 and 2.10 that there exists aU−B12 X∗
12+X12C21,X12 D22,−D22 X∗

12
∈

R11 such that

ϕ([X12, A11 + B12 + C21 + D22]∗)
=ϕ(−B12 X∗

12 + X12C21 + X12 D22 − D22 X∗
12)

=ϕ(−B12 X∗
12) + ϕ(X12C21) + ϕ(X12 D22) + ϕ(−D22 X∗

12)

+ U−B12 X∗
12+X12C21,X12 D22,−D22 X∗

12
. (2.19)

It follows from Eq. (2.19) and Lemma 2.7 that

[ϕ(X12), A11 + B12 + C21 + D22]∗ + [X12, ϕ(A11 + B12 + C21 + D22)]∗
=ϕ([X12, A11 + B12 + C21 + D22]∗)
=ϕ([X12, A11]∗) + ϕ([X12, B12]∗) + ϕ([X12, C21]∗) + ϕ([X12, D22]∗)

+ U−B12 X∗
12+X12C21,X12 D22,−D22 X∗

12

=[ϕ(X12), A11 + B12 + C21 + D22]∗
+ [X12, ϕ(A11) + ϕ(B12) + ϕ(C21) + ϕ(D22)]∗
+ U−B12 X∗

12+X12C21,X12 D22,−D22 X∗
12

.

This and the fact that T12 = T21 = 0 yield that

[X12, T22]∗ − U−B12 X∗
12+X12C21,X12 D22,−D22 X∗

12
= 0. (2.20)

Multiplying Eq. (2.20) by P1 from the left and by P2 from the right, we have X12T22 = 0 for all X12 ∈ R12, and
so T22 = 0. It follows from Lemmas 2.9 and 2.11 that

[ϕ(A11 + B12 + C21 + D22), X12]∗ + [A11 + B12 + C21 + D22, ϕ(X12)]∗
=ϕ([A11 + B12 + C21 + D22, X12]∗)
=ϕ(−X12 B∗

12 + A11 X12 − X12 D∗
22 + C21 X12)

=ϕ(−X12 B∗
12) + ϕ(A11 X12) + ϕ(−X12 D∗

22) + ϕ(C21 X12)

=ϕ([A11, X12]∗) + ϕ([B12, X12]∗) + ϕ([C21, X12]∗) + ϕ([D22, X12]∗)
=[ϕ(A11) + ϕ(B12) + ϕ(C21) + ϕ(D22), X12]∗

+ [A11 + B12 + C21 + D22, ϕ(X12)]∗.
This implies that [T, X12]∗ = 0. Then T11 X12 = 0 for all X12 ∈ R12. Hence T11 = 0, and so T = 0.

Lemma 2.13 For every Aii , Bii ∈ Ri i , Ai j , Bi j ∈ Ri j , B ji ∈ R j i , B j j ∈ R j j (1 ≤ i �= j ≤ 2), we have

123



Nonlinear skew Lie derivations on prime ∗-rings 483

(a) ϕ(Aii Bi j ) = ϕ(Aii )Bi j + Aiiϕ(Bi j );
(b) ϕ(Aii Bii ) = ϕ(Aii )Bii + Aiiϕ(Bii );
(c) ϕ(Ai j B ji ) = ϕ(Ai j )B ji + Ai jϕ(B ji );
(d) ϕ(Ai j B j j ) = ϕ(Ai j )B j j + Ai jϕ(B j j ).

Proof (a) It follows from Lemma 2.5 that

ϕ(Aii Bi j ) = ϕ([Aii , Bi j ]∗)
= [ϕ(Aii ), Bi j ]∗ + [Aii , ϕ(Bi j )]∗
= ϕ(Aii )Bi j + Aiiϕ(Bi j ).

(b) For every Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), we have from (a) that

ϕ(Aii Bii )Xi j + Aii Biiϕ(Xi j ) = ϕ(Aii Bii Xi j )

= ϕ(Aii )Bii Xi j + Aiiϕ(Bii Xi j )

= ϕ(Aii )Bii Xi j + Aiiϕ(Bii )Xi j + Aii Biiϕ(Xi j ).

Hence (ϕ(Aii Bii ) − ϕ(Aii )Bii − Aiiϕ(Bii ))Xi j = 0 for all Xi j ∈ Ri j , and so (b) holds by Lemma 2.5 and
primeness of R.

(c) It follows from Lemma 2.5 that

ϕ(Ai j B ji ) = ϕ([Ai j , B ji ]∗)
= [ϕ(Ai j ), B ji ]∗ + [Ai j , ϕ(B ji )]∗
= ϕ(Ai j )B ji + Ai jϕ(B ji ).

(d) For every X ji ∈ R j i (1 ≤ i �= j ≤ 2), we have from (a), (c) and Lemma 2.5 that

ϕ(Ai j B j j )X ji + Ai j B j jϕ(X ji )

= ϕ(Ai j B j j X ji )

= ϕ(Ai j )B j j X ji + Ai jϕ(B j j X ji )

= ϕ(Ai j )B j j X ji + Ai jϕ(B j j )X ji + Ai j B j jϕ(X ji ),

which implies that (ϕ(Ai j B j j ) − ϕ(Ai j )B j j − Ai jϕ(B j j ))X ji = 0 for all X ji ∈ R j i . Hence (d) holds by
Lemma 2.5 and primeness of R.

Proof of Theorem 2.1 For every A, B ∈ R, we have A = ∑2
i, j=1 Ai j and B = ∑2

i, j=1 Bi j . It follows from
Lemmas 2.9, 2.10 and 2.12 that

ϕ(A + B) =
2∑

i, j=1

ϕ(Ai j + Bi j )

=
2∑

i, j=1

ϕ(Ai j ) +
2∑

i, j=1

ϕ(Bi j )

= ϕ(A) + ϕ(B).

By Lemmas 2.5, 2.13 and the additivity of ϕ on R, it is easy to verify that ϕ is an additive derivation on R. Then
for any Xi j ∈ Ri j (1 ≤ i �= j ≤ 2), we have

ϕ(Xi j ) = ϕ(Pi Xi j ) = ϕ(Pi )Xi j + Piϕ(Xi j ). (2.21)

Multiplying Eq. (2.21) by Pi from the left, we have Piϕ(Pi )Xi j = 0 for all Xi j ∈ Ri j . Hence Piϕ(Pi )Pi = 0,
and it follows from Lemma 2.5 that

ϕ(Pi ) = 0. (2.22)

for i = 1, 2. For any Aii ∈ Ri i , we have from Lemma 2.5, the additivity of ϕ on R and Eq. (2.22) that

ϕ(Aii ) − ϕ(A∗
i i ) = ϕ([Aii , Pi ]∗)
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= [ϕ(Aii ), Pi ]∗ + [Aii , ϕ(Pi )]∗
= ϕ(Aii ) − ϕ(Aii )

∗,

which yields that

ϕ(A∗
i i ) = ϕ(Aii )

∗ (2.23)

for i = 1, 2. For any Ai j ∈ Ri j (1 ≤ i �= j ≤ 2), we have from Lemma 2.5, the additivity of ϕ on R and Eq.
(2.22) that

ϕ(Ai j ) − ϕ(A∗
i j ) = ϕ([Ai j , Pj ]∗)

= [ϕ(Ai j ), Pj ]∗ + [Ai j , ϕ(Pj )]∗
= ϕ(Ai j ) − ϕ(Ai j )

∗.

This implies that

ϕ(A∗
i j ) = ϕ(Ai j )

∗ (2.24)

for 1 ≤ i �= j ≤ 2. From Eqs. (2.23), (2.24) and the additivity of ϕ on R, we have

ϕ(A∗) =
2∑

i, j=1

ϕ(A∗
i j ) =

2∑

i, j=1

ϕ(Ai j )
∗ = ϕ(A)∗

for all A ∈ R. Hence ϕ is an additive ∗-derivation, and so φ is an additive ∗-derivation by the definition of ϕ.
As an immediate result of Theorem 2.1, we have the following corollary.

Corollary 2.1 [10, Theorem 2.1] Let A be a factor von Neumann algebra acting on a complex Hilbert space H
with dimH ≥ 2. If a map φ : A → A satisfies φ([A, B]∗) = [φ(A), B]∗ + [A, φ(B)]∗ for all A, B ∈ A, then
φ is an additive ∗-derivation.

Acknowledgements The authors wish to thank the anonymous referees for their valuable comments and suggestions that improved
the presentation of the paper. This research is supported by Scientific Research Project of Shangluo University (21SKY104).

References

1. An, R., Hou, J.: A characterization of ∗-automorphism on B(H). Acta Math. Sin. 26(2), 287–294 (2010)
2. Bai, Z., Du, S.: Maps preserving products XY − Y X∗ on von Neumann algebras. J. Math. Anal. Appl. 386(1), 103–109 (2012)
3. Chen, L., Zhang, J.: Nonlinear Lie derivations on upper triangular matrices. Linear Multilinear Algebra 56(6), 725–730 (2008)
4. Cui, J., Li, C.K.: Maps preserving product XY −Y X∗ on factor von Neumann algebras. Linear Algebra Appl. 431(5-7), 833–842

(2009)
5. Jing W., Lu, F.: Lie derivable mappings on prime rings. Linear Multilinear Algebra 60(2), 167–180 (2012)
6. Jing, W.: Nonlinear ∗-Lie derivations of standard operator algebras. Quaest. Math. 39(8), 1037–1046 (2016)
7. Lu, F., Liu, B.: Lie derivable maps on B(X). J. Math. Anal. Appl. 372(2), 369–376 (2010)
8. Taghavi, A., Darvish, V., Rohi, H.: Additivity of maps preserving products AP ± P A∗ on C∗-algebras. Math. Slovaca 67(7),

213–220 (2017)
9. Taghavi, A., Rohi, H.: A note on skew product preserving maps on factor von Neumann algebras. Rocky Mountain J. Math.

47(6), 2083–2094 (2017)
10. Yu, W., Zhang, J.: Nonlinear ∗-Lie derivations on factor von Neumann algebras. Linear Algebra Appl. 437(8), 1979–1991

(2012)
11. Yu, W., Zhang, J.: Nonlinear Lie derivations of triangular algebras. Linear Algebra Appl. 432(11), 2953–2960 (2010)
12. Zhang, F., Qi, X., Zhang, J.: Nonlinear ∗-Lie higher derivations on factor von Neumann algebras. Bull. Iran. Math. Soc. 42(3),

659–678 (2016)

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-05-05T03:26:32+0530
	Preflight Ticket Signature




