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Abstract Let R be a 2-torsion free unital prime *-ring containing a nontrivial symmetric idempotent. We prove
that if a map ¢ : R — R satisfies ¢ ([A, Bl,) = [¢(A), Bl« + [A, ¢(B)]s for all A, B € R, then ¢ is an
additive *-derivation, where [A, B], = AB — BA*.
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1 Introduction

Let A be an associative algebra. For A, B € A, [A, B] = AB — BA denotes the Lie product of A and B, also
called a commutator of A and B. A linear map ¢ : A — A is called a derivation if  (AB) = ¢(A)B + A¢(B)
forall A, B € A, and ¢ is called a Lie derivation if ¢ ([A, B]) = [¢(A), B]+[A, ¢(B)]forall A, B € A. There
are many papers in the literature revealing the relationship between Lie derivations and derivations on various
algebras. Furthermore, without the linearity assumption, if ¢ only satisfies ¢ ([A, B]) = [¢(A), B]+[A, ¢ (B)]
for all A, B € A, then ¢ is called a nonlinear Lie derivation or a Lie derivable map. Chen and Zhang [3]
investigated nonlinear Lie derivations on upper triangular matrices. Yu and Zhang [11] discussed nonlinear Lie
derivations on triangular algebras. Lu and Liu [7] proved that every Lie derivable map on B(X) is the sum of an
additive derivation and a central mapping which vanishes at commutators. Jing and Lu [5] generalized the above
result to the case of Lie derivable mappings on prime rings.

Let A be an associative x-algebra. For A, B € A, denote by [A, B], = AB — BA* the skew Lie product of
A and B. The skew Lie product is found playing a more and more important role in some research topics, and its
study has attracted several authors’ attention, see for example [1,2,4,6,8-10,12]. A map ¢ : A — A (without
the linearity assumption) is called a nonlinear skew Lie derivation if

¢([A, Bly) = [¢(A), Blx +[A, ¢(B)]«
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476 L. Kong , J. Zhang

forall A, B € A. Amap ¢ : A — Ais called an additive derivation if
¢(A+ B) = ¢(A) + ¢(B)
and
¢(AB) = ¢(A)B + Agp(B)

forall A, B € A. A map ¢ is called an additive x-derivation if it is an additive derivation and satisfies ¢ (A™) =
¢ (A)*forall A € A.Itis clear that every additive x-derivation is a nonlinear skew Lie derivation. Conversely, Yu
and Zhang [10] proved that every nonlinear skew Lie derivation on factor von Neumann algebras is an additive
x-derivation. Jing [6] proved that every nonlinear skew Lie derivation on standard operator algebras is an additive
*-derivation.

Recall thataring R is called a *-ring or a ring with involution if there is an additive map * : R — 'R satisfying
(AB)* = B*A™ and (A*)* = A forall A, B € R. R is called prime when for A, B € R, if ARB = {0}, then
A =0o0r B=0.Anelement A € R is called symmetric if A* = A. Note that the proof of main result in [10]
depends heavily on the imaginary number unit i, but *-rings do not contain the imaginary number unit i. It is
interesting to characterize nonlinear skew Lie derivations on *-rings. Motivated by the above mentioned works,
we will study nonlinear skew Lie derivations on prime *-rings.

2 Main result

The main result is the following theorem.

Theorem 2.1 Let R be a 2-torsion free unital prime x-ring containing a nontrivial symmetric idempotent. If
amap ¢ : R — R satisfies p([A, Bly) = [¢(A), Blx + [A, p(B)]x forall A, B € R, then ¢ is an additive
*-derivation.

Denote by Z(R) the centre of R. Let P € R be a nontrivial symmetric idempotent. Write Py = P, P, =
I — P, Rij=PRP;(,j=1,2). Then R=R11+R12+R21+R22, and so foreach A € R, A = A;1 + A2 +
Axi + A, Ajj €eRij (i, ] =1,2).

Lemma 2.1 [5, Lemma 1.6] Let R be a prime ring containing a nontrivial idempotent.

(@) If AliX12 = X124 forall X13 € Ry, then A1 + Axp € Z(R);
(b) If App X2 = X1 A1y forall Xa1 € Ry, then Ay + Az € Z(R).

Lemma 2.2 Let A€ R.If BA = AB* forall B € R, then A = 0.

Proof For any By € Ry, we have BjjA = AB],. This implies that BjjAP, = 0 for all B;; € Ry, and
so A2 = 0 by the primeness of R. Similarly, Ay; = 0. For any By € Rz, we have BjpA = ABI"Z. Hence
B12AP, =0 for all By» € Ri3, and so Ay = 0. Similarly, Aj; = 0. Hence A = 0.

Lemma 2.3 (a) ¢(P)* = ¢(P;),i =1,2;
(b) Pigp(P)P;=—Pip(Pp)Pj, 1 <i#j=<2

Proof (a) Let1 <i # j < 2. It follows from ¢ (0) = O that

0=9¢(F, Pjlv)
=[¢(P), Pjls« + [P, ¢ (P}«
= ¢(Pi)P; — Pip(P)* + Pip(Pj) — ¢ (Pj)P;. 2.1)

Multiplying Eq. (2.1) by P; from the left and by P; from the right, we have
Pi¢p(P)*Pi = —Pj¢(P)P;. (2.2)
Multiplying Eq. (2.1) by P; from both sides, we get

Pi¢(P;)P;j = Pi¢p(P;)*P;.
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Nonlinear skew Lie derivations on prime *-rings 477

From
0=9¢(P), Pilx) = ¢p(P))Pi — Pip(P))" + Pjp(P) — ¢(P) P,
we have
Pi¢(Pj)"Pj = —Pi¢(P)P;. 2.4
From
0=¢P;, Pil) = (PP — Pip(P)* + Pip(P;) — p(P) P,
we have
Pi¢(P)Pi = Pigp(P;)" Pi (2.5
and
P;¢(P)P; = P;¢p(P)*P;. (2.6)

It follows from Eqgs. (2.4) and (2.6) that
Pi¢(Pj)*Pj = —Pip(P)" P,
which implies that
Pi¢(Pi)P; = —Pjp(Pj)P;. 2.7)
Comparing Eqgs. (2.2) and (2.7), we get
Pi¢p(P)P; = Pj¢(P)*P;. (2.8)

From Egs. (2.3), (2.5), (2.6) and (2.8), we have ¢ (P;)* = ¢(P;) fori =1, 2.
(b) From Eq. (2.4) and (a), we obtain that

Pi¢p(P)Pj = —Pi¢(Pj)P;
forl <i#j<2.
Lemma 2.4 P;¢(P)P;, + Pi¢p(P)Pj € Z(R), 1 <i #j <2
Proof For every A1z € Ria, it follows from Lemma 2.3(a) that

d(A12) = ([P1, Ar12])
=[¢(P1), A2l +[P1. $(A12) ]
=¢(P)A12 — Apg(P1) + P1op(An) —¢(Ap) Pr. (2.9)

Multiplying Eq. (2.9) by P from the left and by P, from the right, we have
Pigp(P1)P1A12 = AP (P1) P2

for all Ajp € Ri2. Hence P1¢p(P) Py + P2¢p(P1) P> € Z(R) by Lemma 2.1(a).
Similarly, we can show that Py (P2) P> + P1¢p(P2)P1 € Z(R).
Let U = P1¢p(P1) P> — P,¢p(P1) P;. We define amap ¢ : R — R by

p(X) =¢(X) — (XU -UX)

for every X € R. Then ¢(P1) = ¢(P1) — (P1U — U Py) = P1¢p(P1)P1 + P,¢(P1) P2, and ¢(P2) = ¢(P2) —
(U —UP)) = Pi¢p(P2)P) + Pr¢p(P>) P> by Lemma 2.3(b). From Lemmas 2.3(a) and 2.4, we see that
o(P;) € Z(R) and ¢ (P;)* = ¢(P;) fori = 1, 2. By Lemmas 2.3(a), it is easy to verify that ¢ is also a nonlinear
skew Lie derivation. O

Lemma 2.5 gﬁ(Rij) - R,’j,i,j =1,2.
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Proof For every Ay € Ry, by the fact that ¢(P;) € Z(R) and ¢(P1)* = ¢(P), we have

p(A12) = o([P1, A12]4)
= [@p(P1), A12]« + [P1, ¢(A12)]«
= Pip(A12) — (A1) Py.

This implies that Pip(A12) P1 = Pr@p(A12) P> = Pop(A12) P1 = 0,and so ¢(R12) € Riz. Similarly, ¢(R21) €

Roi.
For every Aj; € R11, by the fact that (P1) € Z(R) and ¢(P)* = ¢(P1), we have

0=o(P1, A11]s)
= [@(P1), A11ls + [P1, (A1) ]«
= Piop(A11) — ¢(A11) Py

Then P1¢p(A11) P> = Pr2p(A11)P; =0, and so
(A1) = Pip(A1) P1 + Prp(An) P2
for all Aj; € Ryy. Similarly, we can show that
@(B2) = P1o(Bn)P1 + Pr¢(B) P2
for all Byy € Ray. For every Bja € Ri2, it follows from ¢(R12) € R12 and Eq. (2.10) that

0= o([B12, A11l%)
= [p(B12), A11]« + [B12, o(A11D) ]«
= Biog(A11) — ¢(A11) B},
= B Pr¢p(A11) P> — Prp(A11) P2By,.

For every B, € Ra», it follows from Egs. (2.10) and (2.11) that

0= @B, A1)
= [p(B2), A11ls + [B2, p(A11)]«
= [P1o(B2) P1, A11ls + [B2, Po(A11) P2lx.

Multiplying Eq. (2.13) by P, from both sides, we have
BnPrp(A11) Py = Pyp(A11) P2B3,
for all Byy € Ras. For every B € R, it follows from Egs. (2.12) and (2.14) that

BPyp(A11) Py = (B11 + Bio + Ba1 + Bn) P¢(A11) P2
= Pp(A11) P2(B}, + B}, + B3, + B3)
= Pp(A1)P,B*.

This and Lemma 2.2 imply that Po@(A11) P> = 0. Hence ¢(R11) € R11. Similarly, ¢(R22) € Rao.

Lemma 2.6 Forevery A;; € Rii, Bij € Rij, Bji € Rji (1 <i # j <2), we have

(@) w(Aii + Bij) = ¢(Aii) + ¢(Bij);
(b) ¢(Aii + Bji) = ¢(Aii) + ¢ (Bji).

@ Springer
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Proof (a) Let
T = ¢(Aii + Bij) — ¢(Aii) — ¢(Bij).
It follows from [P;, A;;]« = O that
lp(P), Aii + Bijle + [Pi, 9(Aii + Bij)l«
= o([Pi, Aii + Bijls)
=o([P;, Aiilv) + (P, Bijls)
= [@(P), Aii + Bijl« + [P, (Aii) + @(Bij)]x,

which implies that [P;, T], = 0, and so T;; = T}; = 0. Forevery X;; € R;; (1 <i # j < 2), it follows from
[Xij, Aiil« = O that

[o(Xij), Aii + Bijl« + [Xij, o(Aii + Bij)]«
= o([Xij, Aii + Bijls)
= o([X;j, Aiile) + o([Xij, Bijls)
= [p(Xij), Aii + Bijls + [Xij, 0(Aii) + @(Bij)]«,

which implies that [X;;, T], = 0. Hence X;;T P; = 0 for all X;; € R;;, and so T;; = 0. Then there exists a
Ua;;,B;; € Rii such that

@(Aii + Bij) = ¢(Aii) + ¢(Bij) + U, B;
forall A;; € Ry, Bij € R;j. Hence there exists a U—X,-,- B Aii X € R;; such that
¢(=XijBj) + o(AiiXij) + U_x,; 5% 4 x5
= ¢(—=Xi;Bj; + Aii Xij)
= o([A;i + Bij, Xijls)
= [@(Aii) + @(Bij) + Ua, B> Xijl« + [Aii + Bij, 9(Xij)]«
= ¢([Aii, Xijl) + @([Bij, Xijle) + [Uay, B Xijls
= ¢(—=Xi;Bj;) + ¢(Aii Xij) + Ua, B, Xij,
which implies that
U-xi;B:. aix;; = Unii B Xij- (2.15)
Multiplying Eq. (2.15) by P; from the left and by P; from the right, and by the fact that U_x,; B AiXij € Rii,
we have UAii,Bi,- X;j =0 forall X;; € R;;. Hence, UA,-,-,Bij = 0 by primeness of R, and we get (a). O
Similarly, we can show that (b) holds.
Lemma 2.7 Forevery Ajj € Rij, Bji € Rji (1 <i # j <2), we have
@(Aij + Bji) = ¢(Aij) + ¢(Bji).
Proof Let

T =¢(Ajj — Bji) — ¢(Aij) — o(—Bji).

Since

[p(Aij — Bji), Pjl« + [Aij — Bji, o(P))]«
= ¢([Aij — Bji, Pjlx)
= ¢([Aij, Pjls) +o([—Bji, Pjls)
= [@p(Aij) +¢(=Bji), Pjl« + [Aij — Bji, 9(P})]x,
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we have [T, P;], = 0. This implies that 7;; = 0. Similarly, 7}; = 0. Then there exist a Uaij,—Bj; € Rii and a
Vai;.—B; € Rjj such that
@(Aij — Bji) = ¢(Aij) + ¢(=Bji) + Ua;;,—B;; + Va,,—Bji-
Hence
@(Aij + Bji) =p([Pi, Aij — Bjils)
=[p(P), Aij — Bjil«
+ [Piv (p(Al]) + (p(_B]l) + UA,'_,',—B_,‘,‘ + VA,’_,‘,—B]‘,‘]*
=o([P;, Aij1x) + ([P, —Bjils)
=@(Aij) + ¢(Bji).
Lemma 2.8 Forevery A;; € Rij, Bij € Rij,Cji € Rji (1 <i # j <2), there exists a UAii,Bij,Cji € Ri; such
that
@(Aii + Bij + Cji) = ¢(Aii) + ¢(Bij) + ¢(Cji) + Uan,;.B;j.cji -
Proof Let
T =@(Aii + Bij + Cji) — ¢(Aii) — ¢(Bij) — ¢(Cji).
It follows from Lemma 2.7 that
lo(Pj), Aii + Bij + Cjili + [P}, ¢(Aii + Bij + Cji)]«
=@([Pj, Aii + Bij + Cjils)
= ¢(Cji = Bij) = ¢(Cji) + ¢(=Bij)
= @([Pj, Aiils) +o([Pj, Bijls) + ([P}, Cjils)
= [p(P)), Ajii + Bij + Cjil« + [P}, (Aii) + ¢(Bij) + ¢(Cji)]x.
This implies [P;, T']« = 0, and so T;; = T;; = 0. For every X;; € R;; (1 <i # j < 2), it follows from
Lemma 2.7 that
lo(Xij), Aii + Bij + Cjil« + [Xij, ¢(Aii + Bij + Cji)l«
= o([Xij, Aii + Bij + Cjils)
= o([Xij, Aiile) + o([Xij, Bij + Cjils)
= [p(Xij), Aii + Bij + Cjils« + [Xij, 0(Aii) + @(Bij) + ¢(Cji)ls,
which implies that [X;;, ], = 0. Then X;; T P; = O for all X;; € R;;, and so T}; = 0. Hence there exists a
Uay.Bj.c;i € Rii suchthat 9(Aii + Bij + Cji) = ¢(Aii) + ¢(Bij) + ¢(Cji) + Un;; B,
Lemma 2.9 Forevery Ajj, Bij € Rijj (1 <i # j <2), we have
@(Aij + Bij) = ¢(Aij) + ¢(Bij).

Proof Consider ¢([P; + A;j, Pj + Bjjls) = (p(—BijA;.kj + Ajj + Bij — A;kj). By Lemma 2.8, there exists
U—Bz_;A;},Ai_/+Bi_;,—A?, € Rj;, then we have

@([P; + Aij, Pj + Bijls) =¢(=Bi;Aj; + Aij + Bij — A))
=p(—BijA})) + ¢(Aij + Bij) + p(—A})

+ U—B,-jA;kj,Aij—i-B,-j,—A’.k.- (216)

Ly
It follows from Lemmas 2.6 and 2.7 that
o([Pi + Aij, Pj + Bjjls)
= [p(P) +@(Aij), Pj + Bijls + [P + Aij, o(P}) + ¢(Bij) ]«
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=o([P;, Pilo) + ([P, Bijls) + o([Aij, Pjls) + @([Aij, Bijls)

= ¢(Bij) + ¢(Aij — Af;) + ¢(=Bi; A)

= @(Bij) + ¢(Aij) + 9(=A7) + o(=Bij A})). (2.17)
Comparing Egs. (2.16) and (2.17), we have

¢(Aij + Bij) + U_p;az 4+ B~ a7, = 9(Aij) + @(Bij). (2.18)

ij 4]
Multiplying Eq. (2.18) by P; from the left and by P; from the right, and by the fact that ¢(R;;) € R;; and
U_py;az, ij+B,;.~ a7, € Riis we have 9(Ajj + Bij) = ¢(Aij) + ¢(Bjj).

Lemma 2.10 For every A;;, Bii € Rii (i = 1,2), we have
@(Aii + Bii) = ¢(Aii) + ¢(Bi;).
Proof Forevery X;; € Rjj (1 <i # j < 2), it follows from Lemmas 2.5 and 2.9 that
©(Aii + Bii) Xij + Aiip(Xij) + Biip(Xij)
= [@(Aii + Bii), Xijl« + [Aii + Bii, 9(Xij)]«
= o([Aji + Bii, Xijl+)
= ¢(Aii Xij + Bii Xij)
= 0(Aii Xij) + ¢(Bii Xij)
= @([Aii, Xij1) + @B, Xijls)
= lo(Ai1), Xijle + [Aii, (Xij) )« + [@(Bii), Xijle + [Bii (Xij)]«
= (A Xij + Aiip(Xij) + 9(Bii) Xij + Biigp(Xij).
This implies that
(p(Aii + Bii) — p(Aii) — @(Bii))X;j =0
forall X;; € R;j, and so ¢(A;; + Bi;) = ¢(A;;) + ¢(B;;) by Lemma 2.5 and primeness of R.
Lemma 2.11 For every Aj; € Rii, B,‘j € R,‘j, Djj € Rjj (I<i#j< 2), we have
@(Aii + Bij + Djj) = ¢(Aii) + ¢(Bij) + ¢ (Djj).
Proof Let
T = ¢(Aii + Bij + Djj) — ¢(Aii) — ¢(Bij) — ¢(Dj;).
It follows from Lemma 2.6 that
lp(P;), Aii + Bij + Djjle + [Pi, ¢(Aii + Bij + Djj)l«
= @([P;, Aj; + Bij + Djjl+)

= o([Pi, Aii + Bijlo) + ([P, Djjl)

= [@(P;), Aii + Bij + Djjls + [P, o(Aii) + @(Bij) + @(Djj)]x.
This yields that [P;, T]y = 0, and so T;; = T;; = 0. Forevery X;; € R;; (1 <i # j < 2), we have from
Lemma 2.6 that

[p(Xij), Aii + Bij + Djjl« + [Xij, o(Aii + Bij + Djj)]«

=o([X;j, Aii + Bij + Djjl+)

=o([Xij, Aiils) + o([Xij, Bij + Djjls)

=[p(Xij), Aii + Bij + Djjl« + [Xij, o(A;i) + @(Bij) + @(Djj)]+,
which implies that [X;;, T], = 0. Hence X;;T P; = O for all X;; € R;;, and so T;; = 0. Similarly, T;; = 0.
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Lemma 2.12 For every A11 € Ri1, Bi2 € Ri2, Ca1 € Rat, Dy € Raz, we have
(A1l + Bi2 + Co1 + D22) = ¢(A11) + ¢(B12) + ¢(Ca1) + ¢(D22).
Proof Let

T =¢(A11 + Bi2 + Ca1 + D22) — ¢(A11) — ¢(B12) — ¢(C21) — 9(D22).

It follows from Lemma 2.7 that

[(P1), A1 + Bio + Ca1 + Do2ls + [P1, (A1 + Bi2 + Co1 + Do)«
=¢([P1, A11 + B2 + C21 + D22ly)
=¢(B12 — C21)
=¢(B12) + ¢(—C21)
=([P1, A11]ls) + ¢([P1, Bi2lx) + ¢([P1, Ca1ls) + @([P1, D22l+)
=[e(P1), A11 + B2 + Co1 + D2l
+ [P, 9(A11) + @(B12) + ¢(C21) + ¢(D22)]+.
This implies that [P}, T]x = 0, and so 71, = T>; = 0.

Forevery X2 € Ri2,itfollows fromLemmas 2.8 and 2.10 that there exists a U_p,, xt,+ X ,C21, X 12 D22, — Do X3, €
R11 such that

o([X12, A1 + Bi2 + Ca1 + D22ly)
=@(—=B12 X, + X12Co1 + X12D20 — D0 X75)
=¢(—=B12XT) + ¢(X12C21) + ¢(X12D22) + ¢(— D22 XT5)
+ U—BlzX’f2+X12C21,XlzDzz,—DszTZ' (2.19)

It follows from Eq. (2.19) and Lemma 2.7 that

[p(X12), A1l + Biz2 + Co1 + Daals + [X12, (A1 + Bia + Co1 + D)l
=¢([X12, A11 + B2 + C21 + Dn2ls)
=¢([X12, A11ls) + ¢([X12, Bi2lx) + ¢([X12, C21ls) + @([X12, D2214)
+ U—312XTZ+X12C21,X12D22,—D22XT2
=[¢(X12), A11 + Bia + Co1 + D2l
+ [X12, 9(A11) + ¢(B12) + ¢(Ca1) + 9(D22)]«

+ U—312XTZ+X12C21,X12D22,—D22X’f2'

This and the fact that 71> = 721 = 0 yield that

[X123 TZZ]* - U7312XT2+X12C21,X12D22,7D22XT2 =0. (220)

Multiplying Eq. (2.20) by P from the left and by P, from the right, we have X272, = O forall X1» € Rz, and
so T»y = 0. It follows from Lemmas 2.9 and 2.11 that

[@(A11 + B12 + Co1 + D22), X12]w + [A11 + Bio + Ca1 + D2, 9(X12) 14
=¢([A11 + B2 + C21 + D22, X1214)
=p(—X12B}, + A1 X12 — X12D5, + C21X12)
=p(—X12B},) + ¢(A11X12) + (= X12D3,) + ¢(C21X12)
=p([A11, X12]) + o([B12, X12]%) + o([Ca1, X12]4) + @([D22, X12]4)
=lp(A11) + ¢(B12) + ¢(C21) + ¢(D22), X12]«
+[A1 + Bz + Ca1 + D2, (X12) ]+

This implies that [T, X12]« = 0. Then 771 X12 = 0 for all X12 € R12. Hence 771 =0, and so T = 0.
Lemma 2.13 For every A;;, Bii € Rii, Ajj, Bij € Rija Bji € Rj,', Bjj e Rjj (1 <i#j<2), wehave
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(a) ¢(AiiBij) = ¢(Aii)Bij + Aiip(Bij);
(b) ¢(AiiBii) = ¢(Aii)Bii + Aiip(Bi;);
(c) (AijBji) = @(Aij)Bji + Aijjo(Bj;);
(d) (AijBjj) = ¢(Aij)Bjj + Aijo(Bj)).
Proof (a) It follows from Lemma 2.5 that

©(AiiBij) = ¢([Aii, Bijls)
= [@(Aii), Bijls« + [Aii, 9(Bij)]«
= @(A;i)Bij + Ajjp(Bjj).
(b) Forevery X;; € R;; (1 <i # j <2), we have from (a) that
©(Aii Bii) Xij + Aii Biip(Xij) = ¢(A;i Bii Xij)
= @(A;)Bii Xij + Ajjo(Bii Xij)
= @(Aii)Bii Xij + Aiip(Bii) Xij + Aii Biip(Xij).
Hence (¢(A;i Bii) — ¢(Aii)Bii — Aijo(B;;))X;j = 0 for all X;; € R;;, and so (b) holds by Lemma 2.5 and

primeness of R.
(c) It follows from Lemma 2.5 that

@(AijBji) = o([Aij, Bjils)
= [@(Ai}), Bjil« +[Aij, o(Bji)]«
= @(Aij)Bji + Aijo(Bji).
(d) Forevery X;; € Rj; (1 <i # j <2), we have from (a), (¢) and Lemma 2.5 that
0(AijBjj)X i +AijBjjo(X;i)

= ¢(AijBjjX i)

= (p(Aij)Bijji + Aije(BjiXji)

= @(Aij)BjjXji + Aijo(B;jj) X i + AijBjje(X i),

which implies that ((p(Aiijj) — (P(Aij)Bjj - Aij@(Bjj))in = 0 for all Xj,‘ S Rji. Hence (d) holds by

Lemma 2.5 and primeness of k.

Proof of Theorem 2.1 For every A, B € R, we have A = Zijzl Ajjand B = Zijzl B;;j. It follows from
Lemmas 2.9, 2.10 and 2.12 that

2
@(A+B)= Y ¢(Ai; + Byj)
i, j=1
2 2
= Z P(Aij) + Z ¢(Bij)
i, j=1 i,j=1
= ¢(A) + ¢(B).

By Lemmas 2.5, 2.13 and the additivity of ¢ on R, it is easy to verify that ¢ is an additive derivation on R. Then
forany X;; € R;j (1 <i # j <2), we have

o(Xij) = o(Pi Xij) = o(P)Xij + Pip(Xij). (2.21)

Multiplying Eq. (2.21) by P; from the left, we have P;¢(F;)X;; = 0 for all X;; € R;;. Hence P;p(P;)P; =0,
and it follows from Lemma 2.5 that

@(P) = 0. (2.22)
fori =1, 2. For any A;; € Ri;i, we have from Lemma 2.5, the additivity of ¢ on R and Eq. (2.22) that

0(Aii) — (A7) = o([Aii, Pils)
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= [@p(A;;), Pils + [Aii, o(P)]«
= @A) — (A",
which yields that
P(A]) = p(Ai)* (2.23)

fori = 1,2. Forany A;; € R;; (1 <i # j < 2), we have from Lemma 2.5, the additivity of ¢ on R and Eq.
(2.22) that

9(Aij) — o(A5) = ([Aij, Pjli)
= [p(Aij), Pjls + [Aij, o(Pj)]s
= ¢(Aij) — p(Aij)".
This implies that
P(A}) = (Ai))" (2.24)
for 1 <i # j <2.From Egs. (2.23), (2.24) and the additivity of ¢ on R, we have

2 2
P(A") = Y (A5 = > p(Ai)* = p(A)*
ij=1 ij=1

for all A € R. Hence ¢ is an additive x-derivation, and so ¢ is an additive x-derivation by the definition of ¢.
As an immediate result of Theorem 2.1, we have the following corollary.

Corollary 2.1 [10, Theorem 2.1] Let A be a factor von Neumann algebra acting on a complex Hilbert space H
with dimH > 2. If amap ¢ : A — A satisfies ¢ ([A, Bly) = [¢(A), Bl + [A, ¢ (B)]s forall A, B € A, then
¢ is an additive *-derivation.
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