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Abstract Let G be a finite group, ¢(G) the number of its cyclic subgroups, and ¢(G) = ¢(G)/|G]|. Set I (G) =
l{g € Glg? = 1}|. In this paper we prove if a(G) = 3/4, then G is isomorphic to a direct product of an
elementary abelian 2-group and a dihedral group D1, D24, or a group satisfying 1 (G) = %|G| and exp(G) = 4.
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1 Introduction

In this paper all groups are finite. Let ¢(G) be the number of cyclic subgroups of a group G and let «(G) =
¢(G)/|G]. Observe that

c(G) = Z

xeG

¢ (o(x))’

where ¢ is Euler’s totient function and o(x) denotes the order of an element x. Garonzi and Lima completely
classified the groups having «(G) > 3/4 (see Theorem 5 of [1]). The value 3/4 is the largest nontrivial accumu-
lation point of the set of numbers of the form «(G). Recently, Tarnauceanu and Lazorec classified the structure
of groups with «(G) = 3/4 for some special classes of finite nilpotent groups, and proved that every almost
extraspecial 2-group is one of that groups (see [2] and [3]). In this paper, we continue this work to classify these
groups. Set 1(G) = |{g € G|g*> = 1}|.
Main Theorem. Let G be a group with o (G) = 3/4. Then G is isomorphic to a direct product of an elementary
abelian 2-group and a dihedral group D¢, D24, or a group satisfying I1(G) = %|G| and exp(G) = 4.

Note that the groups satisfying [ (G) = %|G| were classified completely by Miller and Nekrasov (see [4],
[5D.

2 Some Lemmas

In this section, we give some lemmas. The first six lemmas are cited from the second section of [1].
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Lemma 2.1 If N < G then a(G) < a(G/N). Moreover a(G) = a(G/N) if and only if ¢ (0(g)) = ¢(0(Ng))
for every g € G, where o(Ng) denotes the order of the elements Ng in the group G/N.

Lemma 2.2 [fa(G) = a«(G/N), then N is an elementary abelian 2-group.
Lemma 2.3 If G is any finite group, then a(G) = a(G x Z%) for alln > 0.
Lemma 24 [fa(G) =a(G/N)and L < G, L C N, then a(G) = a(G/L).
Lemma 2.5 I[fa(G) = «(G/N) and K < G, then (K) = a(K/K N N).

Lemma 2.6 Suppose «(G) = «(G/N). If an element a € G has order 2 modulo N, then a centralizes N. In
particular, if G/N can be generated by elements of order 2 then N C Z(G).

Next we will obtain some formulas about the value of « of a group G, which has a normal Hall subgroup N.

In the sequel, set c(S) =) ¢ m for a subset S of G.

Lemma 2.7 Let N be a normal subgroup of a group G and an element x € G. Suppose that (o(x), |N|) = 1.

Then c¢(Nx) = %Q(CN(X))-

Proof Let the order of Nx be m. So (Nx)™ = N, that is, x™ € N. Since (o(x), |[N|) = 1, we see that
(x) "N = 1, and then x* = 1. Thus o(x)|m. Conversely, it is obvious that o(Nx) divides o(x). Therefore
o(x) = o(Nx) = m. Clearly, (xCy(x))N = {x8c8|g € N,c € Cy(x)}. Let N = {ny, na, ..., ng}, then the list
of xCy ()N is

{X"(CN )™, 2™ (Cn ()™, x™ (Cy ()™ ).

We assert that (x" (Cy(x))") N (x" (Cn(x))" is an empty set whenever x™ # x"/, wherei, j = 1,2,...,s.
In fact, we assume that there is y € (x" (Cy(x))") N (x" (Cy(x))", i.e. there exist ¢y, co € Cp(x) such that
y = x"Mc" = x" . Since (o(x™), o(c1™)) = (o(x™), o(c;'/)) = 1l and [x", ;"] = [x"V, c;'i] = 1. The
uniqueness of the p-part and p’-part of a given element y (see p. 17 of [6]) tells us that x" = x"J, crl” = c;j,
which contradicts our hypothesis x" # x™/. Therefore, the set (x"(Cy(x))") N (x"/ (Cn(x))" is empty.
Obviously, |x" (Cy(x))"| = |Cn(x)|. Thus

|xCn )N | = [xV] - [Cy(x)| = IN| = |Nx|.

Note that x¥ € Nx and (xCx (x))Y € Nx.So (xCy(x))N = Nx, and then

[N : Cy(x)] 1
C(Nx) = =222 4 [N 1 Oy () _
¢ (m) yeC%—{l} o (m - 0(y))
[N| 1 IN|
- _ C ’
$(m)|C (1)l g@ 500N~ plma N
as desired. ]

From Lemma 2.7, we get the following proposition directly.

Proposition 2.8 Suppose that N is a normal Hall subgroup, H a subgroup of G, and G = N x H. Then

1 ) a(Cn(h))
p(o(h))

a(G) = —
|H| heH
The following result refines Proposition 2.8. Recall that the factor group H/C gy (N) acts faithfully on N with

respect to xCaMNh .— P forall x € N and h € H (see Sect. 8.1 of [7]).

Proposition 2.9 Suppose that N is a normal Hall subgroup, H a subgroup of G, and G = N x H. Let
o H — Aut(N) be the homomorphism associated to the automorphism action of H on N. Denote by K the
kernel of p and by X a coset representative of K in H. Then

a(G) = ﬁ a(Cy(x))c(Kx).

xeX

Moreover, if N is an elementary abelian p-group, say ZZ, then p is a representation to the group GL(n, p).
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Proof The group H acts by conjugation on the normal subgroup N. Denote by K the kernel of p and by X a
coset representative of K in H. Since Cy (kx) = Cy(x) forall k € K and x € X, by Proposition 2.8 we have

wG = Ly U L 5 aCu)
1Hl (= 9ot~ 1HI, & $0m)
a(Cy(h) _ 1
= — (Cr ()
§h§ plo(h) ~ [H| * Z Z ¢<o<h>>
= 7] 2, ¥ Cn (k)

Moreover, suppose that N is an elementary abelian p-group, say Z),. We can regard N as a linear space of
dimension n over a finite field ), it implies that p is a representation from H to the general linear group
GL(n, p). |

Proposition 2.10 Suppose that G acts irreducibly on a vector space V over a finite field F, of characteristic p.
Then Z(G)/(Cg(V) N Z(G)) is a cyclic p’'-group.

Proof It is known that G/Cg(V) acts on V as follows: v8¢6(Y) := € for all g € G. Since G/Cg(V) acts
faithfully on V, the induced action of Cg (V) Z(G)/Cg (V) is also faithful. It follows that C (V) Z(G)/Cg (V) is
a subgroup of the automorphism group of linear space V of dimension n, that is the general linear group G L (n, q).
Next we choose an element z of Z(G). ThenzCg (V) € C(V)Z(G)/Cg(V).Foranyv € Cy(z) and g € G with
v8 € Cy(2)8. Thus (v8)* = v8* = v*8 = v8 ,and so v8 € Cy (z), we can obtain Cy (z)8 C Cy (z). On the other
hand, (v8)* = v8 also implies that v € Cy (z)8.Hence Cy (z) € Cy (z)8. Therefore Cy (z)8 = Cy(z),and Cy(2)
is a G-invariant space. Note that Cy (zCg(V)) = Cy (z). As G acts irreducibly on V, we see that Cy (zCg (V) =
0 or V. Obviously, Cy(z) = V ifand only if z € C5(V). Thus Cy (zCg(V)) = 0 for all non-identity elements
72Cq (V) € Cg(V)Z(G)/Cg(V). Since Z(G) is abelian, Cg(V)Z(G)/Cc(V) = Z(G)/(Cc(V) N Z(G)) is
also abelian. Therefore, by the well-known result on fixed point free action (see Theorem 8.3.2 of [7]), we get
that Z(G)/(Cs (V) N Z(G)) is a cyclic p’-group. |
The above proposition is a generalization of Schur’s Lemma 8.6.1 in [7].

Lemma 2.11 Suppose that t is an involution of the general linear group GL(n, q) over a linear space V with
q odd prime, and t # —1I,,. Then Cy (t) is not trivial.

Proof The matrix ¢ being an involution, is similar to some diagonal matrix diag(l,...1, —1,...,—1) in
GL(n, q) (see [8]). So eigenvalues of ¢ are 1 and —1. If all eigenvalues of # are —1, then there exists g € GL(n, q)
such that g~!rg = —1I,, which yields r = —1I,,. Therefore, if r # —I,,, we have ¢ has an eigenvalue 1, the fixed-
point subspace Cy (¢) is not trivial. ]

Note that if H acts faithfully on an elementary abelian p-group V with p odd prime, then Lemma 2.11
guarantees that there exists at most one involution of H whose centralizer in V is trivial. For § C G, set
1(S) := |{g € S|g? = 1}| the number of elements of order 1 and 2 in S. The following two lemmas can be
checked with the help of Wall’s classification (see Sect. 7 of [9]).

Lemma 2.12 Suppose that G is a 2-group and 1(G) > %|G|. Then G is an elementary abelian 2-group or a
direct product of the dihedral group Dg of order 8 and an elementary abelian group.

Proof It is easy to see from /(G) > %|G| > %|G|, G is one of groups of Type I, I, III and IV in Wall’s
classification.

For Type I, G = Zl2 X (A x {c)) := le x A1, where [ > 0, o(c¢) = 2 and c acts on an abelian 2-group A
by inversion. In fact (A7) > %|A1| because 1(G) =2/ - I(A)) > % . 21|A1 |. By the fundamental theorem of
finitely generated abelian groups, we can write A = Zyay X Zydy X -+ X Zyg, where 1 <dy <dy <--- < dy.
Then

[(Ay) =2k 4 pdhirdottdi Bl pdi+da i+

because all elements of A| —A are involutions. It follows that 2F > }T~2d1 tdattde Thusk > dy+do+- - +dy—
We cannot have dy > 3 since this would imply thatd; +d> +- - -+dy —2 > (k— 1) +3 —2 = k, a contradiction.
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Therefore, dy = 1 or dy = 2. In the former case, A is an elementary abelian 2-group, and G does too. We assume
thatdy = 2. If dy—1 = 2, we would obtaind; +dp + -+ +dy —2 > (k —2) +2+ 2 — 2 = k, which yields a
contradiction. Hence di = dp = --- = dr—1 = 1,dy = 2. Thus A1 = (Z4 x lec_l) X (c) which is isomorphic
to Dg x Z5~!, and so G = Dg x Z4~!,

For Type II, G = Z) x D}. Clearly, I(G) = 36 - 2! and I(G) = 1|G/| which is less than 3|G|. Hence no
such G exists.

Finally, G is isomorphic to a group of Type IIl or IV, say G = Zé X Go, Go = (€, X1, Y1y -+ Xn,» yn|c2 =

xl.z = yi2 = 1, all pairs of generators commute except [x;, y;] = ¢) or Gg = {(c, xln, yln, ceey Xn, ynlc2 = xi2 =
yl.2 = 1, all pairs of generators commute except [c, x;] = y;). Note that /(G) = 4213 |G|. By the hypothesis
1(G) > §|G|, we have n < 2. Hence G is isomorphic to Dg X le. ]

Lemma 2.13 Suppose that a(G) = 3/4 and I1(G) > %|G|. Then G = Dy x Z4 or Doy x Z) for some | > 0.

Proof Since 71(G) > %|G|, it’s readily seen that G is one of groups of Type I, II, IIT and IV in Wall’s
classification. Observe that all values of « for the groups of Type II, Il and IV are greater than 3 /4, see the proof
of Theorem 5 in [1]. So we only need to check a group G of Type I which is isomorphic to le' X (A (c)),
where [; > 0, o(c) = 2 and c acts on an abelian group A by inversion. Note that by Lemma 2.3, we have
a(G) = a(A x {(c)). Since all elements of A x (c¢) — A have order 2, it follows that

A A 1 1

By the condition «(G) = 3/4, we deduce «(A) = 1/2. Suppose that A has a prime divisor p > 5, or an element
of order 32. Since A is abelian, Z p Or Zy is a quotient of A. So by Lemma 2.1 we have

a(A) < a(Zy) = % < l
p 2
or
w(A) < a(Zo) = + < L,
3°2

which is a contradiction. Next we let A» and A3 be Sylow 2- and 3-subgroups, respectively. Set |[A;| = 2" and
|A3| = 3™. Assume that A has a prime divisor 3, namely A3 = Zg” form > 1. Moreover, if Ay = ZJ forn > 0,
then

1+@3"-1/2 1 1 1

3m 2 T2 T o

a(A) = a(A3) =

Therefore A has an element of order 4. Now there is a quotient of A which is isomorphic to Z4 x Z% ifm > 2.
However

() = aZyx 2 = = < -
o o =— <=
R PR
gives a contradiction. Thus A3 = Z3. Also A, cannot have an element of order 8 since this would imply that

11
W) < a(Zs x 23) = 5 <

zs
which is impossible. In fact A does not have a homomorphic image Zi X Z3 because

1

A <a(Z2x7Z3) = — < -,

a(A) <a(Z; 3) 5 <3

a contradiction. Thus A = 23_2 X Z1». This yields G = Z;H'_z X Do4. Next we assume that A is a 2-group,
that is A3 is trivial. Observe that A has no quotient isomorphic to Z¢ or Z4 x Zg because otherwise

7 1
a(A) = max{a(Zis), a(Z4 x Zg)} = 72 < 7.
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which yields a contradiction. Now let A = Z5' x Z,?. Then

e 111\ 1
Ol(A)ZOl(Z4)=§+§ 3 >§,

a contradiction. Finally, we may assume that A = Z;” X Zgz, then

4" 2" 8"2—4m

"2 4 + 1
_ nay ¢4 ® 1
a(A) = a(Zg?) = o =
wecan getny, = 1,andso A = 2373 x Zg. It follows that G = Z;’+l‘_3 X D1¢. This completes the proof of the
lemma. m]

Lemma 2.14 Let G = Z5 x Dg, H a subgroup of G. Then H = Z%', Z%' x Dg or Z5' x Z4 for some m > 0.
Moreover, if H is a maximal subgroup of G, then H is isomorphic to Z;+2, Zy X Zg or Z;‘_l x Dg.

Proof Let G = Z] x Dg := Z% x ({a) x (b)), where o(a) = 4, o(b) = 2 and b acts on a by inversion.
Obviously, H = Z5' if exp(H) = 2. Now we assume that exp(H) = 4. Let A be generated by all elements of
order 4, it implies that A is abelian because all elements of order 4 commutate pairwise, and then A = Z§ x Z
forO <s <n,t > 0. Weclaimthat A = Z; x (a).In fact, if t > 2, then A has a subgroup (ax;) x (ax;), where
x1, x2 belong to Z3. Note that (ax;) N (axz) = {1}. But ax; = x1a, axy = x2a and 0(x1) = o(x2) = 2, we have
(ax1) N {(axy) = {1, a*}. This yields a contradiction. Therefore r = 1, and A = Z5 x (a) = Z5 x Z4. Now if A
is a proper subgroup of H, it follows that every element z of H — A has order 2. In fact all involutions of H — A
act on A by inversion, that is if y € A with o(y) = 4, we have y* = y~!. Moreover, if H — A has an element
7/ such that zA # 7/A, then zz'A # A, thus z7' ¢ A, this implies 0(zz') = 2. Hence zz' = 7'z. It is easy to get
that 0(zz'y) = 4 because y“/ = (y"H~! = y. Observe that zz'y € H — A, a contradiction. Therefore the index
of Ain His 2, and H = (Z§ x Z4) » (z) which is isomorphic to Z3 x Dg. Finally, if A is the whole group H,
then H = Z3 x Zy. ]

3 Proof of Main Theorem

Assume that ¢(G) = 3/4 > %. Then G is supersolvable by Theorem 6 of [1]. Obviously, G is not an abelian
simple group, and so G has at least one proper nontrivial normal subgroup N. Now if for every proper nontrivial
normal subgroup N, itis satisfied 2(G) = a(G/N), thena(G) = a(G/N) = a(Z,) = 2/ p for some prime p, a
contradiction. Next we may assume that G has a nontrivial proper normal subgroup N such thata(G) < a(G/N).

We suppose that there exists N < G, N # {1}, such that «(G) = «(G/N). Take N of maximal order with
this property. Then «(G) < «(G/L) whenever L is a normal subgroup of G containing N properly. We will
show that if G/N satisfies the conclusion of the Main Theorem then G does too.

Lemma 3.1 Let N be a normal subgroup of G with «(G) = «(G/N) = 3/4. If G/N is isomorphic to a direct
product of an elementary abelian 2-group and a dihedral group D¢, D24, or a group satisfying [(G/N) =
$1G/N| and exp(G/N) = 4, so is G.

Proof Since «(G) = «¢(G/N), Lemma 2.2 implies that N is an elementary abelian 2-group, and Lemma 2.1
tells us that ¢ (0(gN)) = ¢(o(g)) for every g € G. It follows that if o(gN) = 2 then either g € N or
0(g) = 0(gN) = 2. Therefore 1 (gN) = 0if o(g) > 2 and I (gN) = |N|if o(g) < 2. Thus

1(G) =I(N)+1(G — N) =|N|+|N|(I(G/N) = 1) = N|I(G/N),

and so I(G)/|G| =1(G/N)/|G/N|. Note that [ (G/N) = %lG/N|, we can get [ (G) = %|G|.

Now, we suppose that G/N is a 2-group, then G is also a 2-group since N is an elementary abelian 2-group.
If o(gN) = 1, then g € N. Assume o(gN) = 2" for some n > 1. Since o(gN) divides o(g), we may write
o(g) = m - 2% 2" for some odd integer m and some a > 0. We obtain that 2"~ = ¢ (m) - 2"+~ because
¢ (0(g)) = ¢p(0(gN)), hence ¢p(m) - 2¢ = 1. It implies that a = 0 and ¢ (m) = 1, hence m = 1 being m odd.
Therefore exp(G) = exp(G/N).

Finally, assume that G/N = Z, x Dig or G/N = Z), x Dy4. Note that 1 (G/N) > |G/N|/2 for these
cases. I(G)/|G| =1(G/N)/|G/N| > 1/2, so we deduce that / (G) > |G|/2. Since ¢(G) = 3/4, Lemma 2.13
implies that G is isomorphic to a direct product of an elementary abelian 2-group and Dje or Dp4. O

@ Springer



490

Now let N be a maximal order normal subgroup with property «(G) = (G /N), and M a minimal normal
subgroup of G containing N, then 3/4 = o(G) = «(G/N) < a(G/M). Applying isomorphism theorem, we
have (G/N)/(M/N) = G/M, thatis G/N is the extension group of M /N by G/M. Certainly, M /N is of order
prime being supersolvable , say Z, and a(G/M) > 3/4. By Lemma 3.1, to prove our Main Theorem, it suffices
to assume G is the extension of Z, by a group whose value of « is greater than 3/4. For convenience, in the
following we write G as T.H, where T = Z,, H = Zé x Hj, and Hj is listed in Theorem 5 of [1].

Case A. Hy = 1,ie, H=Z).

The group H acts on T by conjugation. Let K be the kernel and X a transversal of K in H. Set |K| := 2/1
for /1 > 0. Now we assume that p is an odd prime. By Schur—Zassenhaus Theorem, that G = Z,, x Zé. Then
le/(Zl2 NK) = 1 or Z, by Proposition 2.10, it follows that ZIQ_1 is contained in K. Hence G = ZIQ_1 X(ZpxZ>)
and so either G = Z5™' x D, or G = Z, x Z,, this implies that either «(G) = 1 + % ora(G) = % It is easy
to check that «(G) # %. These cases are impossible.

Finally, we assume that p = 2, then T = Z; which is central. Obviously, the exponent of G equals 4. So we

1(G)+ 55 (IG|-1(G
have ¢ (G) = ( H‘Ml)él‘ ) =3/4ifand only if /1(G) = %|G|.

CaseB. H| = Z’31 X {(c), wheren > 1, o(c) = 2 and c acts on Zgl by inversion.
(B.1) p = 5.

In the light of Schur-Zassenhaus Theorem, we have G = Z,, x H. Similarly as before, the group H acts on
Z, by conjugation. Let K be the kernel, namely K := Cy(Z)). Note that Z(H) = le. Let | KNZ(H)| = 2h
for/; > 0. Then H = Z X (Zl hy Hy). By Proposition 2.10, we deduce /1 = [ or/ — 1. Since Zé‘ is contained
in the kernel, we have G = 22 X (Zpx (Zé_l1 x Hy)). By Lemma 2.3, it follows «(G) = a(Z), (Zé_[1 x Hp)).

(B.1.1) Case: [} = 1.
Then by Proposition 2.8, we have
«(Cz, ()

a(G) = a(Z, x Hy) = Z 20

€H;

1 o (Zs) 1
<l st 2 em

1£heH,
1 2 n 3" n 3" —1
S 2:3"\5 0 9 90

3 1 3
== < —,

4 20-3" 4

which is a contradiction.

(B.1.2)Case: Iy =1 —1.

Then a(G) = a(Z, x (Z x Hy)). Let G| = Z, x (Z x Hy), H = Z§ x (c), where c acts on Z% by
inversion. Z; x Hj acts on Z,, with kernel K, so that K is a normal subgroup of Z x Hy = Zgl X (z, c) where z
has order 2, zc acts on Z% by inversion and zc = cz. Assume that z ¢ Ky and that K| is not contained in Z%. We
claim that either K| = Z%(c) = H; or K| = Z5(zc), in particular K1 = H; and all elements of G| — (Z), x K1)
have order 2. In fact let P, = (z, c¢), a Sylow 2 subgroup of Z> x Hj,and let P := P, N K. Since z ¢ K and
Ky Q Zg’ we deduce that | P| = 2, so either P = (c) or P = (zc). Suppose by contradiction that K is contained

in Z5 and let x € Zg’ — Kj, then ¢*¢ = ¢ 1x~lexe = x2¢ and (z0)*€ = z¢* = x2zc, therefore x2 € K|, but

x2=x"' hencex € K 1, which is a contradiction. This implies the claim. Then

w(G) = CEp X H) + (G = Z, x H) —(x(Z 5 H)+l
21Z, x H| = !

IA

W
AW

%a(zs)a(za X (c)) + % =

a contradiction.
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Next assume that K1 = Z'3”. Since H has an elementary abelian Sylow 3-subgroup, K has a complement
in Hy. Thus Zy x Hi = Ky % (Zy x (Z§ "' % (c))) := K| x Hy. Seti(H,) = {h € H|h? = 1}. Proposition 2.9
implies that

a(G) = a(Z, x (Z2 x Hy)) = Z a(Cz,(h)c(K1h)

21Hi\ i,

1
2|H;|

Y aCz,(eKi+ Y a(Cz,(h)c(Kih)

hei(H) heHy—i(H>)

Using the fact (Z, x Hjp)/K; acts faithfully on Z, and Lemma 2.11, we suppose first there is no involution of
H, whose centralizer in Z, is trivial, we have a(C Z, (h)) = % for every element of Hj has order 2. Then

1
w=aG) == Y aZpeKi+ Y alCz,(h)e(Kih)

21H | hei(Ha) heHa—i(Hy)

We suppose now that there exists one involution /g of Hy with «(Cz,(ho)) = 1, it implies that

a = a(G) = (c(Kiho)+ Y a(ZpeKih+ Y a(Cz,(h)c(Kih)).

2|H1| hei(Hy)—ho heH,—i(H>)

It is easy to check that @1 < «p. Hence

A

1
«(G) = g | e(Kiho) + _Z a(Zp)e(Kih) + Z a(Cz, ()c(K1h)
hei(H2)—ho heHy—i(H>)

1
- a(Zpe(K) +e(Kiho)+ > alZp)e(Kih)

2|Hq| hei
€i(Ha)—{1,ho}

+ Y alCz,(h)c(Kih)

heHy—i(H,)
1

< S a(Zs)e(K)) +c(Kiho)+ Y aZs)e(Kih)+ > c(Kih)
! hei (Ha)—{1.ho) he i (Hy)
1 (2 3 3

=57 |5 Zc(zr<1h)+g > c(Kih) + Se(Kiho)
! heHy heHy—i(H»)
1 (2 3 3

=— | Ze(Zy x H) + = Kih) + =c(K1h

a5 HO+5 ), c(Kib) + se(Kiho)

heHy—i(Hy)
Note that K1 x Hy = Z, x Hj and |i(H3)| > 2, and hence

Z c(K1h) < c(K1(Hy — {1, ho})) < W

heHy—i(H>)
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Obviously c(K1ho) < |K1], it follows that

3

— <
10

2 30 (343" 2 2
Ol(G)fga(Hl)‘l‘ ( ( )+3”‘)§§- +

10| H, | 2

ol L
W

which yields a contradiction.

B.2)p=2.

Let P < Gand Py/T = Zé. Since le isnormal in H, Py is also normal in G, and then the kernel of a Sylow
2-subgroup P in G is Py, i.e., 02(G) = Py. Let M < G such that M/ Py = Z%. Since (| Py, 3") = 1, from the
well-known Schur—Zassenhaus Theorem we deduce that Py has acomplement M in M. Thenc(M) < |Pylc(M1)
by Lemma 2.1. It is obvious that G has no element of order 8. Now for any element y of G whose order is 6
or 12, then yZ; € Zz.(Zé x Z%) which is M. It follows that all elements of order 6 and 12 belong to M. Let
s2 and s4 be the numbers of elements of order 2 and 4 in P, — Py, respectively. Note that | P, : Py| = 2, and
Py =Ngeg P5 - We therefore have

c(G—M>=|G:NG<P2)|(s2+%“), 3.1

where |G : Ng(P,)| is the number of Sylow 2-subgroups, say 3’ (0 < ¢ < n). Thus

c(G) =c(M)+¢(G—M) <2'3"+1)+3 (52 + %4) ,

and then
2@+ 1) +3" (s2+ %)
Ol(G) = 2l+2 . 3n
1 1 1 S4
- Z+4.3n +21+2.3n7t <S2+E>'
Also since 53 + s4 = 2'T1 it follows
1 1 1 52
@(G) = 2T a3 T i Ty e
Now if t < n — 1, then
o < | 1 1 2l
() = 1T a3 T a3 T s 3D
l+ 1 +1 3
p— —_— p— < p—
—4 12 6 4

a contradiction. It remains to deal with the case 1 = n, that is the number of Sylow 2-subgroups of G is 3".
Observe that G is a supersolvable group. Since a supersolvable group has a Sylow tower (see p. 715, VL.

9.1 of [10]), it follows that Z% is normal, and hence Py x Z% actually is isomorphic to Py x Z%. Next we will

calculate the number of cyclic subgroups of Py x Z%. Let s and s be the numbers of elements of order 2 and 4

in Py — Z, respectively. Then c(Py x Z5) = c¢(Po x Z3) = c(Po)c(Z3) = (2 + 55+ %“) (1 + 3'17_1) . Hence
by the formula (3.1), we have

n S4 " , Si 3 —1
¢(G) =G =M +e(PxZD) = (s24+5) 3"+ (2453 +3) (1+—5—).
Note that 55 + s4 = 2/*! and 5} + s, = 2/+! — 2, it follows that

1 3" 341
c(G)=2"-3"+ (5 + 2’—1) "+ D+ o+ : 53-

On the other hand, &(G) = 3/4, hence ¢(G) = 3 - 2/+2. 3" Thus

3 34 . 1
T+ sy =2 l(3"+1—1)—§(3"+1).
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Next we will consider a Sylow 2-subgroup P, of G. Since the number of elements of order 1 and 2 is I (P,) =
2+ 57 + 55, by using (3.2),

1Py =(3- =)ot (1= )+ (2oL )y
“>—< )2+ (1-5)+ (G-73)%

5
2 = 3Pl

OOI&II

and then I (P») > |P2| By Lemma 2.12, we have P, = Zl+2 or P, = Dg x Zl I

(B.2.1) Case: P2 = zi2,

Since G has a normal Sylow 3-subgroup, it follows that G = (Py x Z’3’) X Zy = Py x (Zg’ X Zy) = Py x Hy,
and then 0 (G) = a(Hy) = 3'2;‘,,“ > %, a contradiction.

(B.2.2) Case: P, = Dg x Zb~' 1= Z571 % ((a) » (b)), where 0(a) = 4, 0(b) =2 and a® = a .

It is obvious that

I(P) =5y +s5+2=3-2..

2+1

By formula (3.2), we have sé = 3n 7 — 2. Thus I(Pp) = 2 + s2 = 3n 7- Note that Pp has index 2 in P,
then Py = le+1, ZIZ_1 X (a) or Zz_ x Dg by Lemma 2.14, and so I (Pp) = 2141 ol or 3. 00=1 respectively.
Then we can getn = 1 and Py = Zéfl X {(a). As Z3 and Py are normal subgroups of G, we have G =
(Z3 x (Zl2_1 X {a))) x {b) and all involutions outside le_l X {a) in Zé_l x Dg act on Zé_l X (a) by inversion.
Hence G = Z5™! x (((a) x Z3) x (b)), thatis Z5~ x Dag.

B.3)p=3.

Since G/Z3 = 22 X (Z% % Z3), G has anormal Sylow 3-subgroup P3 and its Sylow 2-subgroup P, =
So G = P3 x P>. By Proposition 2.8, we have

1 a(Cp,(x)) 1
a(G) = 20+1 Z ¢(0Ex)) 20+1 Z a(CP3(x))

xepP xepP

Zl+1.

Now if for every element x € P, the centralizer Cp, (x) is not trivial, then

1 1 2 2 3
a(G)§ﬁ~21+ 33 7
which is impossible. Next we assume that there exists an element x of order 2 such that Cp,(x) = 1. By the
well-known result on fixed point free action (see 8.1.10, [7]), it follows that P53 is abelian. Let A be the unique
maximal elementary abelian 3-subgroup of Ps, that is the subgroup generated by all elements of order 3, say
A= Zé‘, where k > 1. Obviously, A is characteristic in P3, so A is normal in G. Also it is clear that all elements
of P3 — A have order 9. We first calculate the number ¢ of cyclic subgroups of the extension group P3 Py, where
P3Py /Py = Z}

The number of cyclic subgroups of A x Zé is not more than 3% - 2/, Clearly, the elements outside A x le
in P3Py have order 9 or 18 because all elements of P; — A have order 9. Since ¢(9) = ¢ (18) = 6, we have
c<3k.2l 4 w. Therefore

(3n+l _ 3k) . 21 3n+1 B 21

c(G)=c+c(G—A(ZL x 7y <3k .2l n
o 6 50

It follows that

c(G) G _1. 1 1 1

“@= 1G]~ 2T YRR I S TN v s B Y v s

that is

(6 e Sy L S [ AR R (33)

=D T\ T 12) T2 T2 ke :
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If kK < n,then x(G) < 18 < 3 from (3.3), a contradiction. So k = n + 1. Then
P3Py = P3 Zé and Pj3 is an elementary abelian 3-group. Let K3 be the kernel of the action of P, on Pz by
conjugation. Set K3 = le+1 "forsome t > 0,i.e., P/K3 = 7. Proposition 2.9 implies

1 1 1
2(G) = 5y D @(Cry(0)e(Ksx) < oy D a(Cpy(0)) - 27417 = 2 3 a(Cpy (1),

xeX xeX xeX

where X consists of coset representative of K3 in P,. By Lemma 2.11, we see that there exists at most one
involution x of X such that «(Cp;(x)) = 1. We assume that X has no involution x with a(Cp,(x)) = 1, then all
involutions of X are satisfied with a(Cp;(x)) < % Hence

al _a(G)<i(a(P3)+2+ +§>

Now we suppose that there is an involution x of X such that «(Cp,(x)) = 1. then we can obtain

G) < = (aPy+ 142412
a = TG 3 )

Obviously, &1 < «3. Therefore

a(G)

IA
| —

2
Ot(P3)+1+ + - —|—3>

3n+1
( + 1+ = (2f - 2))
+

3n+]

Wi | —

6.2t +21+1 3n+l’

Note thatn + 1 > 2. Now if t > 2, then

1 1 13 3

2
G<— _— = — -,
G =3t e T T8 g

a contradiction. This implies that r € {0, 1}. If + = 1, then K3 = Zb, and so G = le x (P3 X Z»). Thus
a(G) = a(P3 X Z) = %(oe(Z’;‘H) + a(Cpy(c))), where ¢ is an involution. If |Cp,(c)| > 3 then, since

n+ 1> 2, we have
(G)<1 5+2 11 3
¥ =509"3)T 18 T8

Now suppose Cp, (c) = 1, then the value of a(G) equals 2 W’ which is greater than 3/4 It remains to deal

with the case t = 0, then K3 = P, = Zl+1 and so G = P3 x Pp. Hence a(G) = a(P3) < 5 Z' These cases
are impossible. This concludes case B.
Next we consider other possible groups listed in Theorem 5 of [1].

Lemma 3.2 Let L be of Types I: Z}j x (c), o(c) = 2 and c acts on Z} by inversion; Type II: Dg /N, where N =
{(ar,a2,...,ay) € Z(Dg)laray - - - a, = 1}; Type I Z%" X (c), where Z%" has a basis {x;, y;li = 1,2,...,n},
o(c) =2and [c, xi] = yi, [c, yil = 1 foralli; Type IV: Dg. Then the following Table 1 holds.

Proof Note thatall groups in the table have exponent 4. We only prove the item corresponding to Z (L) of Type Il
in Table 1. Indeed, the remaining items of Type I, II, Il follow from [1]. Also, the results of Type IV can be obtained
by GAP see [11] directly. Now let z be the unique central involution of Dg. Then N = {(ay,...,a,)|a; =1
or z, with an even number of indices i such that ¢; = z}. We assume that (x;, ..., x,)N is a central element
of Dg/N, that is for every h = (hy, ..., h,) € Dg the commutator [(xy, ..., X,), (h1,...,h,)] € N. Then
([x1, ~1], ..., [xn, hy]) € N. Since h; is arbitrary, it follows that [x;, h;] = 1, and then x; € Z(Dg) = {1, z}.
Thus we have Z(Dg /N) = Z(Dg)/N = Z». O
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Table 1 2-Groups L with «(L) > 3/4

L Type 1 Type II Type 111 Type IV

|L] 24" 2 .4" 2 .4n 64

I(L) 4 42" 4n 4 n 4n 4 on 36

sa(L) 4n 2" 4m 2" 4n 2" 28
3241 3:2"+1 3:2"+1 25

a(L) Ao Iom 4. 32

Z(L) z Zs z8 z3

where n > 1 and s4(L) the number of elements of order 4 of L

Case C. H\ is isomorphic to a group of types I, I1, IIl and 1V as above Table 1.

(C.1) p=3.

The group H acts on Z, by conjugation. Since Z, is a minimal normal subgroup, this action is irreducible.
Similarly as above, let K be the kernel, thatis K := Cy(Z),). With respect to th = hg (ho € Zp, h € H), the
quotient group H/K acts faithfully on Z,. Next let X be a coset representative of K in H. By Proposition 2.9
and Lemma 2.11, we see that

1
a(G) = — Za(czp(x))c(Kx)
|H| xeX
1
= Z a(Cz,(x))c(Kx) + Z a(Cz, (x)c(Kx)

o(Kx)=1,2 o(Kx)=4

Firstly, if H/K has no involution K xo with Cz, (Kxg) = 1, wehave a(Czp (Kxp)) = a(Cz, (x0)) =a(Zy) = %
for every involution K x(. Hence

1 2
a=a@=—| > Zckn+ Y  a(Cz,(x)c(Kx)

|H| o(Kx)=1,2 o(Kx)=4

Now, if there is an involution of H/K such that Cz,(Kxo) = 1(.e., a(CZp (x0)) = 1), we have

w=alG) = > %c(Kx)+p;26(Kx0)+ > alCz,(x)ec(Kx)

|H| o(Kx)=1,2 p o(Kx)=4

Obviously, &1 < a3. Therefore

1 2 -2
(G) = — Y Zekn + P Sekx + Y alCz,(0)e(K)
| | o(Kx)=1,2 p p o(Kx)=4
1

IA

2 1
m Z 5c(Kx)+§c(Kx0)+ Z c(Kx)
o(Kx)=1,2 o(Kx)=4
<! 2IKI I(H/K) + 1|K|+ 1IKI (H/K)
— _— . —_— —_— s ,
= 1H|\3 3 oI

where s4(H /K) denotes the number of elements of order 4 in H/K. So

3

Since (H) > 3/4,by Lemma 2.1 «(H/K) > 3/4. We set H/K = Z} x L for some t > 0 and L has no Z; as
a direct factor, so L is trivial or a group of Table 1. We have from (3.4) that

K| (2 11
oe(G)§|H—| 3 IH/K) + 2+ Ssa(H/K) ). (3.4)

0@ <~ (2. 1w+t law). (3.5)
L \3 372
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Next we will use Table 1 to prove case by case.
(C.1.1) Case: L is a group of Type I, Il or Il in Table 1. Since /(L) = 4" + 2" and s4(L) = 4" — 2", we
have

2 1 1 7 1 1 2
<§(4n+2n)+§+5(4n_2n)>=_+ <-<

3
G < e
«(G) = DT te =371

2. 4n

a contradiction.
(C.1.2) Case: L = Dg x Dg of Type IV. Since I (L) = 36 and s4(L) = 28, it follows

(G)<1 236+1+128 3
— _— _— _— < _—
=64 \3 372 4
a contradiction.

(C.1.3)Case: L =1.Then H/K = Zé. Now if t > 2, by formula (3.4), then

G) < L2 + ! .
—_(Z. —) <,

¥ =53 3) 4

which is impossible. So ¢ € {0, 1, 2}. First we assume that r = 0, thatis H = K,

then G = Z, x (Z4 x Hy). Since a(H)) < g, we have

2 7 7 3
a(G) =a(Z, x Hy) = a(Zp)a(H) < a(Z3)a(Hy) = 313D 71
a contradiction. Next if r = 1,
ie., H/K = Z;, then
1
a(G) = m(a(zp)C(K) +a(Cz,(x))c(H — K))

for some x € H — K. It follows that

1 |K| = 1(K)
a(G) = TH] <0l(Zp) (I(K) + T) +a(Cz,(x)) (I(H) — I(K)

+|H| —1(H) —2(|K| - I(K))>>_

So we obtain

1 I(K) 1 1(H)_1(K)>. 36

@ =tz (3 5t ) + e (3 3

If % < %, applying the equality (3.6) implies that

@(G) < a(Z3) (% + I(K)) L (1 L I(K)) _

I1(K)
4K| 473 4K|

3
4 12/K|

3
< -,
4
1(H)
[H]
was dealt with in Case A. So we assume that H = Zé x Dg. Using Lemma 2.14, H has three non-isomorphic

maximal subgroups, that is, K = Zé_l xDg(l>1),KZ Zé X Z% and K = le X Z4.
By (3.6), we can obtain that

a contradiction. If > %, by Lemma 2.12, it follows that H is isomorphic to le or Zé x Dg. The case H = le

7 3
a(G) = B(Q(Zp) +a(Cz,(x))) < I

for the first maximal subgroup and

G—1 Z 3 C 3
a(G) = Ea( p)+§a( z,(x)) < 7
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for the second one, which are impossible. For the last maximal subgroup K = Zé X Za, we have a(G) =
%a(Zp) + %O!(CZP (x)) by (3.6). If p > 5, then an easy calculation shows that «(G) < 3/4. So the remaining
case is that G = Z3 (Zé x Dg), and K = le x Z4. Now let Dg = (a, bla* = b* = 1,4 = a™!), then
K = 7 x (a), G = (Z3 x (Z} x (a))) x (ub), where u € Z}. Hence G = Z} x ((Z3 x (a)) x (ub)) which is
isomorphic to le X Doy.

Finally, we assume that r = 2, thatis H/K = Z%. By Proposition 2.9 and Lemma 2.11, it follows that

1
a(G) = —(@(Zp)c(K) +20(Zp)|K| + |K])

~ |H|
1+1+1 (K)
=+ —4+—« .
4 p 2p

If p > 5, then direct calculation shows that «(G) < 3/4.1f p = 3,then Z, x H/K = Z3 x Z%. Since H/K
acts faithfully on Zs, it follows that H /K is isomorphic to a subgroup of Aut(Z3) = Z,, a contradiction.

C2)p=2.

Since G is a 2-group and 7 is a minimal normal subgroup of G, we have T = Z;,and then G/ T = ZI2 x Hj.
Now let there exist u involutions and v elements of order 4 of H such that their preimages have order 4 and
order 8, respectively. Applying Table 1, we know that le x Hjy has exactly 2/(4" + 2") — 1 involutions, and
2! (4" — 2™) elements of order 4 in Types I, II, III. Note that 7 = Z,, and the fact that Z; is central implies that
if y € xZ; then x and y have the same order unless x € T — {1}. Note that exp(H) = 4. So

1 4+220@" +27) — 1 —u) + 1 4 22€ @200 4 20,

_ ¢4 ¢ (8)
a(G) = 20 . gn+l
3.204n g2t om —y —
- 2L . gn+l
Since a(G) = 3/4, we have
-+ g — ol+n, 3.7)

For Type IV, the equality (3.7) still holds if we set n = 2. In fact, since G/Z, = Zé x Dg x Dg, we have
I(H) =362 and s4(H) = 28 - 2, and then

_ i+l
3 36211 — 2y MRS 4 B o5 g2y 2
- =a(G) = =
4 - - 2U+7 - 21+7

Thus
v
R 2]+2'
u—+ >

If u < 2/*7, direct calculations imply that I (G) = 21 (4" 4 2™) — 2u > 2!*1. 4" for Types I, 11 and III,
and 1(G) = 36 - 2!*1 — 2u > 36 - 2/+1 — 2. 2142 = 2I*6 for Type IV. So we have I(G) > |G]|. Since G is a
2-group, by Lemma 2.13, we have G = Di¢ x Z, for some 1 > 0.

Next we assume that u = 2/ (n = 2 for Type IV), then by (3.7) it follows v = 0. Thus 1 (G) = %|G| and
exp(G) = 4. O

4 Remarks

Note that we can construct a family of groups whose values of « are equal to 3/4 by use of maximal subgroups
of Type II in Lemma 3.2. We assume that L is of Type II in Table 1. Observe that ®(Dg) = (Dg)" = Z(Dg) is
elementary. We can get a normal series Dg > Z(Dg) > N > 1. Let M * =74 x Dg’fl, embedded naturally
inside Dg. Set M := M*/N. We claim that «(M) = 3/4. In fact, we let z be the unique central involution of
Dsg. Next we calculate the value of I (M*/N). An element (ay, ...,a,)N € M*/N squares to 1 if and only if

O\
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(alz, e, a,zl) € N, that is, a12 - ~a,2, = land ai2 € Z(Dg) foralli =1, 2,...,n. Observe that every al.2 is either
1 or z. In fact (a%, ey a,%) € N is equivalent to saying that there are an even number of indices i € {1, ..., n}
such that aiz = z. Since Dg contains 6 elements that square to 1 and 2 elements that square to z, M* contains
exactly

%54 =y

n—1 n—1
— 2122k716n72k 216n72k7122k
Br= 2 (Zk - 1) 2 2k
k=1 k=0
elements (ay, ..., a,) such that al2 .- -a,% = 1. Hence M*/N contains exactly 8,/ 211 elements that square to

1. Observe that

n—1
n—1 1
gl =2+6)"! = Z( )2h6"_1_h = b

h=0 h

So ,/2"~1 = 24" and then I (M) = 2 -4"~!. Therefore, a(M) = i <I(M) n w) — 3/4,
If (G) = 3 then G is solvable, being 3/4 > 67/120 by Theorem 4 of [1]. We give the following question.

Question 4.1 Let A be a finite abelian group and G a finite group. Suppose that «(G) = a(A) and |G| = |A].
Is G also solvable?
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