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Abstract Let G be a finite group, c(G) the number of its cyclic subgroups, and α(G) = c(G)/|G|. Set I (G) =
|{g ∈ G|g2 = 1}|. In this paper we prove if α(G) = 3/4, then G is isomorphic to a direct product of an
elementary abelian 2-group and a dihedral group D16, D24, or a group satisfying I (G) = 1

2 |G| and exp(G) = 4.
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1 Introduction

In this paper all groups are finite. Let c(G) be the number of cyclic subgroups of a group G and let α(G) =
c(G)/|G|. Observe that

c(G) =
∑

x∈G

1

φ(o(x))
,

where φ is Euler’s totient function and o(x) denotes the order of an element x . Garonzi and Lima completely
classified the groups having α(G) > 3/4 (see Theorem 5 of [1]). The value 3/4 is the largest nontrivial accumu-
lation point of the set of numbers of the form α(G). Recently, Tǎrnǎuceanu and Lazorec classified the structure
of groups with α(G) = 3/4 for some special classes of finite nilpotent groups, and proved that every almost
extraspecial 2-group is one of that groups (see [2] and [3]). In this paper, we continue this work to classify these
groups. Set I (G) = |{g ∈ G|g2 = 1}|.
Main Theorem. Let G be a group with α(G) = 3/4. Then G is isomorphic to a direct product of an elementary
abelian 2-group and a dihedral group D16, D24, or a group satisfying I (G) = 1

2 |G| and exp(G) = 4.
Note that the groups satisfying I (G) = 1

2 |G| were classified completely by Miller and Nekrasov (see [4],
[5]).

2 Some Lemmas

In this section, we give some lemmas. The first six lemmas are cited from the second section of [1].
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Lemma 2.1 If N � G then α(G) � α(G/N ). Moreover α(G) = α(G/N ) if and only if φ(o(g)) = φ(o(Ng))

for every g ∈ G, where o(Ng) denotes the order of the elements Ng in the group G/N.

Lemma 2.2 If α(G) = α(G/N ), then N is an elementary abelian 2-group.

Lemma 2.3 If G is any finite group, then α(G) = α(G × Zn
2 ) for all n ≥ 0.

Lemma 2.4 If α(G) = α(G/N ) and L � G, L ⊆ N , then α(G) = α(G/L).

Lemma 2.5 If α(G) = α(G/N ) and K ≤ G, then α(K ) = α(K/K ∩ N ).

Lemma 2.6 Suppose α(G) = α(G/N ). If an element a ∈ G has order 2 modulo N , then a centralizes N. In
particular, if G/N can be generated by elements of order 2 then N ⊆ Z(G).

Next we will obtain some formulas about the value of α of a group G, which has a normal Hall subgroup N .
In the sequel, set c(S) := ∑

x∈S
1

φ(o(x))
for a subset S of G.

Lemma 2.7 Let N be a normal subgroup of a group G and an element x ∈ G. Suppose that (o(x), |N |) = 1.
Then c(N x) = |N |

φ(o(N x))
α(CN (x)).

Proof Let the order of N x be m. So (N x)m = N , that is, xm ∈ N . Since (o(x), |N |) = 1, we see that
〈x〉 ∩ N = 1, and then xm = 1. Thus o(x)|m. Conversely, it is obvious that o(N x) divides o(x). Therefore
o(x) = o(N x) = m. Clearly, (xCN (x))N = {xgcg|g ∈ N , c ∈ CN (x)}. Let N = {n1, n2, . . . , ns}, then the list
of (xCN (x))N is

{xn1(CN (x))n1, xn2(CN (x))n2 , . . . , xns (CN (x))ns }.
We assert that (xni (CN (x))ni ) ∩ (xn j (CN (x))n j is an empty set whenever xni 	= xn j , where i, j = 1, 2, . . . , s.
In fact, we assume that there is y ∈ (xni (CN (x))ni ) ∩ (xn j (CN (x))n j , i.e. there exist c1, c2 ∈ CN (x) such that
y = xni c1

ni = xn j c2
n j . Since (o(xni ), o(c1

ni )) = (o(xn j ), o(c
n j
2 )) = 1 and [xni , c1

ni ] = [xn j , c
n j
2 ] = 1. The

uniqueness of the p-part and p′-part of a given element y (see p. 17 of [6]) tells us that xni = xn j , cni
1 = c

n j
2 ,

which contradicts our hypothesis xni 	= xn j . Therefore, the set (xni (CN (x))ni ) ∩ (xn j (CN (x))n j is empty.
Obviously, |xni (CN (x))ni | = |CN (x)|. Thus

|(xCN (x))N | = |x N | · |CN (x)| = |N | = |N x |.
Note that x N ⊆ N x and (xCN (x))N ⊆ N x . So (xCN (x))N = N x , and then

c(N x) = |N : CN (x)|
φ(m)

+ |N : CN (x)|
∑

y∈CN (x)−{1}

1

φ(m · o(y))

= |N |
φ(m)|CN (x)|

∑

y∈CN (x)

1

φ(o(y))
= |N |

φ(o(N x))
α(CN (x)),

as desired. ��
From Lemma 2.7, we get the following proposition directly.

Proposition 2.8 Suppose that N is a normal Hall subgroup, H a subgroup of G, and G = N � H. Then

α(G) = 1

|H |
∑

h∈H

α(CN (h))

φ(o(h))
.

The following result refines Proposition 2.8. Recall that the factor group H/CH (N ) acts faithfully on N with
respect to xCH (N )h := xh for all x ∈ N and h ∈ H (see Sect. 8.1 of [7]).

Proposition 2.9 Suppose that N is a normal Hall subgroup, H a subgroup of G, and G = N � H. Let
ρ : H → Aut (N ) be the homomorphism associated to the automorphism action of H on N. Denote by K the
kernel of ρ and by X a coset representative of K in H. Then

α(G) = 1

|H |
∑

x∈X

α(CN (x))c(K x).

Moreover, if N is an elementary abelian p-group, say Zn
p, then ρ is a representation to the group GL(n, p).
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Proof The group H acts by conjugation on the normal subgroup N . Denote by K the kernel of ρ and by X a
coset representative of K in H . Since CN (kx) = CN (x) for all k ∈ K and x ∈ X , by Proposition 2.8 we have

α(G) = 1

|H |
∑

h∈H

α(CN (h))

φ(o(h))
= 1

|H |
∑

h∈⋃x∈X K x

α(CN (h))

φ(o(h))

= 1

|H |
∑

x∈X

∑

h∈K x

α(CN (h))

φ(o(h))
= 1

|H |
∑

x∈X

α(CN (x))
∑

h∈K x

1

φ(o(h))

= 1

|H |
∑

x∈X

α(CN (x))c(K x).

Moreover, suppose that N is an elementary abelian p-group, say Zn
p. We can regard N as a linear space of

dimension n over a finite field Fp, it implies that ρ is a representation from H to the general linear group
GL(n, p). ��
Proposition 2.10 Suppose that G acts irreducibly on a vector space V over a finite field Fq of characteristic p.
Then Z(G)/(CG(V ) ∩ Z(G)) is a cyclic p′-group.

Proof It is known that G/CG(V ) acts on V as follows: vgCG (V ) := vg for all g ∈ G. Since G/CG(V ) acts
faithfully on V , the induced action of CG(V )Z(G)/CG(V ) is also faithful. It follows that CG(V )Z(G)/CG(V ) is
a subgroup of the automorphism group of linear space V of dimension n, that is the general linear group GL(n, q).

Next we choose an element z of Z(G). Then zCG(V ) ∈ CG(V )Z(G)/CG(V ). For any v ∈ CV (z) and g ∈ G with
vg ∈ CV (z)g . Thus (vg)z = vgz = vzg = vg , and so vg ∈ CV (z), we can obtain CV (z)g ⊆ CV (z). On the other
hand, (vg)z = vg also implies that v ∈ CV (z)g . Hence CV (z) ⊆ CV (z)g . Therefore CV (z)g = CV (z), and CV (z)
is a G-invariant space. Note that CV (zCG(V )) = CV (z). As G acts irreducibly on V , we see that CV (zCG(V )) =
0 or V . Obviously, CV (z) = V if and only if z ∈ CG(V ). Thus CV (zCG(V )) = 0 for all non-identity elements
zCG(V ) ∈ CG(V )Z(G)/CG(V ). Since Z(G) is abelian, CG(V )Z(G)/CG(V ) ∼= Z(G)/(CG(V ) ∩ Z(G)) is
also abelian. Therefore, by the well-known result on fixed point free action (see Theorem 8.3.2 of [7]), we get
that Z(G)/(CG(V ) ∩ Z(G)) is a cyclic p′-group. ��

The above proposition is a generalization of Schur’s Lemma 8.6.1 in [7].

Lemma 2.11 Suppose that t is an involution of the general linear group GL(n, q) over a linear space V with
q odd prime, and t 	= −In. Then CV (t) is not trivial.

Proof The matrix t being an involution, is similar to some diagonal matrix diag(1, . . . 1, −1, . . . ,−1) in
GL(n, q) (see [8]). So eigenvalues of t are 1 and −1. If all eigenvalues of t are −1, then there exists g ∈ GL(n, q)

such that g−1tg = −In , which yields t = −In . Therefore, if t 	= −In , we have t has an eigenvalue 1, the fixed-
point subspace CV (t) is not trivial. ��

Note that if H acts faithfully on an elementary abelian p-group V with p odd prime, then Lemma 2.11
guarantees that there exists at most one involution of H whose centralizer in V is trivial. For S ⊆ G, set
I (S) := |{g ∈ S|g2 = 1}| the number of elements of order 1 and 2 in S. The following two lemmas can be
checked with the help of Wall’s classification (see Sect. 7 of [9]).

Lemma 2.12 Suppose that G is a 2-group and I (G) > 5
8 |G|. Then G is an elementary abelian 2-group or a

direct product of the dihedral group D8 of order 8 and an elementary abelian group.

Proof It is easy to see from I (G) > 5
8 |G| > 1

2 |G|, G is one of groups of Type I, II, III and IV in Wall’s
classification.

For Type I, G = Zl
2 × (A � 〈c〉) := Zl

2 × A1, where l ≥ 0, o(c) = 2 and c acts on an abelian 2-group A
by inversion. In fact I (A1) > 5

8 |A1| because I (G) = 2l · I (A1) > 5
8 · 2l |A1|. By the fundamental theorem of

finitely generated abelian groups, we can write A ∼= Z2d1 × Z2d2 × · · · × Z2dk , where 1 ≤ d1 ≤ d2 ≤ · · · ≤ dk .
Then

I (A1) = 2k + 2d1+d2+···+dk >
5

8
· 2d1+d2+···+dk+1

because all elements of A1−A are involutions. It follows that 2k > 1
4 ·2d1+d2+···+dk . Thus k > d1+d2+· · ·+dk−2.

We cannot have dk ≥ 3 since this would imply that d1 +d2 +· · ·+dk −2 ≥ (k −1)+3−2 = k, a contradiction.
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Therefore, dk = 1 or dk = 2. In the former case, A is an elementary abelian 2-group, and G does too. We assume
that dk = 2. If dk−1 = 2, we would obtain d1 + d2 + · · · + dk − 2 ≥ (k − 2) + 2 + 2 − 2 = k, which yields a
contradiction. Hence d1 = d2 = · · · = dk−1 = 1, dk = 2. Thus A1 ∼= (Z4 × Zk−1

2 ) � 〈c〉 which is isomorphic
to D8 × Zk−1

2 , and so G ∼= D8 × Zl+k−1
2 .

For Type II, G = Zl
2 × D2

8. Clearly, I (G) = 36 · 2l and I (G) = 9
16 |G| which is less than 5

8 |G|. Hence no
such G exists.

Finally, G is isomorphic to a group of Type III or IV, say G = Zl
2 × G0, G0 = 〈c, x1, y1, . . . , xn, yn|c2 =

x2
i = y2

i = 1, all pairs of generators commute except [xi , yi ] = c〉 or G0 = 〈c, x1, y1, . . . , xn, yn |c2 = x2
i =

y2
i = 1, all pairs of generators commute except [c, xi ] = yi 〉. Note that I (G) = 4n+2n

2·4n |G|. By the hypothesis
I (G) > 5

8 |G|, we have n < 2. Hence G is isomorphic to D8 × Zl
2. ��

Lemma 2.13 Suppose that α(G) = 3/4 and I (G) > 1
2 |G|. Then G ∼= D16 × Zl

2 or D24 × Zl
2 for some l ≥ 0.

Proof Since I (G) > 1
2 |G|, it’s readily seen that G is one of groups of Type I, II, III and IV in Wall’s

classification. Observe that all values of α for the groups of Type II, III and IV are greater than 3/4, see the proof
of Theorem 5 in [1]. So we only need to check a group G of Type I which is isomorphic to Zl1

2 × (A � 〈c〉),
where l1 ≥ 0, o(c) = 2 and c acts on an abelian group A by inversion. Note that by Lemma 2.3, we have
α(G) = α(A � 〈c〉). Since all elements of A � 〈c〉 − A have order 2, it follows that

α(G) = c(A) + |A|
2|A| = 1

2
α(A) + 1

2
.

By the condition α(G) = 3/4, we deduce α(A) = 1/2. Suppose that A has a prime divisor p ≥ 5, or an element
of order 32. Since A is abelian, Z p or Z9 is a quotient of A. So by Lemma 2.1 we have

α(A) ≤ α(Z p) = 2

p
<

1

2

or

α(A) ≤ α(Z9) = 1

3
<

1

2
,

which is a contradiction. Next we let A2 and A3 be Sylow 2- and 3-subgroups, respectively. Set |A2| = 2n and
|A3| = 3m . Assume that A has a prime divisor 3, namely A3 ∼= Zm

3 for m ≥ 1. Moreover, if A2 ∼= Zn
2 for n ≥ 0,

then

α(A) = α(A3) = 1 + (3m − 1)/2

3m
= 1

2
+ 1

2 · 3m
>

1

2
.

Therefore A has an element of order 4. Now there is a quotient of A which is isomorphic to Z4 × Z2
3 if m ≥ 2.

However

α(A) ≤ α(Z4 × Z2
3) = 5

12
<

1

2

gives a contradiction. Thus A3 ∼= Z3. Also A2 cannot have an element of order 8 since this would imply that

α(A) ≤ α(Z8 × Z3) = 1

3
<

1

2
,

which is impossible. In fact A does not have a homomorphic image Z2
4 × Z3 because

α(A) ≤ α(Z2
4 × Z3) = 5

12
<

1

2
,

a contradiction. Thus A ∼= Zn−2
2 × Z12. This yields G ∼= Zn+l1−2

2 × D24. Next we assume that A is a 2-group,
that is A3 is trivial. Observe that A has no quotient isomorphic to Z16 or Z4 × Z8 because otherwise

α(A) ≤ max{α(Z16), α(Z4 × Z8)} = 7

16
<

1

2
,
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which yields a contradiction. Now let A ∼= Zn1
2 × Zn2

4 . Then

α(A) = α(Zn2
4 ) = 1

2
+ 1

2

(
1

2

)n2

>
1

2
,

a contradiction. Finally, we may assume that A ∼= Zn1
2 × Zn2

8 , then

α(A) = α(Zn2
8 ) = 2n2 + 4n2 −2n2

φ(4)
+ 8n2 −4n2

φ(8)

8n2
= 1

2
,

we can get n2 = 1, and so A ∼= Zn−3
2 × Z8. It follows that G ∼= Zn+l1−3

2 × D16. This completes the proof of the
lemma. ��
Lemma 2.14 Let G ∼= Zn

2 × D8, H a subgroup of G. Then H ∼= Zm
2 , Zm

2 × D8 or Zm
2 × Z4 for some m ≥ 0.

Moreover, if H is a maximal subgroup of G, then H is isomorphic to Zn+2
2 , Zn

2 × Z4 or Zn−1
2 × D8.

Proof Let G ∼= Zn
2 × D8 := Zn

2 × (〈a〉 � 〈b〉), where o(a) = 4, o(b) = 2 and b acts on a by inversion.
Obviously, H ∼= Zm

2 if exp(H) = 2. Now we assume that exp(H) = 4. Let A be generated by all elements of
order 4, it implies that A is abelian because all elements of order 4 commutate pairwise, and then A ∼= Zs

2 × Zt
4

for 0 ≤ s ≤ n, t ≥ 0. We claim that A ∼= Zs
2 × 〈a〉. In fact, if t ≥ 2, then A has a subgroup 〈ax1〉 × 〈ax2〉, where

x1, x2 belong to Zs
2. Note that 〈ax1〉 ∩ 〈ax2〉 = {1}. But ax1 = x1a, ax2 = x2a and o(x1) = o(x2) = 2, we have

〈ax1〉 ∩ 〈ax2〉 = {1, a2}. This yields a contradiction. Therefore t = 1, and A ∼= Zs
2 × 〈a〉 ∼= Zs

2 × Z4. Now if A
is a proper subgroup of H , it follows that every element z of H − A has order 2. In fact all involutions of H − A
act on A by inversion, that is if y ∈ A with o(y) = 4, we have yz = y−1. Moreover, if H − A has an element
z′ such that z A 	= z′ A, then zz′ A 	= A, thus zz′ /∈ A, this implies o(zz′) = 2. Hence zz′ = z′z. It is easy to get
that o(zz′y) = 4 because yzz′ = (y−1)−1 = y. Observe that zz′y ∈ H − A, a contradiction. Therefore the index
of A in H is 2, and H ∼= (Zs

2 × Z4) � 〈z〉 which is isomorphic to Zs
2 × D8. Finally, if A is the whole group H ,

then H ∼= Zs
2 × Z4. ��

3 Proof of Main Theorem

Assume that α(G) = 3/4 > 17
24 . Then G is supersolvable by Theorem 6 of [1]. Obviously, G is not an abelian

simple group, and so G has at least one proper nontrivial normal subgroup N . Now if for every proper nontrivial
normal subgroup N , it is satisfied α(G) = α(G/N ), then α(G) = α(G/N ) = α(Z p) = 2/p for some prime p, a
contradiction. Next we may assume that G has a nontrivial proper normal subgroup N such that α(G) < α(G/N ).

We suppose that there exists N � G, N 	= {1}, such that α(G) = α(G/N ). Take N of maximal order with
this property. Then α(G) < α(G/L) whenever L is a normal subgroup of G containing N properly. We will
show that if G/N satisfies the conclusion of the Main Theorem then G does too.

Lemma 3.1 Let N be a normal subgroup of G with α(G) = α(G/N ) = 3/4. If G/N is isomorphic to a direct
product of an elementary abelian 2-group and a dihedral group D16, D24, or a group satisfying I (G/N ) =
1
2 |G/N | and exp(G/N ) = 4, so is G.

Proof Since α(G) = α(G/N ), Lemma 2.2 implies that N is an elementary abelian 2-group, and Lemma 2.1
tells us that φ(o(gN )) = φ(o(g)) for every g ∈ G. It follows that if o(gN ) = 2 then either g ∈ N or
o(g) = o(gN ) = 2. Therefore I (gN ) = 0 if o(g) > 2 and I (gN ) = |N | if o(g) ≤ 2. Thus

I (G) = I (N ) + I (G − N ) = |N | + |N |(I (G/N ) − 1) = |N |I (G/N ),

and so I (G)/|G| = I (G/N )/|G/N |. Note that I (G/N ) = 1
2 |G/N |, we can get I (G) = 1

2 |G|.
Now, we suppose that G/N is a 2-group, then G is also a 2-group since N is an elementary abelian 2-group.

If o(gN ) = 1, then g ∈ N . Assume o(gN ) = 2n for some n ≥ 1. Since o(gN ) divides o(g), we may write
o(g) = m · 2a · 2n for some odd integer m and some a ≥ 0. We obtain that 2n−1 = φ(m) · 2n+a−1 because
φ(o(g)) = φ(o(gN )), hence φ(m) · 2a = 1. It implies that a = 0 and φ(m) = 1, hence m = 1 being m odd.
Therefore exp(G) = exp(G/N ).

Finally, assume that G/N ∼= Zt
2 × D16 or G/N ∼= Zt

2 × D24. Note that I (G/N ) > |G/N |/2 for these
cases. I (G)/|G| = I (G/N )/|G/N | > 1/2, so we deduce that I (G) > |G|/2. Since α(G) = 3/4, Lemma 2.13
implies that G is isomorphic to a direct product of an elementary abelian 2-group and D16 or D24. ��
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Now let N be a maximal order normal subgroup with property α(G) = α(G/N ), and M a minimal normal
subgroup of G containing N , then 3/4 = α(G) = α(G/N ) < α(G/M). Applying isomorphism theorem, we
have (G/N )/(M/N ) ∼= G/M , that is G/N is the extension group of M/N by G/M . Certainly, M/N is of order
prime being supersolvable , say Z p, and α(G/M) > 3/4. By Lemma 3.1, to prove our Main Theorem, it suffices
to assume G is the extension of Z p by a group whose value of α is greater than 3/4. For convenience, in the
following we write G as T .H , where T ∼= Z p, H = Zl

2 × H1, and H1 is listed in Theorem 5 of [1].

Case A. H1 = 1, i.e., H ∼= Zl
2.

The group H acts on T by conjugation. Let K be the kernel and X a transversal of K in H . Set |K | := 2l1

for l1 ≥ 0. Now we assume that p is an odd prime. By Schur–Zassenhaus Theorem, that G ∼= Z p � Zl
2. Then

Zl
2/(Zl

2∩K ) ∼= 1 or Z2 by Proposition 2.10, it follows that Zl−1
2 is contained in K . Hence G ∼= Zl−1

2 ×(Z p � Z2)

and so either G ∼= Zl−l
2 × D2p or G ∼= Zl

2 × Z p, this implies that either α(G) = 1
2 + 1

p or α(G) = 2
p . It is easy

to check that α(G) 	= 3
4 . These cases are impossible.

Finally, we assume that p = 2, then T ∼= Z2 which is central. Obviously, the exponent of G equals 4. So we

have α(G) = I (G)+ 1
φ(4)

(|G|−I (G))

|G| = 3/4 if and only if I (G) = 1
2 |G|.

Case B. H1 ∼= Zn
3 � 〈c〉, where n ≥ 1, o(c) = 2 and c acts on Zn

3 by inversion.
(B.1) p ≥ 5.

In the light of Schur–Zassenhaus Theorem, we have G ∼= Z p � H . Similarly as before, the group H acts on
Z p by conjugation. Let K be the kernel, namely K := CH (Z p). Note that Z(H) = Zl

2. Let |K ∩ Z(H)| = 2l1

for l1 ≥ 0. Then H = Zl1
2 × (Zl−l1

2 × H1). By Proposition 2.10, we deduce l1 = l or l −1. Since Zl1
2 is contained

in the kernel, we have G = Zl1
2 ×(Z p �(Zl−l1

2 × H1)). By Lemma 2.3, it follows α(G) = α(Z p �(Zl−l1
2 × H1)).

(B.1.1) Case: l1 = l.
Then by Proposition 2.8, we have

α(G) = α(Z p � H1) = 1

|H1|
∑

h∈H1

α(CZ p (h))

φ(o(h))

≤ 1

|H1|

⎛

⎝α(Z5)

φ(1)
+

∑

1 	=h∈H1

1

φ(o(h))

⎞

⎠

= 1

2 · 3n

(
2

5
+ 3n

φ(2)
+ 3n − 1

φ(3)

)

= 3

4
− 1

20 · 3n
<

3

4
,

which is a contradiction.

(B.1.2) Case: l1 = l − 1.
Then α(G) = α(Z p � (Z2 × H1)). Let G1 ∼= Z p � (Z2 × H1), H1 ∼= Zn

3 � 〈c〉, where c acts on Zn
3 by

inversion. Z2 × H1 acts on Z p with kernel K1, so that K1 is a normal subgroup of Z2 × H1 = Zn
3 � 〈z, c〉 where z

has order 2, zc acts on Zn
3 by inversion and zc = cz. Assume that z /∈ K1 and that K1 is not contained in Zn

3 . We
claim that either K1 = Zn

3 〈c〉 = H1 or K1 = Zn
3 〈zc〉, in particular K1 ∼= H1 and all elements of G1 − (Z p × K1)

have order 2. In fact let P2 = 〈z, c〉, a Sylow 2-subgroup of Z2 × H1, and let P := P2 ∩ K1. Since z /∈ K1 and
K1 � Zn

3 we deduce that |P| = 2, so either P = 〈c〉 or P = 〈zc〉. Suppose by contradiction that K1 is contained
in Zn

3 and let x ∈ Zn
3 − K1, then cxc = c−1x−1cxc = x2c and (zc)xc = zcxc = x2zc, therefore x2 ∈ K1, but

x2 = x−1, hence x ∈ K1, which is a contradiction. This implies the claim. Then

α(G) = c(Z p × H1) + c(G1 − Z p × H1)

2|Z p × H1| ≤ 1

2
α(Z p × H1) + 1

2

≤ 1

2
α(Z5)α(Z3 � 〈c〉) + 1

2
= 2

3
<

3

4
,

a contradiction.
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Next assume that K1 ∼= Zn1
3 . Since H1 has an elementary abelian Sylow 3-subgroup, K1 has a complement

in H1. Thus Z2 × H1 ∼= K1 � (Z2 × (Zn−n1
3 � 〈c〉)) := K1 � H2. Set i(H2) = {h ∈ H2|h2 = 1}. Proposition 2.9

implies that

α(G) = α(Z p � (Z2 × H1)) = 1

2|H1|

⎛

⎝
∑

h∈H2

α(CZ p (h))c(K1h)

⎞

⎠

= 1

2|H1|

⎛

⎝
∑

h∈i(H2)

α(CZ p (h))c(K1h) +
∑

h∈H2−i(H2)

α(CZ p (h))c(K1h)

⎞

⎠ .

Using the fact (Z2 × H1)/K1 acts faithfully on Z p and Lemma 2.11, we suppose first there is no involution of
H2 whose centralizer in Z p is trivial, we have α(CZ p (h)) = 2

p for every element of H2 has order 2. Then

α1 := α(G) = 1

2|H1|

⎛

⎝
∑

h∈i(H2)

α(Z p)c(K1h) +
∑

h∈H2−i(H2)

α(CZ p (h))c(K1h)

⎞

⎠ .

We suppose now that there exists one involution h0 of H2 with α(CZ p (h0)) = 1, it implies that

α2 := α(G) = 1

2|H1| (c(K1h0) +
∑

h∈i(H2)−h0

α(Z p)c(K1h) +
∑

h∈H2−i(H2)

α(CZ p (h))c(K1h)).

It is easy to check that α1 < α2. Hence

α(G) ≤ 1

2|H1|

⎛

⎝c(K1h0) +
∑

h∈i(H2)−h0

α(Z p)c(K1h) +
∑

h∈H2−i(H2)

α(CZ p (h))c(K1h)

⎞

⎠

= 1

2|H1|

⎛

⎝α(Z p)c(K1) + c(K1h0) +
∑

h∈i(H2)−{1,h0}
α(Z p)c(K1h)

+
∑

h∈H2−i(H2)

α(CZ p (h))c(K1h)

⎞

⎠

≤ 1

2|H1|

⎛

⎝α(Z5)c(K1) + c(K1h0) +
∑

h∈i(H2)−{1,h0}
α(Z5)c(K1h) +

∑

h∈H2−i(H2)

c(K1h)

⎞

⎠

= 1

2|H1|

⎛

⎝2

5

∑

h∈H2

c(K1h) + 3

5

∑

h∈H2−i(H2)

c(K1h) + 3

5
c(K1h0)

⎞

⎠

= 1

2|H1|

⎛

⎝2

5
c(Z2 × H1) + 3

5

∑

h∈H2−i(H2)

c(K1h) + 3

5
c(K1h0)

⎞

⎠ .

Note that K1 � H2 ∼= Z2 × H1 and |i(H2)| � 2, and hence

∑

h∈H2−i(H2)

c(K1h) ≤ c(K1(H2 − {1, h0})) ≤ |K1|(|H2| − 2)

2
.
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Obviously c(K1h0) ≤ |K1|, it follows that

α(G) ≤ 2

5
α(H1) + 3

10|H1|
(

3n1(4 · 3n−n1 − 2)

2
+ 3n1

)
≤ 2

5
· 5

6
+ 3

10
<

3

4
,

which yields a contradiction.

(B.2) p = 2.
Let P0 ≤ G and P0/T = Zl

2. Since Zl
2 is normal in H , P0 is also normal in G, and then the kernel of a Sylow

2-subgroup P2 in G is P0, i.e., O2(G) = P0. Let M ≤ G such that M/P0 = Zn
3 . Since (|P0|, 3n) = 1, from the

well-known Schur–Zassenhaus Theorem we deduce that P0 has a complement M1 in M . Then c(M) ≤ |P0|c(M1)

by Lemma 2.1. It is obvious that G has no element of order 8. Now for any element y of G whose order is 6
or 12, then y Z2 ∈ Z2.(Zl

2 × Zn
3 ) which is M . It follows that all elements of order 6 and 12 belong to M . Let

s2 and s4 be the numbers of elements of order 2 and 4 in P2 − P0, respectively. Note that |P2 : P0| = 2, and
P0 = ⋂

g∈G Pg
2 . We therefore have

c(G − M) = |G : NG(P2)|
(

s2 + s4

2

)
, (3.1)

where |G : NG(P2)| is the number of Sylow 2-subgroups, say 3t (0 ≤ t ≤ n). Thus

c(G) = c(M) + c(G − M) ≤ 2l(3n + 1) + 3t
(

s2 + s4

2

)
,

and then

α(G) ≤ 2l(3n + 1) + 3t
(
s2 + s4

2

)

2l+2 · 3n

= 1

4
+ 1

4 · 3n
+ 1

2l+2 · 3n−t

(
s2 + s4

2

)
.

Also since s2 + s4 = 2l+1, it follows

α(G) ≤ 1

4
+ 1

4 · 3n
+ 1

4 · 3n−t
+ s2

2l+3 · 3n−t
.

Now if t ≤ n − 1, then

α(G) ≤ 1

4
+ 1

4 · 3n
+ 1

4 · 3n−(n−1)
+ 2l+1

2l+3 · 3n−(n−1)

≤ 1

4
+ 1

12
+ 1

6
<

3

4
,

a contradiction. It remains to deal with the case t = n, that is the number of Sylow 2-subgroups of G is 3n .
Observe that G is a supersolvable group. Since a supersolvable group has a Sylow tower (see p. 715, VI.

9.1 of [10]), it follows that Zn
3 is normal, and hence P0 � Zn

3 actually is isomorphic to P0 × Zn
3 . Next we will

calculate the number of cyclic subgroups of P0 � Zn
3 . Let s′

2 and s′
4 be the numbers of elements of order 2 and 4

in P0 − Z2, respectively. Then c(P0 � Zn
3 ) = c(P0 × Zn

3 ) = c(P0)c(Zn
3 ) =

(
2 + s′

2 + s′
4
2

) (
1 + 3n−1

2

)
. Hence

by the formula (3.1), we have

c(G) = c(G − M) + c(P0 � Zn
3 ) =

(
s2 + s4

2

)
· 3n +

(
2 + s′

2 + s′
4

2

)(
1 + 3n − 1

2

)
.

Note that s2 + s4 = 2l+1 and s′
2 + s′

4 = 2l+1 − 2, it follows that

c(G) = 2l · 3n +
(

1

2
+ 2l−1

)
(3n + 1) + 3n

2
s2 + 3n + 1

4
s′

2.

On the other hand, α(G) = 3/4, hence c(G) = 3
4 · 2l+2 · 3n . Thus

3n

2
s2 + 3n + 1

4
s′

2 = 2l−1(3n+1 − 1) − 1

2
(3n + 1). (3.2)
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Next we will consider a Sylow 2-subgroup P2 of G. Since the number of elements of order 1 and 2 is I (P2) =
2 + s2 + s′

2, by using (3.2),

I (P2) =
(

3 − 1

3n

)
2l +

(
1 − 1

3n

)
+
(

1

2
− 1

2 · 3n

)
s′

2

>
5

8
· 2l+2 = 5

8
|P2|,

and then I (P2) > 5
8 |P2|. By Lemma 2.12, we have P2 ∼= Zl+2

2 or P2 ∼= D8 × Zl−1
2 .

(B.2.1) Case: P2 ∼= Zl+2
2 .

Since G has a normal Sylow 3-subgroup, it follows that G ∼= (P0 × Zn
3 )� Z2 ∼= P0 × (Zn

3 � Z2) = P0 × H1,
and then α(G) = α(H1) = 3·3n+1

4·3n > 3
4 , a contradiction.

(B.2.2) Case: P2 ∼= D8 × Zl−1
2 := Zl−1

2 × (〈a〉 � 〈b〉), where o(a) = 4, o(b) = 2 and ab = a−1.
It is obvious that

I (P2) = s2 + s′
2 + 2 = 3 · 2l .

By formula (3.2), we have s′
2 = 2l+1

3n−1 − 2. Thus I (P0) = 2 + s′
2 = 2l+1

3n−1 . Note that P0 has index 2 in P2,

then P0 ∼= Zl+1
2 , Zl−1

2 × 〈a〉 or Zl−2
2 × D8 by Lemma 2.14, and so I (P0) = 2l+1, 2l or 3 · 2l−1, respectively.

Then we can get n = 1 and P0 ∼= Zl−1
2 × 〈a〉. As Z3 and P0 are normal subgroups of G, we have G ∼=

(Z3 × (Zl−1
2 × 〈a〉)) � 〈b〉 and all involutions outside Zl−1

2 × 〈a〉 in Zl−1
2 × D8 act on Zl−1

2 × 〈a〉 by inversion.
Hence G ∼= Zl−1

2 × ((〈a〉 × Z3) � 〈b〉), that is Zl−1
2 × D24.

(B.3) p = 3.
Since G/Z3 ∼= Zl

2 × (Zn
3 � Z2), G has a normal Sylow 3-subgroup P3 and its Sylow 2-subgroup P2 ∼= Zl+1

2 .
So G = P3 � P2. By Proposition 2.8, we have

α(G) = 1

2l+1

∑

x∈P2

α(CP3(x))

φ(o(x))
= 1

2l+1

∑

x∈P2

α(CP3(x)).

Now if for every element x ∈ P2 the centralizer CP3(x) is not trivial, then

α(G) ≤ 1

2l+1 · 2l+1 · 2

3
= 2

3
<

3

4
,

which is impossible. Next we assume that there exists an element x of order 2 such that CP3(x) = 1. By the
well-known result on fixed point free action (see 8.1.10, [7]), it follows that P3 is abelian. Let A be the unique
maximal elementary abelian 3-subgroup of P3, that is the subgroup generated by all elements of order 3, say
A ∼= Zk

3, where k ≥ 1. Obviously, A is characteristic in P3, so A is normal in G. Also it is clear that all elements
of P3 − A have order 9. We first calculate the number c of cyclic subgroups of the extension group P3 P0, where
P3 P0/P3 ∼= Zl

2.
The number of cyclic subgroups of A � Zl

2 is not more than 3k · 2l . Clearly, the elements outside A � Zl
2

in P3 P0 have order 9 or 18 because all elements of P3 − A have order 9. Since φ(9) = φ(18) = 6, we have

c ≤ 3k · 2l + (3n+1−3k )·2l

6 . Therefore

c(G) = c + c(G − A.(Zl
2 × Zn−k+1

3 )) ≤ 3k · 2l + (3n+1 − 3k) · 2l

6
+ 3n+1 · 2l

φ(2)
.

It follows that

α(G) = c(G)

|G| = c(G)

2l+1 · 3n+1 ≤ 1

2
+ 1

12
+ 1

3n−k+1 · 2
− 1

12 · 3n−k+1 ,

that is

α(G) ≤ 7

12
+ 1

3n−k+1

(
1

2
− 1

12

)
= 7

12
+ 5

12
· 1

3n−k+1 . (3.3)
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If k ≤ n, then α(G) ≤ 13
18 < 3

4 from (3.3), a contradiction. So k = n + 1. Then
P3 P0 = P3 � Zl

2 and P3 is an elementary abelian 3-group. Let K3 be the kernel of the action of P2 on P3 by
conjugation. Set K3 = Zl+1−t

2 for some t ≥ 0, i.e., P2/K3 ∼= Zt
2. Proposition 2.9 implies

α(G) = 1

2l+1

∑

x∈X

α(CP3(x))c(K3x) ≤ 1

2l+1

∑

x∈X

α(CP3(x)) · 2l+1−t = 1

2t

∑

x∈X

α(CP3(x)),

where X consists of coset representative of K3 in P2. By Lemma 2.11, we see that there exists at most one
involution x of X such that α(CP3(x)) = 1. We assume that X has no involution x with α(CP3(x)) = 1, then all
involutions of X are satisfied with α(CP3(x)) ≤ 2

3 . Hence

α1 := α(G) ≤ 1

2t

(
α(P3) + 2

3
+ · · · + 2

3

)
.

Now we suppose that there is an involution x of X such that α(CP3(x)) = 1. then we can obtain

α2 := α(G) ≤ 1

2t

(
α(P3) + 1 + 2

3
+ · · · + 2

3

)
.

Obviously, α1 < α2. Therefore

α(G) ≤ 1

2t

(
α(P3) + 1 + 2

3
+ · · · + 2

3

)

= 1

2t

(
1 + 3n+1−1

2

3n+1 + 1 + 2

3
(2t − 2)

)

= 2

3
+ 1

6 · 2t
+ 1

2t+1 · 3n+1 .

Note that n + 1 ≥ 2. Now if t ≥ 2, then

α(G) ≤ 2

3
+ 1

6 · 4
+ 1

72
= 13

18
<

3

4
,

a contradiction. This implies that t ∈ {0, 1}. If t = 1, then K3 ∼= Zl
2, and so G = Zl

2 × (P3 � Z2). Thus
α(G) = α(P3 � Z2) = 1

2 (α(Zn+1
3 ) + α(CP3(c))), where c is an involution. If |CP3(c)| ≥ 3 then, since

n + 1 ≥ 2, we have

α(G) ≤ 1

2

(
5

9
+ 2

3

)
= 11

18
<

3

4
.

Now suppose CP3(c) = 1, then the value of α(G) equals 3·3n+1+1
4·3n+1 , which is greater than 3/4. It remains to deal

with the case t = 0, then K3 = P2 ∼= Zl+1
2 , and so G ∼= P3 × P2. Hence α(G) = α(P3) ≤ 5

9 < 3
4 . These cases

are impossible. This concludes case B.
Next we consider other possible groups listed in Theorem 5 of [1].

Lemma 3.2 Let L be of Types I: Zn
4 � 〈c〉, o(c) = 2 and c acts on Zn

4 by inversion; Type II: Dn
8/N , where N =

{(a1, a2, . . . , an) ∈ Z(Dn
8 )|a1a2 · · · an = 1}; Type III: Z2n

2 �〈c〉, where Z2n
2 has a basis {xi , yi |i = 1, 2, . . . , n},

o(c) = 2 and [c, xi ] = yi , [c, yi ] = 1 for all i; Type IV: D2
8 . Then the following Table 1 holds.

Proof Note that all groups in the table have exponent 4. We only prove the item corresponding to Z(L) of Type II
in Table 1. Indeed, the remaining items of Type I, II, III follow from [1]. Also, the results of Type IV can be obtained
by GAP see [11] directly. Now let z be the unique central involution of D8. Then N = {(a1, . . . , an)|ai = 1
or z, with an even number of indices i such that ai = z}. We assume that (x1, . . . , xn)N is a central element
of Dn

8/N , that is for every h = (h1, . . . , hn) ∈ Dn
8 the commutator [(x1, . . . , xn), (h1, . . . , hn)] ∈ N . Then

([x1, h1], . . . , [xn, hn]) ∈ N . Since hi is arbitrary, it follows that [xi , hi ] = 1, and then xi ∈ Z(D8) = {1, z}.
Thus we have Z(Dn

8/N ) = Z(Dn
8 )/N ∼= Z2. ��
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Table 1 2-Groups L with α(L) > 3/4

L Type I Type II Type III Type IV

|L| 2 · 4n 2 · 4n 2 · 4n 64
I (L) 4n + 2n 4n + 2n 4n + 2n 36

s4(L) 4n − 2n 4n − 2n 4n − 2n 28

α(L) 3·2n+1
4·2n

3·2n+1
4·2n

3·2n+1
4·2n

25
32

Z(L) Zn
2 Z2 Zn

2 Z2
2

where n ≥ 1 and s4(L) the number of elements of order 4 of L

Case C. H1 is isomorphic to a group of types I, II, III and IV as above Table 1.
(C.1) p ≥ 3.
The group H acts on Z p by conjugation. Since Z p is a minimal normal subgroup, this action is irreducible.

Similarly as above, let K be the kernel, that is K := CH (Z p). With respect to hhK
0 := hh

0 (h0 ∈ Z p, h ∈ H ), the
quotient group H/K acts faithfully on Z p. Next let X be a coset representative of K in H . By Proposition 2.9
and Lemma 2.11, we see that

α(G) = 1

|H |
∑

x∈X

α(CZ p (x))c(K x)

= 1

|H |

⎛

⎝
∑

o(K x)=1,2

α(CZ p (x))c(K x) +
∑

o(K x)=4

α(CZ p (x))c(K x)

⎞

⎠ .

Firstly, if H/K has no involution K x0 with CZ p (K x0) = 1, we have α(CZ p (K x0)) = α(CZ p (x0)) = α(Z p) = 2
p

for every involution K x0. Hence

α1 = α(G) = 1

|H |

⎛

⎝
∑

o(K x)=1,2

2

p
c(K x) +

∑

o(K x)=4

α(CZ p (x))c(K x)

⎞

⎠ .

Now, if there is an involution of H/K such that CZ p (K x0) = 1 (i.e., α(CZ p (x0)) = 1), we have

α2 = α(G) = 1

|H |

⎛

⎝
∑

o(K x)=1,2

2

p
c(K x) + p − 2

p
c(K x0) +

∑

o(K x)=4

α(CZ p (x))c(K x)

⎞

⎠ .

Obviously, α1 < α2. Therefore

α(G) ≤ 1

|H |

⎛

⎝
∑

o(K x)=1,2

2

p
c(K x) + p − 2

p
c(K x0) +

∑

o(K x)=4

α(CZ p (x))c(K x)

⎞

⎠

≤ 1

|H |

⎛

⎝
∑

o(K x)=1,2

2

3
c(K x) + 1

3
c(K x0) +

∑

o(K x)=4

c(K x)

⎞

⎠

≤ 1

|H |
(

2

3
|K | · I (H/K ) + 1

3
|K | + 1

2
|K |s4(H/K )

)
,

where s4(H/K ) denotes the number of elements of order 4 in H/K . So

α(G) ≤ |K |
|H |

(
2

3
· I (H/K ) + 1

3
+ 1

2
s4(H/K )

)
. (3.4)

Since α(H) > 3/4, by Lemma 2.1 α(H/K ) > 3/4. We set H/K = Zt
2 × L for some t ≥ 0 and L has no Z2 as

a direct factor, so L is trivial or a group of Table 1. We have from (3.4) that

α(G) ≤ 1

|L|
(

2

3
· I (L) + 1

3
+ 1

2
s4(L)

)
. (3.5)
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Next we will use Table 1 to prove case by case.
(C.1.1) Case: L is a group of Type I, II or III in Table 1. Since I (L) = 4n + 2n and s4(L) = 4n − 2n , we

have

α(G) ≤ 1

2 · 4n

(
2

3
(4n + 2n) + 1

3
+ 1

2
(4n − 2n)

)
= 7

12
+ 1

12 · 2n
+ 1

6 · 4n
≤ 2

3
<

3

4
,

a contradiction.
(C.1.2) Case: L = D8 × D8 of Type IV. Since I (L) = 36 and s4(L) = 28, it follows

α(G) ≤ 1

64

(
2

3
· 36 + 1

3
+ 1

2
· 28

)
<

3

4
,

a contradiction.
(C.1.3) Case: L = 1. Then H/K = Zt

2. Now if t > 2, by formula (3.4), then

α(G) ≤ 1

2t

(
2

3
· 2t + 1

3

)
<

3

4
,

which is impossible. So t ∈ {0, 1, 2}. First we assume that t = 0, that is H = K ,
then G = Z p × (Zl

2 × H1). Since α(H1) ≤ 7
8 , we have

α(G) = α(Z p × H1) = α(Z p)α(H1) ≤ α(Z3)α(H1) = 2

3
· 7

8
= 7

12
<

3

4
,

a contradiction. Next if t = 1,
i.e., H/K ∼= Z2, then

α(G) = 1

|H | (α(Z p)c(K ) + α(CZ p (x))c(H − K ))

for some x ∈ H − K . It follows that

α(G) = 1

|H |
(

α(Z p)

(
I (K ) + |K | − I (K )

2

)
+ α(CZ p (x)) (I (H) − I (K )

+|H | − I (H) − (|K | − I (K ))

2

))
.

So we obtain

α(G) = α(Z p)

(
1

4
+ I (K )

4|K |
)

+ α(CZ p (x))

(
1

4
+ I (H)

2|H | − I (K )

4|K |
)

. (3.6)

If I (H)
|H | ≤ 2

3 , applying the equality (3.6) implies that

α(G) ≤ α(Z3)

(
1

4
+ I (K )

4|K |
)

+
(

1

4
+ 1

3
− I (K )

4|K |
)

= 3

4
− I (K )

12|K | <
3

4
,

a contradiction. If I (H)
|H | > 2

3 , by Lemma 2.12, it follows that H is isomorphic to Zl
2 or Zl

2 × D8. The case H ∼= Zl
2

was dealt with in Case A. So we assume that H ∼= Zl
2 × D8. Using Lemma 2.14, H has three non-isomorphic

maximal subgroups, that is, K ∼= Zl−1
2 × D8 (l ≥ 1), K ∼= Zl

2 × Z2
2 and K ∼= Zl

2 × Z4.
By (3.6), we can obtain that

α(G) = 7

16
(α(Z p) + α(CZ p (x))) <

3

4

for the first maximal subgroup and

α(G) = 1

2
α(Z p) + 3

8
α(CZ p (x)) <

3

4
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for the second one, which are impossible. For the last maximal subgroup K ∼= Zl
2 × Z4, we have α(G) =

3
8α(Z p) + 1

2α(CZ p (x)) by (3.6). If p ≥ 5, then an easy calculation shows that α(G) < 3/4. So the remaining
case is that G ∼= Z3 � (Zl

2 × D8), and K ∼= Zl
2 × Z4. Now let D8 = 〈a, b|a4 = b2 = 1, ab = a−1〉, then

K ∼= Zl
2 × 〈a〉, G ∼= (Z3 × (Zl

2 × 〈a〉)) � 〈ub〉, where u ∈ Zl
2. Hence G ∼= Zl

2 × ((Z3 × 〈a〉) � 〈ub〉) which is
isomorphic to Zl

2 × D24.
Finally, we assume that t = 2, that is H/K ∼= Z2

2. By Proposition 2.9 and Lemma 2.11, it follows that

α(G) ≤ 1

|H | (α(Z p)c(K ) + 2α(Z p)|K | + |K |)

= 1

4
+ 1

p
+ 1

2p
· α(K ).

If p ≥ 5, then direct calculation shows that α(G) < 3/4. If p = 3, then Z p � H/K ∼= Z3 � Z2
2. Since H/K

acts faithfully on Z3, it follows that H/K is isomorphic to a subgroup of Aut (Z3) ∼= Z2, a contradiction.
(C.2) p = 2.
Since G is a 2-group and T is a minimal normal subgroup of G, we have T ∼= Z2, and then G/T ∼= Zl

2 × H1.
Now let there exist u involutions and v elements of order 4 of H such that their preimages have order 4 and
order 8, respectively. Applying Table 1, we know that Zl

2 × H1 has exactly 2l(4n + 2n) − 1 involutions, and
2l(4n − 2n) elements of order 4 in Types I, II, III. Note that T ∼= Z2, and the fact that Z2 is central implies that
if y ∈ x Z2 then x and y have the same order unless x ∈ T − {1}. Note that exp(H) = 4. So

α(G) = 1 + 2(2l(4n + 2n) − 1 − u) + 1 + 2u+2(2l (4n−2n)−v)
φ(4)

+ 2v
φ(8)

2l · 4n+1

= 3 · 2l · 4n + 2l · 2n − u − v
2

2l · 4n+1 .

Since α(G) = 3/4, we have

u + v

2
= 2l+n . (3.7)

For Type IV, the equality (3.7) still holds if we set n = 2. In fact, since G/Z2 ∼= Zl
2 × D8 × D8, we have

I (H) = 36 · 2l and s4(H) = 28 · 2l , and then

3

4
= α(G) = 36 · 2l+1 − 2u + 2u−2v+28·2l+1

φ(4)
+ 2v

φ(8)

2l+7 = 25 · 2l+2 − u − v
2

2l+7 .

Thus

u + v

2
= 2l+2.

If u < 2l+n , direct calculations imply that I (G) = 2l+1(4n + 2n) − 2u > 2l+1 · 4n for Types I, II and III,
and I (G) = 36 · 2l+1 − 2u > 36 · 2l+1 − 2 · 2l+2 = 2l+6 for Type IV. So we have I (G) > 1

2 |G|. Since G is a
2-group, by Lemma 2.13, we have G ∼= D16 × Zt

2 for some t ≥ 0.
Next we assume that u = 2l+n (n = 2 for Type IV), then by (3.7) it follows v = 0. Thus I (G) = 1

2 |G| and
exp(G) = 4. ��

4 Remarks

Note that we can construct a family of groups whose values of α are equal to 3/4 by use of maximal subgroups
of Type II in Lemma 3.2. We assume that L is of Type II in Table 1. Observe that �(Dn

8 ) = (Dn
8 )′ = Z(Dn

8 ) is
elementary. We can get a normal series Dn

8 > Z(Dn
8 ) > N > 1. Let M∗ = Z4 × Dn−1

8 , embedded naturally
inside Dn

8 . Set M := M∗/N . We claim that α(M) = 3/4. In fact, we let z be the unique central involution of
D8. Next we calculate the value of I (M∗/N ). An element (a1, . . . , an)N ∈ M∗/N squares to 1 if and only if
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(a2
1 , . . . , a2

n) ∈ N , that is, a2
1 · · · a2

n = 1 and a2
i ∈ Z(D8) for all i = 1, 2, . . . , n. Observe that every a2

i is either
1 or z. In fact (a2

1, . . . , a2
n) ∈ N is equivalent to saying that there are an even number of indices i ∈ {1, . . . , n}

such that a2
i = z. Since D8 contains 6 elements that square to 1 and 2 elements that square to z, M∗ contains

exactly

βn =
[ n−1

2 ]∑

k=1

(
n − 1

2k − 1

)
2122k−16n−2k +

[ n−1
2 ]∑

k=0

(
n − 1

2k

)
216n−2k−122k

elements (a1, . . . , an) such that a2
1 · · · a2

n = 1. Hence M∗/N contains exactly βn/2n−1 elements that square to
1. Observe that

8n−1 = (2 + 6)n−1 =
n−1∑

h=0

(
n − 1

h

)
2h6n−1−h = 1

2
βn .

So βn/2n−1 = 2 · 4n−1, and then I (M) = 2 · 4n−1. Therefore, α(M) = 1
|M|

(
I (M) + |M|−I (M)

2

)
= 3/4.

If α(G) = 3
4 then G is solvable, being 3/4 > 67/120 by Theorem 4 of [1]. We give the following question.

Question 4.1 Let A be a finite abelian group and G a finite group. Suppose that α(G) = α(A) and |G| = |A|.
Is G also solvable?

Acknowledgements Project supported by the NSF of China (Grant No. 12161035).
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2. Lazorec M., Tǎrnǎuceanu M., A note on the number of cyclic subgroups of a finite group, Bull. Math. Soc. Sci. Math. Roumanie
(N.S.), 4 (2019), 403–416.
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