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Abstract In this article, we study the existence of mild solutions for a class of Hilfer fractional evolution equations
with non-instantaneous impulses in ordered Banach spaces. The definition of mild solutions for our problem was
given based on a C0-semigroup W (·) generated by the operator −A and probability density function. By means
of monotone iterative technique and the method of lower and upper, the existence of extremal mild solutions
between lower and upper mild solutions for nonlinear evolution equation with non-instantaneous impulses is
obtained under the situation that the corresponding C0-semigroup W (·) and non-instantaneous impulsive function
γk are compact, W (·) is not compact and γk is compact, W (·) and γk are not compact, respectively. At last, two
examples are given to illustrate the abstract results.

Keywords Hilfer evolution equations · Non-instantaneous impulses · Lower and upper solutions · Monotone
iterative method · Mild solution
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1 Introduction

On the study of instantaneous impulsive evolution equations has become more important in resent years, which
is widely used in control, mechanics, electrical engineering, biological and medical fields. Especially, the theory
of instantaneous impulsive evolution equations in Banach spaces has been emerging as an important research
area in the past few decades.

In the literature, numerous properties of the solutions for differential equations with instantaneous impulses
are studied and detailed bibliographies are given, we can mention the works of Lakshmikantham et al. [22],
Benchohra et al. [2,3] and the papers of Abada et al. [2], Chen and Li [8], Colao et al. [7], Gautam et al. [17]
and Pierri et al. [29].

The characteristics of instantaneous impulsive ordinary and partial differential equations is associated with
their utility in simulating processes and phenomenology to short time perturbations during their evolution.
However, we can see that the models with instantaneous impulses could not explain the certain dynamics of
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evolution processes in pharmacotherapy. Consequently, nonlinear differential equations with non-instantaneous
impulses have been studied by many authors and obtained some results, we refer the read to see [3,7,17,21,29,31,
32]. In 2013 Pierri et al. [29], investigated the existence of solutions of a class of abstract semilinear differential
equations with non-instantaneous impulses using the semigroup analytic theory. Lately, Hernandez and O’Regan
[21] investigated the existence of solutions of a new class of impulsive abstract differential equations with non-
instantaneous impulses. In 2016, Chen et al. [8] considered the existence of piecewise-continuous mild solutions
for the initial value problems for a class of semilinear evolution equations with non-instantaneous impulses in
Banach spaces as form

⎧
⎨

⎩

u′(t) + Au(t) = f (t, u(t)), t ∈ ∪m
k=0(sk, tk+1],

u(t) = γk(t, u(t)), t ∈ ∪m
k=1(tk, sk],

u(0) = u0,

where A : D(A) ⊂ E → E is a closed linear operator, −A is the infinitesimal generator of a strongly continuous
semigroup (C0-semigroup) T (t)(t ≥ 0) in E , 0 < t1 < t2 < · · · < tm < tm+1 := a, a > 0 is a constant, s0 := 0
and sk ∈ (tk; tk+1) for each k = 1, 2, . . . , m, f : [0; a] × E → E is a given nonlinear function satisfying some
assumptions, γk : (tk, sk] × E → E is non-instantaneous impulsive function for all k = 1, 2, . . . , m, u0 ∈ E .
By means of the properties of Kuratowski measure of noncompactness, k-set-contraction mapping, the existence
of PC-mild solution is obtained.

In addition, fractional ordinary differential equations and evolution equations with non-instantaneous
impulses have also been studied in [6,27,29]. In 2019, Jayanta Borah et al. [6] discussed the existence and
uniqueness of the following problem:

⎧
⎨

⎩

C Dαu(t) = f (t, u(t), k(u(t))), t ∈ ∪m
i=0(si , ti+1],

u(t) = gi (t, u(t)), t ∈ ∪m
k=1(ti , si ],

u(0) + h(u) = u0,

where J = [0, a], gi ∈ C([ti , si ] × R, R), f : J × R × R → R, k : PC(J, R) → R, h : PC(J, R) → R are
given functions.

In [30], Vanterler da C. Sousa studied the necessity and importance of the realization of a work that will
contribute to the existence of solutions of fractional differential equations. Then, they considered the semi-linear
evolution fractional differential equation with non-instantaneous impulses in Banach space as form

⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) = f (t, u(t)), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = u0,

where Dν,μ
0+ (·) is Hilfer fractional derivative, I 1−γ

0+ (·) is Riemann–Liouville fractional integral.
On the other hand, the monotone iterative technique in the presence of lower and upper solutions is an impor-

tant method for seeking solutions of differential equations in abstract spaces. Recently, Du and Lakshmikantham
[10] investigated the existence of minimal and maximal solutions to initial value problem of ordinary differential
equation without impulse by using the method of upper and lower solutions and the monotone iterative tech-
nique. Later, Guo and Li [13], Li and Liu [23] developed the iterative method for ordinary differential equations
with instantaneous impulses in Banach spaces. Recently, the iterative method has been extended to evolution
equations in ordered Banach, we refer to the papers by Li [25]. But so far we have not seen relevant papers that
study abstract evolution equations with non-instantaneous impulses by monotone iterative method of lower and
upper solutions. The most advantage by using the iterative method based on lower and upper solutions is that it
not only provides a method to obtain the existence of extremal mild solutions, but also yields iterative sequence
of lower and upper approximate solutions that converge to the minimal and maximal mild solutions between the
lower and upper solution.

Hilfer [18,19] proposed a generalized Riemann–Liouville fractional derivative, for short, Hilfer fractional
derivative, which includes Riemann–Liouville fractional derivative and Caputo fractional derivative. In [12],
Furati et al. considered an initial value problem for a class of nonlinear fractional differential equations involv-
ing Hilfer fractional derivative. Very recently, Gu and Trujillo [15] investigated a class of evolution equations
involving Hilfer fractional derivatives, by using Mittag–Leffler functions.

However, to the best of our knowledge, at present, most of the research work is based on the use of a variety
of fixed point theorems to study abstract evolution equations with non-instantaneous impulses. Up to now, we
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The method of lower and upper solution for Hilfer evolution equations 501

have not seen the relevant papers to study the initial value problem of Hilfer fractional evolution equations with
non-instantaneous impulses in ordered Banach space E .

Therefore, based on the above discussion, in this work, we make use of the positive operator theory and,
through the monotone iterative technique and the method of lower and upper. We establish more general conditions
to guarantee the existence of mild solutions for the initial problem of Hilfer fractional evolution equations with
non-instantaneous impulses in ordered Banach space E :

⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) = f (t, u(t), Fu(t), Gu(t)), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = u0,

(1.1)

where Dν,μ
0+ (·) is Hilfer fractional derivative which will be given in next section, I 1−γ

0+ (·) is Riemann–Liouville
fractional integral with 0 < μ < 1, 0 ≤ ν ≤ 1, μ ≤ γ = μ + ν(1 − μ) < 1, the state u(·) takes value in a
Banach space E . A : D(A) ⊂ E → E is a bounded linear operator, −A is the infinitesimal generator of a strong
continuous semigroup of bounded linear operators (i.e. C0-semigroup) W (t)(t ≥ 0) in E , 0 < t1 < t2 < · · · <

tm < tm+1 := a, a > 0 is a constant, m ∈ Z
+, J = [0, a], J ′ = (0, a], s0 := 0 and sk ∈ (tk, tk+1) for each

k = 1, 2, . . . , m, f : [sk, tk+1] × E × E × E → E is a given nonlinear function satisfying some assumptions,
γk ∈ C(E, E) is non-instantaneous impulsive function for all k = 1, 2, . . . , m, u0 ∈ E, the operators Fu and
Gu are given by

Fu(t) =
t∫

0

K (t, s)u(s)ds, K ∈ C(D, R
+),

Gu(t) =
a∫

0

H(t, s)u(s)ds, H ∈ C(D0, R
+),

D = {(t, s) ∈ R
2 : 0 ≤ s ≤ t ≤ a}, D0 = {(t, s) ∈ R

2 : 0 ≤ t, s ≤ a}.
The motives and highlights in this paper are as follows:

1. We establish in this work more general conditions to guarantee the existence of mild solutions for equations
of the type (1.1). First of all, we give a new appropriate definitions of mild solutions for equations (1.1) by
C0-semigroup and probability density function, and secondly, we make use of monotone iterative technique
and the method of lower and upper solution to discuss the existence of mild solutions for IVP (1.1) under the
situation that the C0-semigroup W (·) and non-instantaneous impulsive function γk are compact, W (·) is not
compact and γk is compact, W (·) and γk are not compact, respectively.

2. In Eq. (1.1), for the limits β → 0 and β → 1, we obtain the respective special cases for the differential
equations, i.e., the classical fractional derivatives of Riemann–Liouville and Caputo, respectively. Obviously,
our results can be applied to the evolution equations with Riemann–Liouville fractional derivative and Caputo
fractional derivative.

2 Preliminaries

Let E be an ordered Banach space with the norm ‖ · ‖ and partial order “ ≤”, whose positive cone P = {x ∈
E | x ≥ 0} is normal with normal constant N . Let J = [0, a] and J ′ = (0, a], by C(J, E) and C(J ′, E) we
denote the space of all continuous E-value functions from J to E and J ′ to E , respectively. Evidently, C(J, E)

is also an ordered Banach space reduced by the convex cone P ′ = {u ∈ E |u(t) ≥ 0, t ∈ J }, and P ′ is also a
normal cone.

Define

C1−γ (J, E) =
{

u ∈ C(J ′, E), lim
t→0

t1−γ u(t) exists and infine
}
,

where 0 ≤ ν ≤ 1, 0 < μ < 1, with the norm ‖ · ‖C1−γ

‖u‖C1−γ
= sup

t∈J ′

∥
∥
∥t1−γ u(t)

∥
∥
∥.
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Evidently, the space C1−γ (J, E) is a Banach space.
Let PC(J, E) = {u : J → E | u is continuous at t 
= tk, left continuous at t = tk, u(t−k ) =

u(tk) and u(t+k ) exists for all k = 1, 2, . . . , m} be a piecewise continuous function space. It is easy to see
that PC(J, E) is a Banach space endowed with the norm

‖y‖PC = sup
t∈J

‖y(t)‖, ∀ y ∈ PC(J, E).

Evidently, PC(J, E) is also an ordered Banach space with the partial order ≤ induced by the positive cone

K PC = {y ∈ PC(J, E) : y(t) ≥ 0, t ∈ J },
which is also normal with the same normal constant N .

For v,w ∈ PC(J, E) with v ≤ w, we use [v,w] to denote the order interval

{u ∈ PC(J, E)|v ≤ u ≤ w}
in PC(J, E) and [v(t), w(t)] to denote the order interval

{u ∈ E |v(t) ≤ u(t) ≤ w(t), t ∈ J }
in E . We use E1 to denote the Banach space D(A) with the graph norm ‖ · ‖1 = ‖ · ‖ + ‖A · ‖. Denote
Cα(J, E) = {x ∈ C(J, E) : Dαx exists and Dαx ∈ C(J, E)}. Obviously, Cα(J, E) is a Banach space whose
norm is

‖x‖ = sup
t∈J

{‖x(t)‖ + ‖Dαx(t)‖}.

Let J ′′ = J\{t1, t2, . . . , tm}, J ′′′ = J\{0, t1, t2, . . . , tm}.
For completeness we recall the following definitions from fractional calculus.

Definition 2.1 The Riemann–Liouville fractional integral of order α of a function f : [0,∞) → R is defined
as

I α
0+ f (t) = 1

�(α)

t∫

0

(t − s)α−1 f (s)ds, t > 0, α > 0,

provided the right side is point-wise defined on (0,∞).

Definition 2.2 The Riemann–Liouville derivative of order α with the lower limit zero for a function f :
[0,∞) → R can be written as

Dα
0+ f (t) = 1

�(n − α)

dn

dtn

t∫

0

f (s)

(t − s)α+1−n
ds, t > 0, n − 1 < α < n.

Definition 2.3 The Caputo fractional derivative of order α for a function f : [0,∞) → R can be written as

c Dα
0+ f (t) = Dα

0+

[

f (t) −
n−1∑

k=0

tk

k! f (k)(0)

]

, t > 0, n − 1 < α < n,

where n = [α] + 1 and [α] denotes the integer part of α.

If u is an abstract function with values in E , then the integrals which appear in Definitions 2.2 and 2.3 are
taken in Bochner’s sense.
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Definition 2.4 (Hilfer fractional derivative see [18,19]) The generazlied Riemann–Liouville fractional deriva-
tive of order 0 ≤ ν ≤ 1 and 0 < μ < 1 is defined as

Dν,μ
0+ f (t) = I ν(1−μ)

0+
d

dt
I (1−ν)(1−μ)
0+ f (t).

for functions such that the expression on the right hand side exists.
Recently (Hilfer et al. [18,19]), this definition for n − 1 < μ ≤ n, n ∈ N , 0 ≤ ν ≤ 1, was rewritten in a

more general form:

Dν,μ
0+ f (t) = I ν(n−μ)

0+
dn

dtn
I (1−ν)(n−μ)
0+ f (t) = I ν(n−μ)

0+ Dμ+νn−μν
0+ f (t),

where Dμ+νn−μν
0+ is the Riemann–Liouville fractional derivative and I ν(n−μ)

0+ is the Riemann–Liouville integral.

Remark 2.1 (i) When ν = 0, 0 < μ < 1, the Hilfer fractional derivative corresponds to the classical Riemann-
Liouville fractional derivative:

D0,μ
0+ f (t) = d

dt
I 1−μ
0+ f (t) = Dμ

0+ f (t).

(ii) When ν = 1, 0 < μ < 1, the Hilfer fractional derivative corresponds to the classical Caputo fractional
derivative:

D1,μ
0+ f (t) = I 1−μ

0+
d

dt
f (t) =c Dμ

0+ f (t).

Definition 2.5 A C0-semigroup W (t)(t ≥ 0) in E is said to be equicontinuous if W (t) is continuous by operator
norm for every t > 0.

Definition 2.6 A C0-semigroup W (t)(t ≥ 0) in E is said to be compact, if W (t) is a compact operator in E for
every t > 0.

Definition 2.7 A C0-semigroup W (t)(t ≥ 0) in E is called to be positive, if order inequality W (t)x ≥ θ holds
for each x ≥ θ, x ∈ E and t ≥ 0.

Now we present some basic definitions and properties about Kuratowski measure of noncompactness, more
details can be found in [5,11].

Definition 2.8 ([5,11]) The Kuratowski measure of noncompactness α(·) defined on bounded set S of Banach
space E is

α(S) := inf{δ > 0 : S = ∪m
i=1Si with diam(Si ) ≤ δ for i = 1, 2, . . . , m}.

The following properties about the Kuratowski measure of noncompactness are well known.

Lemma 2.1 ([5,11]) Let E be a Banach space and S, U ⊂ E be bounded. The following properties are satisfied:

(i) α(S) = 0 if and only if S is compact, where S means the closure hull of S;
(ii) α(S) = α(S) = α(conv S), where conv S means the convex hull of S;

(iii) α(λS) = |λ|α(S) for any λ ∈ R;
(iv) S ⊂ U implies α(S) ≤ α(U );
(v) α(S ∪ U ) = max{α(S), α(U )};

(vi) α(S + U ) ≤ α(S) + α(U ), where S + U = {x | x = y + z, y ∈ S, z ∈ U }.
As mentioned in the sequel, we denote by α(·), αC1−γ (·), αPC1−γ (·) the Kuratowski measure of noncom-

pactness on the bounded set of E , C1−γ (J, E), PC1−γ (J, E). For any D ⊂ C(J, E) and t ∈ J , set
D(t) = {u(t) | u ∈ D} then D(t) ⊂ E . If D ⊂ PC1−γ (J, E) is bounded, then D(t) is bounded in E
and α(D(t)) ≤ αPC1−γ (D).

Lemma 2.2 ([25]) Let E be a Banach space, and let D ⊂ E be bounded. Then there exists a countable set
D0 ⊂ D, such that α(D) ≤ 2α(D0).
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Lemma 2.3 ([20]) Let E be a Banach space, and let D = {un} ⊂ PC([b1, b2], E) be a bounded and countable
set for constants −∞ < b1 < b2 < +∞. Then α(D(t)) is Lebesgue integral on [b1, b2], and

α

⎛

⎜
⎝

⎧
⎪⎨

⎪⎩

b2∫

b1

un(t)dt : n ∈ N

⎫
⎪⎬

⎪⎭

⎞

⎟
⎠ ≤ 2

b2∫

b1

α(D(t))dt.

Lemma 2.4 ([5]) Let E be a Banach space, and let D ⊂ C([b1, b2], E) be bounded and equicontinuous. Then
α(D(t)) is continuous on [b1, b2], and

αPC1−γ (D) = max
t∈[b1,b2]

αPC1−γ (D(t)).

Lemma 2.5 ([11]) Let E be a Banach space. Assume that 
 ⊂ E is a bounded closed and convex set on E, the
operator Q : 
 → 
 is condensing. Then Q has at least one fixed point in 
.

Lemma 2.6 ([14]) Let P be a normal cone of the Banach space E and v0, w0 ∈ E with v0 ≤ w0, Suppose that
Q : [v0, w0] → E is a nondecreasing strict set contraction operator such that v0 ≤ Qv0 and Qw0 ≤ w0. Then
Q has a minimal fixed point u and a maximal fixed point u in [v0, w0]; moreover, vn → u and wn → u, where
vn = Qvn−1 and wn = Qwn−1(n = 1, 2, . . .) which satisfy v0 ≤ v1 ≤ · · · vn ≤ · · · u ≤ u ≤ · · · ≤ wn ≤ · · · ≤
w1 ≤ w0.

Next, we present an auxiliary result.

Lemma 2.7 Assume that μ > 0, m ∈ C(J, R
+) satisfies

m(t) ≤ M1

t∫

0

(t − s)μ−1m(s)ds + M2

∫ t

0
(t − s)μ−1m(s)ds

+ M3

a∫

0

(t − s)μ−1m(s)ds, t ∈ J,

where Mi ≥ 0 (i = 1, 2, 3) are constants. Then m(t) ≡ 0 for t ∈ J provided the following condition hold: (i)
(M1+M2+M3)aμ

μ
< 1.

Proof Let us suppose that (i) holds, we have

m(t) ≤ (M1 + M2 + M3)

a∫

0

(t − s)μ−1m(s)ds, t ∈ J.

If follows by integrating the above inequality that

a∫

0

m(s)ds ≤ (M1 + M2 + M3)aμ

μ

∫ a

0
m(s)ds,

and by assumption (i), implies

a∫

0

m(s)ds = 0,

and so m(t) ≡ 0, t ∈ J . The proof of this Lemma is complete. ��
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We firstly consider the following linear nonhomogeneous fractional evolution systems

⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) = f (t), t ∈ ∪∞

k=0(sk, tk+1],
u(t) = ek(t), t ∈ ∪∞

k=1(tk, sk],
I 1−γ
0+ u(0) = u0.

(2.1)

The problem (2.1) is equivalent to the integral eqaution

u(t) = ek(sk)

�(ν(1 − μ) + μ)
t (ν−1)(1−μ) + 1

�(μ)

∫ t

sk

(t − s)μ−1

× [Au + f (s)]ds, t ∈ [sk, tk+1], k ∈ N ∪ {0}. (2.2)

Lemma 2.8 If integral (2.2) holds, then we have

u(t) =

⎧
⎪⎪⎨

⎪⎪⎩

Sν,μ(t)u0 + ∫ t
0 Kμ(t − s) f (s)ds, t ∈ (0, t1];

ek(t), t ∈ (tk, sk], k ∈ N;
Sν,μ(t − sk)ek(sk) + ∫ t

sk
Kμ(t − s) f (s)ds,

t ∈ (sk, tk+1], k ∈ N,

(2.3)

where

Sν,μ(t) = I ν(1−μ)
0+ Kμ(t), Kμ(t) = μ

∫ ∞

0
σ tμ−1ξμ(σ )W (tμσ)dσ, (2.4)

the probability density function ξμ is defined on (0,∞) such that

ξμ(σ ) = 1

μ
σ

−1− 1
μ 
μ(σ

− 1
μ ) ≥ 0 (2.5)

and


μ(σ) = 1

π

∞∑

n=1

(−1)n−1σ−μn−1 �(nμ + 1)

n! sin(nπμ), σ ∈ (0,∞). (2.6)

Proof Let λ > 0, applying the Laplace transform

û(λ) =
∫ ∞

0
e−λt u(t)dt, v(λ) =

∫ ∞

0
e−λt f (t)dt

to (2.2), we have

û(λ) = λ(1−ν)(1−μ)−1ek(sk) − 1

λμ
Aû(λ) + 1

λμ
v(λ).

Further, we have

(λμ I + A)̂u(λ) = λν(μ−1)ek(sk) + v(λ).

Therefore, we have

û(λ) = λν(μ−1)(λμ I + A)−1ek(sk) + (λμ I + A)−1v(λ)

= λν(μ−1)

∫ ∞

0
e−λμs W (s)ek(sk)ds +

∫ ∞

0
e−λμs W (s)v(λ)ds (2.7)

provided that the integral in (2.7) exists, where I is the identity operator defined on E .
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Let


μ(σ) = 1

π

∞∑

n=1

(−1)n−1σ−μn−1 �(nμ + 1)

n! sin(nπμ), σ ∈ (0,∞),

whose Laplace transform is given by

∫ ∞

0
e−λσ 
μ(σ)dσ = e−λμ

, μ ∈ (0, 1). (2.8)

So, by (2.8), we get

∫ ∞

0
e−λμs W (s)ek(sk)ds =

∫ ∞

0
μtμ−1e−(λt)μ W (tμ)ek(sk)dt

=
∫ ∞

0

∫ ∞

0
e−(λtσ)μtμ−1
μ(σ)W (tμ)ek(sk)dσdt

= μ

∫ ∞

0

∫ ∞

0
e−λθ θμ−1

σμ

μ(σ)W

( θμ

σμ

)
ek(sk)dθdσ

=
∫ ∞

0
e−λτ

[
μ

∫ ∞

0

τμ−1

σμ

μ(σ)W

( τμ

σμ

)
ek(sk)dσ

]
dτ

=
∫ ∞

0
e−λt

[
μ

∫ ∞

0

(t − sk)
μ−1

σμ

μ(σ)W

( (t − sk)
μ

σμ

)
ek(sk)dσ

]
dt. (2.9)

and
∫ ∞

0
e−λμs W (s)v(λ)ds =

∫ ∞

0
μtμ−1e−(λt)μ W (tμ)

( ∫ ∞

0
e−λs f (s)ds

)
dt

=
∫ ∞

0

∫ ∞

0
e−(λtσ)μtμ−1
μ(σ)W (tμ)

( ∫ ∞

0
e−λs f (s)ds

)
dσdt

= μ

∫ ∞

0

∫ ∞

0
e−λθ θμ−1

σμ

μ(σ)W

( θμ

σμ

)( ∫ ∞

0
e−λs f (s)ds

)
dθdσ

= μ

∫ ∞

0

( ∫ ∞

0

∫ ∞

0
e−λt (t − s)μ−1

σμ

μ(σ)W

( (t − s)μ

σμ

)
f (s)ds

)
dσ

= μ

∫ ∞

0

( ∫ ∞

0

∫ t

sk

e−λt (t − s)μ−1

σμ

μ(σ)W

( (t − s)μ

σμ

)
f (s)dsdt

)
dσ

=
∫ ∞

0
e−λt

[
μ

∫ t

sk

∫ ∞

0

(t − s)μ−1

σμ

μ(σ)W

( (t − s)μ

σμ

)
f (s)dσds

]
dt. (2.10)

Thus, it follows from (2.7), (2.9) and (2.10) that, for t ∈ [0,∞),

û(λ) = λν(μ−1)

∫ ∞

0
e−λt

[
μ

∫ ∞

0

(t − sk)
μ−1

σμ

μ(σ)W

( (t − sk)
μ

σμ

)
ek(sk)dσ

]
dt

+
∫ ∞

0
e−λt

[
μ

∫ t

sk

∫ ∞

0

(t − s)μ−1

σμ

μ(σ)W

( (t − s)μ

σμ

)
f (s)dσds

]
dt.

Since the Laplace inverse transform of λν(μ−1) is

L−1(λν(μ−1)) =
{

tν(1−μ)−1

�(ν(1−μ))
, 0 < ν < 1,

δ(t), ν = 0,

where δ(t) is the Delta function.
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Thus, by (2.5), (2.7), (2.9) and (2.10), for t ∈ [0,∞), we obtain

u(t) =
(
L−1(λν(μ−1)) ∗

( ∫ ∞

0
μ

(t − sk)
μ−1

σμ

μ(σ)W

( (t − sk)
μ

σμ

)
dσ

)
(t)

)
ek(sk)

+ μ

∫ t

sk

∫ ∞

0

(t − s)μ−1

σμ

μ(σ)W

( (t − s)μ

σμ

)
f (s)dσds

=
∫ t

0

tν(1−μ)−1

�(ν(1 − μ))

∫ ∞

0
μσ(t − sk)

μ−1ξμ(σ )W (t − sk)
μσ )ek(sk)dσ

+ μ

∫ t

sk

∫ ∞

0
σ(t − s)μ−1ξμ(σ )W ((t − s)μσ ) f (s)dσds

=
(

I ν(1−μ)
0+ Kμ(t − sk)

)
ek(sk) +

∫ t

sk

Kμ(t − s) f (s)ds

= Sν,μ(t − sk)ek(sk) +
∫ t

sk

Kμ(t − s) f (s)ds. (2.11)

This completes the proof. ��
In view of Lemma 2.8, we give a new appropriate definition of the mild solutions for the IVP (1.1).

Definition 2.9 By a mild solution of IVP (1.1), we mean a function u ∈ PC1−γ (J, E) satisfies the following
integral equation

u(t) =

⎧
⎪⎪⎨

⎪⎪⎩

Sν,μ(t)u0 + ∫ t
0 Kμ(t − s) f (s, u(s), Fu(s), Gu(s))ds, t ∈ (0, t1];

γk(t, u(t)), t ∈ (tk, sk], k = 1, 2, . . . , m;
Sν,μ(t − sk)γk(sk, u(sk)) + ∫ t

sk
Kμ(t − s) f (s, u(s), Fu(s), Gu(s))ds,

t ∈ (sk, tk+1], k = 1, 2, . . . , m.

Remark 2.2 It is easy to see that for any constant C ≥ 0, −(A + C I ) also generates a C0-semigroup S(t) =
e−Ct W (t)(t ≥ 0) in E . Therefore, S(t)(t ≥ 0) is a positive C0-semigroup if W (t)(t ≥ 0) is a positive C0-
semigroup, S(t)(t ≥ 0) is a compact semigroup if W (t)(t ≥ 0) is a compact semigroup, S(t)(t ≥ 0) is an
equicontinuous semigroup if W (t)(t ≥ 0) is an equicontinuous semigroup, S(t)(t ≥ 0) is strongly continuous
semigroup if W (t)(t ≥ 0) is strongly continuous semigroup.

Throughout this paper, we shall assume the following:

(F1) W (t) is continuous in the uniform operator topology for t > 0 and W (t)(t ≥ 0) is uniformly bounded, i.e.
there exists M > 1 such that supt∈[0,+∞) ‖W (t)‖ < M.

Lemma 2.9 Under assumption (F1), for any fixed t > 0, the operators

�(t) = I ν(1−μ)
0+ �(t), �(t) =

∫ ∞

0
μσ tμ−1ξμ(σ )S(tμσ)dσ (2.12)

are linear operators, and for any u ∈ E

‖�(t)‖ ≤ Mtμ−1

�(μ)
, ‖�(t)‖ ≤ Mtγ−1

�(γ )
.

Proof From the equality
∫ ∞

0
θδ Mμ(θ)dθ = �(1 + δ)

�(1 + μδ)
,

we conclude that

‖�(t)x‖ =
∥
∥
∥μ

∫ ∞

0
σ tμ−1ξμ(σ )S(tμσ)xdσ

∥
∥
∥

=
∥
∥
∥μ

∫ ∞

0
σ tμ−1ξμ(σ )e−C(tμσ)W (tμσ)xdσ

∥
∥
∥

≤ Mtμ−1

�(μ)
‖x‖, for t ∈ J ′ and x ∈ E .
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For t ∈ J ′ and x ∈ E , we have

‖�(t)x‖ = ‖I ν(1−μ)

0+ �(t)x‖ =
∥
∥
∥

1

�(ν(1 − μ))

∫ t

0
(t − s)ν(1−μ)−1�(t)xds

∥
∥
∥

=
∥
∥
∥

1

�(ν(1 − μ))

∫ t

0
(t − s)ν(1−μ)−1μ

∫ ∞

0
σ tμ−1ξμ(σ )S(tμσ)xdσds

∥
∥
∥

=
∥
∥
∥

1

�(ν(1 − μ))

∫ t

0
(t − s)ν(1−μ)−1μ

∫ ∞

0
σ tμ−1ξμ(σ )e−C(tμσ)W (tμσ)xdσds

∥
∥
∥

=
∥
∥
∥

t (ν−1)(1−μ)

�(ν(1 − μ))

∫ 1

0
(1 − s)ν(1−μ)−1

∫ ∞

0
μσ sμ−1ξμ(σ )e−C(tμσ)W (tμσ)xdσds

∥
∥
∥

≤ t (ν−1)(1−μ)M

�(ν(1 − μ))�(μ)

∫ 1

0
(1 − s)ν(1−μ)−1sμ−1ds‖x‖

= Mtγ−1

�(γ )
‖x‖.

The proof is completed. ��
Next, we present an auxiliary results whose proof is quite simple and, therefore, it will be omitted here.

Lemma 2.10 Under assumption (F1) and (F2), �(t)(t ≥ 0) and �(t)(t ≥ 0) are strongly continuous, which
means that for any u ∈ E and 0 < t1 < t2 ≤ b, we have

‖�(t1)u − �(t2)u‖ → 0 and ‖�(t1)u − �(t2)u‖ → 0, as t1 → t2.

Lemma 2.11 If W (t)(t ≥ 0) is a positive C0-semigroup in E, the �(t)(t ≥ 0) and �(t)(t ≥ 0) are also positive
operators.

Proof Since the C0-semigroup W (t)(t ≥ 0) and function ξμ(σ ),
μ(σ) defined by (2.5),(2.6) are positive, by
Remark 2.2, we know that C0-semigroup S(t)(t ≥ 0) is also positive, we can easily conclude that the operators
�(t)(t ≥ 0) and �(t)(t ≥ 0) are also positive operators. ��

Through this work, we define the work spaces by

PC1−γ (J, E) =
{

u ∈ PC(J ′, E), lim
t→0

t1−γ u(t) exists and infine
}
,

where 0 ≤ ν ≤ 1, 0 < μ < 1, with the norm ‖ · ‖PC1−γ

‖u‖PC1−γ = sup
t∈J ′

∥
∥
∥t1−γ u(t)

∥
∥
∥.

Evidently, the space PC1−γ (J, E) is a Banach space.
An abstract function u ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) is called a classical solution of (1.1) if

u(t) satisfies equalities (1.1).

3 W(·) is compact, γk is compact

In this section, we present the existence of mild solutions for the IVP (1.1) under the situation that W (t)(t ≥ 0) is
a compact C0-semigroup and the non-instantaneous impulsive function γk is compact in E for k = 1, 2, . . . , m.

Definition 3.1 If a function v0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) satisfies
⎧
⎨

⎩

Dν,μ
0+ v0(t) + Av0(t) ≤ f (t, v0(t), Fv0(t), Gv0(t)), t ∈ ∪m

k=0(sk, tk+1],
v0(t) ≤ γk(t, v0(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ v0(0) ≤ u0,

we call it a lower solution of the problem (1.1); if all the inequalities are reversed, we call it an upper solution of
problem (1.1).
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Theorem 3.1 Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) ⊂ E → E
be a closed linear operator, the positive C0-semigroup W (t)(t ≥ 0) generated by −A is compact in E, f ∈
C([sk, tk+1] × E × E × E, E) and γk ∈ C(E, E), k = 1, 2, . . . , m. Assume that the IVP (1.1) has a lower
solution v0 ∈ PC1−γ (J, E)∩Cα(J ′′′, E)∩C(J ′′, E1) and an upper solution w0 ∈ PC1−γ (J, E)∩Cα(J ′′′, E)∩
C(J ′′, E1) with v0 ≤ w0. Suppose the condition (F1) and the following conditions are satisfied:

(H1) There exists a constant C > 0 such that

f (t, u2, v2, z2) − f (t, u1, v1, z1) ≥ −C(u2 − u1),

for any t ∈ (sk, tk+1](k = 0, 1, . . . , m), and v0(t) ≤ u1 ≤ u2 ≤ w0(t), Fv0(t) ≤ v1 ≤ v2 ≤ Fw0(t),
Gv0(t) ≤ z1 ≤ z2 ≤ Gw0(t).

(H2) The non-instantaneous impulsive function γk(t, ·) satisfies

γk(t, u1) ≤ γk(t, u2), k = 1, 2, . . . , m,

for any t ∈ ∪m
k=1(tk, sk], and v0(t) ≤ u1 ≤ u2 ≤ w0(t).

Then the IVP (1.1) has a minimal mild solution u and a maximal mild solution u between v0 and w0, which can
be obtained by a monotone iterative procedure starting from v0 and w0, respectively.

Proof It is easy to see that the IVP (1.1) is equivalent to the following problem
⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) + Cu(t) = f (t, u(t), Fu(t), Gu(t)) + Cu(t), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = u0

for any constant C > 0.
We define the mapping P : [v0, w0] → PC1−γ (J, E) by

(Pu)(t) =

⎧
⎪⎪⎨

⎪⎪⎩

�(t)u0 + ∫ t
0 �(t − s)[ f (s, u(s), Fu(s), Gu(s)) + Cu(s)]ds, t ∈ (0, t1];

γk(t, u(t)), t ∈ (tk, sk], k = 1, 2, . . . , m;
�(t − sk)γk(sk, u(sk)) + ∫ t

sk
�(t − s)[ f (s, u(s), Fu(s), Gu(s)) + Cu(s)]ds,

t ∈ (sk, tk+1], k = 1, 2, . . . , m,

(3.1)

where �(t),�(t) defined by (2.12), and S(t) = e−Ct W (t)(t ≥ 0) is the C0-semigroup generated by −(A+C I ).
Clearly, P : [v0, w0] → PC1−γ (J, E) is continuous. By Definition 2.9, the mild solution of the IVP (1.1) is
equivalent to the fixed point of the operator P . Since S(t)(t ≥ 0) is a positive C0-semigroup, combining this
with the assumptions (H1) and (H2), P is an increasing operator in [v0, w0].

Now, we first show v0 ≤ Pv0, Pw0 ≤ w0. Let h(t) = Dν,μ
0+ v0(t) + Av0(t) + Cv0(t), t ∈ ∪m

k=0(sk, tk+1],
by (3.1), h ∈ PC1−γ (J, E) and h(t) ≤ f (t, v0(t), Fv0(t), Gv0(t)) + Cv0(t), t ∈ ∪m

k=0(sk, tk+1]. And by (3.1),
we know that v0(t) ≤ γk(t, v0(t)) for t ∈ (tk, sk], k = 1, 2, . . . , m. Combing the above facts with Definition
3.1, we have

v0(t) =

⎧
⎪⎪⎨

⎪⎪⎩

�(t)v0(0) + ∫ t
0 �(t − s)h(s)ds, t ∈ (0, t1];

γk(t, v0(t)), t ∈ (tk, sk], k = 1, 2, . . . , m;
�(t − sk)γk(sk, v0(sk)) + ∫ t

sk
�(t − s)h(s)ds,

t ∈ (sk, tk+1], k = 1, 2, . . . , m,

≤

⎧
⎪⎪⎨

⎪⎪⎩

�(t)u0 + ∫ t
0 �(t − s)[ f (s, v0(s), Fv0(s), Gv0(s)) + Cv0(s)]ds, t ∈ (0, t1];

γk(t, v0(t)), t ∈ (tk, sk], k = 1, 2, . . . , m;
�(t − sk)γk(sk, v0(sk)) + ∫ t

sk
�(t − s)[ f (s, v0(s), Fv0(s), Gv0(s)) + Cv0(s)]ds,

t ∈ (sk, tk+1], k = 1, 2, . . . , m.

= (Pv0)(t), t ∈ J ′. (3.2)

It implies that v0 ≤ Pv0. Similarly, it can be show that Pw0 ≤ w0. So P : [v0, w0] → [v0, w0] is a
continuously increasing operator.

Now, we define two sequences {vn} and {wn} in [v0, w0] by the iterative scheme

vn = Pvn−1, wn = Pwn−1, n = 1, 2, . . . . (3.3)
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Then form the monotonicity of Q it follows that

v0 ≤ v1 ≤ v2 ≤ · · · ≤ vn ≤ · · · ≤ wn ≤ · · · ≤ w2 ≤ w1 ≤ w0. (3.4)

Next, we prove that {vn} and {wn} are convergent on J ′. For convenience, let B = {vn| n ∈ N} and
B0 = {vn−1|n ∈ N}. Then B = P(B0). For anyvn−1 ∈ B0, by the assumption (H1), for every t ∈ ⋃m

k=0(sk, tk+1],
we have

f (t, v0(t), Fv0(t), Gv0(t)) + Cv0(t) ≤ f (t, vn−1(t), Fvn−1(t), Gvn−1(s)) + Cvn−1(t)

≤ f (t, w0(t), Fw0(t), Gw0(t)) + Cw0(t). (3.5)

By the normality of the cone P , there exists M1 > 0 such that for t ∈ ⋃m
k=0(sk, tk+1], vn−1 ∈ B0, we have

‖ f (t, vn−1(t), Fvn−1(t), Gvn−1(t)) + Cvn−1(t)‖ ≤ M1. (3.6)

For t ∈ (0, t1] and 0 < ε < t, δ > 0, define an operator Pδ
ε on B0 of the form

(Pδ
ε vn−1)(t) = �(t)u0 +

∫ t−ε

0
�(t − s)( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))ds

= u0

�(ν(1 − μ))

∫ t−ε

0
(t − s)(ν−1)(1−μ)−1sμ−1S(εμδ)

[ ∫ ∞

δ

μσξμ(σ )S(sμσ − εμδ)dσ
]
ds

+
∫ t−ε

0
(t − s)μ−1S(εμδ)

[ ∫ ∞

δ

μσξμ(σ )S((t − s)μσ − εμδ)dσ
]

× [ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]ds,

where vn−1 ∈ B0. Then from the compactness of S(εμδ)(εμδ > 0), we obtain that the set V δ
ε (t) =

{(Pδ
ε vn−1)(t)| vn−1 ∈ B0} is precompact in E for ∀ ε ∈ (0, t) and ∀ δ > 0. Moreover, for any vn−1 ∈ B0, we

have

‖(Pvn−1)(t) − (Pδ
ε vn−1)(t)‖PC1−γ

≤ sup
t∈J ′

t1−γ
∥
∥
∥

u0

�(ν(1 − μ))

∫ t

0
(t − s)(ν−1)(1−μ)−1sμ−1

[ ∫ δ

0
μσξμ(σ )S(sμσ)dσ

]
ds

+ u0

�(ν(1 − μ))

∫ t

t−ε

(t − s)(ν−1)(1−μ)−1sμ−1
[ ∫ ∞

δ

μσξμ(σ )S(sμσ)dσ
]
ds

+
∫ t

0

∫ δ

0
μσ(t − s)μ−1ξμ(σ )S((t − s)μσ )[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]dσds

+
∫ t

t−ε

∫ ∞

δ

μσ(t − s)μ−1ξμ(σ )S((t − s)μσ )[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]dσds
∥
∥
∥

≤ Mu0μaμ−1 B(γ − 1, μ − 1)

�(ν(1 − μ))

∫ δ

0
σξμ(σ )dσ + Mu0a1−γ

�(ν(1 − μ))�(μ)

∫ t

t−ε

(t − s)(ν−1)(1−μ)−1sμ−1ds

+ a1−γ+μM M1

∫ δ

0
σξμ(σ )dσ + aμ−γ M M1

�(μ)
εμ → 0, as ε → 0, δ → 0.

It is means that there exists precompact set {(Pδ
ε vn−1)| vn−1 ∈ B0)} sufficiently close to the set {(Pvn−1)| vn−1 ∈

B0)} for every t ∈ (0, t1]. Applying the above discussion and combining with the fact that {(Pvn−1)(0) =
u0| vn−1 ∈ B0} is precompact in E ; we know that for ∀ t ∈ (0, t1], {(Pvn−1)(t)| vn−1 ∈ B0} is precompact in E .

For ∀ t ∈ ⋃m
k=1(tk, sk], the set {(Pvn−1)(t)| vn−1 ∈ B0} is precompact in E since the compact of γk for

k = 1, 2, . . . , m.
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For ∀ t ∈ ⋃m
k=1(sk, tk+1], 0 < ε < t − sk, k = 1, 2, . . . , m, the operator

(Pδ
ε vn−1)(t) = �(t − sk)γk(sk, vn−1(sk))

+
∫ t−ε

sk

�(t − s)( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))ds

= γk(sk, vn−1(sk))

�(ν(1 − μ))

∫ t−ε

sk

(t − s)(ν−1)(1−μ)−1sμ−1S(εμδ)
[ ∫ ∞

δ

μσξμ(σ )S(sμσ − εμδ)dσ
]
ds

+
∫ t−ε

tk
(t − s)μ−1S(εμδ)

[ ∫ ∞

δ

μσξμ(σ )S((t − s)μσ − εμδ)dσ
]

× [ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]ds,

where vn−1 ∈ B0. Then from the compactness of S(εμδ)(εμδ > 0), we obtain that the set V δ
ε (t) =

{(Pδ
ε vn−1)(t), vn−1 ∈ B0} is precompact in E for ∀ε ∈ (0, t) and ∀δ > 0. Moreover, for any vn−1 ∈ B0,

we have

‖(Pvn−1)(t) − (Pδ
ε vn−1)(t)‖PC1−γ

≤ sup
t∈J ′

t1−γ
∥
∥
∥
γk(sk, vn−1(sk))

�(ν(1 − μ))

∫ t

sk

(t − s)(ν−1)(1−μ)−1sμ−1
[ ∫ δ

0
μσξμ(σ )S(sμσ)dσ

]
ds

+ γk(sk, vn−1(sk))

�(ν(1 − μ))

∫ t

t−ε

(t − s)(ν−1)(1−μ)−1sμ−1
[ ∫ ∞

δ

μσξμ(σ )S(sμσ)dσ
]
ds

+
∫ t

sk

∫ δ

0
μσ(t − s)μ−1ξμ(σ )S((t − s)μσ )[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]dσds

+
∫ t

t−ε

∫ ∞

δ

μσ(t − s)μ−1ξμ(σ )S((t − s)μσ )[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]dσds
∥
∥
∥

≤ M‖γk(sk, vn−1(sk))‖μaμ−1 B(γ − 1, μ − 1)

�(ν(1 − μ))

∫ δ

0
σξμ(σ )dσ

+ M‖γk(sk, vn−1(sk))‖a1−γ

�(ν(1 − μ))�(μ)

∫ t

t−ε

(t − s)(ν−1)(1−μ)−1sμ−1ds

+ a1−γ+μM M1

∫ δ

0
σξμ(σ )dσ + aμ−γ M M1

�(μ)
εμ → 0, as ε → 0, δ → 0.

It implies that for ∀ t ∈ ⋃m
k=0(tk, sk], there exists precompact set {(Pδ

ε vn−1)(t)|vn−1 ∈ B0} sufficiently close
to the set {(Pδ

ε vn−1)(t)|vn−1 ∈ B0} for every t ∈ (sk, tk+1]. Hence, we know that for all t ∈ (sk, tk+1], k =
1, 2, . . . , m, the set {(Pvn−1)(t)|vn−1 ∈ B0} is precompact in E , hence vn(t) is precompact in E for any t ∈ J ′,
therefore, {vn(t)} has a convergent subsequence. Combining this with the monotonicity (3.4), we can easily prove
that {vn(t)} itself convergent. Similarly, limn→∞ wn(t) = u(t), t ∈ J ′.

Obviously, {vn(t)} ⊂ PC1−γ (J, E), so u(t) is bounded integrable when t ∈ (0, t1], (tk, sk] and (sk, tk+1],
respectively, for k = 1, 2, . . . , m. Since for any t ∈ J ′,

vn(t) = (Pvn−1)(t)

=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

�(t)u0 + ∫ t
0 �(t − s)[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s))

+Cvn−1(s)]ds, t ∈ (0, t1];
γk(t, vn−1(t)), t ∈ (tk, sk], k = 1, 2, . . . , m;
�(t − sk)γk(sk, vn−1(sk)) + ∫ t

sk
�(t − s)

×[ f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s)]ds,
t ∈ (sk, tk+1], k = 1, 2, . . . , m.

Letting n → ∞, by the Lebesgue-dominated convergence theorem, we know that u(t) = Pu(t) and u(t) ∈
PC1−γ (J, E). Similarly, u(t) = Pu(t) and u(t) ∈ PC1−γ (J, E). Combining this with monotonicity (3.4), we
see that v0(t) ≤ u(t) ≤ u(t) ≤ w0(t), t ∈ J ′.
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Next, we show that u and u are the minimal and maximal fixed points of P in [v0, w0], respectively. In fact,
for any u ∈ [v0, w0] and Pu = u, we have v0 ≤ u ≤ w0 and v1 = Pv0 ≤ Pu = u ≤ Pw0 = w1. Continuing
such a progress, we know vn ≤ u ≤ wn . Letting n → ∞, we get that u ≤ u ≤ u. Therefore, u and u are minimal
and maximal mild solutions of the problem (1.1) in [v0, w0], and u and u can be obtained by the iterative scheme
(3.4) starting from v0 and w0, respectively. ��

In what follows, we present an existence result.

Theorem 3.2 Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) ⊂ E → E
be a bounded linear operator, the positive C0-semigroup W (t)(t ≥ 0) generated by −A is compact in E, f ∈
C([sk, tk+1] × E × E × E, E) and γk ∈ C(E, E), k = 1, 2, . . . , m. Assume that the problem (1.1) has a
lower solution v0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) and an upper solution w0 ∈ PC1−γ (J, E) ∩
Cα(J ′′′, E) ∩ C(J ′′, E1) with v0 ≤ w0, and the assumptions (F1), (H1) and (H2) are satisfied. Then the IVP
(1.1) has at least one mild solution in [v0, w0].
Proof In view of Theorem 3.1, we know that P defined by (3.1) is a continuous mapping from [v0, w0]. Hence,
we can be able to apply Schauder’s fixed point theorem to obtain a fixed point and prove the existence of mild
solution.Thus, we only need to prove that P is completely continuous operator.

Let �1 = {(Pu)(·)|· ∈ [0, t1], u ∈ [v0, w0]}.
We first prove that �1 is precompact in C([0, t1], E). For t ∈ (0, t1], the set {�(t)u0|u0 ∈ E} is precompact

in E since the W (t)(t ≥ 0) is compact and therefore S(t)(t ≥ 0) is also compact for every t > 0. For t ∈ (0, t1]
and 0 < ε < t , the set

{ ∫ t−ε

0
�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds| u ∈ [v0, w0]

}

=
{

S(εμδ)

∫ t−ε

0

[
μ

∫ t−ε

0

∫ ∞

δ

ηθμ(η)S((t − s)μη − εμδ)dη

× [ f (s, u(s), Fu(s), Gu(s)) + Cu(s)]
]
ds| u ∈ [v0, w0]

}
.

(3.7)

is precompact in E since S(t) is compact for t > 0. Furthermore, by the continuity of the nonlinear function f ,
we know that for every u ∈ [v0, w0],

∫ t−ε

0
�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds

→
∫ t

0
�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds as ε → 0. (3.8)

By (3.7), (3.8) and total boundedness, we conclude the set

{ ∫ t

0
�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds| u ∈ [v0, w0]

}

is precompact in E . Therefore, for each t ∈ (0, t1], �1(t) is precompact in E .
Next, we show that the equicontinuty of �1(t). For any u ∈ [v0, w0] and t ∈ (0, t1], by the assumption (H1),

we have

f (t, v0(t), Fv0(t), Gv0(t)) + Cv0(t) ≤ f (t, u(t), Fu(t), Gu(s)) + Cu(t)

≤ f (t, w0(t), Fw0(t), Gw0(t)) + Cw0(t).

By the normality of the cone P , there exists M1 > 0 such that

‖ f (t, u(t), Fu(t), Gu(t)) + Cu(t)‖ ≤ M1, u ∈ [v0, w0].
Let y(t) = t1−γ u(t), y(0) = y(0+), u ∈ [v0, w0] ⊂ PC1−γ (J, E), for t′ = 0, 0 < t′′ < t1, we obtain

‖y(t′′) − y(0)‖ ≤
∥
∥
∥t1−γ

′′ �(t′′)u0

∥
∥
∥ + t1−γ

′′
∥
∥
∥

∫ t′′

0
�(t2 − s)[ f (s, u(s), Fu(s), Gu(s)) + Cu(s)]ds

∥
∥
∥
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as t′′ → t′ = 0.

For any 0 < t′ < t′′ ≤ t1 and any u ∈ [v0, w0], we have

‖y(t′′) − y(t′)‖ = ‖t1−γ
′′ (Pu) − t1−γ

′ (Pu)(t1)‖
≤ ‖t1−γ

′′ �(t′′)u0 − t1−γ
′ �(t′)u0

∥
∥
∥ + t1−γ

′′

∫ t′′

t′
�(t′′ − s)[ f (s, u(s), Fu(s), Gu(s)) + Cu(s)]ds

+
∥
∥
∥

∫ t′

0
[t1−γ

′′ − t1−γ
′ ]�(t′′ − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds

+ t1−γ
′

∥
∥
∥

∫ t′

0
[�(t′′ − s) − �(t′ − s)]( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds

∥
∥
∥

≤ ‖t1−γ
′′ �(t′′) − t1−γ

′ �(t′)
∥
∥
∥ · ‖u0‖ + M M1tμ−γ

′′
�(μ)

(t′′ − t′)

+ Mtμ−1
′′

�(μ)

∫ t′

0
[t1−γ

′′ − t1−γ
′ ]( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds

+ M1t1−γ
′

∫ t′

0
[�(t′′ − s) − �(t′ − s)]ds. (3.9)

Since the operator �(t) and �(t) are continuous in the uniform operator topology for t > 0, then it is easy
to see that ‖(Pu)(t′′) − (Pu)(t′)‖ tends to zero independtly of u ∈ [v0, w0] as t′′ − t′ → 0, which means that
the functions �1 is equicontinuous. Therefore, by Arzela-Ascoli theorem one can easily to justify that �1 is
precompact in C([0, t1], E).

Secondly, we prove that �2 = {(Pu)(·)| · ∈ [s1, t2], u ∈ [v0, w0]} is precompact in C([s1, t2], E). By the
assumptions and Remark 2.2, we get that the S(t)(t ≥ 0) is compact for every t > 0, by (F2), we get that �(t)
is compact for every t > 0, and by γk is compact for k = 1, 2, . . . , m. Thus, for each t ∈ [s1, t2], the set

{�(t − s1)γ1(s1, u(s1))|u ∈ [v0, w0]}
is precompact in E . Using similar method to prove the precompactness of the set

{ ∫ t

0
�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds|u ∈ [v0, w0]

}

in E for t ∈ (0, t1], we can prove that for each t ∈ (s1, t2], the set

{ ∫ t

s1

�(t − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds|u ∈ [v0, w0]
}

is precompact in E . Thus, for each t ∈ [s1, t2], �2(t) is precompact in E .
Next, we prove the equicontinuity of �2. For any 0 ≤ s1 ≤ t′ ≤ t′′ ≤ t2, u ∈ [v0, w0], we have

‖�(t′′ − s1)γ1(s1, u(s1)) − �(t′ − s1)γ1(s1, u(s1))‖
= ‖[�(t′′ − s1) − �(t′ − s1)]γ1(s1, u(s1))‖. (3.10)

In view of the compactness of γ1, the strong continuity of the operator �(t) for t > 0 and (3.10), we get that
the function in

{�(· − s1)γ1(s1, u(s1))|· ∈ [s1, t2], u ∈ [v0, w0]}
are equicontinuous. The same idea can be used to prove that the equicontinuous of the functions in the set

{ ∫ ·

0
�(· − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds|· ∈ [0, t1], u ∈ [v0, w0]

}
,

one can easily to prove that the function in

{ ∫ ·

s1

�(· − s)( f (s, u(s), Fu(s), Gu(s)) + Cu(s))ds|· ∈ [s1, t2], u ∈ [v0, w0]
}
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are equicontinuous. Therefore, we have proved that the function in �2 are equicontinuous. Hence, by the Arzela-
Ascoli theorem. So �2 is precompact in C([s1, t2], E). For interval [sk, tk+1], k = 2, 3, . . . , m, the proofs are
the same.

For interval [tk, sk], k = 1, 2, 3, . . . , m, by the compactness of γk for k = 1, 2, . . . , p, we have

{γk(·, u(·))| · ∈ [tk, sk], u ∈ [v0, w0], k = 1, 2, . . . , m}
is precompact in C([tk, sk], E) for k = 1, 2, . . . , m. Thus, we have proved that P is a compact operator, and
therefore P is a completely continuous operator. In view of Schauder’s fixed point theorem, it implies that P has
at least one fixed point, which is a mild solution of the IVP (1.1). The proof of Theorem 3.2 is completed. ��

4 W(·) is not compact, γk is compact

In this section, we present the existence of mild solutions for the IVP (1.1) under the situation that −A only
generate a positive C0-semigroup W (t)(t ≥ 0) in E , and the non-instantaneous impulsive function γk is compact
in E for k = 1, 2, . . . , m.

Theorem 4.1 Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) ⊂ E → E be
a bounded linear operator and −A generates a positive C0-semigroup W (t)(t ≥ 0) in E, f ∈ C([sk, tk+1] ×
E × E × E, E) for k = 0, 1, . . . , m and γk ∈ C(E, E) be a compact operator for k = 1, 2, . . . , m. If
the problem (1.1) has a lower solution v0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) and an upper solution
w0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) with v0 ≤ w0, conditions (F1), (H1) and (H2) hold, and satisfy

(H3) There exists a constant L > 0 such that for all t ∈ J ,

α({ f (t, un, vn, zn)}) ≤ L(α({un}) + α({vn}) + α({zn})), ∀ t ∈
m⋃

k=0

(sk, tk+1],

and increasing or decreasing sequences {un} ⊂ [v0(t), w0(t)], {vn} ⊂ [Fv0(t), Fw0(t)] and {zn} ⊂
[Gv0(t), Gw0(t)].

(H4) The following inequality

2Maμ[(L + C) + 2aL(K0 + H0)]
�(μ + 1)

< 1

hold, where K0 = max(t,s)∈D K (t, s), H0 = max(t,s)∈D0 H(t, s).
(H5) The sequences vn(0) and wn(0) are convergent, where vn = P(vn−1, wn−1), wn = P(wn−1, vn−1), n =

1, 2, . . ..

Then the IVP (1.1) has a minimal mild solution u and a maximal mild solution u between v0 and w0, which can
be obtained by a monotone iterative procedure starting from v0 and w0, respectively.

Proof From Theorem 3.2, we know that P : [v0, w0] → [v0, w0] defined by (3.1) is a continuously monotone
operator. Now, we define two sequences {vn} and {wn} in [v0, w0] by the iterative scheme

vn = Pvn−1, wn = Pwn−1, n = 1, 2, . . . . (4.1)

Then from the monotonicity of Q, it follows that

v0 ≤ v1 ≤ v2 ≤ · · · ≤ vn ≤ · · · ≤ wn ≤ · · · ≤ w2 ≤ w1 ≤ w0. (4.2)

In the following, we use a method different from Theorem 3.1 to prove that {vn} and {wn} are convergent in J ′.
For convenience, we denote B = {vn : n ∈ N} and B0 = {vn−1 : n ∈ N}. Then B = P(B0). From

B0 = B ∪ {v0} it follows that α(B0(t)) = α(B(t)) for t ∈ J ′. Let ϕ(t) := α(B(t)), t ∈ J ′, going interval by
interval we show that ϕ(t) ≡ 0 in J ′.
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For t ∈ (0, t1], by (3.1), (3.3) and Lemma 2.3, we have

α(F(B0)(t)) = α
({ ∫ t

0
K (t, s)vn−1(s)ds : n ∈ N

})

≤
k−1∑

j=1

α
({ ∫ τ j

τ j−1

K (t, s)vn−1(s)ds : n ∈ N

})

+ α
({ ∫ t

τk−1

K (t, s)vn−1(s)ds : n ∈ N

})

≤ 2K0

k−1∑

j=1

∫ τ j

τ j−1

α(B0(s))ds + 2K0

∫ t

τk−1

α(B0(s))ds

= 2K0

k−1∑

j=1

∫ τ j

τ j−1

ϕ(s)ds + 2K0

∫ t

τk−1

ϕ(s)ds

= 2K0

∫ t

0
ϕ(s)ds,

and therefore,
∫ t

0
α(F(B0)(s))ds ≤ 2aK0

∫ t

0
ϕ(s)ds, (4.3)

and

α(G(B0)(t)) = α
({ ∫ a

0
H(t, s)vn−1(s)ds : n ∈ N

})

≤
k−1∑

j=1

α
({ ∫ τ j

τ j−1

H(t, s)vn−1(s)ds : n ∈ N

})
+ α

({ ∫ a

τk−1

H(t, s)vn−1(s)ds : n ∈ N

})

≤ 2H0

k−1∑

j=1

∫ τ j

τ j−1

α(B0(s))ds + 2H0

∫ a

τk−1

α(B0(s))ds

= 2H0

k−1∑

j=1

∫ τ j

τ j−1

ϕ(s)ds + 2H0

∫ a

τk−1

ϕ(s)ds

= 2H0

∫ a

0
ϕ(s)ds,

and therefore,
∫ a

0
α(G(B0)(s))ds ≤ 2aH0

∫ a

0
ϕ(s)ds. (4.4)

For t ∈ (0, t1], by (3.4), (3.6), Lemma 2.3 and the positivity of operator �(t),�(t), and assumption (H3),
we have

ϕ(t) = α(B(t)) = α(P(B0)(t))

= α
({

�(t)u0 +
∫ t

0
�(t − s)( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))ds

})

≤ 2Mtμ−1

�(μ)

∫ t

0
α({( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))})ds

≤ 2Mtμ−1

�(μ)

∫ t

0

(
L(α(B0(s)) + α(F(B0)(s)) + α(G(B0)(s))) + Cα(B0(s))

)
ds

≤ 2M

�(μ)
(L + C)

∫ t

0
tμ−1ϕ(s)ds + 4M

�(μ)
aL K0

∫ t

0
tμ−1ϕ(s)ds + 4M

�(μ)
aL H0

∫ a

0
tμ−1ϕ(s)ds.
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Hence, by (H4) and Lemma 2.7, ϕ(t) ≡ 0 in (0, t1]. For t ∈ (t1, s1], by the compactness of γ1 one can easily to
get that ϕ(t) = α({γ1(t, vn−1(t))}) ≡ 0 on (t1, s1]. For t ∈ (s1, t2] by (3.1), (3.3), Lemma 2.3 and compactness
of the function γ1, we have

ϕ(t) = α(B(t)) = α(P(B0)(t))

= α
({

�(t − sk)γk(sk, u(sk)) +
∫ t

sk

�(t − s)( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))ds
})

≤ 2Mtμ−1

�(μ)

∫ t

0
α({( f (s, vn−1(s), Fvn−1(s), Gvn−1(s)) + Cvn−1(s))})ds

≤ 2Mtμ−1

�(μ)

∫ t

0

(
L(α(B0(s)) + α(F(B0)(s)) + α(G(B0)(s))) + Cα(B0(s))

)
ds

≤ 2M

�(μ)
(L + C)

∫ t

0
tμ−1ϕ(s)ds + 4M

�(μ)
aL K0

∫ t

0
tμ−1ϕ(s)ds + 4M

�(μ)
aL H0

∫ a

0
tμ−1ϕ(s)ds.

Again by (H4) and Lemma 2.7, ϕ(t) ≡ 0 in (s1, t2]. Continuing such a process interval by interval for k =
2, 3, . . . , m, we can prove that ϕ(t) ≡ 0 in every J ′. Hence, for any t ∈ J ′, {vn(t)} is precompact, and {vn(t)}
has a convergent subsequence. Combining this with the monotonicity (4.3), we easily prove that {vn(t)} itself is
convergent, i.e., limn→∞ vn(t) = u(t), t ∈ J ′. Similarly, limn→∞ wn(t) = u(t), t ∈ J ′.

Using a similar proof method as Therorem 3.1, we can easily to prove that u and u are the minimal and
maximal mild solutions of the IVP (1.1) in [v0, w0], and u and u can be obtained by the iterative scheme (4.2)
starting form v0 and w0, respectively. The proof of Theorem 4.1 is completed. ��
Corollary 4.1 Let E be an ordered Banach space, whose positive cone P is regular, A : D(A) ⊂ E → E be
a bounded linear operator and −A generates a positive C0-semigroup W (t)(t ≥ 0) in E, f ∈ C([sk, tk+1] ×
E × E × E, E) for k = 0, 1, . . . , m and γk ∈ C(E, E) be a compact operator for k = 1, 2, . . . , m. If
the IVP (1.1) has a lower solution v0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) and an upper solution
w0 ∈ PC1−γ (J, E)∩Cα(J ′′′, E)∩C(J ′′, E1) with v0 ≤ w0 and conditions (F1), (H1), (H2), (H4) and (H5) are
satisfied, then the IVP (1.1) has minimal and maximal mild solutions between v0 and w0, which can be obtained
by a monotone iterative procedure starting from v0 and w0 respectively.

Proof Since P is regular, any ordered monotonic and ordered bounded sequence in E is convergent. For t ∈ J, let
{xn} be an increasing or decreasing sequence in [v0(t), w0(t)]. By (H1), { f (t, xn, yn, zn) + Cxn} is an ordered
monotonic and ordered bounded sequence in E . Then, α({ f (t, xn, yn, zn) + Cxn}) = α({xn}) = 0. By the
properties of measure of noncompactness, we have

α({ f (t, xn, yn, zn)}) ≤ α({ f (t, xn, yn, zn) + Cxn}) + Cα({xn}) = 0.

So, (H3) holds. Then, by Theorem 4.1, the proof is completed. ��

5 W(·) and γk are not compact

In this section, we present the existence of mild solutions for the IVP (1.1) under the situation that W (t)(t ≥ 0)

generated by −A is a positive C0-semigroup in Banach space E and the non-instantaneous impulsive function
γk is only continuous for k = 1, 2, . . . , m.

Theorem 5.1 Let E be an ordered and weakly sequentially complete Banach space, whose positive cone P is
normal, A : D(A) ⊂ E → E be a bounded linear operator and −A generates a positive and equicontinuous
C0-semigroup W (t)(t ≥ 0) in E and f ∈ C([sk, tk+1] × E × E × E, E) and γk ∈ C(E, E), k = 1, 2, . . . , m.
If the IVP(1.1) has a lower solution v0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) and an upper solution
w0 ∈ PC1−γ (J, E) ∩ Cα(J ′′′, E) ∩ C(J ′′, E1) with v0 ≤ w0, conditions (F1), (H1), (H2) hold. Then the
IVP(1.1) has a minimal mild solutions u and a maximal mild solution u between v0 and w0, which can be
obtained by a monotone iterative procedure starting from v0 and w0, respectively.

Proof In view of the proof of Theorem 4.1, we know that the operator P : [v0, w0] → [v0, w0] defined by (3.1)
is continuous and monotone increasing. Moreover, if conditions (H1) and (H2) are satisfied, then the sequence
{vn} and {w0} defined by (3.3) satisfying (3.4). Therefore, for any t ∈ J, {vn} and {w0} are monotone and
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order-bounded sequences in E . Noticing that E is a weakly sequentially complete Banach space, by Theorem
2.2 in [9], we known that {vn} and {w0} are precompact in E . Combining this fact with the monotonicity (3.4), it
follows that {vn} and {w0} are convergent in E . Using the same proof method as Theorem 3.1, we know that IVP
(1.1) has a minimal mild solution u and a maximal mild solution u between v0 and w0, which can be obtained
by the iterative scheme (3.3) starting from v0 and w0, respectively. The proof is completed. ��

Next, we discuss the existence of extremal mild solution for the IVP (1.1) under the situation that the
positive C0-semigroup W (t)(t ≥ 0) generated by −A is equicontinuous and the non-instantaneous function γk
is Lipschitz continuous in E for k = 1, 2, . . . , m.

Theorem 5.2 Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) ⊂ E → E be a
bounded linear operator and −A generates a positive and equicontinuous C0-semigroup W (t)(t ≥ 0) in E and
f ∈ C([sk, tk+1]× E × E × E, E) and γk ∈ C(E, E), k = 1, 2, . . . , m. If the IVP(1.1) has a lower solution v0 ∈
PC1−γ (J, E)∩ Cα(J ′′′, E)∩ C(J ′′, E1) and an upper solution w0 ∈ PC1−γ (J, E)∩ Cα(J ′′′, E)∩ C(J ′′, E1)

with v0 ≤ w0, conditions (F1), (H1), (H2) hold, and satisfy

(H6) There exist positive constants L , Mk, k = 1, 2, . . . , m satisfy

(4aμ−1 M(L1 + a2L1 K0 + a2 L1 H0 + C)

�(μ)
+ 4M

∑m
k=1 Mkaγ−1

�(γ )

)
< 1

such that

α({ f (t, un, vn, zn)}) ≤ L1(α({un}) + α({vn}) + α({zn})), ∀ t ∈
m⋃

k=0

(sk, tk+1],

and equicontinuous countable subsets {xn}, {yn}, {zn} ⊂ [v0(t), w0(t)],

α({γk(tk, un)}) ≤ Mk(α({un}), t ∈
m⋃

k=1

(tk, sk]

for any equicontinuous countable subsets {un} ⊂ [v0, w0].
Then the IVP(1.1) has a minimal mild solutions u and a maximal mild solution u in [v0, w0]; moreover

vn(t) → u(t), wn(t) → u, (n → ∞) uniformly for t ∈ J ′,

where vn(t) = Pvn−1(t), wn(t) = Pwn−1(t) which satisfy

v0(t) ≤ v1(t) ≤ · · · ≤ vn(t) ≤ · · · ≤ u(t) ≤ u(t) ≤ · · · ≤ wn(t) ≤ · · · ≤ w1(t) ≤ w0(t), t ∈ J ′.

Proof We define the mapping P : [v0, w0] → PC1−γ (J, E) by (3.1). Clearly, P : [v0, w0] → PC1−γ (J, E)

is continuous. By Definition 2.9, the mild solution of the IVP(1.1) is equivalent to the fixed point of the operator
P .

From the proof of Theorem 3.1, clearly, P : [v0, w0] → [v0, w0] is continuous. Since W (t)(t ≥ 0) is a
equicontinuous C0-semigroup, S(t)(t ≥ 0) is also a equicontinuous C0-semigroup, by the proof of Theorem 3.2,
we also know that P : [v0, w0] → [v0, w0] is a equicontinuous operator. Next, we show that P : [v0, w0] →
[v0, w0] is a strict α-set-contraction operator. For any D ⊂ [v0, w0], P(D) is bounded and equicontinuous. So,
by Lemma 2.2, there exists a countable set D0 = {un} ⊂ D, such that

αPC1−γ (P(D)) ≤ 2αPC1−γ (Q(D0)).
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For t ∈ (0, t1], by assumptions (H6), (H7) and Lemma 2.3, we have

α(P(D0(t))) = α
({

�(t)u0 +
∫ t

0
�(t − s)( f (s, un(s), Fun(s), Gun(s)) + Cun(s))ds

})

≤ 2M L1aμ−1

�(μ)

∫ t

0

(
α(D0(s)) + α(F(D0)(s)) + α(G(D0)(s)) + Cα(G(D0)(s))

)
ds

≤ 2M(L1 + C)aμ−1

�(μ)

∫ t

0
α
(

D0(s)
)

ds + 2aM L1 K0aμ−1

�(μ)

∫ t

0
α
(

D0(s)
)

ds

+ 2aM L1 H0aμ−1

�(μ)

∫ a

0
α
(

D0(s)
)

ds

≤ 2aμ−1 M(L1 + a2 L1 K0 + a2 L1 H0 + C)

�(α)
αPC1−γ (D),

For t ∈ (tk, sk], k = 1, 2, . . . , m, by assumptions (H6), (H7), and Lemma 2.3, we have

α(P(D0(t))) = α
({

�(t − sk)γk(sk, u(sk))
})

≤ 2M Mkaγ−1

�(γ )
αPC1−γ (D).

For t ∈ (sk, tk+1], k = 1, 2, . . . , m, by assumptions (H6), (H7), and Lemma 2.3, we have

α(P(D0(t))) = α
({

�(t − sk)γk(sk, u(sk)) +
∫ t

sk

�(t − s)

× ( f (s, un(s), Fun(s), Gun(s)) + Cun(s))ds
})

≤ 2Maγ−1

�(γ )
α(γk(sk, un(sk))) + 2Maμ−1

�(μ)

∫ t

sk

α
({

f (s, un(s), Fun(s), Gun(s)) + Cun(s)
})

ds

≤ 2M(L1 + C)aμ−1

�(μ)

∫ t

sk

α
(

D0(s)
)

ds + 2aM L1 K0aμ−1

�(μ)

∫ t

sk

α
(

D0(s)
)

ds

+ 2aM L1 H0aμ−1

�(μ)

∫ t

sk

α
(

D0(s)
)

ds + 2M Mkaγ−1

�(γ )
α(D0(sk))

≤
(2aμ−1 M(L1 + a2L1 K0 + a2 L1 H0 + C)

�(α)
+ 2M Mkaγ−1

�(γ )

)
αPC1−γ (D).

Hence for any t ∈ ⋃m
k=0(sk, tk+1], we have

α(P(D0(t))) ≤
(2aμ−1 M(L1 + a2 L1 K0 + a2L1 H0 + C)

�(α)

+ 2M
∑m

k=1 Mkaγ−1

�(γ )

)
αPC1−γ (D). (5.1)

We modify the value un at tk via un(tk) = un(t+k ) for k = 1, 2, . . . , m and n ∈ N, thus the set {un} is
continuous on interval [sk, tk+1] for k = 0, 1, 2, . . . , m and n ∈ N. Since P(D0) is bounded and equicontinuous,
by Lemma 2.3, we have

αPC1−γ (P(D0)) = max
t∈[sk ,tk+1], k=0,1,...,m

αPC1−γ (P(D0)(t)). (5.2)

Combining (5.1) and (5.2), we have

αPC1−γ (P(D)) ≤ 2αPC1−γ (P(D0))

≤
(4aμ−1 M(L1 + a2L1 K0 + a2 L1 H0 + C)

�(α)
+ 4M

∑m
k=1 Mkaγ−1

�(γ )

)
αPC1−γ (D)

≤ γαPC1−γ (D),
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where γ =
(

4aμ−1 M(L1+a2 L1 K0+a2 L1 H0+C)
�(α)

+ 4M
∑m

k=1 Mkaγ−1

�(γ )

)
.

By (H6) and (H7), we known that γ < 1. Therefore, the P : [v0, w0],→ [v0, w0] is a strict set contraction
operator. Again by Lemma 2.5, we have desired result. ��
Remark 5.1 Analytic semigroup and differentiable semigroup are equicontinuous semigroup [28]. In applications
of partial differential equations, such as parabolic and strongly damped wave equations, the corresponding
solution semigroup is an analytic semigroup. So Theorem 3.3 has extensive applicability.

In what follows, we will present one special cases. When ν = 1, 0 < μ < 1, the Hilfer fractional derivative
corresponds to the classical Caputo fractional derivative:

D1,μ
0+ f (t) = I 1−μ

0+
d

dt
f (t) =c Dμ

0+ f (t),

then we have the following the result.

Corollary 5.1 Assume that the nonlinear function f : [sk, tk+1] × E × E × E → E is continuous and the
assumptions conditions are satisfies, then the problem

⎧
⎨

⎩

C Dμ
0+u(t) = Au(t) + f (t, u(t), Fu(t), Gu(t)), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = u0

(5.3)

has at least one mild solution in PC(J, E).

6 Applications

In this section, we present two examples, which illustrate the applicability of our main results.

Example 6.1 We consider the following fractional diffusion equations with delay:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Dν,μ
0+ u(x, t) − ∂2

∂x2 u(x, t) = f (x, t, u(x, t)), x ∈ 
, t ∈ (0, 1
3 ] ∪ ( 2

3 , 1],
u(x, t) = 0, x ∈ ∂
, t ∈ [0, 1],
u(x, t) = γk(t,

√
2 sin(πx)), x ∈ 
, t ∈ ( 1

3 , 2
3 ],

I 1−γ
0+ u(x, 0) = ϕ(x), x ∈ 
,

(6.1)

where Dν,μ
0+ is the Hilfer fractional derivative, 0 ≤ ν ≤ 1, 0 < μ < 1, J = [0, 1] and 
 ⊂ R

m is a bounded
demain with a sufficiently smooth boundary ∂
.

Let E = L2(
) be a Banach space with the L2-norm ‖ · ‖2, we define

D(A) = H2(
), Au = −∂2u

∂x2 ,

where H2(
) is the completion of the space C2(
) with respect to the norm

‖u‖H2(
) =
( ∫




∑

|μ|≤2

|Dμu(x)|2dx
) 1

2
,

C2(
) is the set of all continuous defined on R which have continuous partial derivatives of order less than or
equal to 2.

In view of the paper [28], it is easy to see that −A generates a compact C0-semigroup W (t)(t ≥ 0) of
uniformly bounded, norm continuous and

‖W (t)‖ ≤ 1, for any t ≥ 0,

which means that the C0-semigroup W (t) (t ≥ 0) is contraction on E .
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Let ν = μ = 1
2 , a = t2 = 1, t0 = s0 = 0, t1 = 1

3 , s1 = 2
3 , u(t) = u(·, t), γk(t, u(t)) = γk(t,

√
2 sin(πx)),

then the partial differential equation (6.1) can be rewritten into the following form

⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) = f (t, u(t)), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = ϕ0

in L2(
) for m = 1 and M = 1.
In order to solve the initial boundary value problem (6.1), we make the following assumptions:

(S1) 0 ≤ ϕ0(x) ≤ √
2 sin(πx) for a.e. x ∈ [0, 1].

(S2) f (x, t, 0) ≥ 0 and f (x, t,
√

2 sin(πx)) ≤ π2
√

2 sin(πx) for x ∈ [0, 1] and t ∈ (0, 1
3 ] ∪ ( 2

3 , 1].
(S3) γ1(x, t, 0) ≥ 0 and γk(x, t,

√
2 sin(πx)) ≤ √

2 sin(πx) for x ∈ [0, 1] and t ∈ ( 1
3 , 2

3 ].
(S4) The partial derivative f ′

u(x, t, u) is continuous on [0, 1] × (0, 1
3 ] ∪ ( 2

3 , 1] × [0,
√

2 sin(πx)].
Theorem 6.1 If the assumptions (S1)-(S4) are satisfied, then the initial value problem (6.1) has minimal and
maximal L2-mild solutions between 0 and

√
2 sin(πx).

Proof Consider initial value problem (6.1). From Definition 3.1 and the assumptions (S1), (S2) and (S3), we
see that v0(t) ≡ 0 is a lower solution of initial value problem (6.1), which is also a lower mild solution of initial
value problem (6.1), which is also an upper mild solution of initial value problem (6.1). From the assumption
(S4) it is easy to verify that the assumptions (H1) and (H2) are satisfied. Thus, by Theorem 3.1, initial value
problem (6.1) has minimal and maximal mild solutions between v0 and w0, that is, initial value problem (6.1)
has minimal and maximal L2-mild solutions between 0 and

√
2 sin(πx). ��

Example 6.2 Consider the following fractional parabolic differential equation with non-instantaneous impulses
of the form:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Dν,μ
0+ u(x, t) + Au(x, t) = f (x, t, u(x, t), F(u(x, t)), G(u(x, t))),

x ∈ 
, t ∈ ⋃m
k=0(sk, tk+1],

Bu(x, t) = 0, x ∈ ∂
, t ∈ J,

u(x, t) = γk(x, t, u(x, t)), x ∈ 
, t ∈ ⋃m
k=1(tk, sk],

I 1−γ
0+ u(x, 0) = φ(x), x ∈ 
,

(6.2)

where Dν,μ
0+ is the Hilfer fractional derivative, 0 ≤ ν ≤ 1, 0 < μ < 1, J = [0, a], a > 0 is a constant,

m ∈ Z
+, 0 < t1 < t2 < · · · < tm < tm+1 := a, s0 := 0, sk ∈ (tk, tk+1) for each k = 1, 2, . . . , m, J ′ =

J\{t1, t2, . . . , tm}, integer N ≥ 1 and 
 ⊂ R
N is a bounded domain with a sufficiently smooth boundary ∂
 is

an (N − 1) dimensional C2+α-manifold for some 0 < α < 1,

Au := −
N∑

i=1

N∑

j=1

∂

∂xi
(ai j (x)

∂

∂x j
) + a0(x)u

is a uniformly elliptic differential operator on 
 with the coefficients ai j ∈ C1+α(
)(i, j = 1, 2, . . . , N ) and
a0 ∈ Cα(
) for some α ∈ (0, 1), a0(x) ≥ 0 on 
. That is, [ai j (x)]N×N is a positive define symmetric matrix
for every x ∈ 
 and there exists a constant μ0 > 0 such that

N∑

i=1

N∑

j=1

ai j (x)ηiη j ≥ μ0|η|2, ∀η = (η1, η2, . . . , ηN ) ∈ R
N , x ∈ 
;

Bu := δ

N∑

i=1

N∑

j=1

ai j (x) cos(ν, xi )
∂

∂s j
+ (1 − δ)u

is a boundary operator on ∂
, where ν is an outer unit normal on ∂
, δ = 0 or 1; φ ∈ Lκ(
) with κ > N + 2.
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Let E = Lκ(
) with κ > N + 2, P = {u ∈ Lκ(
)|u(x) ≥ 0 a.e.x ∈ 
}. Then E is a Banach spaces
equipped with the Lκ -norm ‖ · ‖κ and P is a regular cone of E . Consider the operator A : D(A) ⊂ E → E
defined by

D(A) = {u ∈ W 2,κ (
)|Bu = 0}, Au = Au.

It is well know from [1] that −A generates a positive and compact analytic C0-semigroup W (t)(t ≥ 0) in E .
Set u(t) = u(·, t), f (t, u(t), Fu(t), Gu(t)) = f (·, t, u(·, t), Fu(·, t), Gu(·, t)), γk(t, u(t)) = γk(t, u(·, t))

for k = 1, 2, . . . , m, u0 = φ(·). Then the parabolic partial differential equation with non-instantaneous impulses
(6.2) can be rewritten into the abstract form of IVP(1.1) in Lκ(
) as follows:

⎧
⎨

⎩

Dν,μ
0+ u(t) + Au(t) = f (t, u(t), Fu(t), Gu(t)), t ∈ ∪m

k=0(sk, tk+1],
u(t) = γk(t, u(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ u(0) = u0.

(6.3)

In order to obtain the existence of solutions for the parabolic partial differential equation with non-
instantaneous impulses of (6.2), we assume that f and γk(k = 1, 2, . . . , m) satisfy the following assumptions:

(A1) There exist C > 0, h ∈ PC1−γ (
 × J ) ∩ C0,1(
 × J ′), h(x, t) ≥ 0, φ ∈ W 2,κ (
),Bφ = 0, φ(x) ≥
0, γk(t, u(t)) ∈ W 2,κ (
),Bγk(t, u(t)) = 0 and γk(x, t, u(x, t)) ≥ 0 for every t ∈ ⋃m

k=0(tk, sk], such that
for every u ∈ PC1−γ (
 × J ) satisfying u(x, t) ≥ 0,

f (x, t,−u,−Fu,−Gu) ≥ −Cu − h(x, t),

f (x, t, u, Fu, Gu) ≤ Cu + h(x, t), x ∈ 
, t ∈
m⋃

k=0

(sk, tk+1],

−v0(x, t) ≤ γk(x, t, u(x, t)), γk(x, t, u(x, t)) ≤ w0(x, t), x ∈ 
, t ∈
m⋃

k=1

(tk, sk];

(A2) The partial derivative f ′
u(x, t, u) is continuous on any bounded domain;

(A3) For u1(x, t) and u2(x, t) in any bounded and ordered interval of PC1−γ (
 × J ) with u1(x, t) ≤ u2(x, t),
such that for any x ∈ 
 and t ∈ ⋃m

k=1(tk, sk],
γk(x, t, u1(x, t)) ≤ γk(x, t, u2(x, t)), k = 1, 2, . . . , m.

Theorem 6.2 If the assumptions (A1)-(A3) are satisfied, then the parabolic partial differential equation with
non-instantaneous impulses (6.2) has minimal and maximal mild solutions, which can be obtained by a monotone
iterative procedure.

Proof Denote by v0 = −u and w0 = u, the from the assumption (A1) we have
⎧
⎨

⎩

Dν,μ
0+ v0(t) + Av0(t) ≤ f (t, v0(t), Fv0(t), Gv0(t)), t ∈ ∪m

k=0(sk, tk+1],
v0(t) ≤ γk(t, v0(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ v0(0) ≤ u0,

and
⎧
⎨

⎩

Dν,μ
0+ w0(t) + Aw0(t) ≥ f (t, v0(t), Fv0(t), Gv0)(t), t ∈ ∪m

k=0(sk, tk+1],
w0(t) ≥ γk(t, w0(t)), t ∈ ∪m

k=1(tk, sk],
I 1−γ
0+ w0(0) ≥ u0,

which means that v0 and w0 are lower solution and upper solution of the problem (6.3) respectively, and
v0 ≤ w0. From the assumption (A2), we know that there exists a constant C > 0, such that for any u(x, t) ∈
[−u(x, t), u(x, t)],

| f ′
u(x, t, u(x, t), Gu(x, t), Gu(x, t))| ≤ C, x ∈ 
, t ∈

m⋃

k=0

(sk, tk+1].
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Thus, we have for any −u(x, t) ≤ u1(x, t) ≤ u2(x, t) ≤ u(x, t) there exists ξ(s, t) ∈ (u1(x, t), u2(x, t))
such that

| f (x, t, u2(x, t)) − f (x, t, u1(x, t), Fu1(x, t), Gu1(x, t))|
= | f ′

u(x, t, ξ(x, t), Fξ(x, t), Gξ(x, t))(u2(x, t) − u1(x, t))|
≤ C(u2(x, t) − u1(x, t)).

This implies that the assumption (H1) is satisfied. From the assumption (A3) it is easy to verify that the assumption
(A1) is satisfied. Thus, our conclusion follows from Theorem 3.1. The proof is completed. ��
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