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Abstract In this paper we extend some fixed point results in generalized Banach spaces endowed with the
so-called G-weak topology and having the generalized Dunford—Pettis property (in short, G-DP property). Our
main results are formulated in terms of G-weak compactness and G-weak sequential continuity. Also we give
an example for a coupled system of nonlinear integral equations defined on the generalized Banach space
C(J, E1) x C(J, E») of all continuous functions on J = [0, T'] to illustrate our theory.

Keywords Generalized Banach space - Fixed point theorems - M-contraction - Generalized Dunford-Pettis
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1 Introduction

Fixed point theory is an important mathematical area of research. In 1922 [4] Banach proved that every con-
traction self-mapping in a complete metric space has a unique fixed point, and in 1934 [12] Schauder proved
that every compact convex set in a Banach space has the fixed point property for continuous mappings. In 1958,
Krasnoselskii [11] combined the Banach contraction principle and the Schauder fixed point theorem. Some of
the above conditions are strong so as a result some authors (see [2,3,5,10,14,22]) considered the weak topology
setting. For example, Ben Amar et al. [1] considered an extension of Schauder and Krasnoselskii fixed point
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theorem for non-compact operators which are weakly compact in a Banach space X having the Dunford Pettis
property (this requires that for any Banach space Y, any weakly compact linear operator between X and Y
transforms weakly compact sets in X into compact sets in Y).

There are also papers that consider classical fixed point theorems in the setting of spaces endowed with
vector-valued metrics. In 1964 [16] Perov considered the Banach Contraction Principle in generalized complete
metric spaces using the concept of a M-contraction map where M is a matrix converging to zero. Recently,
Viorel [20], Petre and Petrugel [17] and Ouahab [15] considered versions of Schauder’s and Krasnoselskii’s
fixed point theorem in these spaces.

In this paper, we define in Sect. 2 a weak topology on a generalized Banach space and we present in Sect.
3 some existence results of Schauder—Tychonoff, Arino et al. and Krasnoselskii type under weak topology
features. As an application, we use our results to establish the existence of a solution of the following system of
integral equations:

o1(t)
x1(t) = [(Ch(t) +/0 Pl(t,s,X1(S),X2(S))dS> ~M1:| + 81, x1(2), x2(2)),

o2 (1)
x() = [(qz(t) +/0 pz(t,s,X1(S),xz(S))dS> -M2:| + g2t x1(1), x2(1)).

2 Preliminaries

In this section, we recall some notations, definitions, and auxiliary results which will be used in our main results.

We begin by defining on M, (R™) the following partial order relation:

Let A, B e Myxn(RT),m >1landn > 1.Put A = (ai,j)1=j=m and B = (b; j)1<j=m. Then, A < B (resp.
: 1<i<n 1

<izn

A< B)ifb; j > a; j (resp. b; j > a; j)forall j=1,...,m, i=1,...,n.
Definition 2.1 Let X be a vector space on K = R or C. By a generalized norm on X we mean a map
I.lg : X — R}
llxll1
¥ —llle=1]
llx1ln

satisfying the following properties:

@) llxllg = O]R’_j_ forall x € X; if ||x||lg = OR:_ then x = Oy,
@@i) |Axllg = [AMlllx|lg forall x € X and A € K, and

(@ii) |x + vyl = llxllg + Iyl forall x, y € X.

The pair (X, ||.||¢) is called a generalized normed space. If the generalized metric generated by the map |.||¢
(i.e.,dg(x,y) = ||lx — yll¢) is complete, then the space (X, ||.]|¢) is called a generalized Banach space.

Now, let (X, ||.|lg) be a generalized Banach space and for alli = 1,...,n, put X; = X. The product space
[T/, Xi. endowed with the following norm ||(x1, ..., x)|lm = Y i, llxilli forallx; € X;, i =1,...n,isa
Banach space. The diagonal subspace X of [T, Xi defined by

X={(x,...,x)el—[X,~:xeX},

i=1

and equipped with || - [, is also a Banach space. For r = (r1,...,r;) € R’ and xo € X, we denote by
B(xg,r) = {x € X : |lx — xollg < r} (resp. Bi(xp;,r;) = {xi € X; : ||xo, — x;lli < r;}) for the open
ball centered at xo (resp. xo,) with radius r (resp. r;). Now §(xo, r)y={x € X : |lxo — xllg X r} (resp.
E(xol. 1) = {xi € X; : [Ixo; —x;ill; < r;}), denotes the closed ball centered at xg (resp. xo,) with radius r (resp.
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534 A. Boudaoui et al.

r;). Finally, we respectively denote by K and co(/C) for the closure and the convex hull of an arbitrary set K of
X.
The following Lemma plays a crucial role in the sequel.

Lemma 2.2 [9] Let (X, ||.||g) be a generalized Banach space. Then the map
hy : X — X
x — hx(x) = (x,...,x),
defines an homeomorphism.

Remark 2.3 [9] Note that in a generalized Banach space in the sense of Perov, the notions of convergence
sequence, continuity, open subsets and closed subsets are similar to those for usual Banach spaces.

Definition 2.4 Let (X, ||.||g) be a generalized Banach space and let /C be a subset of X . Then K is said to be
G-bounded, if there is a vector V € R’} such that

for all x € IC, Ixllc X V.

Definition 2.5 Let (X, ||.|lgx). (¥, |l.llGy) be two generalized Banach spaces with the generalized norms

Ny -1y

I-llex = : s ey =
-l l-llmy

respectively, and let A : X — Y be a linear operator. Then A is said to be G-bounded, if there is a matrix
M € M, (R) such that:

lAxllG, < Mlxllgy forall € X.

2.1 Notation

We denote by L5 (X, Y) the set of all G-bounded linear operators acting from (X, ||.llgy) into (¥, [I.llG,)-
Definition 2.6 Let (X, ||.|lgy) and (Y, |.llG,) be two generalized Banach spaces with the generalized norms
Il x -1y

Ilex=1 * |, [Iley=

ll-1lnx Iy
respectively. The generalized norm of L (X, Y) is the matrix defined as:

llzoxyy : £L6(X,Y) — Mpxn(RYy)

sup [[Ax[ly, sup [[Ax|liy ... sup [[Ax]1y

x€B1(0,1) X€B>(0,1) x€B,(0,1)
sup [|Ax[l2,  sup [[Ax[a, ... sup [Axlla,

A —> ”A”L:G(X,Y) — xeB1(0,1) xeB>(0,1) xeB,(0,1)
sup |[Axllmy sup  [|Axllmy ... sup  [|Ax|lmy

x€B1(0,1) x€B>(0,1) x€B,(0,1)

= (IAllzex;.v;) I<jzm.
; <i<n

In the following, we define a "weak" topology for generalized Banach spaces.
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Definition 2.7 Let (X, ||.||g) be a generalized Banach space. The topology rg of X generated by
[n5'0m); 0" ea(x. %9),
is called the generalized weak topology of X; here o (X, X*) denote the weak topology of X.

Remark 2.8 The generalized weak topology r)((; of a generalized Banach space X is Hausdorff.

Indeed, let x; and x; in X such that x| # x3. Then hx (x1) # hx(x2). Since X is a Banach space, so its weak
topology is separated, hence there exist O{’, 05 two disjoint weak open setssuchthat iy (x1) € O, hx(x2) €

05’. Now h;(l (0}") and h}l (05") are respectively two generalized weak open sets containing and x; and x;.
Moreover,

h' (01) Ny (0Y) = hy' (0P N oY) = 0.

Consider (X, || - |lg) a generalized Banach space. We define the generalized dual of X, denoted by X%, as the
space of all G-bounded linear forms. _
The following remark shows the connection between the generalized dual of X and the dual of X.

Remark 2.9 Let (X, | - ||¢) be a generalized Banach space. Then we have:
f e X§ if,andonly if, fo h;l € X*.

Indeed, let (x,...,x) € X. Since f € X, then there exists (c1, ..., ¢n) € Mix, (Ry) such that

n
—1
fohg' . 0| < Yl
i=1
< max () ...l -
1<i<n

Conversely, let x € X. Since for f o h}l eX * then there exists ¢ > 0 such that

Ifohyx' (x, ..., 0 <ell (x,...,x) I,
and then

llxl1
lf) <(c,....0
llx 1

m}

Proposition 2.10 Let X and Y be two generalized Banach spaces, and let T be an operator defined as follow
T : X —> Y. If T is a G-bounded linear operator and f € Y;, then f o T € X,.

Proof Let x € X. Since f € Y/, then there exists (cy, ...cp) > O]Ri such that

ITxlly

|f(Tx)|S(C1,...,Cm) N
1T xlm

m
<> cllTxl:.
i=1

Since T is G-bounded, then there exists M = (ai ,') 1<ism € Mpxn (Ry) such that
Tllsjzn

ITxllGy < MlxllGy-
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536 A. Boudaoui et al.

Hence, foralli =1,...,m

n
1Tl <Y aijlixl;.
Jj=1

It follows that

m n

FT01 <D ey aijlxll
J

i=1  j=1
n m
<> (Z c,-aij) 1l
j=1 \i=1
Hence, foT € Xg O
Now if X and Y are two generalized Banach spaces, then we have the following proposition.

Proposition 2.11 Let T : X — Y be a linear operator. Then T is G-bounded if and only if T is bounded; here
T is the linear operator induced by T such the following diagram is commutative,

X

hx

<

x,....,.x) — (Tx,...,Tx)
Proof It suffices to note the following equality. 7 = hy o T o h;l. O

Proposition 2.12 Let X and Y be two generalized Banach spaces, and let T : X — Y be a linear operator.
Then T is G-bounded if, and only if, T is G-weakly continuous.

Proof

T is G — bounded < T is bounded

<—> T is weakly continuous

<— T is G — weakly continuous.

]

Definition 2.13 Let (X, ||.||¢) be a generalized Banach space. A sequence (x,),en in X is called G-weakly

G X
convergent to an element x € X, and we denote itby —, if forall f € X5, f(x,) — f(x).

Remark 2.14 Clearly we have:

Xn Ly forall f € X§;, f(xn) — f(x)
<« hx(x,) = hx(x) in X.
O

Definition 2.15 Let (X, [|.llgy), (Y, ll.ly) be two generalized Banach spaces and let T : X — Y be an
operator. Then T is said to be G-weakly sequentially continuous if for every sequence (x,),en in X such that

G . G .
X, —~xinX,thenTx, — TxinY.
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Remark 2.16 Let (X, ||.]lg) be a generalized Banach space. The mappings 2 x and h;l defined in Lemma 2.2
are continuous from rg into o(f( , X *), and from cr(f( X *) into rg respectively.

Proposition 2.17 Let X and Y be two generalized Banach spaces, and T : X — Y a mapping from X into Y.
If T is G-weakly continuous, then T is G-weakly sequentially continuous.

Proof Let (x,),cn be a sequence in X such that x,, “ x € X. Suppose there exists O € tf with Tx € OfF
such that forall n € N, there exists a subsequence (x<ﬂ("))n eN of (xp)pen and Txy(my ¢ O . Since T is G-weakly
continuous then T_l(Og) € ‘L')((; containing x. It follows that there exists ng € N such that for all n > ny,
X, € T_l(Og’). Then, Tx, € T(T_I(Og)) C Og. Since g(n) > n > ng, then Txy) € OF which is a
contradiction. O
Definition 2.18 Let (X, ||.||g) be a generalized Banach space. A subset /C of X is called:

(i) G-weakly compact if every G-weakly open cover of K has a finite sub-cover.

(ii) Sequentially G-weakly compact if every sequence in JC contains a G-weakly convergent subsequence with
limit in /C.

(iii) Countably G-weakly compact if, for each countable G-weakly open covering of /X, there is a finite sub-
covering.

(iv) Relatively G-(compact, sequentially compact, countably compact) if s closure is.

-G
v) Relative -wea compact, sequentially compact, countal compact) if the G-weak closure 1S.
(v) Relatively G-weakly (compact, sequentially compact, bly compact) if the G-weak cl K i

Definition 2.19 A Hausdorff topological space X is called angelic if for every relatively countably compact
subset I of X, the following holds:

(i) K is relatively compact.
(ii) For each x € I, there is a sequence in /C which converges to x.

The fundamental property of angelic spaces is contained in the following theorem.

Theorem 2.20 [18] If X is an angelic space, and K C X, then the following assertions are equivalent.

(i) K is countably compact.
(ii) K is sequentially compact.
(iii) K is compact.

Remark 2.21 Since X is a Banach space, so it is angelic when it is endowed with its norm and weak topologies.

Lemma 2.22 [18] The property of being angelic is topological: that is the property of angelic is preserved
under a homeomorphism.

The following result plays the key role in this work.

Corollary 2.23 The generalized Banach space is angelic with its generalized norm topology and generalized
weak topology rg .

The following lemma is a generalization of the Krein-Smulian’s theorem (see [8], p. 434) in generalized Banach
spaces.

Proposition 2.24 The closed, convex hull of a G-weakly compact subset of a generalized Banach space is
G-weakly compact.

Proof Let K a G-weakly compact set in X, thus /& x (K) is weakly compact in X. Moreover we have:

n n
hx(co(K)) = :hx (Ztim,') , >0, Zti =1, mj e Kforalli =1, n}

i=1 i=1

n n

= 1> tihx(m), 20, Y t;=1, m; € Kforalli = ln}
i=1 i=1

= co(hx(K)).
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538 A. Boudaoui et al.

Hence,
co(hx(K)) = hx(co(K)).

By the Krein-Smulian’s Theorem, we infer that ¢o(h x (K)) is weakly compact of X. Hence hx (¢o(K)) is weakly
compact. Keeping in mind that h}] is continuous form o (X, X*) into rg , then the result is hold. O

Proposition 2.25 The G-weak closure of every convex subset in a generalized Banach space coincides with its
strong closure.

Proof The result follows from Mazur’s Theorem [6], the closedness of & x and the G-weak continuity of h}l. O
Definition 2.26 A square matrix M € M, «, (R) of real numbers is said to be convergent to zero if
Mk —s 0, as k— oo.

Lemma 2.27 [19] Let M be a square matrix of non-negative numbers. The following assertions are equivalent:
(i) M is convergent to zero.
(ii) The matrix I — M is non-singular and

=M '=1+M+M*+ -+ M+....
(iii) The spectral radius p(M) is strictly less than 1.

Definition 2.28 Let (X, dg) be a complete generalized metric space with dg : X x X —> R" and A be an
operator from X into itself. Now A is called a M -contraction if there is a square matrix of non-negative numbers
converging to zero, and

dg(A(x), A(y)) X Mdg(x,y) forallx, ye X.

In 1964, A. Perov extended the classical Banach contraction principle for contractive maps on generalized metric
spaces.

Theorem 2.29 (Perov, [16]) Let (X, dg) be a complete generalized metric space and let A : X —> X be a
M -contraction operator. Then A has a unique fixed point x* € X.

As a consequence of Perov’s fixed point theorem we have the following result.

Lemma 2.30 [17] Let (X, ||.|lg) be a generalized Banach space and B : X —> X be a contraction. Then,
I — B is a homeomorphism.

Lemma 2.31 Let (X, ||.|lg) be a generalized Banach space and B : X —> X be a G-bounded linear operator.
If | Bl is convergent to zero then the operator (I — B) is invertible and

(I-B)y'=I1+B+B*+---+B"+... e Ls(X).

Proof Assume that || B|| ¢, is convergent to zero. Then from Lemma 2.30 (I — B)~! exists and is continuous,
and we have

I —(I—-B)I+B+B*+---+ B* = BH1,
ol
|l —(—-B{I+B+B>+--+ Bk)”EG(X) _ ||Bk+l||£G(X) < ”B“kﬁt;l()()'
Hence,

I Ay e (R

= =B +B+B*+- +BYgo) ———>0 ask— oo.
This implies that
(I-B) '=1+B+B*+...+B+....

From the continuity of (I — B)~!, we deduce that (/ — B)™! € L5 (X). O
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Now, we define a class of operators needed in our paper.

Definition 2.32 Let (X, [|.[lgy). (¥, [Il.llgy) be two generalized Banach spaces and let A : X — Y be an
operator. Then A is said to be:

(i) G-weakly compact, if mt’? is a G-weakly compact subset of ¥ whenever K is a G-bounded subset of X.
(i1) G-weakly sequentially closed if it is defined in IC C X, and for each sequence (x,), C K such that x, £ X
and Ax, < y,thenx € Kand y = Ax.

Now, we recall the Schauder theorem on generalized Banach space proved by Viorel.

Theorem 2.33 [20] Let (X, ||.||g) be a generalized Banach space and K a closed convex subset of X, and let
A : K — X a continuous operator with A(KC) a G-compact set. Then A has at least one fixed point in K.

3 Fixed-point results

The aim of this section, is to present some new topological fixed point theorems on generalized Banach space.

Definition 3.1 A generalized Banach space (X, ||.||g,) has the generalized Dunford—Pettis property (briefly,
G-DP property) if, for every generalized Banach space (Y, ||.|lg, ), each G-weakly compact linear operator from
X into Y maps G-weakly compact sets in X to G-compact sets in Y.

Theorem 3.2 Let (X, ||.||g) be a generalized Banach space having the G-DP property, and let KC be a nonempty
closed G-bounded convex subset of X and let A : K — K be a G-weakly compact linear operator. Then A has,
at least, a fixed point in K.

Proof Let N = co(A(K)) be the closed convex hull of A(K). By the closedness and the convexity of X and
A(K) Cc K, one has N C K. Therefore,

A(N) C A(K) Cco(A(K)) =N.

G
Since A is a G-weakly compact operator on X, it follows that A(IC)TX is G-weakly compact. Moreover, using

G G
co(AK)) C %(mt’( ) and Proposition 2.24 we have that %(A(IC)TX ) is a G-weakly compact set. From
Proposition 2.25 we have that the set N is a G-weakly compact set. Now, we will prove that A(N) is vector-valued
norm compact in X. Let (1,,), be a sequence in A(N). There is a sequence (®,,), in N such that ¥, = A(D,)
for each n. From the G-weak compactness of N and the angelicity of ‘L'g (Corollary 2.23), we deduce that N is
a G-weakly sequentially compact set, so it follows that (®,), has a G-weak converging subsequence ($,,) to
some x € X. From the G-weak compactness of A and the G-DP property of the X, it follows that (A(Can)) »
converges strongly in X. Then, (¥,,), converges strongly in X. Thus, A(N) is sequentially G-compact set.
From Corollary 2.23 which gives us the angelicity of the generalized norm topology of X, A(N) is a G-compact
setin X. Schauder’s fixed point theorem (Theorem 2.33) guarantees that A has, at least, one fixed pointin N. O

Theorem 3.3 Let X be a generalized Banach space having the G-DP property, and KC be a nonempty, closed,
G-bounded, and convex subset of X. Let B : X — X be a continuous map and C be a G-weakly compact
linear operator on X. If A = BC is a G-weakly compact operator on X with A leaving IC invariant, then A
has, at least, a fixed point in K.

Proof Let N = co(A(K)). Since A is a G-weakly compact operator on X, we have from Proposition 2.24 that
N is G-weakly compact. Now, following the proof as in Theorem 3.2, we can see that C(N) is a G-compact
set in X. Since B is a continuous map, then BC(N) is a G-compact set in X. Schauder’s fixed point theorem
(Theorem 2.33) guarantees that A has, at least, one fixed point in N. O

Theorem 3.4 Let X be a generalized Banach space having the G-DP property, and let KC be a nonempty, closed,
G-bounded, and convex subset of X. Suppose that A and B map K into X such that:

(i) A € Lg(X) and is G-weakly compact,
(ii) B is a M-contraction mapping,
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(iii) Ax + By € K forall x, yin K, and
(iv) (I — B)~YA(K) is a G-weakly compact set.
Then, there exists y in IC such that Ay + By = y.

Proof We fix y € K and define the map

oy K— K
x — Bx 4+ Ay,
this defines a contraction mapping, so by Perov fixed point theorem (Theorem 2.29) there is a unique solution
xy € K such that ¢y(x,) = x, which means (/ — B)x, = A(y), and by Lemma 2.30 and iii) we obtain
xy = — B)~'A(y) € K. Apply Theorem 3.3 with the operators (I — B)'and A so (I — B)"'A has, at
least, a fixed point in C such that (I — B) "' Ay* = y*. O

The next result is a Schauder—Tychonoff type fixed point theorem on generalized Banach spaces.

Theorem 3.5 Let IC be a nonempty, convex, and G-weakly compact subset of a generalized Banach space X.
If A is a G-weakly continuous map that transfers K into itself, then A has, at least, a fixed point.

Proof Let N = hyx(K). Since K is convex and G-weakly compact then N is weakly compact in X. We define
the map A in X as:

A:N — A(N)
(x,...,x) —> A(x,...,x) =hXvoh;(1(x,...,x).
By the G-weak continuity of 1 x, h;(l and A, we infer that the operator A is weakly continuous on X. Furthermore,

A(N) =hx o Aohy'(N)
=hx o Aohy' (hx(K)).

We deduce that A(N) C hx(K) = N.i.e., Amaps N into itself. Hence, using Tychonoft’s fixed point theorem
A has at least one fixed point x in N. Now since X is homeomorph to X, then A has at least a fixed point in K. O

Theorem 3.6 Let X be a generalized Banach space, and let K be a convex G-weakly compact subset of X.
Suppose that A : K — X and B : X — X are two operators satisfying:

(i) A is G-weakly continuous,
(ii) B is a M-contraction with (I — B)~! G-weakly continuous,
(iii) (x = Bx + Ay, y € K) implies x € K.
Then, the operator A + B has a fixed point in K.
Proof Since B is a M-contraction, then from Lemma 2.30 the mapping I — B is a homeomorphism from X
into (I — B)X. Now, let y be fixed in K. The map

Fy: X — X

x — Fy(x) = Bx + Ay,

defines a M-contraction from X into X. From Perov’s fixed point theorem, the equation Fy(x) = x has a
unique solution x € X. By hypothesis (iii), we obtain that x € K. Thus, A(XC) € (I — B)(K). It follows that
x = —B)"'Ay = Ny € K forall y € K. Therefore, one obtains N (K) C K. Now, by combining (i) and the

second part of (i7) we deduce that N : I — C is G-weakly continuous. The result then follows from Theorem
3.5. |

Next we present the Arino, Gautier, and Penot’s fixed point theorem [3] in generalized Banach spaces.

Theorem 3.7 Let X be generalized Banach space, and let K be a G-weakly compact, and convex subset of X.
Then, any G-weakly sequentially continuous map A : KK —> K has, at least, a fixed point.
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Fixed point theorems in generalized Banach spaces... 541

Proof We prove that A is G-weakly continuous. Let U be a G-weakly closed subset of X, so A~ (U) is G-weakly
sequentially closed in /C, and hence G-weakly sequentially compact, so using the angelicity of rg (Corollary

2.23), A~HU) is G-weak compact, and thus A~NU) is G-weakly closed. Now the G-weak continuity of A,
and the Schauder—Tychonoff’s fixed point theorem guarantees the result. O

Theorem 3.8 Let X be a generalized Banach space, K be a nonempty, closed, and convex subset of X and let
A : K —> K be a G-weakly sequentially continuous map. If A(K) is relatively G-weakly compact, then A has,
at least, a fixed point in K.

Proof Let N = co(A(K)). Since A(K) is relatively G-weakly compact, then from Proposition 2.24, N is a
G-weakly compact convex subset of X. Moreover,

A(N) C A(K) Cco(AK)) =N

i.e., A maps N into itself. Since A is G-weakly sequentially continuous, and using Theorem 3.7 it follows that
A has, at least, one fixed point in N. O

Theorem 3.9 Suppose that X is a generalized Banach space and let IC be a nonempty, convex subset of X. Let
A be a G-weakly sequentially closed operator maps K into itself. If A(K) is relatively G-weakly compact, then
A has a fixed point in K.

Proof Let N = co(A(K)). From the same arguments as in the proof of Theorem 3.2, N is relatively G-weakly
compactand A(N) C N.Now, we prove that A is G-weakly sequentially continuous. Let (¢, ),en be a sequence

G
in N, such that ¢, — x. Since N is G- Weakly compact using the angelicity of ‘L'g there exists a subsequence
(¢nk)keN of (¢n)nen such that A¢,, — y. Taking into account that A is G-weakly sequentially closed, and

O, “ x,we gety = Ax.Next, we will show that A¢, < Ax. Suppose the contrary. Then there exists a G-weak
neighbourhood VX of Ax and a subsequence (@y;)icN of (¢,), such that Ag,, ¢ VX for all i. Moreover,

G . . G
¢n; — x, then arguing as before, there exists a subsequence (¢, i JkeN of (dy;)ien such that A¢, i Ax;

which is a contradiction, with Adn; ¢ VX for all k. This prove that A is G-weakly sequentially continuous.
Then, Theorem 3.8 completes the proof.

Theorem 3.10 Let (X, ||.||g) be a generalized Banach space, and K be a nonempty, G-bounded, closed, and
convex subset of X. Assume that A : KK —> X be a G-weakly sequentially continuous map, and B : X — X
satisfying the following conditions:

(i) A is G-weakly compact operator,

(ii) B is a G-bounded linear operator with || B| ¢ (x) converging to zero, and
(iii) (x = Bx + Ay, y € K) implies x € K.

Then, the sum A + B has at least one fixed point in IC.

Proof Since B is linear, G-bounded and || B|| 2 (x)-contraction, then from Lemma 2.31 we obtain that
(I-B)y'=I1+B+B*+...+B"+...e Lo(X),
s0, Proposition 2.12 ensures that the operator (I — B)~! is G-weakly continuous. Now, define the map
N:K—X
y— N =U~-B)""Ay.

Lety € K,and let x € X withx = N(y). Thenx = Bx + Ay and by assumption (iii) x € K, and consequently

N maps K into itself. From the G-weak continuity of (/ — B)~! and the G-weakly sequential continuity of A,

we have N is G-weakly sequentially continuous. Now, we claim that N (K) is relatively G-weakly compact. Let
G

[ - .G
{va :neN}C N(IC)TX be a sequence in N(IC)IX , so for each n € N there is x,, € K such that

yo = —B) " Axy),
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and from the G-weak compactness of the operator A and the angelicity of rg , the sequence (A(xy))neN has
a convergent subsequence (A(xy,))ken, so the G-weak continuity of (I — B)™! implies that (y,)n,en has
G

.G _
subsequence (y,, )Jxen G-weakly convergent in N (IC)TX . The angelicity of r)c(; ensure that N (IC)TX is relatively

G-weakly compact. Hence from Theorem 3.8, there exists x € I such thatx = (1 — B)~'A(x), and we deduce
that A + B has a fixed point in K. O

4 An application

Let E; and E; be two reflexive Banach spaces. Consider the following system of integral equations (SIE):

o1 (t)
() = [(ql(t) + fo it s, 31 (s), X2(S))dS> - ul] g1t x1(0), 120)),
4.1)

o2(t)
x(t) = [(qz(t) +/0 pz(t,s,x1(S),xz(S))dS> -u2:| + g2(t, x1(1), x2(1)),

where u; € E1\{0} and up € E>\{0}. We will prove that the system (4.1) has a solution in the generalized
Banach space X = C(J, E1) x C(J, E3) of all couple of continuous functions on J = [0,7],0 < T < oo
endowed with the generalized norm

Il :X — R%

sup [lx1 (D g,
ted

x = (x1,x2) = [[(x1, x2)lgy =
sup [|x2 (D £,
telJ

We can rewrite (SIE) (4.1) in the following form

x = (A+ B)x,
where
Ax(1) = (Alx(t)) = [(ql(t) +foal(t) Pl(l,S,xl(S),xz(S))ds) 'Ml]
Aax(1) [(qz(l) +f0d2(t) pz(z,s,xl(s),m(s))ds) : uz]
and

_(Bix®) _ (1,510, x2(0))
Bx) = <32X(t)) = <g2<r,x1(r>,xz(r)>) :

Let us assume that the functions involved in (SIE) (4.1) satisfy the following assumptions:

(Hy) o1, 0y : J —> J are continuous,
(H2) q1, g2 : J —> R are continuous,
(H3) The functions pi, p2,:J x J x E; x E; —> R such that:

(a) for an arbitrary fixed s € J and x € X, the function t — p;(¢, s, x1, x2),
i = 1,2 is continuous on J,

(b) there exists a vectorr € Ri such that |p; (, s, x1(s), x2(s))| < r; i = 1,2 forx € X such that |x] gy <
r,

(c) The functions p;, p, are weakly sequentially continuous.

(H4) The mappings g; : J X E1 x E; —> Ej, i € {1, 2} are such that:

(a) for an arbitrary fixed x € X, the functiont — g;(¢, x), i = 1, 2 is continuous on J, and
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(b) gi, i € {1, 2} are linear on X, and there are constants a;, b; € R, such that:
lgi (2, x1(2), 2 | E; < aillxiOD g, + billx2(DEg,, i =1,2.

Theorem 4.1 Suppose that assumptions (H1) — (Ha) are satisfied. Assume that

aq b1
ar» by
Then, (SIE) (4.1) has at least, one solution in X; if
1 1-by —a (lgilloo + Tr1) - llurllg,
o . .
(I—apd=b) —abi \—p; 1-a1 ) \U@lec+Tr2) - lu2lle,
Proof Let K be the closed ball B, on X. To apply Theorem 3.10, we have to verify the conditions there.
Claim 1 The operators defined in (4.1) are well-defined. Let x € X. Then the map Bx is continuous on J in

view of assumption (H4) (a). Now, we claim that the map Ax is continuous on J for all x € X. Let {#,},,cy be
a sequence in J converging to a point ¢ in J. Then, fori = 1, 2 we have

< 1.
Max2(RT)

o; (ty) 0i(t)
1A @) — (A OE < || a1 ) + / O, (tn, $)ds — qi (1) — / 0, s)ds || il
0 0
o; (tn)
<| [ 1@t s) - ©it. )l ds | uillz,
0
Gi(tn)
+ [ 1@ ) dsliuills, + lai ) — g Ol 5,
0i (1)
T
< f|®i<rn,s>—®i<r,s>|ds luill 2,
0

+ (riloi(tn) —oi (O] + 1qi () — qi O D uill g, »

Where ®i(t7s) = Pi(t’ S, xl(s)sxz(s))' NOW tn - t, SO’ (tm Sa -xl(s)v -x2(s)) g (tv S, -xl(s)s xz(s))9 for all
s € J. Using hypothesis (H3)(a), we get

pi(tn, s, x1(8), x2(5)) — pi(t, s, x1(s), x2(s)) inR.

Moreover, using (H3) and the dominated convergence theorem we have that the operator A;x € C(J, E;) for
eachi € {1, 2}. Hence A is well defined.
Claim 2: We prove that B is a || B|| Loy -contraction. Let x € X. Then

sup [|g1(t, x1(2), x2()) || g,
1Bxllay = |(B)] = [ < (9 01) g
X Bax )5, sup [|g2(t, x1(2), x2(t) | £, ay by X
teJ

Hence, B € Lg,, and since

a; by
1Bl 2o < <a2 b2>
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a; by
a by
and since p(I|Bll ) =< 1Bl g, I Ms.0®4) We conclude that B is a || Bz, -contraction.

Claim 3 We show the G-weakly sequential continuity of A. Let (§,),en be a G-weakly converging sequence
of B, into &, so

S0,

<1,

” ”B”ﬁ(;(x) ||M2><2(R+) S ‘ ‘
Moxa(Ry)

& — & inCJL,E), i=1,2.

n

Since B,,is bounded, we can apply Dobrakov’s theorem [7] to get
&,t) —~&@) ink;, i=1,2 4.2)
Combine (4.2), (H3) and Dobrakov’s theorem and we obtain
pi(t,s,61,(5),62,(s)) = pi(t, s, §1(s), &2(s)) in R.
Now (H3) and the dominated convergence Theorem [13] leads to

oi (1) oi (1)
im [ pits Ens) ds = / pi(s, 1, E(5))ds.
Thus,

A& (1) — AiE(t) in E;, i=1,2.

Since (A;&;,)nen, | = 1,2 is bounded by (|lg; || + Tr;)|lu; | g;, then using Dobrakov’s Theorem we get that
A;&; — A and so A is G-weakly sequentially continuous on B;.

Claim 4 We show that A is G-weakly compact. It suffices us to prove that A(B,) is relatively G-weakly compact.
Define the set

forallz € J, A;j(B)(1) = {(Aix)(@); lIxlloy <r}-

We prove now that for each i = 1, 2, A;(B,)(¢) is weakly sequentially relatively compact in E;. Let {x, } ", be
any sequence in B,, and we have (A;x,) () = «;, (t) - u;, where

i (1)
a;, (t) = qi (1) +f pi (t,s,x1,(5), x2,(5)) ds,
0

and since |a,~n (t)} < |lgilloo + Tr; in view of (H3), it follows that {oc,-n} is a uniformly bounded sequence in
C(J,R). Next, we show that {e;, ()} is an equicontinuous set. Let 7,7 € J. Then, we have

aj (?)
/ [pi (2,5, x1(5), x2(5)) |ds

i (1)

|oi, (1) — i, ()| < |qi 1) —qi (£)| +

i (1)
+ /o |pi (¢, 5, x1(5), x2(8)) — pi (7,5, x1(5), x2(5)) |ds

=<

T
/O |pi (&, 5, x1(5), X2(5)) = pi (7,5, x1(5), x2(5)) |ds

+ |gi (1) — qi (£)| + ri |oi (1) — 0; (7)],

and since for each i = 1,2, p;,q;, and o; are uniformly continuous functions , we conclude that {«,},cn

is an equicontinuous set. Thus from the Arzela-Ascoli Theorem [21], {oz,-n }neN is a compact set. As a result,
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A;(B,)(t) is weakly sequentially relatively compact. Next, we show that A;(B;) is a weakly equi-continuous
setfori =1,2. Takee > 0,x € By, x € Efandt,t’ € J suchthatr <1, t' —t < ¢,. Using (H3) we obtain

A

0i (1)
X[ ((Aix) (1) — (Aix) ()] < [fo |pi(t, s, x1(5), x2(5)) — pi (', 5, x1(s), x2(5))]| dS} X (ui)

o ([

p)
+ [!ql-(t) —qi (t')] +/() |pi (t/75,x1(5),x2(5))‘d5j| |x;" (ui)|
o; (t

IA

T sup{|pi(t,s,x1,x2) — pi (t' s, x1, x2) |} | 1%} (ui)|
1.t/ sel, |t—t'|<e,
(x1,x9)€Br

+ | sup{|qi®) —aqi ()|} +r sup{|oi@) — i ()|} | 1x] i)l
1,t'el, t,t'el,
lt—t'|<e [t—t|<e

On the other hand, we have that the functions ¢;, p; and o; are uniformly continuity on J, for eachi = 1, 2,
50 [x}((A;jx)(1) — (A;ix)(t"))| — 0 when ¢ goes to 0. Apply the Arzela-Ascoli Theorem [21] and we infer that
A; (By) is weakly sequentially relatively compact in E;, fori = 1, 2. Let (§,),eny C A (B;) and then

(é1,)neN C A1 (Br),
(62,)nen C A2 (By).

From the weakly sequential relatively compactness of A; (B, ) foreachi = 1, 2, (&;,)nen has a weakly convergent
subsequence (%-i(ﬂi () )neN to some point in E;; so,

Epa(p1m)IneN = 1y, ) 52, (9 ) 1N

is a subsequence of (§,),en G-weakly convergent in X. Combining this later with the angelicity of X (Corollary
2.23) we conclude that A (B,) is relatively G-weakly compact. As result, A is G-weakly compact on X.
Claim 5 We prove that (x = Bx + Ay, y € B,) implies x € B,. Now

1Bx + Ayllx
sup [A1y(7) + Bix ()]l g,

teJ

IxllGx

sup [|A2y(t) + Bax(t)llE,

teJ

Then, we have

o (t)
lx; DN g, = H |:(Qi(t) +/0 Pi([»SaYI(S)’}’Z(S))dS> -Mz} + &, x1(1), x2(1))

E;
oi(t)
< (lqz'(t)l +f0 Ipi(t,s, yi(s), yz(S))IdS) Nuillg; + llgi (2, x1(2), x2()) |l g,

< Ulgilloo + Tri) - lluillg, + aillxi® g, + billx2 (@) g,

(Ig1lloo + Tr1) - lurllE, ap b
xlley < + lxlley
(Ig2lloo + Tr2) - U2l g, az by

hence,
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and thus, using Lemma 2.27 we get

l—ar b (g1lloo + Try) - lutll g,
Ixllox < : <r
a 1—b (lg2lloc + Tr2) - lu2ll £,
Thus the conditions in Theorem 3.10 are satisfied, so apply Theorem 3.10, and we get that (4.1) has, at least, a
fixed point in B, C X. O
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