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Abstract We study the symmetry and integrability of a Generalized Modified Camassa-Holm Equation (GMCH)
of the form

Uy — gy + 201, 0 — u2)" U = u)? + @ — 12 Uy — tyry) = 0.

We observe that for all increasing values of n € R, R denotes the set of real number, the above equation gives a
family of equations in which nonlinearity is rapidly increasing as n increases. However, this family has similar
form of symmetries, a commutator table, an adjoint representation, and a one-dimensional optimal system.
Interestingly, we show that the resultant second-order nonlinear ODE generated from the GMCH equation is
linearizable because it possesses maximal symmetries. Finally, we conclude that the GMCH family passes the
Painlevé Test since the resultant third-order nonlinear ordinary differential equation passes the Painlevé Test.
This family does, in fact, have a similar form of leading order, resonances and truncated series of solution too.

Keywords Generalized Modified Camassa-Holm Equation (GMCH) - Lie Symmetry - Painlevé Test -
Integrability

Mathematics Subject Classification  17B80 - 34M15 - 58]J70

1 Introduction

Researchers in mathematical physics, engineering, mathematical biology, and other subjects create mathematical
models to understand behaviour in their particular domains of physical phenomena. They are turning their
physical events, in particular, into a set of differential equations. Deterministic mathematical representations
of such differential equations can be transformed into suitable mathematical models using nonlinear ordinary
differential equations, partial differential equations, and so on. Among them Partial differential equations have
been the most commonly employed to explore the nature of systems. For example, in 1834, John Scott Russell
studied the Korteweg-de Vries (KdV) equation, a nonlinear partial differential equation, experimentally to analyse
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waves on shallow water surfaces. Around 1870, Lord Rayleigh and Joseph Boussinesq conducted theoretical
research on this equation, which was followed by Korteweg and De Vries in 1895. Similarly, numerous wave
equations have been explored in a variety of disciplines connected to mathematics. Few of them are Korteweg-
de Vries (KdV) Equation, nonlinear coupled KdV Equation [1], Camassa-Holm (CH) Equation [2], Modified
Camassa-Holm (MCH) Equation [3,4]. Numerous approaches for solving the above-mentioned equations have
been discussed [5-7].

In some instances, finding a general non-trivial solution to a nonlinear differential equation is extremely
difficult. However, Lie symmetry has been utilised as a significant instrument that provides a systematic technique
for successfully solving the given differential equations [8—12]. By reducing the differential equations in order,
algebraic equations may be obtained from the provided ordinary or partial differential equations using the
symmetries [13]. As a result, Lie symmetries play an important role in it.

The goal of this project is to investigate the symmetry and integrability of all the members of sequence of
GMCH equation [14] is given by

wy — s + 201, U — )" U= u)? @ = u2) "y — trry) =0, (1.1)

Whenn = 1 the above equation gives the first member of GMCH and it is also exactly the modified Camassa-Holm
Equation (MCH). This MCH equation has received a great deal of interest and has been carefully examined by
researchers thoroughly [6,15—18]. Also the MCH equation has been discussed in the point of view of symmetries
and integrability [19]. Interestingly, all the higher members of the sequence have dynamically growing nonlinear
components dependent on n values (ie) the nonlinear terms are increasing proportionally to each n number. As
a result of the shared beautiful characteristics on symmetries and the Painlevé Test, these upper components of
the series can likewise be given substantial attention.

The plan of the paper is as follows: First, we look at a one-dimensional optimal system and derive the Lie point
symmetries, commutator table, and adjoint representation for it (1.1). In the latter, we conduct order reductions
using the optimal system, which is then used to derive new similarity solutions !. The Painlevé Test is then used
to determine the equation’s integrability (1.1). Finally, we summarise our findings and conclusions.

2 Lie’s theory

Consider an equation
Q(t, X, Uy Upy Uy, Uppy Upyy Uy, Upyx, Uyyxy...) =0, (2.1)

where ¢, x are the independent variables and u is dependent variable. Infinitesimal point transformation for each
variables is defined as the following manner,

f(t,x, u,€) =1+ €& (t,x,u) + o(€?) =t + € Xt + o(e?),
Rt x, u,€) = x + €£2(t, x, u) + o(€?) = x + € Xx + o(€?),
u(t,x, u,€) =u+ enl(t, x,u)+ 0(62) =u—+eXu-+ o(ez),

where X is called infinitesimal generator which is denoted by
X =&, wd + &t x, w)ds +n' (1, x, 1)d,
Based on the theory, the invariant condition for (2.1) is given by
o, x,u) =¢(,x, i)

It is well known that one can reduce the order of the differential equations as well as number of independent
variables by using the infinitesimal generator which is known as symmetries of equation (2.1). Therefore, if X
is a Lie point symmetry for equation ¢ = 0, then the following condition is true

X"g = 1lpo
where A is an arbitrary function, and X'¥1 is the k-th extension of X in the jet-space.

! Throughout this literature the Mathematica add-on Sym [20-22] is used to compute the symmetries.
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2.1 One-dimensional optimal system

Optimal system forms by a list of n—parameter subalgebras if every n—parameter subalgebras is equivalent to a
unique member of the list under some element of the adjoint representation. P.J. Olver discussed the procedure
to find adjoint representation and optimal system which are giving an unique combination of symmetries to
perform the reductions of a given differential equation [23]. Later researchers adopted an approach suggested
by Ibragimov [24] which is slightly different from Olver’s approach to find optimal system [25-27]. Recently
Raja sekhar et.al finds optimal subalgebra classifications using Lie symmetry analysis are obtained for various
systems [28-31]

3 Algebraic properties of all the members of sequence of GMCH

The generalized modified Camassa-Holm equation is
Uy — e + 2 — )" W = u)? W = 1) Uy — tgry) =0 3.1)

The first few members of the family are given by

Up — Uy + 2ux(u — uxx)z + (”2 - u%)(”x —Uxyx) =0, (3.2)
Uy — tyy + 4 (U — )W — uy)? + U — 1)Uy — tyrr) =0, (3.3)
wy — s + Uy (U — u)? (U — ) 4+ @2 — 1)y — tirrr) = 0. (3.4)

here we can observe that the nonlinearity is increasing as n increases. The symmetries of the general equation
(3.1) are

X, =9, (3.5
Xo = 0y, (3.6)
X3 =2ntd; — udy,. 3.7

Therefore for n = 1,2, 3, ... in (3.7) we have the symmetries for equations (3.2), (3.3), (3.4)... respectively.
Though the family contains many nonlinear equations, they have similar form of symmetries. The Lie Brackets
with the algebra s/(3, R) of the Lie symmetries of general equation (3.1) is given in Table 1.

The adjoint representations of the symmetries, based on the formula Ad [efX’ ] X; =Xy —€[Xr, Xy +

%[XI, [X7, Xs]] — ..., are given by the following Table 2.

We derive the optimal system by means of the commutator table 1 and adjoint representation table 2 of
symmetries of the equation (3.1) as discussed in [25-27]: Let the generic symmetry vector field could be taken
as X =11 X1+ hX> +13X3.

Case 1: If I3 = 0.

Subcase 1.1: If /1 # 0, then the adjoint representation gives that X; and X, are linearly independent
symmetries and the generic symmetry vector field becomes the linear combination of X; and X;. That is
X1 +cXo.

Table 1 Commutator Table

X7, Xy1 X X, X3
X 0 0 2nX]
X, 0 0 0

X3 —2nX; 0 0

Ad [eX1] X, X, X, X3
X] X] X2 X3 - 2n6X1
X2 X] X2 X3
X; e2eX X, X;
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Subcase 1.2: If /1 = 0, then the generic symmetry vector field is X».

Subcase 1.3: If [, = 0, then the generic symmetry vector field is X.

Case 2: If I3 # 0.

Subcase 2.1: If I, = 0, then the adjoint representation gives that X1 = % Therefore the generic symmetry
vector field becomes X3.

Subcase 2.2: If I, # 0, therefore the generic symmetry vector field becomes X3 + cX».

Consequently the one-dimensional optimal systems are

X1, X2, X3, Xo 4+ cXqand X3 + cX».

3.1 Reductions based on optimal system
3.1.1 Reduction by using X

Reduction with X gives the static solution of equation (3.1) through the invariant function which is obtained
from symmetry X . The corresponding characteristic equation for X is given by

dt_dx_du
1 0 0

The solution of the characteristic equation gives the similarity variables as:
E=x, andu = U(x).
Thus the invariant solution of equation (3.1) is u(x, ) = U (x). This leads to an ordinary differential equation
" —UYU* = U +20U' (U — U (U - U")? =0. (3.8)
The above equation (3.8) can be written as

(U/ _ U///) an/(UZ _ U/2)n71

U-uU")=0. 3.
(U -u") (U2 —ury ( ) 59

Integrating equation (3.9) then we have
U —U"U?-U*H" =0, (3.10)
The non-trivial solution of the equation (3.10) is given by

U = I exp[x] + I, exp[—x]. (3.11)

3.1.2 Reduction by using X,

Reduction with X, gives trivial solution u(x, t) = ¢ because the canonical transformation based on X> is u(x,t)=c.
3.1.3 Reduction by using X3

Reduction with X3 gives a scaling solution through the invariant solution u (x, ) = = U (x) which is given by
1
X3. By using u(x, t) =t~ 22U (x), the equation (3.1) can be reduced to the equation

(U// _ U) B

(U/// _ U/)(UZ _ U/2)n + ZnU/(U// _ U)Z(UZ _ Ulz)n—l + 5
n

0. (3.12)

This equation can be rewritten as

" —-U" 2aU'(U-U") N 1 B
U"-0) U2 -U"? U2 — U
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where ' represents the differentiation with respect to x. Integrating equation (3.13) once, we get

!/ / n 1 d
(U" —UYU = U™ + I exp [% / M} =0, (3.14)

where /; is a constant of integration. As equation (3.14) is an autonomous equation, it has the trivial symmetry
dy. The corresponding canonical variable is given by

U = V). (3.15)
u’'=vv'. (3.16)
Therefore (3.14) becomes
U—VVHYU* =V +1 ! vy =0 3.17
( )( ) exp | > vaor—vyy | =% (3.17)

where ' denotes the derivative with respect to U and the equation (3.17) can be written as

1 dUu
U? - vH"dU? — v +21 —/— =0. 3.18
( )'d( y+2nen| o | Sy (3.18)
Integrating equation (3.18) we have
1 dUu
U? - vt 21/ —[— dU — I, = 0. 3.19
( )"+ 20 | exp 2] vor—vap 2 (3.19)
This provides
1
v2=U%- 21/ex i/d—U dU + 1 m (3.20)
- LR 2 | vaor = vy 2] '
By using equation (3.15) one can find U by solving the following equation
i
dUN e[y de ! / dx Bt n) 3.21)
— ) =U"— —exp| — [ ————— |dx . .
dx ! dx P 2n (UZ _ (%)2)n 2

3.1.4 Reduction by using X, + c Xy

By using the linear combination of X; and X», the traveling wave solution of equation (3.1) can be derived as
follows. The linear combination of the two symmetries X; and X, can be represented as X4 = X5 + cX| =
0x + ¢9;. The corresponding canonical variables are r = x — ¢t and u(x, t) = P(r). Through these canonical
variables one can reduce the equation (3.1) into the following form

(P2 = P)" +¢)(P' — Py + 2nP'(P? — P)"~ (P — P")2 =0, (3.22)

where P is the function of the new independent variable r. The trivial symmetry of autonomous differential
equation (3.22) is 9,. This symmetry enable us to take the canonical variables P(r) = p and P’ = W(p). By
using these canonical variables the equation (3.22), can be reduced to

(P> = W' —o)(1 — W — WW")
+2n(p* = WH" (p - ww')? =0, (3.23)

where W is a function of p. When we find the symmetries of the equation, (3.23), we arrive the following two
possible cases.

Case 1

If n # —1, then the symmetries of the equation (3.23)

are

1

D =W —wy—o

ow
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p

WG
_ p(p* — WH"
R TP DT
e (p? — W)t + 1) — (p> — WH")
4 = ow

(n+ DHW((p? =W —¢)

s = 4pd,

e+ DGp?+ W2) — (p? — WH((4n +3)p% + WZ)
(n+DHW((p> = WH" —¢)

w

Lo = 2p*d,
_plem+DEp* +W?) — (p* = WH"((4n +3)p* + W2)>
(n+DW((p? = W2)" —¢)
2 w2yn+1 2
1_‘7:_2(17 W) +(n+ W 5
n+1
B <c2(n + D(p? = 3W?) +2(p* — w2 !
(n+ DW((p? = W2y —¢)
c(p> = W'Gp* — 2n+ S)WZ))
pow
(n+DW((p?> = W' —¢)

Case 2
If n = —1, then the symmetries of the equation (3.23) are
p—w?
=
W(c(p? — W?) — 1)
p(p* —W?)
I = 9
2T W@ -wh—n"
2 2 2 2
-Ww —-W
ry = P 5, + p(p ) o
W(c(p? —W2) —1) W(c(p?—W?2) —1)
(p* — WhH(log [p* — W?] — c(p? — W?)
Iy = 3 3 ow
W(c(p—W=)—1)
s =2p*d,
p(p — WHlog[p? — W2 — p(2p? — c(p* — W“))
W(c(p>—W?) —1)
Fe =4pa,

(p — WHlog[p? — W21+ c@Bp* — WH —2p*2 + cW2)
W(c(p - W2) —1)
7 = (log[p? — W — c(p* — WH)d,
p(c(p — W) — Dlog[p? — W2] — p(c*(p* — W2)2)8
W(c(p - W2 —1)
I's = 2p(log[p* — W] — c(p* — W?))d,
(2W2<c(p2 — W?) — Dlog[p? — W]
W(c(p?>—W?) —1)
c(p? = WHQ2p? —c(p* — W?) ;
W(e(p? — W2 — 1) ) "

ow

w

+
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We have observed that the second-order differential equation (3.23) has maximal symmetries for both cases.
An n'" order nonlinear equation which has maximal symmetries can be linearized to n™ order simple linear
equation [32]. Therefore the equation (3.23) can be linearized to a simple second-order differential equation as
follows: The equation (3.23) can be rewritten as

(l _ W/2 _ WW//) Zn(pz _ W2)Vl71(p _ WW/) B

0. 3.24
(p —WW’) ((p* = WH" —¢) 629

Integrate the equation (3.24) with respect to p then we have
(p— WW') ((p2 — w2y - c) —0. (3.25)

By means of back substitution of p = P(r) and W = P’, the equation (3.25) becomes
(P — P ((P2 _p?y — c) —0. (3.26)
The solution of the equation (3.26) is given by
P = I explr] + I exp[—r]

or
log[P ++vVP2—cN]=r+ 1

where N = % Therefore the solution of the equation (3.1) is given by

u = I explx —ct]+ Lexp[—(x —ct)] (3.27)
N

w= L (exp[x —erl+ S expl—(x — ct)]) : (3.28)
2 I3

Using Lie’s symmetry method, we have found the exact solutions of the GMCH. Figure 1(a) and (b) shows
3D plots of eq. (3.27) and eq. (3.28) respectively when I} = I = ¢ = 1 and I3 = 100. The reduction for
X3 4+ cX» results in a highly nonlinear nonautonomous differential equation which is difficult to solve. As a
result, we abandoned the reduction.

4 Painlevé property

We are analyzing the behavior of the singularities of the resultant differential equation by using singularity
analysis. The first Sofia Kovalevskaya (1889) [33,34] analyzed the singularity structures for a set of six first-
order coupled nonlinear integrable ODEs which is dynamically described the influence of gravity on a heavy
rigid body. The singularities are exhibited by the general solution in terms of meromorphic (Jacobian elliptic)
functions. Based on Kovalevskaya work, the Painlevé Property was proposed for ODE’s [35,36]. If all the movable
singularities are single valued then the system of ordinary differential equations said to possess the Painlevé
Property. The systems are expected to be integrable when they possess Painlevé Property. Many researchers are
still using Painlevé Property to identify new higher-order integrable systems.
Almost all the new integrable equations has been already discussed on second-order by considering the
general second-order ODE of the form )
d—Z=F<r,v,d—v>, 4.1

dr dr

d
where F' is rational in v, algebraic in @ , locally analytic in r. Especially, there were only fifty equations
r

possessing the Painlevé Property. The solutions which is in terms of elementary functions including the elliptic
functions can be obtained only for forty four differential equations out of the fifty integrable equations. The
remaining six are referred as Painlevé transcendental equations [37]. Recently both Right and Left Painlevé
Series constitutes the solution of the given differential equation within a punctured disc centred on the singularity
has studied in [38—41].

Ablowitz et all have given an algorithmic procedure which is called Ablowitz-Ramani-Segur (ARS) algorithm
[42—44] to perform the Painlevé Test. This algorithm has the following three steps

=\
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1. Leading-order behavior.
2. Determination of resonances.
3. Arbitrariness of sufficient numbers of constants.

4.1 Painlevé test

We are very much interested to apply Painlevé Test for a third-order resultant ordinary differential equation which
is obtained from the following partial differential equation (3.1)

y — s + 2n1, U2 — )" = u)? A+ @ = u2) (e — trey) = 0. 4.2)

The following resultant third-order nonlinear autonomous ordinary differential equation which obtain from
to equation (4.2) by substituting r = x — ct is given by

(P2 = P —¢)(P' — Py +2nP' (P2 — PP — P")? =0, 4.3)
1

where P is a function of r. This equation (4.3) does not pass the Painlevé Test. But, a substitution, P (r) = ﬁ’
v[r

for P(r) shall make the above resultant equation as integrable. The resultant equation is given by 2

n
6cv'> — 2(4n + 30" Z(—l)k <Z> V222 4 pept Yy
k=0

n
—6cv™ 3" — 220 + 3Py Z(—l)k (n) y2n—2k 2k
k
k=0
" n
24 + 3)vv/3v// Z(_l)k <k> v2n—2kv/2k + Cv4n+4(v/ _ v///)
k=0
- n
_CU4n+2v/2(7v/ ") = U4((2I’l + ' =" Z(_l)k (k> v2n—2kvl2k
k=0
" n
+020'(Bn + T = 2n0"% = v0") Y (= DF (k) p21=2ky 2k _ g, 4.4)
k=0

According to the Painlevé Test the dominant terms of (4.4) are given by

6cv v — (=1)"2(4n + 3 v — 6ev Ty

+(=D"2(4n + 3)1)1/2"+3 v+ cvtn 2y Ry

—(=)"R " Q™ — ') 4.5)

Here, v = a_ w™L, where w = (r — rp), is a leading-order behavior of the Laurent series in the neighborhood
of the movable singular point ry. To determine the resonances we substitute v(w) = a_ 1w+ mw=* into
(4.5) and by equating the coefficients of m to zero then we have s = —1, 0 and 1. Therefore, the resonances
show that the powers zero and one of w at which arbitrary constants can enter into the Laurent series expansion
of the solution for (4.4). Hence, v = a_jw ™' +ag + ajw + a» w? + ... and ay, a3, ... are can be written in terms
of a_1, ap, a;. Consequently, in this series we have sufficient number of arbitrary constants. Hence, the equation
(4.2) is integrable as consequence of Painlevé property holds for equation (4.3).

2 The resultant equations of all members of the sequence can be obtained from (4.4) by taking the values of n =1, 2, 3, ...
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5 Conclusion

We have studied the symmetry and integrability of a Generalized Modified Camassa-Holm Equation (GMCH).
Even though the nonlinearity increasing as n increases, all members of the family which is obtained from
the generalized modified Camassa-Holm (GMCH) Equation have similar form of symmetries, commutator
table, adjoint representation, optimal system, reductions and solutions. We have obtained two sets of maximal
symmetries (ie maximum number of symmetries) for resultant general second-order differential equation (3.23)
of the family for n = —1 and n € R — {—1} respectively. Therefore we have showed that all members of the
family of second-order differential equation are linearizable.

By the performance of Painlevé Test for the resultant generalized third-order differential equation (4.3)
we have observed that all members of the sequence of generalized modified Camassa-Holm (GMCH) Equation
posses Painlevé Property. In particular, leading order, resonances and arbitrariness of constant of solutions are also
having similar form for the entire members of the sequence. Hence all members of the sequence of generalized
modified Camassa-Holm (GMCH) Equation are integrable.
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the SYM-Package. KK thank Late Prof. K.M.Tamizhmani for his support and tremendous academic guidance during his Ph.D.
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