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Abstract In this paper, we study the topological graph theoretic properties such as planarity, toroidality and
bi-toroidality of the total dot product graph of a commutative ring. In particular, we characterize an isomorphism
classes of commutative rings R for which 7' D(R) has genus one or two. This leads to the characterization of all
commutative rings whose Z D(R) has genus one or two. It is shown that for any commutative ring R, T D(R) is

a bi-toroidal graph if and only if R is ring isomorphic to (x2Z+2£ch]rl) X (x?iiﬂ]rl) and Zs x Zs.
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1 Introduction

Let A be a commutative ring with nonzero identity and n > 2 be an integer. Let R = A X A x - - - X A (n times).
Badawi [2] introduced the total dot product graph of R, denoted by 7' D(R) as a simple graph with elements of

R* = A"~ {(0,0,...,0)} as vertices, and two distinct vertices x and y are adjacentif andonly ifx-y = 0 € R,

where x - y denotes the dot product of x and y, ie., if x = (x1,...,x,) and y = (y1,...,¥,) € R, then
n

X-y= Z XiYi-

i=1

Let Z(R) denotes the set of all zero-divisors of R. Then the zero-divisor dot product graph of R is the induced
subgraph ZD(R) of T D(R) with vertices Z(R)* = Z(R) ~ {(0, 0, ..., 0)}. By the zero-divisor graph I'(R) of
R, we mean the graph with vertices Z(R) ~ {0} such that there is an (undirected) edge between vertices a and b
if and only if a # b and ab = 0. Also I'(R) is a subgraph of ZD(R).

Topological embedding of graphs, associated with algebraic structures, on topological surfaces is considered
in several research articles, see [1,4,5,8—11]. For instance, The planarity of zero-divisor graphs was classified
by Smith (see [9]). Moreover, Wang characterized commutative rings whose zero-divisor graph is toroidal (see
[10,11]) and in [8], Selvakumar et al. categorized all non-local rings whose k-zero-divisor hypergraph has genus
one. Our present paper extends research in this area. In this article, our main aim is to discuss the topological
embedding of dot product graph of commutative rings on the orientable surface.
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In [2], Badawi established some connections between graph theory and ring theory by investigating graph
theoretical aspects of dot product graphs. But till date, the topological properties are not yet completed. So the
aim of this paper is to come back to the following question.

QUESTION A. Which rings have their total dot product graphs (resp. zero-divisor dot product graphs) are of
genus one or two?

A main reason of interest in this question lies in the fact that the genus of a graph is sum of the genera of its
blocks (see [3]).

This paper is organized as follows: in Section 2, we set up the notation and review some concepts involving
the genus of graphs. In Section 3, we investigate the planarity of dot product graphs. In Section 4, we answer
partially to the Question A (see Theorem 4.5 and Theorem 4.6). In Section 5, we answer the remaining part of
the Question A (see Theorem 5.1 and Theorem 5.2). Finally, in Section 6, we give conclusion of this article.

Throughout this paper, all rings R are assumed to be commutative rings with identity 1 # 0. We denote
by R* the nonzero elements of R, and by ch(R) the characteristic of a ring R. As usual, we denote the ring of
integers modulo n by Z,. For any real number x, we often use [x] to denote the least integer which is greater
than or equal to x. In figures drawn in this paper, we denote an element (x1, x2,...,x,) € A X A X --- X A by
X1Xx2 ...Xx, for some ring A.

2 Preliminaries

In this section, for convenience of the reader and also for later use, we recall some definitions, notations and
results concerning graph theory. For any undefined notation or terminology, one may refer [6].

By a graph G = (V, E), we mean an undirected simple graph with the vertex set V and the edge set E.
A graph in which each pair of distinct vertices is joined by an edge is called a complete graph. We use K,, to
denote the complete graph with n vertices. An r-partite graph is a graph whose vertex set can be partitioned into
r subsets so that no edge has both ends in the same subset. A complete r-partite graph is an r-partite graph in
which each vertex is joined to every vertex that is not in the same subset. The complete bipartite graph (2-partite
graph) with part sizes m and n is denoted by K, ,,.

A graph G is said to be outer planar if it has an embedding with every vertex on the boundary of the
unbounded face. A graph G is said to be planar if it can be drawn in the plane so that its edges intersect only at
their ends.

By a surface we mean a compact connected topological space such that each point has a neighborhood
homeomorphic to an open disc in R?. We denote by S,, the surface obtained from the sphere Sy by adding n
handles, where n is a non-negative integer, that is S, is orientable surface with n handles. It is known that every
orientable surface is homeomorphic to precisely one of the surfaces S, (» > 0). The minimum integer n such
that G is embedded in S, is called the genus of the graph G, denoted by y (G). Intuitively, G is embedded in
a surface if it can be drawn in the surface such that its edges intersect only at their common vertices. In this
connection, G is planar if y (G) = 0. We say that G is foroidal if y(G) = 1 and bi-toroidal if y(G) = 2. It is
easy to see that y (H) < y(G) for all subgraphs H of G.

A minor of G is the graph obtained from G by contracting edges in G and isolated vertices in G. For
xy € E(G), we denote the contracted edge by the vertex [x, y]. If G’ is a minor of G, then y (G’) < y(G).
Further if H is a subgraph of G and H' is a minor of H, then we call H' as a minor subgraph of G. For more
information about embedding of graphs in a surface, we recommend the interested reader to [12].

3 Planarity of dot product graphs

In this section, we classify all commutative rings R for which the dot product graph T D(R) or Z D(R) is planar.
Moreover, we deal with the characterization of rings for which the dot product graphs are outer planar. For this
purpose, we need the following results.

Theorem 3.1 [12, Kuratowski] A graph G is planar if and only if it contains no subdivision of Ks or K3 3.
Theorem 3.2 [7] A graph G is outer planar if and only if it contains no subdivision of K4 or K 3.

Remark 3.3 In [10], Wang proved that I'(Z3 x Z3 x Z3) and I'(Zy x Zy x Zy x Z3) are toroidal zero-divisor
graphs. Hence they are indeed non-planar graphs. As mentioned in the introduction that I'(R) is a subgraph of
T D(R), we observe that T D (Zz x Z3 x Z3) and T D (Zy x Zy X Zy X Z») are non-planar.
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560 K. Selvakumar et al.

With Remark 3.3 and Theorem 3.1 in hand, the following theorem follows.

Theorem 3.4 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = A x --- x A = A"
(n times). Then T D(R) is planar if and only if R is isomorphic to one of the following rings:

ZZXZ2,Z3XZ3,Z2XZ2XZ2

Proof Assume that T D(R) is planar. Suppose n > 4. Then TD(Z‘ZL) is a subgraph of 7 D(R). By Remark 3.3,
TD(Z%) is non-planar and so is 7 D(R), a contradiction. Hence we conclude that n < 3.

Assume that n = 2. If |A| > 4, let x1 = (a1, 0), x2 = (a2,0) x3 = (a3,0), y1 = (0,a1), y» = (0, a2) and
y3 = (0,a3) € V(T D(R)), where a; € A*. Then x; - y; =0 € A forevery i, j. It follows that 7 D(R) contains
a copy of K3 3 which contradicts the fact that 7 D(R) is planar. Hence A = Z or Z3.

Assume that n = 3. Suppose that |[A| > 3. Note that T D(Z3 x Z3 x Z3) is a subgraph of T D(R), then by
Remark 3.3, T D(R) is non-planar which is a contradiction. This shows that A = Z; and then R = 7 X Zo X Z5.

The converse follows from Figure 1(a-c). O

As an immediate consequence of Theorem 3.4, we have the following corollary dealing with planarity of
ZD(R).

Corollary 3.5 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = A x ---x A = A"
(n times). Then Z D(R) is planar if and only if R is isomorphic to one of the following rings:

ZzXZz,Z3XZ3,ZzXZzXZ2

Proof Since ZD(R) is a subgraph of T D(R), Corollary 3.5 follows readily from Theorem 3.4 and Figure 2(a-c).
O

Next we turn our attention to the characterization of rings whose total dot product graphs to be outer planar.

21 22
11
11 12 o
10
20 02
01 10
010 001 01
(a) TD(ZQ X ZQ X Zg) (b) TD(Zg X Z3> (C) TD(ZQ X ZQ)

Fig. 1 Planar embeddings of total dot product graphs
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001 20 D 02
100 010 01 10 01 o——0 10

011 101

(@) ZD(Zs x Ly x L3) (b) ZD(Z3 x Z3) (¢) ZD(Zy x Z3)

Fig. 2 Planar embeddings of zero-divisor dot product graphs
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Theorem 3.6 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = A x --- x A = A"
(n times). Then T D(R) is outer planar if and only if R is isomorphic to Zy X Zy or 73 X 73

Proof Suppose it is possible that n > 3. Let Q = {vy, ..., v4, wy, wo, w3}, where v = (1,0,0,0,...,0),
v, = (0,1,0,0,...,0), v3 = (0,0,1,0,...,0),v4 = (1,1,1,0,...,0), w; = (0,1,—-1,0,...,0), wp =
(1,0,-1,0,...,0)and w3 = (1, —1,0,0,...,0) € R*. Then the subgraph of 7 D(R) induced by €2 contains
a subgraph isomorphic to a subdivision of K4. This contradicts Theorem 3.2. Hence n = 2. Let us assume
that |[A| > 4 and let x, y, z € A*. Then the subgraph induced by the set {(x, 0), (y, 0), (0, x), (0, y), (0, 2)} C
V(T D(R)) contains a subgraph which is isomorphic K> 3. By Theorem 3.2, this contradicts the fact that 7 D(R)
is outer planar. Thus, we obtain that A is ring isomorphic to Z, or Z3.

The converse follows from Figure 1(b-c).

Next we point out the outer planarity of ZD(R) in the following theorem. O

Theorem 3.7 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = Ax---x A = A"
(n times). Then Z D(R) is outer planar if and only if R is isomorphic to one of the following rings:

ZzXZz,Z3XZ3,ZzXZzXZ2

Proof Since every outer planar graph is planar, Theorem 3.7 follows immediately from Corollary 3.5 and
Figure 2(a-c). O

4 Genus one dot product graphs

Our theorems in this section are somewhat more delicate in their characterization of all commutative rings R
with identity whose 7' D(R) and Z D(R) can be embedded in the torus. Using the Euler characteristic formula
and a technique of deletion and insertion, we are able to successfully exclude some cases of higher genus. We
list few results about genus of the graph which will be needed for us.

Lemma 4.1 [12] For m,n > 2, y(Km») = [Ww . In particular, y(Kss) = y(K3) = 1 ifn =
3,4,5,6 and v (Ks.4) = y(Ko4) = y(Kp.a) =2 if m =7,8,9, 10.

Lemma 4.2 [5] If G is a graph with n vertices, m edges, girth gr and genus y, then

m(gr—2) n
— — — 4+ 1<y
2gr 2+ =7

Theorem 4.3 [3] The genus of a graph is the sum of the genera of its blocks.

As mentioned earlier, in [10], Wang proved that zero-divisor graph of the ring Z‘z‘ is toroidal. Here by an explicit
diagram, we show that the zero-divisor dot product graph of this ring has genus at least three in the next example
which has a key role in what follows.

Example 4.4 Let R = Zy X Zy X Zo X Z>. Then y(ZD(R)) > 3.

Proof By Contracting the edges (1, 1,0,0)— (0,0, 1, 1), (1,0,1,0)—(0, 1,0, 1),and (1, 0,0, 1) — (0, 1, 1, 0),
we obtain a minor of the graph Z D (Zy x Z, X Zy X Z3), see Figure 3. The minor has 11 vertices and 40 edges
and its girth is 3. Substituting to the formula in Lemma 4.2, we get the genus of the minor is at least 13/6, and
hence > 3. This completes the proof. O

We are now ready to prove main results of this section.

Theorem 4.5 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = Ax---x A = A"
(n times). Then Z D(R) is toroidal if and only if R is ring isomorphic to one of the following 4 rings:

Zox]  Zp[x] Z> [x] Z5 [x]

7. 7
e Ty T a4 ) (2t )

,Z5 X Zs.
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[0011, 1100]
a

0001 q

P 1011

[0110, 1001]

Fig. 3 A minor of ZD (Zy X Zy X Zo X Z3)

00a aa0 Oaa a00

00c ab0 Oab c00

Fig. 4 Graph with genus two

Proof Suppose that ZD(R) is toroidal. Assume that n > 4. Then ZD(Z%) is a subgraph of ZD(R) and by
applying Example 4.4, y (ZD(R)) > 3. Hence n < 3.

Assume that n = 3. By Corollary 3.5, ZD(R) is planar while [A| = 2. So let us assume that |A| > 3. If
|A| > 4, leta, b, ¢ € A*. Then ZD(R) contains a subgraph isomorphic to the graph of genus 2 (see, Wickham
[13]), shown in Figure 4. Hence y (ZD(R)) > 2, a contradiction to the hypothesis.

Thus we obtain that | A| = 3 and it follows that R = 7Z3 x Z3 x Z3. Note that there is an elementary argument
using only Lemma 4.1 and Theorem 4.3. Indeed, by contracting edges (0, 0, 1) — (0, 1, 0) and (2, 0, 0) — (0, 2, 0)
we get minor of the graph containing two disjoint copies of K3 3 (see Figure 5). Therefore the genus of the graph
ZD (Z3 x Z3 x 7Z3) is at least 2.

Next, assume that n = 2. Suppose |A| > 6. One can easily show that ZD(R) contains K55 as its subgraph
and hence by Lemma 4.1, we conclude that Z D(R) is non-toroidal. We have a contradiction. So that |[A| < 5.
Corollary 3.5 shows Z D(R) is planar when |A| < 3. It is obvious that |[A] =4 or 5.

If |A| = 5, then A is ring isomorphic to Zs and then R = Zs x Zs. We have done part of the proof. If
|A| = 4, then we conclude that A can be, up to isomorphism one of the following members:

Zo|x] 7y [x]
(xz) ’ (x2 +x + 1).

Ly, Ly X 7o,
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[001, 010] 002 100 [200, 020]
120 110 012 011
210 220 021 022

Fig. 5 Two copies of K3 3 in a minor of ZD (Z3 x Z3 x Z3)

01 20

30 ¢

02 Q

10 @

Fig. 6 Embedding of ZD (Z4 x Z4) = ZD (

Suppose A = Z x Z,, by Example 4.4, we get that Z D(R) is non-toroidal which contradicts the hypothesis
that Z D(R) is toroidal. Therefore, A must be isomorphic to one of the rings:

Zn[x] Zy [x]

7 .
YR 2 x+ 1)

Conversely, when R is ring isomorphic to Zs x Zs or " Lolx] Lolx] 7> One can easily show that ZD(R)

Z4x41) 7 (x24atl
is toroidal by applying Lemma 4.1. We now consider the rings Z4 X Z4 and Z<2 [x> X %.

Defineamap f 1 V (ZD (Zy x Za)) — V (2D (5] x Z<2'x>])>byf(0 = ((x3),1+
((x2), x +(x2), £0.3) = ((x?), 1+ x4+ (x?), £(1,0) = (14 (x?),(x%), F1,2) = (1 +
f2.0) = (x+(x3),(x3), FQ D = (x+{x2). 1+(x%), F2,2) = (x+{x?), x+(x
(x+ (%), T+x+({x2), £3.0) = (1 +x+(x?), (x 2)),f 2

(14 x + (%), x + (7).
Then f is a graph isomorphism. So ZD(Z4 x Z4) = Z X =) ) . Its torus embedding is given in

+37).0.2) =

+ (x%), x4 (x?),
), £2,3) =

Figure 6.

O
Now we are in position to characterize the commutative ring R for which 7' D(R) has toroidal embedding.

Theorem 4.6 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = A x --- x A = A"
(n times). Then T D(R) is a toroidal graph if and only if R is isomorphic to one of the rings:

7y |x] o Zy [x]
() )

Proof 1Tt is known that ZD(R) is a subgraph of T D(R). Hence, as in the proof Theorem 4.5, it is enough to
consider the case that n = 2. It follows that R = A x A.

Suppose it is possible that |A| > 6. Then one can easily see that 7 D(R) has a subgraph which is isomorphic
to K5,5. According to Lemma 4.1, y (T D(R)) > 1.If |A| =5, this implies that A = Zs and therefore T D(R)
contains a subgraph which is isomorphic to the disjoint copies of K3 3 and K4 4 (see Figure 7). It follows from
Lemma 4.1 together with Theorem 4.3, y (T D(R)) > 1, a contradiction.

Z4 X Z40r
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(1,1) (2,2) (3,3) 0,1) (0,2) (0,3) (0,4)
Fig. 7 The subgraph of T D (Zs5 x Zs)
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1
Fig. 8 Subgraph of TD( Lolxl _ o Zolx] )

(Z4x+1) 7 (X2 4x+1)

(a) Embedding of TD(Zy x Z4)

(b) Embedding of TD (ZM « sz)

(2)

Fig. 9 Embedding of T D(Zy x Z4) and T D (Zgj;)] x Zgg)]) in S

When |A| = 4, A is isomorphic to one of the following rings

Zo|x] Zo[x]

Ly, Doy X Lo, <x2) ’0r<x2+x+ 1>.

Now Example 4.4 shows that TD(Z%) is a non-toroidal graph which contradicts the hypothesis. Hence A cannot

be isomorphic to Z, x Zj. Suppose that A is isomorphic to % = {6, 1,x,1 +x}, where p(x) =

p(x) + (x2 +x + 1), p(x) € Z[x]. Here ch (ﬁ%) = 2 and we conclude that 7 D(R) precisely contains
two disjoint copies of K3 3 shown in Figure 8.

By Figure 8 together with Theorem 4.3, one can see that 7D ( (XZZ—iz-Ecx-f]—1> X T ZZjEfx-]H) ) is non-toroidal which
Zp|x]

(2)”

The converse follows from Figure 9. O

is a contradiction. Thus A is ring isomorphic to Z4 or

@ Springer




On the genus of dot product graph... 565

120 002 100 011
(001,010] 200, 020]
210 220 021 022

Fig. 10 Minor subgraph of ZD (Z3 x Z3 x Z3)

U uz

(%) V3

Fig. 11 Substructure of ZD (Z3 x Z3z x 73)

5 Genus two dot product graphs

In what follows, we characterize the isomorphism classes of all commutative rings R with identity whose 7 D(R)
has genus two. Moreover, we show that for any commutative ring R, no bi-toroidal graph can be represented as
a zero-divisor dot product graph of R.

Theorem 5.1 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = A x --- x A = A"
(n times). Then Z D(R) is planar or toroidal or of genus at least 3.
That is, there does not exist a bi-toroidal zero-divisor dot product graph for any commutative ring R.

Proof Suppose ZD(R) is bi-toroidal graph for some R. Whenn > 4, ZD (Z‘Z‘) is a subgraph of ZD(R). By
Example 4.4, y(ZD(R)) > 3 which contradicts the bi-toroidality of ZD(R). Son = 2 or 3. Consider n = 3. If
A = 73, by Corollary 3.5, ZD (Z;) is planar, a contradiction. Hence |A| > 3.

Considerthering R = Z3xZ3xZ3.Let G=ZD (Z3 x Z3 x Z3)and H=G—{(1,0, 1), (1,0,2),(2,0,2),
(2,0, 1)}. Note that H has a subgraph (see Figure 10) containing two copies of minor of K3 3. According to
Theorem 4.3 and Lemma 4.1, y(ZD(H)) > 2. Let us assume that y (ZD(H)) = 2. Now during the process
of embedding G from H, one should insert the vertices (1,0, 1), (1,0, 2), (2,0, 2), (2,0, 1) and all the edges
incident with (1,0, 1),(1,0,2) (2,0, 2) and (2, 0, 1). Note that in any representation of H in S>, the vertices
(0, 1, 0) and (0, 2, 0) lie on different copies of K3 3. Moreover, the 4 vertices (1,0, 1), (1,0,2), (2,0, 2) and
(2,0, 1) form a cycle in G. Hence they must be inserted in the same face of H in any Sy-representation of H to
avoid crossings.

Since each of the vertices (0, 1, 0) and (0, 2, 0) lie on different copies of K3 3 and also they are adjacent to
all the vertices in {(1,0, 1), (1,0,2), (2,0, 2), (2,0, 1)}, if we insert the 4 vertices (1,0, 1),(1, 0, 2),(2, 0, 2)
and (2, 0, 1) in the face of any one of the copies of embedding of K33 in S», we would have an edge crossing.
We have a contradiction. Hence the 4 vertices must be inserted in the region containing both of the vertices
(0,1,0) and (0,2,0). Let u; = (0,1,0), up = (0,2,0), v = (1,0, 1), v = (1,0,2), v3 = (2,0,2) and
ve = (2,0,1) € V(ZD (G)). Denote the edges of G by e; = vjv2, €2 = V203, €3 = V3V4, €4 = V|V4,
es = UV|, €q = UV, €7 = UQV3, €8 = UdV4, €9 = U|V4, €10 = U]V3, €11 = urv] and ejp = upvy. After
inserting the edges e, .. ., e1o, we get Figure 11. However from Figure 11, we cannot insert e1; and e1» without
crossings. Therefore, y (G) > 3.

We now assume thatn = 2. It follows that R = A x A.If |[A| > 6, ZD(R) contains a subgraph isomorphic to
Kss.ByLemma4.1, y(ZD(R)) > 3. Whenever |A| < 5, R is isomorphic to one of the following 7 candidates:

Zz X Zz, Z3 X Z3, Z4 X Z4, (Zz X Zz) X (Zz X Zz) 5
Zyx]  Znlx] Z [x] o Z [x]
(x2) (x2) ' (2+x+1) (2+x+1)

, L5 X Zs.

By applying Corollary 3.5, Example 4.4 and Theorem 4.5, we conclude that either y(ZD(R)) < 1 or
y(ZD(R)) > 3. This completes the proof. ]

Finally, we complete this section by following theorem.
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Fig. 12 Embedding T D(Zs x Zs) in S

Fig. 13 Embedding 7D ( e

Theorem 5.2 Let A be a commutative ring with identity, 2 < n < oo be an integer, and R = Ax---x A = A"
(n times). Then T D(R) is bi-toroidal graph if and only if R is ring isomorphic to one of the following rings:

Llx] Lol
(2+x+1) " (2+x+1)

,Ls X Zs.

Proof For one direction, assume that y (T D(R)) = 2. Suppose n > 4. Then ZD (Z3) is a subgraph of T D(R)
and by Example4.4, y (T D(R)) > 3, acontradiction. Hence we getthatn < 3. Supposen = 3. When |A| < 2, by
Theorem 3.4, T D(R) is planar, a contradiction. If |A| > 3, T D(R) contains the subgraph ZD (Z3 x 73 X 7Z3) .
As in the proof of the Theorem 5.1, ZD (Z3 x Z3 x Z3) is of genus at least 3 and so is T D(R). We have
contradiction. Hence n = 2.

When |A| > 6, we note that 7 D(R) has a subgraph which is isomorphic to K5 5. This contradicts the fact
that 7' D(R) is bi-toroidal (applying Lemma 4.1). When |A| < 3, Theorem 3.4 tells that 7 D(R) is planar. It is
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clear that |[A| =4 or 5. If |A| = 4, then A is ring isomorphic to one of the following 4 rings:

Z [x] Zy [x]

T4, Ty X 7, .
B P I P N}

According to Theorem 4.6, each one of T'D (Z4 x Z4) and T D (Z(i[zx; X Z<i[2")]) is toroidal and by Example 4.4,

TD (Zg) is of genus at least 3. So we conclude that A must be ring isomorphic to only ﬁ%. When |A| =5,

A is ring isomorphic to Zs.
The other direction follows directly from Figure 12 and Figure 13. O

6 Conclusion

In this paper, we study the interplay between total dot product graph (resp. zero-divisor dot product graph) of a
commutative ring R with identity. The main goal of this discussion was to classify the isomorphism classes of
all commutative rings whose total dot product graphs (resp. zero-divisor dot product graphs) have embedding
on the orientable surface S, forn =1, 2.
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