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Abstract For an integer k ≥ 2, let (F (k)n )n be the k-generalized Fibonacci sequence which starts with
0, . . . , 0, 1, 1 (k terms) and each term afterwards is the sum of the k preceding terms. In this paper, we find
all the k-generalized Fibonacci numbers which are Padovan or Perrin numbers i.e., we solve the Diophantine
equation F (k)n = Pm and F (k)n = Em in positive integers n, k,m with k ≥ 2.

Keywords k-Generalized Fibonacci numbers · Padovan numbers · Perrin numbers · Linear form in logarithms ·
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Mathematics Subject Classification 11B39 · 11J86

1 Introduction

The Padovan sequence {Pm}m≥0 is defined by

Pm+3 = Pm+1 + Pm, (1.1)

for m ≥ 0, where P0 = P1 = P2 = 1. This is the sequence A000931 in the OEIS. A few terms of this sequence
are

1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, . . .

Let {Em}m≥0 be the Perrin sequence given by

Em+3 = Em+1 + Em, (1.2)
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k-Fibonacci numbers which are Padovan or Perrin numbers 569

for m ≥ 0, where E0 = 3, E1 = 0 and E2 = 2. Its first few terms are

3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, 22, 29, 39, 51, 68, 90, 119, 158, 209, 277, 367, 486, . . .

It is the sequence A001608 in the OEIS.
Let us also recall that the Fibonacci (Fn)n≥0 sequence is given by

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2, for all n ≥ 2.

In [14], Stewart noted that 3, 5 and 21 are both Fibonacci and Padovan numbers and asked whether there are any
others. This problem was solved by de Weger in [16], where he proved that all integers which are both Fibonacci
and Padovan numbers are 1, 2, 3, 5, 21.

Let k ≥ 2 be an integer. We consider a generalization of Fibonacci sequence called the k-generalized
Fibonacci sequence F (k)n defined as

F (k)n = F (k)n−1 + F (k)n−2 + · · · + F (k)n−k, for all n ≥ 2, (1.3)

with the initial conditions F (k)−(k−2) = F (k)−(k−3) = · · · F (k)0 = 0 and F (k)1 = 1. If k = 2, we obtain the classical
Fibonacci sequence. Below we present the values of these numbers for the first few values of k and n ≥ 1.

k Name First non-zero terms

2 Fibonacci 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, . . .
3 Tribonacci 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136, . . .
4 Tetranacci 1, 1, 2, 4, 8, 15, 29, 56, 108, 208, 401, 773, 1490, 2872, 5536, . . .
5 Pentanacci 1, 1, 2, 4, 8, 16, 31, 61, 120, 236, 464, 912, 1793, 3525, 6930, . . .
6 Hexanacci 1, 1, 2, 4, 8, 16, 32, 63, 125, 248, 492, 976, 1936, 3840, 7617, . . .
7 Heptanacci 1, 1, 2, 4, 8, 16, 32, 64, 127, 253, 504, 1004, 2000, 3984, 7936, . . .
8 Octanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 255, 509, 1016, 2028, 4048, 8080, . . .
9 Nonanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 511, 1021, 2040, 4076, 8144, . . .
10 Decanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1023, 2045, 4088, 8172, . . .

Motivated by the results in [4,16], we will study the solutions of the Diophantine equation

F (k)n = Pm . (1.4)

We prove the following result.

Theorem 1.1 All the solutions of Diophantine equation (1.4) in positive integers (m, n, k) with k ≥ 3 are given
by

F (k)1 = F (k)2 = P0 = P1 = P2, F (k)3 = P3 = P4, F (k)4 = P6, and F (3)5 = P8

except in the cases k ≥ 5 which we can additionally have F (k)6 = P11. Thus, we have (Pn)∩(F (3)n ) = {1, 2, 4, 7},
(Pn) ∩ (F (4)n ) = {1, 2, 4} and (Pn) ∩ (F (k)n ) = {1, 2, 4, 16} if k ≥ 5.

Further, we will study the Diophantine equation

F (k)n = Em (1.5)

and we show the following theorem.

Theorem 1.2 All the solutions of Diophantine equation (1.5) in positive integers (m, n, k) with k ≥ 2 are given
by

F (k)3 = E2 = E4, F4 = E0 = E3, F5 = E5 = E6, F (3)5 = E7, and F (4)7 = E12.

Thus, we have (En)∩ (Fn) = {2, 3, 5}, (En)∩ (F (3)n ) = {2, 7}, (En)∩ (F (4)n ) = {2, 29} and (En)∩ (F (k)n ) = {2}
if k ≥ 5.

The proofs of Theorems 1.1 and 1.2 are mainly based on linear forms in logarithms of algebraic numbers and
a reduction algorithm originally introduced by Baker and Davenport in [1]. Here, we use a version due to de
Weger [16].

123



570 S. E. Rihane and A. Togbé

2 The tools

2.1 Linear forms in logarithms

For any non-zero algebraic numberγ of degree d over Q, whose minimal polynomial over Z is a
∏d

j=1

(
X − γ ( j)

)
,

we denote by

h(γ ) = 1

d

⎛

⎝log |a| +
d∑

j=1

log max
(

1, |γ ( j)|
)
⎞

⎠

the usual absolute logarithmic height of γ . In particular, if γ = p/q is a rational number with gcd(p, q) = 1
and q > 0, then h(γ ) = log max{|p|, q}. The following properties of the function logarithmic height h(), which
will be used in the next sections without special reference, are also known:

h(η ± γ ) ≤ h(η)+ h(γ )+ log 2, (2.1)

h(ηγ±1) ≤ h(η)+ h(γ ), (2.2)

h(ηs) = |s| h(η) (s ∈ Z). (2.3)

With this notation, Matveev proved the following theorem (see [10]).

Theorem 2.1 Let η1, . . . , ηs be nonzero real algebraic numbers and let b1, . . . , bs be integers. Let dK be the
degree of the number field Q(η1, . . . , ηs) over Q and let A j be a positive real number satisfying

A j ≥ max{dKh(η), | log η|, 0.16} for j = 1, . . . , s.

Assume that

B ≥ max{|b1|, . . . , |bs |}.
If ηb1

1 · · · ηbs
s − 1 �= 0, then

|ηb1
1 · · · ηbs

s − 1| ≥ exp(−1.4 · 30s+3 · s4.5 · d2
K
(1 + log dK)(1 + log B)A1 · · · As).

2.2 The de Weger reduction algorithm

Here, we present a variant of the reduction method of Baker and Davenport due to de Weger [15]).
Let ϑ1, ϑ2, β ∈ R be given, and let x1, x2 ∈ Z be unknowns. Let

� = β + x1ϑ1 + x2ϑ2. (2.4)

Let c, δ be positive constants. Set X = max{|x1|, |x2|}. Let X0,Y be positive. Assume that

|�| < c · exp(−δ · Y ), (2.5)

Y ≤ X ≤ X0. (2.6)

When β = 0 in (2.4), we get

� = x1ϑ1 + x2ϑ2.

Put ϑ = −ϑ1/ϑ2. We assume that x1 and x2 are coprime. Let the continued fraction expansion of ϑ be given by

[a0, a1, a2, . . .],
and let the �th convergent of ϑ be p�/q� for � = 0, 1, 2, . . .. We may assume without loss of generality that
|ϑ1| < |ϑ2| and that x1 > 0. We have the following results.
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k-Fibonacci numbers which are Padovan or Perrin numbers 571

Lemma 2.2 (See Lemma 3.1 in [15]) If (2.5) and (2.6) hold for x1, x2 with X ≥ 1 and β = 0, then (−x2, x1) =
(p�, q�) for an index � that satisfies

� ≤ −1 + log(1 + X0
√

5)

log
(

1+√
5

2

) := Y0.

Lemma 2.3 (See Lemma 3.2 in [15]) Let

A = max
0≤�≤Y0

a�+1.

If (2.5) and (2.6) hold for x1, x2 with X ≥ 1 and β = 0, then

Y <
1

δ
log

(
c(A + 2)

|ϑ2|
)

+ 1

δ
log X <

1

δ
log

(
c(A + 2)X0

|ϑ2|
)

. (2.7)

When β �= 0 in (2.4), put ϑ = −ϑ1/ϑ2 and ψ = β/ϑ2. Then we have

�

ϑ2
= ψ − x1ϑ + x2.

Let p/q be a convergent of ϑ with q > X0. For a real number x we let ‖x‖ = min{|x − n|, n ∈ Z} be the
distance from x to the nearest integer. We have the following result.

Lemma 2.4 (See Lemma 3.3 in [15]) Suppose that

‖ qψ ‖> 2X0

q
.

Then, the solutions of (2.5) and (2.6) satisfy

Y <
1

δ
log

(
q2c

|ϑ2|X0

)

.

2.3 Properties of Padovan and Perrin sequences

In this subsection, we recall some facts and properties of the k-generalized Fibonacc Padovan and the Perrin
sequences which will be used later. The characteristic equation

x3 − x − 1 = 0,

has roots α, β, γ = β, where

α = r1 + r2

6
, β = −r1 − r2 + i

√
3(r1 − r2)

12
,

and

r1 = 3
√

108 + 12
√

69 and r2 = 3
√

108 − 12
√

69.

Let

cα = (1 − β)(1 − γ )

(α − β)(α − γ )
= 1 + α

−α2 + 3α + 1
,

cβ = (1 − α)(1 − γ )

(β − α)(β − γ )
= 1 + β

−β2 + 3β + 1
,

cγ = (1 − α)(1 − β)

(γ − α)(γ − β)
= 1 + γ

−γ 2 + 3γ + 1
= cβ.

(2.8)
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572 S. E. Rihane and A. Togbé

The Binet’s formula of Pn is

Pn = cαα
n + cββ

n + cγ γ
n, for all n ≥ 0, (2.9)

and that of En is

En = αn + βn + γ n, for all n ≥ 0. (2.10)

Numerically, we have

1.32 < α < 1.33,
0.86 < |β| = |γ | < 0.87,
0.72 < cα < 0.73,
0.24 < |cβ | = |cγ | < 0.25.

(2.11)

It is easy to check that

|β| = |γ | = α−1/2.

Further, using induction, we can prove that

αn−2 ≤ Pn ≤ αn−1, for all n ≥ 4 (2.12)

and

αn−2 ≤ En ≤ αn+1, for all n ≥ 2. (2.13)

2.4 Properties of k-generalized Fibonacci sequence

In this subsection, we recall some facts and properties of the k-generalized Fibonacci sequence which will be
used later. It is known that the characteristic polynomial of the k-generalized Fibonacci numbers (F (k)n )n , namely

�k(x) = xk − xk−1 − · · · − x − 1,

is irreducible over Q[x] and has just one root outside the unit circle; the other root are strictly inside the unit
circle (see, for example, [11,12,17]). Throughout this paper, φ := φ(k) denotes the single real root larger than
1, which is located between 2(1 − 2−k) and 2 (see [17]). We label these roots as φ1, . . . , φk with φ := φ1. To
simplify the notation, in general, we omit the dependence on k of φ.

We now consider for an integer s ≥ 2, the function

fs(x) = x − 1

2 + (s + 1)(x − 2)
. (2.14)

In [7], Dresden and Du proved that

F (k)n =
k∑

i=1

fk(φi )φ
n−1
i (2.15)

and
∣
∣
∣F (k)n − fk(φ)φ

n−1
∣
∣
∣ <

1

2
(2.16)

hold, for all n ≥ k − 2. Furthermore, in [6] Bravo and Luca showed that

φn−2 ≤ F (k)n ≤ φn−1, for all n ≥ 1. (2.17)

In [3], Bravo, Gomez and Luca proved that

1/2 < fk(φ) < 3/4 and
∣
∣
∣ fk(φ

(i))

∣
∣
∣ < 1, 2 ≤ i ≤ k

hold. So the number fk(φ) is not an algebraic integer. In addition, they proved that the logarithmic height of f
satisfies

h( fk(φ)) < log(k + 1)+ log 4, for all k ≥ 2. (2.18)

Finally, in [4, pp. 542 and 543] the authors proved that for all n ≥ k + 2 we have

F (k)n = 2n−2(1 + ζ ), where |ζ | < 1

2k/2 . (2.19)
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k-Fibonacci numbers which are Padovan or Perrin numbers 573

3 The proof of Theorem 1.1

The proof of Theorem 1.1 will be done in four steps.

3.1 Step 1

In this step, we will study the Diophantine equation (1.4) for 1 ≤ n ≤ k + 1 and we will give an elementary
relation between n and m.

Clearly, for k ≥ 2, we have

F (k)1 = F (k)2 = 1 = P0 = P1 = P2 and F (k)3 = 2 = P3 = P4.

For 4 ≤ n ≤ k + 1, we have

F (k)n = 2n−2

and from [9, Theorem 2], we deduce that for all k ≥ 3 we have F (k)4 = 4 = P6 and F (k)6 = P11, for all k ≥ 5.
From now, we assume that n ≥ k + 2 and it remains to us to show that (m, n, k) = (8, 5, 3) is the only

solution of the Diophantine equation (1.4) in this range. The inequalities (2.12) and (2.17) together with equation
(1.4) imply

φn−2 ≤ αm−1 and αm−2 ≤ φn−1,

so we deduce that

(n − 2)

(
logφ

logα

)

+ 1 ≤ m ≤ (n − 1)

(
logφ

logα

)

+ 2.

Using the fact that 7/4 < φ < 2 for all k ≥ 3, we obtain

1.9n − 3 < m < 2.5n − 0.4. (3.1)

3.2 Step 2

In this step, we will give an inequality for n and m in terms of k. Namely, we will show the following lemma.

Lemma 3.1 If (m, n, k) is a nontrivial solution in positive integers of equation (1.4) with k ≥ 3 and n ≥ k + 2
then the inequalities

0.4m < n < 1.1 × 1016k4 log3 k (3.2)

hold.

Proof Combining (1.4) with (2.9) and (2.16), one gets
∣
∣
∣ fk(φ)φ

n−1 − cαα
m
∣
∣
∣ <

1

2
+ 2

∣
∣cβ

∣
∣ |β|m < 1, (3.3)

where we have used (2.11). Dividing through by cααm we obtain the inequality
∣
∣
∣(c−1

α fk(φ)) · φn−1 · α−m − 1
∣
∣
∣ < 1.4α−m . (3.4)

To prove (3.2), we will apply Theorem 2.1. To this end, we take t := 3 with

η1 := c−1
α fk(φ), η2 := φ, η3 := α,

and

b1 := 1, b2 := n − 1, b3 := −m.
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574 S. E. Rihane and A. Togbé

Define

� := (c−1
α fk(φ)) · φn−1 · α−m − 1 (3.5)

and from (3.4), we have that

|�| < 1.4α−m . (3.6)

For these choices, the field K := Q(φ, α) contains η1, η2, η3 and has dK ≤ 3k. Since h(η2) = (logφ)/k <
(log 2)/k and h(η3) = (logα)/3, it follows that

max{3kh(η2), |log η2| , 0.16} = 3 log 2 := A2

and

max{3kh(η3), |log η3| , 0.16} = k logα := A3.

On the other hand, by using the estimate (2.18) and the proprieties (2.2) and (2.3), we deduce that for all k ≥ 3

h(η1) ≤ h(cα)+ h( fk(φ)) <
log 23

3
+ 3 log k < 4 log k,

so we get

max{3kh(η1), |log η1| , 0.16} = 12k log k := A1.

In addition, we can take B := 2.5n (see (3.1)).
Before applying Theorem 2.1, we need to prove that � �= 0. Assume the contrary, i.e � = 0, this implies

that

cαα
m = fk(φ)φ

n−1.

If we conjugate the above relation by the automorphism of Galois σ : φ → φi (i > 1) and α → α and then
taking absolute values, we obtain

3 < cαα
m =

∣
∣
∣ fk(φi )φ

n−1
i

∣
∣
∣ <

6

k − 1
≤ 3,

where we have used the fact that |φi | < 1 and

|2 + (k + 1)(φi − 2)| ≥ (k + 1) |φi − 2| − 2 > k − 1.

Thus,� �= 0. Therefore, applying Theorem 2.1 to get a lower bound for |�| and comparing this with inequality
(3.6), we get

m logα − log 1.4 < 9.05 × 1012k4 log k(1 + log 3k)(1 + log 2.5n),

taking in account the facts 1 + log 3k < 3 log k and 1 + log 2.5n < 3 log n which hold for k ≥ 3 and n ≥ 4, we
conclude that

m < 2.9 × 1014k4 log2 k log n.

Using the inequality (3.1), the last inequality becomes
n

log n
< 1.53 × 1014k4 log2 k. (3.7)

Since the function x 
→ x/ log x is increasing for all x > e, it is easy to check that the inequality
x

log x
< A implies x < 2A log A, whenever A ≥ 3.

Thus, taking A := 1.53 × 1014k4 log2 k, inequality (3.7) together with 33 + 4 log k + 2 log log k < 35 log k
which holds for all k ≥ 3 imply

n < 2(1.53 × 1014k4 log2 k) log(1.53 × 1014k4 log2 k)
< (3.06 × 1014k4 log2 k)(33 + 4 log k + 2 log log k)
< 1.1 × 1016k4 log3 k.

��
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3.3 Step 3

In this subsection, we study the case when k ∈ [3, 250]. We prove the following lemma.

Lemma 3.2 The Diophantine equation (1.4) has only one solution (n, k,m) = (5, 3, 8) when k ∈ [3, 250] and
n ≥ k + 2.

Proof Let

� = (n − 1) logφ − m logα + log(c−1
α fk(φ)). (3.8)

Then e� − 1 = �, where � is defined by (3.5). Therefore, (3.6) can be rewritten as
∣
∣e� − 1

∣
∣ < 1.4α−m . (3.9)

Note that � �= 0 since � �= 0, so we distinguish the following cases. If � > 0, then e� − 1 > 0. Using the fact
that x ≤ ex − 1 for all x ∈ R, from (3.9) we obtain

0 < � < 1.4α−m .

Now, if � < 0. It is easy to see that 1.4α−m < 1/2 holds for all m ≥ 4. Thus, from (3.9), we have that∣
∣e� − 1

∣
∣ < 1/2 and therefore e|�| < 2. Since � < 0, we have

0 < |�| ≤ e|�| − 1 = e|�| ∣∣e� − 1
∣
∣ < 2.8α−m .

So in both cases we have

0 < |�| < 2.8α−m < 2.8 exp (−0.28 × m) . (3.10)

Let

c := 2.8, δ := 0.28, ψ := log((cα)−1 fk(φ))

logφ
,

ϑ := logα

logφ
, ϑ1 := − logα, ϑ2 := logφ, β := log((cα)

−1 fk(φ)).

For each k ∈ [3, 250], we find a good approximation of φ and a convergent p�/q� of the continued fraction of
ϑ such that q� > X0, where X0 = 
2.75 × 1016k4 log3 k�, which is an upper bound of max{n − 1,m} from
Lemma 3.1. After doing this, we use Lemma 2.4 on inequality (3.10). A computer search with Mathematica

revealed that the maximum value of

⌊
1

δ
log(q2c/ |ϑ2| X0)

⌋

over all k ∈ [3, 250] is 279, which according to

Lemma 2.4, is an upper bound on m. Hence, we deduce that the possible solutions (m, n, k) of the equation (1.4)
for which k ∈ [3, 250] have m ≤ 279, therefore we use inequalities (3.1) to obtain n ≤ 149.

Finally, we used Mathematica to compare F (k)n and Pm for the range 4 ≤ n ≤ 149 and 4 ≤ m ≤ 279, with
m < n/0.4 and checked that the only solution of the equation (1.4) is 7 = P8 = F (3)5 . ��

3.4 Step 4

In this subsection, we analyze the case k > 250 and prove the next result.

Lemma 3.3 The Diophantine equation (1.4) has no solution when k > 250 and n ≥ k + 2.

Proof For k > 250, we have

0.4m < n < 1.1 × 1016k4 log3 k < 2k/2.

By (1.4), (2.9) and (2.19), we obtain

∣
∣
∣2n−2 − cαα

m
∣
∣
∣ <

2n−2

2k/2 + 2
∣
∣cβ

∣
∣ |β|m < 2n−2

2k/2 + 1

2
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576 S. E. Rihane and A. Togbé

leading to
∣
∣
∣1 − cα × 2−(n−2) × αm

∣
∣
∣ <

1.5

2k/2 , (3.11)

where we have used the fact 1/2n−2 < 1/2k/2 because n ≥ k + 2. We will give a lower bound to the left-hand
side of inequality (3.11) by using Matveev’s theorem. We take

t := 3, η1 := cα, η2 := 2, η3 := α, b1 := 1, b2 := −(n − 2), b3 := m.

We have η1, η2, η3 ∈ K := Q(α) so dK = 3. The left-hand side of (3.11) is not zero. Indeed, if this were
zero, we would then get that 2n−2 = cααm . Using the Q-automorphism of Galois (αβ) define over Q(α) we get
1 < 2n−2 = ∣

∣cβ
∣
∣ |β|m < 1, which is impossible.

The fact that m ≤ 2.5n implies that we can choose B := 2.5n. On the other hand, since

h(η1) = log 23

3
, h(η2) = log 2, h(η3) = logα

3
,

it follows that

max{3h(η1), |log η1| , 0.16} = log 23 := A1,

max{3h(η2), |log η2| , 0.16} = 3 log 2 := A2

and

max{3h(η3), |log η3| , 0.16} = logα := A3.

So, Matveev’s theorem implies that
∣
∣
∣1 − cα · 2−(n−2) · αm

∣
∣
∣ > exp

(
−1.5 × 1013 log n

)
, (3.12)

where we have use the fact that 1 + log(2.5n) < 3 log n for all n ≥ 4. Comparing (3.11) and (3.12), we obtain

k < 4.4 × 1013 log n.

By Lemma 3.1 and using the fact that 37 + 4 log k + 3 log log k < 12 log k for all k > 250, we get

k < 4.4 × 1013 log(1.1 × 1016k4 log3 k)
< 4.4 × 1013(37 + 4 log k + 3 log log k)
< 5.3 × 1014 log k.

Solving this inequality, we obtain

k < 2 × 1016.

Lemma 3.1 implies that

n < 9.4 × 1085 and m < 2.35 × 1086. (3.13)

Put

�2 := m logα − (n − 2) log 2 + log(cα).

Using a similar method to prove the inequality (3.10), one can see that inequalities

0 < |�2| < 3

2k/2 < 3 exp (−0.34 × k) (3.14)

hold, for all k > 250. The inequalities (3.13) imply that we can take X0 := 2.35 × 1086. Further, we can choose

c := 3, δ := 0.34, ψ := − log(cα)

log 2
,

ϑ := logα

log 2
, ϑ1 := logα, ϑ2 := − log 2, β := log(cα).
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With the help of Maple, we find that q183 satisfies the hypotheses of Lemma 2.4. Furthermore, Lemma 2.4 implies
that

k < 620. (3.15)

With this new upper bound on k, we get

n < 4.4 × 1029 and m < 1.1 × 1029.

We apply again Lemma 2.4 with X0 := 1.1 × 1029 and q = q74 in this time, we get k < 248, which contradicts
our assumption that k > 250. Hence, we have shown that there are no solutions (n, k,m) to equation (1.4) with
k > 250. ��

4 The proof of Theorem 1.2

This proof will be done also in four steps.

4.1 Step A

The first step will be devoted to the proof of the following result.

Lemma 4.1 The only solution (m, n, k) of the Diophantine equation (1.5) with 2 ≤ n ≤ k + 1 is

E2 = E4 = F (k)3 .

Proof Since 2 ≤ n ≤ k + 1, then

Em = 2n−2 (4.1)

By (2.10), equation (4.1) can be expressed as
∣
∣
∣2n−2 − αm

∣
∣
∣ < 2,

which implies that

|�A| < 2α−m where �A := 2n−2α−m − 1. (4.2)

Note that�A �= 0, otherwise we get αm = 2n−2. We conjugate it by the Q-automorphism (α → β) of the Galois
extension Q(α, β) over Q, we obtain 1 < 2n−2 = |β|m < 1, which is absurd. Now, we will apply Matveev’s
theorem on �A by taking

t := 2, η1 := 2, η2 := α, b1 := n − 2, b2 := −m.

Clearly we have η1, η2 ∈ Q(α), so dK = 3. Further, since h(η1) = log 2 and h(η2) = (logα)/3, then we can
take A1 := 3 log 2 and A2 := logα. on the other hand, by (2.13) and (4.1) we have

2n−2 = Em < αm+1,

thus n <

(
logα

log 2

)

(m + 1)+ 2 < m, for all m ≥ 5. Therefore, we can choose B := m. From Theorem 2.1 and

the inequality (4.2), we get

m < 3.03 × 1010(1 + log m),

thus m < 8.7 × 1011. To reduce the obtained bound we put

�A := (n − 2) log 2 − m logα.
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578 S. E. Rihane and A. Togbé

Using a similar method to prove inequality (3.10), we show that

0 < |�B | < 4α−m < 4 × exp (−0.28 × m) . (4.3)

The obtained bound on m implies that we can take X0 := 8.7 × 1011, which gives by Lemma 2.2 Y0 =
57.8025409 . . .. Further, we can choose

c := 4, δ := 0.28, ϑ := logα

log 2
, ϑ1 := logα, ϑ2 := − log 2.

With the help of Maple, we find that

max
0≤�≤58

a�+1 = 80 := A.

So Lemma 2.3 implies that m < 118. Running a Maple program in the range 0 ≤ n ≤ m ≤ 118 we see that the
equation (4.1) have only the solution 2 = E2 = E4 = F (k)3 with k ≥ 2. ��
From now, we assume that n ≥ k + 2. The inequalities (2.17) and (2.13) together with equation (1.5) imply that

φn−2 ≤ αm+1 and αm−2 ≤ φn−1,

so we deduce that

(n − 2)

(
logφ

logα

)

− 1 ≤ m ≤ (n − 1)

(
logφ

logα

)

+ 2.

Using the fact that 1.5 < φ < 2 for all k ≥ 2, we obtain

1.4n − 3.9 < m < 2.5n − 0.4. (4.4)

4.2 Step B

In this step, we prove the following lemma.

Lemma 4.2 If (m, n, k) is a nontrivial solution in integers of equation (1.5) with k ≥ 2 and n ≥ k + 2 then the
inequalities

0.4m < n < 2.7 × 1016k4 log3 k (4.5)

hold.

Proof Combining (1.5) with (2.10) and (2.16), one gets
∣
∣
∣ fk(φ)φ

n−1 − αm
∣
∣
∣ < 2.3. (4.6)

Dividing through by αm we obtain the inequality
∣
∣
∣ fk(φ) · φn−1 · α−m − 1

∣
∣
∣ < 2.3α−m . (4.7)

In order to prove (4.5), we will apply Theorem 2.1. To this end, we take t := 3 with

η1 := fk(φ), η2 := φ, η3 := α,

and

b1 := 1, b2 := n − 1, b3 := −m.

We define

�B := fk(φ) · φn−1 · α−m − 1 (4.8)
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and from (4.7), we have that

|�B | < 2.3α−m . (4.9)

The field K := Q(φ, α) contains η1, η2, η3 and has dK ≤ 3k. Since

h(η1) < 4 log k, h(η2) = (logφ)/k < (log 2)/k h(η3) = (logα)/3,

it follows that

max{3kh(η1), |log η1| , 0.16} ≤ 12k log k := A1,

max{3kh(η2), |log η2| , 0.16} ≤ 3 log 2 := A2,

and

max{3kh(η3), |log η3| , 0.16} ≤ k logα := A3.

In addition, we can take B := 2.5n (see (4.4)). Before applying Theorem 2.1, it remains to prove that �B �= 0.
Assume the contrary, i.e �B = 0, this implies that

αm = fk(φ)φ
n−1.

If we conjugate the above relation by the automorphism of Galois σ : φ 
→ φi (i ≥ 2) and α 
→ α and then
taking absolute values, we get

1 < αm =
∣
∣
∣ fk(φi )φ

n−1
i

∣
∣
∣ < 1,

where we have used the fact that |φi | < 1 and | fk(φi )| < 1. Thus, �B �= 0. Therefore, we apply Theorem 2.1
to find a lower bound for |�B | and compare this with inequality (4.9) to get

m logα − log 2.3 < 9.05 × 1012k4 log k(1 + log 3k)(1 + log 2.5n),

taking in account the facts 1 + log 3k < 5 log k and 1 + log 2.5n < 3 log n which hold for k ≥ 2 and n ≥ 4. We
conclude that

m < 4.84 × 1014k4 log2 k log n.

Using the inequality (4.4), the above inequality becomes

n

log n
< 2.55 × 1014k4 log2 k. (4.10)

Since the function x 
→ x/ log x is increasing for all x > e, it is easy to check that the inequality

x

log x
< A implies x < 2A log A, whenever A ≥ 3.

Thus, we take A := 2.55×1014k4 log2 k and inequality (4.10) together with 34+4 log k +2 log log k < 52 log k,
which holds for all k ≥ 2, imply

n < 2(2.55 × 1014k4 log2 k) log(2.55 × 1014k4 log2 k)
< (5.1 × 1014k4 log2 k)(34 + 4 log k + 2 log log k)
< 2.7 × 1016k4 log3 k.

��

123



580 S. E. Rihane and A. Togbé

4.3 Step C

In this subsection, we study the case when k ∈ [2, 230]. We prove the following lemma.

Lemma 4.3 The solutions Diophantine equation (1.5) when k ∈ [2, 230] and n ≥ k + 2 are given by

(n, k,m) ∈ {(4, 2, 0), (4, 2, 3), (5, 2, 5), (5, 2, 6), (5, 3, 7), (7, 4, 12)}.
Proof Let

�B = (n − 1) logφ − m logα + log( fk(φ)). (4.11)

Then e�B − 1 = �B , where �B is defined by (4.8). Therefore, (4.9) becomes
∣
∣e�B − 1

∣
∣ < 2.3α−m . (4.12)

Using the same method to prove (3.10), we get

0 < |�B | < 4.6α−m < 4.6 exp (−0.28 × m) . (4.13)

Let

c := 4.6, δ := 0.28, ψ := log( fk(φ))

logφ
,

ϑ := logα

logφ
, ϑ1 := − logα, ϑ2 := logφ, β := log( fk(φ)).

For each k ∈ [2, 230], we find a good approximation of φ and a convergent p�/q� of the continued fraction of
ϑ such that q� > X0, where X0 = ⌊

1.15 × 1017k4 log3 k
⌋

, which is is an upper bound of max{n − 1,m} from
Lemma 4.2. After doing this, we use Lemma 2.4 on inequality (4.13). A computer search with Mathematica

revealed that the maximum value of

⌊
1

δ
log(q2c/ |ϑ2| X0)

⌋

over all k ∈ [2, 230] is 581, which according to

Lemma 2.4, is an upper bound on m. Hence, we deduce that the possible solutions (m, n, k) of the equation (1.5)
for which k ∈ [2, 230] have m ≤ 581, therefore we use (4.4) to get n ≤ 418.

Finally, we use Mathematica to compare F (k)n and Pm for the range 4 ≤ n ≤ 418 and 4 ≤ m ≤ 581, with
m < n/0.4 and check that

3 = F4 = E0 = E3, 5 = F5 = E5 = E6, 7 = F (3)5 = E7, 29 = F (4)7 = E12,

giving some solutions of equation (1.5). ��

4.4 Step D

In this subsection, we finish the proof of Theorem 1.2 by analyzing the case k > 230.

Lemma 4.4 The Diophantine equation (1.5) has no solution when k > 230 and n ≥ k + 2.

Proof For k > 230, we have

0.4m < n < 2.7 × 1016k4 log3 k < 2k/2.

By (1.5), (2.10) and (2.19), we obtain

∣
∣
∣2n−2 − αm

∣
∣
∣ <

2n−2

2k/2 + 2 |β|m < 2n−2

2k/2 + 2

leading to

∣
∣
∣1 − 2−(n−2) · αm

∣
∣
∣ <

3

2k/2 , (4.14)
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where we have used the fact 1/2n−1 < 1/2k/2 because n ≥ k + 2. We will give a lower bound to the left-hand
side of inequality (4.14) by using Matveev’s theorem. We take

t := 2, η1 := 2, η2 := α, b1 := −(n − 2), b2 := m.

We have η1, η2 ∈ K := Q(α) so dK = 3. The left-hand side of (4.14) is not zero. Indeed, if this were zero,
we would then get that 2n−2 = αm . Using the Q-automorphism of Galois (α → β) defined over Q(α) we get
1 < 2n−2 = |β|m < 1 which is impossible.

The fact that m ≤ 2.5n imply that we can choose B := 2.5n. On the other hand, since

h(η1) = log 2, h(η2) = logα

3
,

it follows that

max{3h(η1), |log η1| , 0.16} = 3 log 2 := A1,

and

max{3h(η2), |log η2| , 0.16} = logα := A3.

So using Matveev’s theorem, we obtain
∣
∣
∣1 − 2−(n−2) × αm

∣
∣
∣ > exp

(
−2.56 × 1010 log n

)
, (4.15)

where we have use the fact that 1 + log(2.5n) < 3 log n for all n ≥ 4. Comparing (4.14) and (4.15), we obtain

k < 7.4 × 1010 log n.

By Lemma 4.2 and using the fact that 38 + 4 log k + 3 log log k < 12 log k for all k > 230, we get

k < 7.4 × 1010 log(2.7 × 1016k4 log3 k)
< 7.4 × 1010(38 + 4 log k + 3 log log k)
< 8.9 × 1011 log k.

Solving the above inequality gives

k < 2.8 × 1013.

Lemma 4.2 implies

n < 3.7 × 1074 and m < 9.25 × 1074. (4.16)

Put

�C := m logα − (n − 2) log 2.

Using a similar method to prove the inequality (3.10), we show that the following inequalities

0 < |�C | < 6

2k/2 < 6 × exp (−0.34 × k) (4.17)

hold, for all k > 230. The inequalities (4.16) implies that we can take X0 := 9.25 × 1074, which implies by
Lemma 2.2 that Y0 = 359.3831 . . .. Further, we can choose

c := 6, δ := 0.34, ϑ := logα

log 2
, ϑ1 := logα, ϑ2 := − log 2.

With the help of Maple, we find that

max
0≤�≤360

a�+1 = 1255 := A.
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582 S. E. Rihane and A. Togbé

So Lemma 2.3 implies that

k < 536. (4.18)

With this new upper bound on k we get

n < 4.1 × 1029 and m < 1.1 × 1030.

We apply again Lemma 2.3 with X0 := 1.1×1030 in this time, we get k < 227, which contradicts our assumption
that k > 230. Hence, we have shown that there are no solutions (n, k,m) to equation (1.5) with k > 230. ��
Thus, Theorem 1.2 is proved.
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