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Abstract In this paper, we introduce a new q-generalization of the Apostol–Euler polynomials, symmetric under
the interchange q ←→ q−1, using the symmetric q-exponential function. Several properties arising from the
q-umbral calculus are derived from.

Keywords Umbral calculus · Euler numbers and polynomials · q-theory

Mathematics Subject Classification 05A30 · 05A40 · 11B68

1 Introduction

Let P denote the space of C-valued polynomials in the single variable x . For fixed constants cn > 0, define the
algebra of formal power series

F =
{

f (t) =
∞∑

k=0

ak

ck
tk, ak ∈ C

}
. (1)

The element f (t) ∈ F defines a linear functional on P , whose action on p(x) ∈ P is denoted by < f (t), p(x) >,
by an extension of the rule

< tk, xn >= δn,kcn .

Let P∗ represent the dual space of P . For L ∈ P∗, the map L �→ fL where

fL(t) =
∞∑

k=0

< L , xk >

ck
tk,

defines an isomorphism from P∗ to F . The algebra F is called the umbral algebra (generalizing the common
definition, where cn = n!).
For λ ∈ C �= −1 we define the Apostol–Euler polynomials Ek(x/λ) by the generating function

2

λet + 1
ext =

∞∑
k=0

Ek(x/λ)
tk

k! .
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584 H. Elmonser

Using the theory of q-umbral calculus, Kim et al. [5–9], introduced and studied a new family of q-Euler numbers
and polynomials. They derived explicit formulas for several well-known polynomials as a linear combination of
the Apostol–Euler polynomials.

In [1], T. Diagana et al introduced (λ, q)-Euler polynomials that seem to be a new q-generalization of Apostol–
Euler polynomials. They derived several interesting properties and identities arising from the q-umbral calculus.

This paper is organized as follows: In Sect. 2, we give brief overview of the quantum and symmetric quantum
calculus. Section 3 is devoted to present the setting of our main results, namely we present the symmetric
quantum umbral calculus. As an application, we extend in Sect. 4 the results of KIM et al [9] and T. Diagana et
al [1] to a symmetric quantum setting, actually, we consider a symmetric (λ, q)-extension of the Apostol–Euler
polynomials (symmetric under q ↔ q−1), Ẽn,q(x/λ). The coefficients of a polynomial p(x) ∈ P in this basis
is found in Theorem 5. The Bernoulli polynomials Bk(x) are defined by the generating function

text

et − 1
=
∞∑

k=0

Bk(x)
tk

k! .

A symmetric (λ, q)-extension is defined here and the coefficients in the basis Ek,q(x) is found in Theorem 6.

Higher-order symmetric (λ, q)-Euler polynomials Ẽ (r)
k,q are defined and interesting properties and coefficients

are found in Theorems 7-10.

2 Quantum and symmetric quantum calculus

Throughout let q > 0 and q �= 1. The following q-notions are used in the sequel. We refer to the books [2,4],
for the notations, defnitions, and propeerties used in q-theory.
For all a ∈ C, the q-shifted factorials are given by

(a; q)0 = 1, (a; q)n =
n−1∏
i=0

(1− aqi ) = (1− a)(1− aq)....(1− aqn−1), n = 1, 2, ..... (2)

The complex number x ∈ C have two analogues defined by

[x]q = 1− qx

1− q
, x ∈ C, (3)

and

[̃x]q = qx − q−x

q − q−1 , x ∈ C. (4)

Also, we denote

[n]q ! =
n∏

k=1

[k]q = (q; q)n

(1− q)n
for n ≥ 1 and [0]q ! = 1 (5)

and

[̃n]q ! =
n∏

k=1

[̃k]q for n ≥ 1, and [̃0]q ! = 1. (6)

The q-binomial coefficient is defined by(
n
k

)
q
= [n]q !
[k]q ![n − k]q ! , k = 0, 1, ..., n. (7)

Similarly we can define the symmetric (symmetric under the interchange q ←→ q−1) q-binomial coefficient
by (̃

n
k

)
q
= [̃n]q !
[̃k]q !˜[n − k]q !

, k = 0, 1, ..., n. (8)
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Symmetric q-extension of λ-Apostol–Euler polynomials via umbral calculus 585

The following relations are useful in the sequel

1. [̃x]q = [̃x]q−1 .

2. [̃x]q = q−(x−1)[x]q2 .

3.

(̃
n
k

)
q
=

(̃
n
k

)
1
q

.

The symmetric q-derivative D̃q of a function f is defined by

(D̃q f )(x) = f (qx)− f (q−1x)

(q − q−1)x
, i f x �= 0, (9)

(D̃q f )(0) = f ′(0) if f ′(0) exists.

D̃q f and Dq are related as follows:

D̃q f (x) = Dq2 f (q−1x) (10)

where

Dq f (x) = f (x)− f (qx)

(1− q)x
, i f x �= 0, (11)

Dq f (0) = f ′(0) if f ′(0) exists.
We note that

D̃q xn = [̃n]q xn−1.

The symmetric q-integral or q̃-integral is defined by ( [4])∫ a

0
f (x)dq̃ x = a(q−1 − q)

∑
n=1,3,...

qn f (qna), (12)

∫ b

a
f (x)dq̃ x =

∫ b

0
f (x)dq̃ x −

∫ a

0
f (x)dq̃ x, (13)

and ∫ ∞
0

f (x)dq̃ x = (q−1 − q)
∑

n=±1,±3,...

qn f (qn). (14)

Two different natural q-extensions are related to the classical exponential function ez [10], one of them is

eq(z) =
∞∑

n=0

zn

(q; q)n
, z ∈ C, |z| < 1 and q ∈]0, 1[. (15)

One can consider eq(z) as formal power series in the formal variable z satisfiying the relation

lim
q→1

eq((1− q)z) = ez .

D. S. McAnally [11,12], defined a symmetric q-exponential (symmetric under the interchange q ↔ q−1) by :

ẽq(z) =
∞∑

n=0

zn

[̃n]q !
, z ∈ C and q ∈]0, 1[∪]1,+∞[. (16)

Considered as formal power series in the formal variable z, the function ẽq(z) satisfy the relation

lim
q→1

ẽq(z) = ez .

In [3], the author proved the following result

ẽq(x + y) = ẽq(y)̃eq(x). (17)

Note that the previous relations are symmetric under the interchange q ←→ q−1 and tend to classical ones when
q tends to 1.
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586 H. Elmonser

3 Symmetric quantum umbral calculus

Taking cn = [̃n]q ! , the corresponding algebra of power series is defined by

F =
{

f (t) =
∞∑

k=0

ak

[̃k]q !
tk, ak ∈ C

}
. (18)

Each element of F determinates a linear functional on P , the C-algebra of polynomials in the single variable,
by taking

< f (t), xn > = an,∀n ≥ 0, (19)

and a linear operator on P by setting

f (t)xn =
n∑

k=0

(̃
n
k

)
q
ak xn−k . (20)

Indeed, basing on 18, 19 and 20, we get

< tk, xn > = [̃n]q !δn,k,∀n, k ≥ 0 (21)

and

tk xn =
{ [̃n]q !

˜[n−k]q !
xn−k for n ≥ k,

0, for n < k
= D̃(k)

q xn, (22)

and more general

tk p(x) = D̃(k)
q p(x),∀p(x) ∈ P. (23)

These two operators are related by the following relation

Theorem 1 For f (t), g(t) ∈ F , and p(x) ∈ P , we have [13]

< f (t)g(t), p(x) > = < f (t), g(t)p(x) >=< g(t), f (t)p(x) > . (24)

We note that each f (t) ∈ F plays three roles : a formal power series, a linear functional and a linear operator.

For L ∈ P∗, the dual of P , the operator fL(t) :=∑∞
k=0

<L ,xk>

[̃k]q ! tk , satisfies

〈
fL(t), xn 〉 =

〈 ∞∑
k=0

< L , xk >

[̃k]q !
tk, xn

〉
= 〈

L , xn 〉 .
Then, as linear functional, L = fL(t), witch defines an isomorphism from P∗ onto F . Henceforth, F denotes
both the algebra of formal power series in t and the vector space of all linear functionals on P , and so an element
f (t) of F is thought of as both a formal power series and a linear functional.
This kind of algebra is called umbral algebra.
The elements of F and P satisfy the following relations [13]

Theorem 2 For all f (t) in F , we have

f (t) =
∞∑

k=0

< f (t), xk >

[̃k]q !
tk, (25)

and for all polynomial p(x) in P , we have

p(x) =
∞∑

k=0

< tk, p(x) >

[̃k]q !
xk . (26)
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Symmetric q-extension of λ-Apostol–Euler polynomials via umbral calculus 587

The following lemma is useful in the sequel.

Lemma 1 For f1(t), f2(t),..... fm(t) in F , we have

< f1(t).... fm(t), xn >=
∑

i1+i2+....+im=n

˜
(

n
i1, i2, ...., im

)
q

< f1(t), xi1 > ... < fm(t), xim >, (27)

with
˜

(
n

i1, i2, ...., im

)
q
= [̃n]q !
[̃i1]q ![̃i2]q !....˜[im ]q !

.

Proof For m = 2, we have

〈
f1(t) f2(t), xn 〉 =

〈( ∞∑
i=0

ai

[̃i]q !
t i

)⎛
⎝ ∞∑

j=0

b j

[̃ j]q !
t j

⎞
⎠ , xn

〉

=
〈 ∞∑

k=0

(
k∑

l=0

al

[̃l]q !
bk−l

[̃k − l]q !

)
tk, xn

〉

=
〈 ∞∑

k=0

(
k∑

l=0

[̃k]q !
[̃l]q ![̃k − l]q !

albk−l

)
tk

[̃k]q !
, xn

〉

=
n∑

l=0

[̃n]q !
[̃l]q ![̃n − l]q !

albn−l

=
∑

i+ j=n

[̃n]q !
[̃i]q ![̃ j]q !

ai b j

=
∑

i+ j=n

[̃n]q !
[̃i]q ![̃ j]q !

〈
f1(t), xi

〉 〈
f2(t), x j

〉
.

The m-case is deduced by recurrence. ��
These definitions are important in umbral calculus

1. For a nonzero power series f (t), the smallest integer k for which the coefficient of tk does not vanish is
called the order of f (t) and denoted O( f (t)).

2. If O( f (t)) = 0, the series is said to be invertible and if O( f (t)) = 1 is called delta series.
3. The linear functional on P denoted by εy(t) and defined by

< εy(t), p(x) >= p(y) (28)

is called the evaluation functional.

Using 25, one can prove easily that

εy(t) =
∞∑

k=0

yk

[̃k]q !
tk = ẽq(yt). (29)

The fundamental theorem of umbral calculus is the following [13]

Theorem 3 For all delta series f (t) and invertible series g(t), there exists a unique sequence sn(x) of polyno-
mials satisfying < g(t) f (t)k, sn(x) >= [̃n]q !δn,k,∀n, k ≥ 0.

Definition 1 The sequence sn(x), in the previous theorem, is said to be the Sheffer sequence for (g(t), f (t)),
which is denoted by sn(x) ∼ (g(t), f (t)).
In case sn(x) ∼ (1, f (t)), sn(x) is called the associated sequence for f (t).
If sn(x) ∼ (g(t), t), sn(x) is said to be the Appel sequence for g(t).
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588 H. Elmonser

The following useful results are proven in [13]

1. The expansion theorem:
Let sn(x) be the Sheffer for (g(t), f (t)). Then for all h(t) in F

h(t) =
∞∑

k=0

< h(t), sk(x) >

[̃k]q !
g(t)( f (t))k . (30)

2. Let sn(x) be Sheffer for (g(t),f(t)). Then for any p(x) in P

p(x) =
∞∑

k=0

< g(t)( f (t))k, p(x) >

[̃k]q !
sk(x). (31)

3. Generating function:
The sequence sn(x) is Sheffer for (g(t),f(t)) if and only if

1

g( f )(t)
ẽq(y f (t)) =

∞∑
k=0

sk(y)

[̃k]q !
tk, ∀y ∈ C, (32)

where f (t) is the compositional inverse of f (t).
4. A sequence sn(x) is Sheffer for (g(t),f(t)) for some invertible g(t) if and only if

f (t)sn(x) = [̃k]qsn−1(x). (33)

5. A sequence sn(x) is Appel for g(t) if and only if

sn(x) = 1

g(t)
xn . (34)

4 The Symmetric (λ, q)-Euler Numbers and the symmetric (λ, q)-Euler Polynomials

The main objective of this paper consists of introducing and studying a new family (λ, q)-Euler polynomials
which is symmetric under the interchange q ←→ q−1 and seems to be a new q-generalization of Apostol–Euler
polynomials.

Let us introduce the symmetric (λ, q)-extension of the Euler polynomials by means of the following generating
function:

[̃2]q
λ̃eq(t)+ 1

ẽq(xt) =
+∞∑
n=0

Ẽn,q(x/λ)
tn

[̃n]q !
. (35)

Clearly, if x = 0, then Ẽn,q(0/λ) = Ẽn,q(λ), which are known as the nth symmetric (λ, q)-Euler numbers.
Using 35, we obtain the following,

Ẽn,q(x/λ) =
n∑

l=0

(̃
n
l

)
q

Ẽl,q(λ)xn−l . (36)

Using 36, the symmetric (λ, q)-Euler numbers can be found by means of the following identities:

Ẽ0,q(λ) = [̃2]q
λ+ 1

and

λẼn,q(1/λ)+ Ẽn,q(λ) = [̃2]qδ0,n .
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Symmetric q-extension of λ-Apostol–Euler polynomials via umbral calculus 589

From 32 and 33, we can derive the following consequences for q-polynomial with a parameter λ defined in 35,

Ẽn,q(x/λ) ∼ (
λ̃eq(t)+ 1

[̃2]q
, t), (37)

and

t Ẽn,q(x/λ) = [̃n]q Ẽn−1,q(x/λ). (38)

It follows from 38 that Ẽn,q(x/λ) is Appell for λ̃eq (t)+1
[̃2]q . So, by the 34, we have

[̃2]q
λ̃eq(t)+ 1

xn = Ẽn,q(x/λ); n ≥ 0.

The following theorem is of great importance in our study.

Theorem 4 Let n ≥ 0. Then

〈
ẽq(t)− 1

t
, Ẽn,q(x/λ)

〉
=

∫ 1

0
Ẽn,q(u/λ)dq̃u. (39)

Proof From 36, we get

∫ x+y

x
Ẽn,q(u/λ)dq̃u =

n∑
l=0

(̃
n
l

)
q

Ẽn−l,q(λ)
1

[̃l + 1]q
{
(x + y)l+1 − xl+1

}

= 1

˜[n + 1]q

n∑
l=0

˜
(

n + 1
l + 1

)
q

Ẽn−l,q(λ)
{
(x + y)l+1 − xl+1

}

= 1

˜[n + 1]q
(
Ẽn+1,q(x + y/λ)− Ẽn+1,q(x/λ)

)
.

Thus, by applying the previous result, 24 and 38 we obtain

〈
ẽq(t)− 1

t
, Ẽn,q(x/λ)

〉
= 1

˜[n + 1]q

〈
ẽq(t)− 1

t
, t Ẽn+1,q(x/λ)

〉

= 1

˜[n + 1]q
(
Ẽn+1,q(1/λ)− Ẽn+1,q(λ)

)

=
∫ 1

0
Ẽn,q(u/λ)dq̃u.

��
Now, we are in position to write a polynomial q(x) ∈ Pn in a basis form {Ẽk,q(x/λ)}, this will be the topic of
the following theorem.

Theorem 5 For q(x) ∈ Pn, let q(x) =∑n
k=0 bk,q Ẽk,q(x/λ).

Then

bk,q = 1

[̃k]q ![̃2]q
{
λq(k)(1)+ q(k)(0)

}
.
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590 H. Elmonser

Proof Using 24, 37 and 38, we derive the following result〈
λ̃eq(t)+ 1

[̃2]q
tk, Ẽn,q(x/λ)

〉
= [̃k]q ![̃2]q

(̃
n
k

)
q

〈
λ̃eq(t)+ 1, Ẽn−k,q(x/λ)

〉 = [̃n]q !δk,n .

From the last identity, we have〈
λ̃eq(t)+ 1

[̃2]q
tk, Ẽn,q(x/λ)

〉
= [̃n]q !δk,n . (40)

Let

Pn = {q(x) ∈ C[X ]; degq(x) ≤ n} .
For q(x) ∈ Pn , we have

q(x) =
n∑

k=0

bk,q Ẽk,q(x/λ). (41)

It follows from 40 and 41 that〈
λ̃eq(t)+ 1

[̃2]q
tk, q(x)

〉
=

n∑
l=0

bl,q

〈
λ̃eq(t)+ 1

[̃2]q
tk, Ẽl,q(x/λ)

〉

=
n∑

l=0

bl,q [̃l]q !δk,l

= bk,q [̃k]q !.
Furthermore

bk,q = 1

[̃k]q !

〈
λ̃eq(t)+ 1

[̃2]q
tk, q(x)

〉
= 1

[̃k]q ![̃2]q
{
λq(k)(1)+ q(k)(0)

}
, (42)

where q(k)(x) = D̃(k)
q (x). Therefore, by 41 and 42, we obtain the desired result. ��

Let us introduce the symmetric q-Bernoulli polynomials by means of the following generating function:

t

ẽq(t)− 1
ẽq(xt) =

+∞∑
n=0

B̃n,q(x)
tn

[̃n]q !
(43)

From this, we have for n ≥ 0,

B̃n,q(x) ∼ (
ẽq(t)− 1

t
, t),

t B̃n,q(x) = [̃n]q B̃n−1,q(x).

Theorem 6 Let n ≥ 2. Then

B̃n,q(x) =λ+ 1

[̃2]q
Ẽn,q(x/λ)+ [̃n]q

[̃2]2q
(λ(q + q−1)− 1)Ẽn−1,q(x/λ)

+ λ+ 1

[̃2]q
n−2∑
k=0

(̃
n
k

)
q

B̃n−k,q Ẽk,q(x/λ).
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Symmetric q-extension of λ-Apostol–Euler polynomials via umbral calculus 591

Proof Let us take q(x) = B̃n,q(x) ∈ Pn .
Then B̃n,q(x) can be generated as a linear combination of

{
Ẽ0,q(x/λ), Ẽ1,q(x/λ), ..., Ẽn,q(x/λ)

}
,

as follows:

B̃n,q(x) =
n∑

k=0

bk,q Ẽk,q(x/λ), (44)

where

bk,q = 1

[̃k]q ![̃2]q
〈
(λ̃eq(t)+ 1)tk, B̃n,q(x)

〉

= [̃n]q
˜[n − 1]q ... ˜[n − k + 1]q
[̃k]q ![̃2]q

〈
λ̃eq(t)+ 1, B̃n−k,q(x)

〉

= 1

[̃2]q

(̃
n
k

)
q

〈
λ̃eq(t)+ 1, B̃n−k,q(x)

〉

= 1

[̃2]q

(̃
n
k

)
q

(
λB̃n−k,q(1)+ B̃n−k,q

)
,

where B̃n−k,q = B̃n−k,q(0) will be called symmetric q-Bernoulli numbers.
From 43, we can deduce the following identities:

B̃0,q = 1 (45)

and

B̃n,q(1)− B̃n,q = δn,1; ∀n ≥ 1. (46)

Since B̃1,q = − 1
[̃2]q , by 44 and 45 and 46, we have

B̃n,q(x) =bn,q Ẽn,q(x/λ)+ bn−1,q Ẽn−1,q(x/λ)+
n−2∑
k=0

bk,q Ẽk,q(x/λ) = λ+ 1

[̃2]q
Ẽn,q(x/λ)

+ [̃n]q
[̃2]2q

[
λ(q + q−1)− 1

]
Ẽn−1,q(x/λ)+ λ+ 1

[̃2]q
n−2∑
k=0

(̃
n
k

)
q

B̃n−k,q Ẽk,q(x/λ).

��
For r ≥ 0, the higher-order symmetric (λ, q)-Euler polynomials Ẽ (r)

k,q(x/λ) are defined by the following q-Taylor
expansion at t = 0: (

[̃2]q
λ̃eq(t)+ 1

)r

ẽq(xt) =
+∞∑
n=0

Ẽ (r)
n,q(x/λ)

tn

[̃n]q !
. (47)

In the case, x = 0, Ẽ (r)
k,q(0/λ) = Ẽ (r)

k,q(λ) are called the rth higher-order symmetric (λ, q)-Euler numbers.
let

gr (λ, q) =
(
[̃2]q

λ̃eq(t)+ 1

)r

.
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592 H. Elmonser

It is clear that gr (λ, q) is an invertible series. It follows from 47 that Ẽ (r)
n,q(x/λ) is Appell for

(
λ̃eq (t)+1
[̃2]q

)r
. So,

by 34, we have

Ẽ (r)
n,q(x/λ) = 1

gr (λ, q)
xn,

and

t Ẽ (r)
n,q(x/λ) = [̃n]q Ẽ (r)

n−1,q(x/λ).

Thus, we have

Ẽ (r)
n,q(x/λ) ∼ (

(
λ̃eq(t)+ 1

[̃2]q

)r

, t).

Theorem 7 Let n ≥ 0.Then

Ẽ (r)
n,q(λ) =

∑
i1+...+ir=n

˜
(

n
i1, ..., ir

)
q

Ẽi1,q(λ)...Ẽir ,q(λ).

Proof By 21 and 47, we get

<
[̃2]rq

(λ̃eq(t)+ 1)r
ẽq(yt), xn >= Ẽ (r)

n,q(y/λ) =
n∑

l=0

(̃
n
l

)
q

Ẽ (r)
n−l,q(λ)yl . (48)

We thus find that

<

(
[̃2]q

λ̃eq(t)+ 1

)r

, xn > = <
[̃2]q

λ̃eq(t)+ 1
...

[̃2]q
λ̃eq(t)+ 1

, xn >

=
∑

i1+...+ir=n

˜
(

n
i1, ..., ir

)
q

Ẽi1,q(λ)...Ẽir ,q(λ),

where

˜
(

n
i1, ..., ir

)
q
= [̃n]q !
[̃i1]q !...[̃ir ]q !

.

By using 48, we have

<

(
[̃2]q

λ̃eq(t)+ 1

)r

, xn >= Ẽ (r)
n,q(λ).

��
Theorem 8 Let n ≥ 0 and r > 0.Then

Ẽ (r)
n,q(x/λ) =

n∑
k=0

(̃
n
k

)
q

Ẽ (r−1)
n−k,q(λ)Ẽn,q(x/λ).
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Proof Let us take

q(x) = Ẽ (r)
n,q(x/λ) ∈ Pn .

Then, by Theorem 5, we write

Ẽ (r)
n,q(x/λ) =

n∑
k=0

bk,q Ẽn,q(x/λ), (49)

where the coefficient bk,q is given by

bk,q = 1

[̃k]q ![̃2]q

〈
(λ̃eq(t)+ 1)tk, q(x)

〉

= 1

[̃k]q ![̃2]q

〈
λ̃eq(t)+ 1, tkq(x)

〉

=

(̃
n
k

)
q

[̃2]q
〈
λ̃eq(t)+ 1, Ẽ (r)

n−k,q(x/λ)
〉

=

(̃
n
k

)
q

[̃2]q
(
λẼ (r)

n−k,q(1/λ)+ Ẽ (r)
n−k,q(λ)

)
.

From 47, we have

+∞∑
k=0

(
λẼ (r)

k,q(1/λ)+ Ẽ (r)
k,q(λ)

) tk

[̃k]q !
=

(
[̃2]q

λ̃eq(t)+ 1

)r

(λ̃eq(t)+ 1)

= [̃2]q
(
[̃2]q

λ̃eq(t)+ 1

)r−1

=
+∞∑
k=0

[̃2]q Ẽ (r−1)
k,q (λ)

tk

[̃k]q !
.

Then we get

λẼ (r)
n,q(1/λ)+ Ẽ (r)

n,q(λ) = [̃2]q Ẽ (r−1)
n,q (λ). (50)

The proof is achieved by applying 49 and 50. ��
Let us assume that

q(x) =
n∑

k=0

b(r)
k,q Ẽ (r)

k,q(x/λ) ∈ Pn .

Similarly, we compute the coefficient b(r)
k,q as follows:

b(r)
k,q =

1

[̃2]rq [̃k]q !
r∑

l=0

(
r
l

)
λr

∑
m≥0

∑
i1+...+il=m

˜
(

m
i1, ..., il

)
q

1

[̃m]q !
q(m+k)(0).

Therefore, we obtain the following theorem,
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Theorem 9 For n ≥ 0,let

q(x) =
n∑

k=0

b(r)
k,q Ẽ (r)

k,q(x/λ) ∈ Pn .

Then

b(r)
k,q =

1

[̃k]q ![̃2]q
〈
(λ̃eq(t)+ 1)r tk, q(x)

〉

= 1

[̃2]rq [̃k]q !
∑
m≥0

r∑
l=0

(
r
l

)
λr

∑
i1+...+il=m

˜
(

m
i1, ..., il

)
q

1

[̃m]q !
q(m+k)(0),

where q(k)(x) = D̃k
qq(x).

By applying Theorem 9 for q(x) = Ẽn,q(x/λ) ∈ Pn , we obtain

Ẽn,q(x/λ) =
n∑

k=0

b(r)
k,q Ẽ (r)

k,q(x/λ) ∈ Pn . (51)

Using Theorem 9 and 51, we are led to the following result.

Theorem 10 For n, r ≥ 0,the following assertion holds true:

Ẽn,q(x/λ) = 1

[̃2]rq

n∑
k=0

n−k∑
m=0

r∑
l=0

∑
i1+...+il=m

λr
(

r
l

)
˜

(
m

i1, ..., il

)
q

×
˜

(
m + k

m

)
q

˜
(

n
m + k

)
q

Ẽn−m−k,q(λ)Ẽ (r)
n,q(x/λ).
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