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Abstract We explore the theta functions of nineteen positive-definite integral non-diagonal quaternary quadratic
forms of discriminant 784 with levels 28 or 56. We express these theta functions in terms of Eisenstein series
and cusp forms, which we then use to give explicit formulas for the representation number of a positive integer n
by their corresponding non-diagonal quaternary quadratic forms. We also find the theta functions of the genera
to which those non-diagonal quaternary quadratic forms belong. Finally, we express the theta function of each
non-diagonal quadratic form in terms of the theta functions of certain diagonal quaternary quadratic forms and
a cusp form.
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1 Introduction

Theta functions of positive-definite integral diagonal quaternary quadratic forms ax? + by* + ¢z 4 dt? have
been used extensively to give explicit formulas for the representation number of a positive integer n by the
corresponding quadratic forms; see for example [1], [2], [4] and [5]. However, theta functions of very few
positive-definite integral non-diagonal quaternary quadratic forms

ax® +by* + cz® +di* + exy + fxz + gxt + hyz 4 jyt + kzt (1.1)

have been employed to determine explicit formulas for the number of representations of a positive integer n by
(1.1); see for example [3] and [6]. In [6], some special cases of (1.1) are considered when f = g=h = j =0.
In [3], theta functions of certain non-diagonal forms are used to find the representation numbers of a positive
integer n by the corresponding quadratic forms; each of the quadratic forms belongs to a genus that has only two
classes; and one of these two classes is represented by a diagonal form.

In this paper we explore the theta functions of nineteen positive definite integral non-diagonal quaternary
quadratic forms of discriminant 784 with levels 28 or 56 in Table 1. Unlike in [3], three of the genera in Table 1
have more than two classes which are all represented by non-diagonal forms. We express the theta functions of
the non-diagonal quadratic forms in Table 1 in terms of Eisenstein series and cusp forms, which we then use to
give explicit formulas for the representation number of a positive integer n by the non-diagonal quadratic forms
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596 A. Alaca

in Table 1. We also find the theta function of each genus in Table 1. Finally, we express the theta function of each
non-diagonal quadratic form in Table 1 in terms of the theta functions of certain diagonal quaternary quadratic
forms and a cusp form.

We let N denote the set of positive integers and Ny = N U {0}. We denote the field of complex numbers by C
and the Poincaré upper half-plane {z € C | Im(z) > 0} by H. Throughout the paper we take ¢ = ¢(z) := ¢>"%
with z € H and so |¢g| < 1.

Let f := f(x1,...,xx) be a positive-definite integral quadratic form in k variables. The number of repre-
sentations of n € Ng by f is defined by

N(f;n):=card{(x, ..., xr) e 7k | f(x1,...,xx) =n}.

The theta function of f is defined by

0= Y. g =14 N(fing", zeH. (1.2)

(1,0, xk ) €ZK n=1

In line with the notation of [15], the unique matrix A  such that f(x) = % x' Ay x is called the matrix of f.

The level of f is defined to be the minimal positive integer N such that N A}] is an integral matrix with even
diagonal entries. The discriminant of f is defined by

(—l)% det Ay if k is even,
d(f) = o (13)
$(=1)7 detAy if k is odd.
We say that two quadratic forms f and g are in the same genus if there exists a rational matrix R such that

R'AfR = Ag, det(R) = £1,

and the denominator of R is relatively prime with their discriminant. (The denominator of R is the least positive
integer whose multiplication with R is an integral matrix [15, p. 85].) We say that two quadratic forms f and g
are in the same class if there exists an integer matrix 7' such that

T'AfT = Ag, det(T) = 1.

The Dedekind eta function 7(z) is defined by

00
n(z) = em’z/lZ 1_[(1 _ e2m’mz)’

m=1

which can be expressed as

n@ =q">* [T -q".

n=1

where z € H and ¢ = ¢*"%. An eta quotient is defined to be a finite product of the form 1_[ n"4(dz), where

d
d runs through a finite set of positive integers and the exponents r; are non-zero integers. Ramanujan’s theta

function is the function ¢(q) defined by

o
2
o@)= Y q".lgl <L

n=—o0
It is well known [7, p. 11] that ¢(q) can be expressed as

n°(22)

Y= o
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Theta functions of nineteen non-diagonal... 597

For notational convenience we set

gla.b.c.dl(q) = 9@ e )eq"). (15)
For n € N the sum of divisors function o (n) is defined by o (n) := Z d.
1<d|n

There are twenty positive-definite integral quaternary quadratic forms of discriminant 784 with levels 28 or
56; of these twenty forms, only one is a diagonal form, which is g := g(x, y,z,f) = X2+ y2 + 7722 + 712 see
[12]. We list the nineteen non-diagonal forms P;(x, y,z,t) (1 < i < 19) and the diagonal form g with their
genus numbers and levels in Table 1. We keep the order of the terms of the quadratic forms as they are given in
Nipp’s tables [12], that is,

P i=Pi(x,y,2,1) = anx® + any® + anz® + aut’
+ appxy + apzxz + axyz + ajaxt + arayt + azazt.
Table1 P; := Pi(x,y,z,1), 1 <i <19

genus # P; ain an asz a4 an a3 a3 ais ax aza N

14
14

56

—
SO OO0 O OO0 OO0 HFN=—=OO

N A0 RO X WA LWLk W

56

F
PR — — NN = — =
—_— =D O DO ~=NDO O

28

NMNOO MO O— OO —O—~O
NOO OO — M~ NN H=—~O—
OO W= —=O OO~ MNDOo—

10 P13

Py
11 Pis
Pie
Pi7

12 Pig
P9

|
—_

28

28

NI NG R T SO N e
|
O PO NV NDOO

O PR N NDNDOO MM,V A= OWUBNOO

28

DWW W RN W W= WWW~— NN —
WU WO RERRE W WA WWLWUULL BB WLWANDR

N —

NSO — === =
NS —m—= O =
[« SIS e NeNe)

One can easily verify the discriminants and levels of quadratic forms in Table 1. For example, for P; we have

201 1 15 1—1-1
0422 o1 1 8—-1-1
Aps=1 12125 | AP3§|:—1—1 311"
12512 -1-1-1 3
30 2-2-2
_ | 216-2-2
det(Ap) =784, 56A, =| 5 . o 5
—2-2-2 6
Thus, by (1.3) the discriminant of Ps is d(P3) = (—1)*/%784 = 784 and the level of P; is 56.

2 Known results

The modular group SL»(%Z) is the group

smm:{(iﬁ) la,b,c,d €7, ad—bc:l}.
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598 A. Alaca

For a positive integer N, the congruence subgroup I'g (V) is defined by

To(N) = {(‘C’ Z) €SLy(Z) | c=0 (mod N)} .
The index of T'g(N) in SLy(Z) is
1
[SLa(Z) : To(N)I = N [ ] (1+ =),
PIN

where p runs through the primes dividing N; see [9, Proposition 2.12, p. 23]. The space of modular forms of
weight k for ['g(N) with the trivial character is denoted by My (I'o(N)) and the space of cusp forms of weight k
for ['g(N) with trivial character is denoted by Si (I'o(V)).

We use the following theorem to show the equality of two modular forms in the same space of modular
forms; see [9, Theorem 3.13 and Proposition 2.11].

Theorem 2.1 Let N € N. If
o o
=) ang" € My(To(N)) and g = buq" € Mi(To(N))
n=0 n=0
and
w=byforn=0,1,2,..., iN (1+l),
“ R R

where p runs through the primes dividing N, then f = g.

k 1
We note that - N [ (1 + =) is called the Sturm bound.
pPIN
We use the following theorem to determine if a given eta quotient is in a certain space of modular forms; see
[9, Theorem 5.7] and [10, Corollary 2.3].

Theorem 2.2 Let N € N and let f(z) = l_[ n'4(dz) be an eta quotient. Let

1<d|N
1
_ _ — [ral
k—ZZrdands—l_[d .
1<d|N 1=<d|N

If f(2) satisfies the following conditions

(1) k is an even integer, s is the square of an integer,

(i) Z d-rg =0 (mod 24),
1<d|N

N
(iii) Z = 0 (mod 24),
1<d|N
d(d, e)*
>iv) Z gC(d# > 0 for each positive divisor e of N, then f(z) € My(Io(N)).
1<d|N

(iv)" In addition to the above conditions, if the inequality in (iv) is strict for each positive divisor e of N, then
f(@) € Sp(To(N)).

We use the following theorem to determine the space of modular forms to which the theta function 6 p, belongs
foreachi € {1,2,...,19}; see [14, Theorem 10.1, p. 363].
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Theta functions of nineteen non-diagonal... 599

Theorem 2.3 Let f := f(x1,...,xx) be a positive-definite integral quadratic form in k variables. Let A y be
the matrix of f and let N be the level of f. Then

Or(z) € Mkp2(To(N), x),
where the character y is given by

k2
(—( D 'det(Af)) if k is even,

X = (M) if k is odd

and (-) denotes the Legendre-Jacobi-Kronecker symbol.

The Eisenstein series L(g) of weight 2 is defined by

1 o0
L(g) =~ + > omg". (2.1)
n=1
For 1 < d | 56, we also define
La(q) :== L(q) — dL(q"), (2.2)

which is a modular form in M>(T'g(d)); see [13, Theorem 5.8, p. 88].
It is known ( [8], [16, Theorem 9.5]) that

¢*(q) = 8L4(q) = 8L(g) — 32L(¢g"). (2.3)
We deduce from [13, Sec. 6.1, p. 93] that
dim(E,(Ig(56))) =7, dim(S>(To(56))) = 5. 2.4)

The final theorem of this section gives a basis for the space of modular forms M>(I'g(56)); see [4, Theorem
3.3].

Theorem 2.4 Let L;(q) be as in (2.2) and A, (q) be as in (2.6)-(2.10). Then the set
{La(q) |d =2,4,7,8,14,28,56} U{A,(q) | r =1,2,3,4,5}
is a basis for M>(I'0(56)).

We know from [4, Theorem 3.1(a), Theorem 4.1] that ¢[1, 1,7, 71(q), ¢[1, 1, 14, 14](q), ¢[1, 2,7, 14](q)
and ¢[2, 2,7, 7](g) are also in M>(I"9(56)) and they are expressed as

5
> aaLalq) + ) BiAj@), 2.5)

2<d|56 j=1

where the coefficients oy (d € {2, 4,7, 8, 14,28,56}) and B; (1 < j < 5) are given in Table 2.
‘We make use of Table 2 in Sections 3-5.

Table 2 Values of g and B; in (2.5)

a oy a7 ag a4 asg ase Bi B2 B3 Ba Bs
4/3 —4/3 4/3 0 —4/3 4/3 0 0 0 8/3 0 0
13 13 23 —2/3 —1/3 —1/3  2/3 23 -4 10/3 -4/3 8
1/3 13 2/3  —2/3 —1/3 —1/3  2/3 2/3 0 4/3 —4/3 4
13 13 2/3 -2/3 —1/3 —13 2/3 —10/3 4 —2/3 203 -8
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600 A. Alaca

As in [4] we define the following five eta quotients

A1(q) = nQ2)n(A2)n(142)n(28z), (2.6)
Ax(g) = % 2.7
4 4
A= n(z)izz((étzzz))nn(;zl)‘:zz()zso’ 5)
4 4
A= n(2z)7;(;tz))nn(lfz§g)zr;(56z)’ (3)
- T
and the integers a, () (n € N) by
Ag) = iar(n)q", re(l,2,3,4,5). @.11)
n=1

The first 16 values of a, (n) for r € {1, 2, 3, 4, 5} are given in Table 3.

Table 3 The values of a, (n) forr € {1,2,3,4,5}and 1 <n < 16

nlr 1 2 3 4 5 6 7 8 9 o 11 12 13 14 15 16
a0 1 0o -1 0o -2 0 1 0 0 0 2 0 1 0 -1
wmn 00 1 0 -3 0 1 0 2 0 2 0 -1 0 -4 0
am 11 -2 -1 0o -2 1 1 1 0 0 2 —4 1 0 -1
as(n) 0 1 0 1 0o -2 0 -1 0 0 0o -2 0 1 0 I
asny 0 0 1 1 -1 0 0 -1 0 0 0 -2 1 ) 1

3 Theta functions of P; fori € {1,2,...,19}

Theorem 3.1 For 1 <i <19, we have Op, € M>(I'9(56)).

Proof Since k = 4 is even and the discriminant of each P; (1 < i < 19) is a perfect square (784 = 24 .72), the character X
associated with P; is the trivial character. The level of P; for 1 <i < 101is 56 and the level of P; for 11 < i < 19is 28; see Table
1. Thus by Theorem 2.3 we have

0p, € My(To(56)) fori € {1,2, ..., 10},
0p, € My(To(28)) fori e {11,12,..., 19},

from which we have 6p, € M>(I'9(56)) for 1 <i < 19 since M>(I'0(28)) C M>(T'0(56)). O

The coefficients of ¢” for 1 < n < 16 for each 6p, for 1 <i < 19 are given in Table 4. Clearly the constant term is 1 for all
Op,, so we did not include it in the table.
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Theta functions of nineteen non-diagonal... 601

Table 4 The coefficients of ¢” for 6p,

nli 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Op, 4 4 0 12 8 16 0 12 4 24 0 16 8 4 16 44
Op, 2 6 4 14 0 12 2 10 10 24 8 12 8 6 8 46
Opy 2 2 4 2 0 20 2 22 10 24 8 36 8 2 8 34
Op, 0 4 4 4 4 16 0 20 8 24 8 32 12 4 16 36
O p; 0 4 0 12 0 16 4 12 16 24 16 16 0 4 16 44
Ops 0 4 0 8 8 16 0 16 8 24 8 24 8 4 24 40
Op, 6 0 6 6 6 6 24 0 18 6 12 6 18 14 24 6
Op, 2 0 2 6 10 6 24 0 22 6 20 6 14 14 40 6
Op, 0 2 6 0 18 2 18 6 12 6 12 18 30 16 48 0
Op, O 2 10 0 6 2 22 6 20 6 20 18 26 16 32 0
Op,, 2 2 4 6 8 4 2 18 18 8 16 28 16 2 32 38
Op, O 0 8 8 8 8 0 16 16 8 16 24 24 0 32 40
Ops 2 0 8 4 12 0 2 12 26 0 24 16 28 0 48 28
Op,, 2 4 0 8 4 8 2 24 10 16 8 40 4 4 16 48
Ops 2 0 0 12 4 16 2 20 10 16 8 32 4 0 16 52
Opy O 6 4 6 4 4 0 26 8 16 8 44 12 6 16 46
Op, 0 2 4 10 4 12 0 22 8 16 8 36 12 2 16 50
Opg 2 0 2 6 6 18 16 0 14 18 12 6 10 42 24 6
Opy, O 6 6 0 6 6 14 6 12 18 12 18 18 48 24 0

Theorem 3.2 Let P := P(x,y, z,t) be any of the nineteen non-diagonal quaternary quadratic forms listed in Table 1. Then we
have

5
0p() = Y aala(@)+ ) BjAj@),

2=d|56 j=1

where the coefficients ag (d € {2,4,7,8, 14,28, 56}) and B; (1 < j < 5) are given in Table 5.

Table S Values of g and ; for Theorem 3.2

a2 ay az ag ag asg ase B B2 B3 Ba Bs
Op, ~1 1 2/3 —2/3 1 ~1 2/3 ) —4  10/3 —4/3 8
Op, ~1 1 2/3  —2/3 1 -1 2/3 -2 0 4/3 8/3 4
Op, -1 1 2/3 —2/3 1 ~1 2/3 2 0 4/3  —16/3 4
Op, ~1 1 2/3  —2/3 1 ~1 2/3 2 0 -2/3 —4/3 0
Op, -1 1 23 —2/3 1 -1 2/3 —6 4 23 20/3 -8
Op, ~1 1 2/3 —2/3 1 ~1 2/3 -2 0 -2/3 8/3 -4
Op, 74 =34 —3)2 1/2 74 —3/4 12 —1)2 -3 9/2 -5 12
Op, 74 =374 =32 12 774 —3/4 12 92 1 12 3 4
Op, 74 —3/4 =32 12 774 —3/4 1/2 72 -3 -3 -1 0
Opio 74 —3/4 32 172 74 —3/4 12 72 Y ~1 0
Op,, 43 —4/3 4/3 0 —4/3 4/3 0 0 0 2/3 0 0
Oy, 43 —4/3 4/3 0 —4/3 4/3 0 0 0 —4/3 0 0
Ops 3 -2 2 0 -3 2 0 0 0 0 0 0
Opy, —-1/3 —-2/3 2/3 0 1/3 2/3 0 0 0 4/3 0 0
Ops  —1/3  —2/3 2/3 0 1/3 2/3 0 —4 0 4/3 0 0
O, —1/3  —2/3 2/3 0 1/3 2/3 0 4 0 —2/3 0 0
Op,  —1/3  —2/3 2/3 0 1/3 2/3 0 0 0 —2/3 0 0
Opg 0 1 —1 0 0 1 0 —4 0 1 0 0
Oy, 0 1 ~1 0 0 1 0 4 0 —1 0 0

Proof We only present the proof for 6p, as all the other cases can be proven similarly. Since Op; € M>(I'g(56)), by Theorem
2.4, Op, must be a linear combination of Ly (g) (d € {2,4,7, 8, 14,28,56}) and A, (q) (r € {1, 2, 3,4, 5}). The Sturm bound for
the space of modular forms M3 (I'9(56)) is 16. Thus by equating the coefficients of ¢” up to the Sturm bound on both sides of
the equation

o

Op, =aaLo(q) +agla(q) + a7L7(q) + agLg(q) + a1aL14(q) + a8 Log(q)
+ aseLse(q) + B1A1(q) + B2A2(q) + B3A3(q) + BsAs(q) + BsAs(q),
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602 A. Alaca

we obtain a system of linear equations. Using maple [11] we solve the system and find the asserted coefficients oy (d €
{2,4,7,8,14,28,56}) and B; (1 < j < 5) given in Table 5. We note that it is enough to equate the coefficients of ¢" for
1 < n < 14 to find the unique solution that is given in this theorem. After that we verify the identities up to the Sturm bound. O

Corollary 3.1

Op — Op; = @l1, 1,14, 141(q) — ¢[2,2,7,71(q),
Opyy — Opy = 4A2(q),
20p,, —Op,, = @[1,1,7,71(q),
Op, —Opyy — Op; = 0[1. 1,7, 71(q),
Opy, —Op, =0p, —Op; = ¢[1,1,7,71(q) — Op,, = 2A3(q),
Opyy — Ops = 0p, — Op, =4A1(q),
6p, — 0p, = 4T GIT (4D
1n(22)n(282)
Opy, — Or = 0p;s — Op; = 2n(2In(22)n(Tz)n(142).

Proof The first six identities follow directly from Table 2 and Table 5. Let us prove the seventh identity. From Table 5, we have

Op, — Op, = 4(A1(q) — A2(q) + A3(q) — 2A4(q) + 445(q)). (3.1

Appealing to Theorem 2.1 and Theorem 2.2, we can see that

3 3
n” (4z2)n’ (142)
A1(q) — A2(q) + A3(q) —2A4(q) +4As(q) = ——————- (3.2)
1(22)n(28z2)
The assertion now follows from (3.1) and (3.2).
As for the last identity, from Table 5, we have
9P14 - 9P16 = 0P15 - 91317 = _4A1(Q) + 2A3(‘]) (3‘3)
Appealing to Theorem 2.1 and Theorem 2.2, we can see that
—2A1(q) + A3(q) = n(@nQ22)n(Tz)n(14z). 3.4
Thus the assertion follows from (3.3) and (3.4). m]

As aresult of Theorem 3.2, we can give explicit formulas for N(P;; n) for 1 <i < 19 and n € N. For convenience we set

Fs5(n) :=o(n) +30(n/2) —60(n/4) + 8c(n/8),
F7(n) :=30(n) —To(n/2) + 60(n/4) — 8c(n/8),
Fg(n) :=0o(n) —20(n/2) +4o(n/4),

Fio(n) :=0(n) —30(n/2) +40(n/4),

Fii(n) := 0 (n) + 0.(n/2) + 40 (n/4),

Fio(n) :=o(n) —4o(n/4).

We index F by the genus numbers in Table 1.
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Theorem 3.3 Letn € N. Then we have

2
N(Pim) = £ (Fsn) = TF5/7))

—2a1(n) — 4az(n) + Faz(n) — Jas(n) + 8as(n) ifi =1,
—2a1(n) + a3 (n) + §as(n) + 4as(n) if i =2,
2a1(n) + 3a3(n) — Fas(n) + das(n) if i =3,
2o - $a3(n) — as(n) if i =4,
—6a1(n) + 4ax(n) — 3a3(n) + Fas(n) — 8as(n) if i =5,
—2a1(n) — Fa3(n) + §as(n) — 4as(n) if i =6.

N(P;; _! F TF 7
(Piim) = 5 (Fr) + P10/ 7))
—3a1(n) —3ax(n) + 3a3(n) — Sas(n) + 12as(n) ifi =17,
—3a1(n) + az(n) + yaz(n) + 3as(n) —4as(n)  ifi =8,
Tay(n) = 3ax(n) — 3az(n) — as(n) if i=9,
Jai(n) + az(n) — 3a3(n) — as(n) if i=10.
4 as(n) ifi =11,
N m = 5 (B = TRs(nm) + { bk Aty
N(Pi3sn) = 2(Fio(n) = TFio(n/7)).

a3(n) ifi = 14,
2 —day(n) + $a3(n) ifi = 15,
N(P;i;n) = 5(Fn(n)—7F11(n/7))—+- day (n) — %ag(n) i = 16,

—Zaz(n) ifi = 17.

—4ay(n) +az(n) ifi =18,
N(Pi;n)=<Flz(n)+7Flz(n/7)>+{ 431(2)—32(2) ZZ: 19.

Proof The assertions follow from Theorem 3.2 and (2.1), (2.2), (2.6)—(2.11). m]

4 Expressing 0p, for 1 <i <19 in terms of 0-functions of diagonal forms

We begin this section by noting that the quadratic forms Pyy, Py and x2 + y* + 7z% + 7¢2 are in the same genus (see Table 1),
and so the differences of their theta functions are cusp forms (see [14, p. 365]). We indeed see from Table 2 and Table 5 that

Ory (q) = ol1.1,7,7](q) — 2A3(q), 4.1)
Op(q) = l1, 1,7,71(q) — 4A3(q). 4.2)
The remaining seventeen p do not have any diagonal forms in their genera. However, it follows from the last two lines of Table 5,
(2.2) and (2.3) that
Ly T 4, 7
O (@) = g9"(@) + 59" (¢") —4A1(@) + A3(q), (4.3)
1 7
Ory (@) = 50" (@) + 9@ +4A1@) — A3(@). (4.4)

This makes us wonder if we can express each 6p,, 1 <i < 19, in terms of theta functions of some diagonal forms and some cusp
forms. Of these nineteen 6p, we can indeed express sixteen of them in terms of theta functions of diagonal forms and a single
cusp form, and three of them in terms of theta functions of diagonal forms only; see Table 6.

Theorem 4.1 Theta functions

o[1,1,1,1](q) o[1,2,7,14](q)

ol1, 1,2, 2](9) 012,22, 21(9) o e
oIl 1.7, 71q) 012.2.7. 71(q) o7, 14,9
ol1. 1,14, 14](q) 0[2.2. 14, 14](q) ¢l14, 14, 14, 141(q)
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604 A. Alaca

together with the cusp form

A1(q) = nz)n4z)n(14z)n(28z)

Sform a basis for M>(I'0(56)). Moreover, we express each Op in Table 5 in terms of these basis elements:

0p() = ) byijun oli, .k, 11(q) + aAi(),

where the coefficients are given in Table 6.

Proof One can see that ¢[i, j, k, [](g) and A|(q) listed above are in M>(I"9(56)), and they are linearly independent. They form
a basis for M (I'g(56)) since, by (2.4), dim(M>(I'g(56))) = 12. We only express Op, in terms of these basis elements as all the
other cases can be done similarly. By Theorem 3.1, 6p, € M>(I'9(56)), and so 6p; must be a linear combination of ¢[i, j, k, [1(q)
and A (q) listed above, that is,

Op, =bp,1aell, 1, 1, 11(g) + by 2901, 1, 2,21(q) + by, mell, 1,7, 71(q)
+bp1114,141901, 1, 14, 141(q) + b 2741911, 2, 7, 14](q)
+ 0122221912, 2,2, 2](q) + bp2.2,7.11912, 2,7, 71(q)
+bp.2,14.141912, 2, 14, 141(q) + br7.7.7.1917, 7,7, 71(q)
+ b17.7,14,141917, 7, 14, 141(q) + b14,14,14,1410[14, 14, 14, 14](q) + a A1 (q).

The Sturm bound for M>(I'9(56)) is 16. By equating the coefficients of ¢g” up to 16 on both sides of the above equation we obtain
a system of linear equations. Using maple [11] we solve the system and find the asserted coefficients given in Table 6. O

Table 6 Values of b(; ;) and a in Theorem 4.1

bii b2 bz briiasas biizaar bpo22 bp2am bpoasis b7.7,7.7 brazaa4r briansisa4 a
Op, /12 —1/6 1/2 1/2 0 16 —1/2 1 -7/12 7/6 ~7/6 —4
Op, —1/24 1/12  —1/4 1/4 1 1/6 1/4 1 724 —7/12 -7/6 -2
Op,  5/24 —5/12 5/4 —5/4 1 1/6 —5/4 1 —35/24  35/12 ~7/6 -2
0p,  5/24 —1/6 5/4 -3/2 0 —1/12 =32 5/2 —35/24 7/6 712 -2
Op, 112 —1/6 12 —1)2 0 1/6 172 1 —7/12 7/6 ~7/6 —4
Op,  5/24 —1/6  5/4 ~1 -1 —1/12 ~1 5/2 —35/24 7/6 712 —4
op,  —1/8 14 —3/4 3/2 32 1/8 3/4 —9/4 /8 72 ~35/8 0
Op, 0 1/4 0 1/2 —1/2 —1/8 3/4 —3/4 0 7/2 -21/8 =2
Op, 1/8 12 3/4 —3/4  —3/2  —5/8 —32 9/4  —7/8 7/4 78 0
Opi 0 12 0 —3/4 12 —3/8 —1/2 3/4 0 7/4 -7/8 2
Opy, 0 1/4 1 —3/4 0 —1/4 —3/4 3/2 0 ~7/4 74 -2
Opy, 0 1/2 1 —3/2 0 —1/2 =32 3 0 ) 72 —4
Op, —1/24 712 3/4  —3/4 0 -7/12 —3/4 32 724 —49/12 49/12 -2
Op,  1/24 —1/12 5/4 —3/4 0 1/12  -3/4 32 —7/24 7/12 /12 -2
Op,  1/24 —1/12  5/4  —3/4 0 112 —3/4 32 —7/24 7/12 ~7/12 -6
Op,  1/24 1/6 5/4 ~3/2 0 -—1/6 372 3 —7/24 ~7/6 760
Op,  1/24 1/6 5/4 -3/2 0 —1/6 32 3 -7/24 ~7/6 776 —4
Opis 1/8  —1/8 0 3/8 0 1/8 3/8 —3/4 7/8 7/8 -7/8 -3
Opio 1/8 1/8 0 —3/8 0 —1/8 —3/8 34 7/8 ~7/8 78 3
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5 Further results

For each genus in Table 1, we take a suitable linear combination of 6p, and ¢[1, 1,7, 7](g) in Table 5 and Table 2, respectively,
so that the cusp part of the linear combination is zero. We thereby obtain the identities (5.1)—(5.6):

Op, +20p, +20p, + 80p, + Op; + 40p,

=6(—3La(q) +3La(q) + 2L7(q) — 2Ls(q) + 3L14(q) — 3Las(q) + 2Ls6(q)), (5.1
Op, +30p; +0py + 36p,,

=2(7L2(q) —3L4(q) — 6L7(q) +2Lg(q) + TL14(q) — 3L28(q) +2Ls6(q)), (5.2)
ol1,1,7,71(q) + 46p,, + 46p,, = 12(L2(q) — La(q) + L7(q) — L14(q) + L2s(q)), (5.3)
Op; = 3La(q) — 2L4(q) +2L7(q) — 3L14(q) +2L2s(q), (5.4)
Opy, +2(Ops + 0pg) +40p; = 3(— La(q) — 2La(q) 4+ 2L7(q) + L14(q) + 2L2s(q)). (5.5)
Ops + 0Py = 2(La(q) — L7(q) + L2s(q)). (5.6)

Let {f; | 1 <i < h} be a set of representatives of all different classes of the genus of a positive-definite quadratic form
f = f(x1,x2,...,xr). Let A be the matrix of f and let My (Z) be the set of all k x k matrices with integer entries. With the
notation of [14, p. 365], let O( f) be the number of automorphisms of f, that is
O(f) :=#{S € My(Z) | SAST = A}. 5.7
Then, the theta function of the genus of f is defined by

h

1\ n 05 2)
O(gen.f.z) == —, (5.8)
<§ ) 200

which is an Eisenstein series of weight k/2. In this work, 0(gen. f, z) is an Eisenstein series of weight 2 since we have k = 4. In
the following theorem, we express 6(gen. f, z) for each genus in Table 1 in terms of the Eisenstein series Ly(q).

Theorem 5.1 Let0(gen. f;, z) denote the theta function of genus number i fori € {5,7, 8, 10, 11, 12} of discriminant 784. Then
O(gen.f;, z) is given by

1
O(gen. fs,z) = z(—3La(q) +3La(q) +2L7(q) — 2Ls(q) +3L1a(g) — 3L2s(g) + 2Ls6(q)),

—_ W

0(gen.f1,2) = - (TLa(q) — 3La(g) — 6L7(g) + 2Ls(q) + TL14(q) — 3L2s(q) +2Ls6(9)),

4
6(gen. fs,2) = z(La(q) — La(q) + L7(q) — L14(¢) + L2s(q)),
0(gen. f10,2) = 3La(q) —2La(q) +2L7(q) — 3L14(q) + 2L23(q),

1
6(gen.fi1,2) = 5( — La(q) — 2L4(q) 4+ 2L7(q) + L14(q) + 2L23(q)).
O(gen. fi2,2) = La(q) — L7(q) + L2s(q).

Proof We only prove the equation for 6(gen. f5, z) as the remaining ones can be proven similarly. We know from [12] that
{P; | 1 <i < 6}is aset of representatives of all different classes of genus number 5 of discriminant 784, and

O(P1) =32,0(P) =16, 0(P3) =16, O(P4) =4, O(Ps) =32, 0(Ps) = 8.

W

Thus we have

(26: 1 >_1_(L+i+i+l+i+l)_l_g
‘ T332 16 16 4 32 8 T 9’

and so
6

1 —1 6 Op.
G(geﬂ-fssZ)z(Z 0(1),-)) ZO(I;’I‘)

i=1 i=1

_ 16 6p, bp,  Opy  Op,  Opy  Op
_9(32+16+16+ 4 +32+ 8)

_Op O | Op, 40, Op | 20p

T8 9 9 9 18 9’

from which we obtain
186(gen.f5,2) =6p, +20p, +20p, +86p, + Op, + 40p. (5.9)

The assertion follows from (5.1) and (5.9). m]
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A. Alaca

In the following theorem we connect each 0p, fori € {1,2, 3, 5, 11, 19} with the theta function of a diagonal form via an eta

quotient.

Theorem 5.2

4 4
(m9m—wUJ,MJMW)=9%—¢&2JJK®=82%%%%%%,
n’(42)n’ (28z)
3 Q22 (82)n* (142)n2(562)°
2 2
(© Op, — ol1,2,7, 141(q) = 16 1E1 n(f;;:n((zﬁfz))" (%62
1’ (22)n* (82)n° (142)n*(562)
2 @3 @)n*(72)n*(28z2)
n*(2z)n°(14z)

n(2)n(@4z2)n(7z)n(28z)°

(b) 6p, — 9[1,2,7,14](q) = 4

) Op,, —¢l1.2,7, 141(q) = 4

(€ 0py —¢*(q") =6

Proof (a) From Table 2 and Table 5, we have

Op — oll, 1,14, 141(q) = Ops — ¢[2,2,7,71(q)

3

Appealing to Theorem 2.1 and Theorem 2.2, we can see that

n*(42)n*(282)

~2La0) + La(@) +2L1s(0) — Los(@) — 4Ar(@) = 12 T

The assertion now follows from (5.10) and (5.11).
(b) From Table 2, Table 5, (5.10) and part (a), we have

Op, — ¢[1,2,7,141(q)
2
= §( —2L>(q) + L4(q) + 2L14(q) — Lag(q) —4A1(q)) + 4A4(q)
=0p, —o[l,1,14,14](q) + 4A4(q)

_ ' @)n*(282)
2o (147)

Appealing to Theorem 2.1 and Theorem 2.2, we can see that

+4A4(q).

5 n*(42)n*(282)  Auq) = n’(42)n" (28z)
P2Qont(4z) Y T PR Bomnd (140n2(562)

The assertion now follows from (5.12) and (5.13).
(c) From Table 2, Table 5, and (5.10), we have

Op; —¢l1,2,7, 141(g)

2 4
= §( —2Ly(q) + La(q) +2L14(q) — Las(@)) + 3A41@) —444(9)

2
= 5( —2L>(q) + L4(q) + 2L14(q) — Lag(q) —4A1(q)) +4A1(q) — 4A4(q)
=0p, —o¢ll, 1, 14, 14](q) + 4A1(q) — 4A4(q).

From (5.14) and part (a), we have

n*(42)n*(28z)

—o[1,2 14 =8
Op; —ol1,2,7, 14](q) 8,72(21),72(141)

+4A1(q) —4A4(q).

Appealing to Theorem 2.1 and Theorem 2.2, we have

4 4 2 2

n*(4z)n*(28z) n(4z)n~(82)n(282)n"(56z)

25T T 4 A(g) — A =4 )
n2(2z)n2(14z) +A1(g) — Adlg) 1n(2z)n(14z)

The assertion now follows from (5.15) and (5.16).

@ Springer

2
= Z(—2La(g) + La(g) + 2L14(q) — L2s(q) — 4A1(q)).

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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d

) From Table 2 and Table 5, we have

1
Opy —l1,2,7,14](q) = §(3L2(4) —5L4(q) +2L7(q) +2Lg(q) — 3L14(q) + 5L23(q)

—2Lse(q) — 2A1(q) — 243(q) + 4A4(q) — 1245(q)). (5.17)

Appealing to Theorem 2.1 and Theorem 2.2, we see that

3L2(q) — 5L4(q) +2L7(q) + 2Lg(q) — 3L14(q) + 5L23(q)

—2Lss(q) — 2A1(q) — 2A3(q) + 4A4(q) — 12A5(q)
QRN B0’ (142)n? (562)

=12 ) 1
2@ (42)n*(72)n3(282) (5-18)

The assertion now follows from (5.17) and (5.18).
(e) From (4.4), we have

1 1
Ory — 9 (q") = §<p4<q) - §¢4<q7> +4A1(q) — As(q). (5.19)

By Therem 2.1 and Theorem 2.2, we have

n*(22)n°(14z)
n(@)n4z2)n(7z)n(28z)"

1 1
39 @ = 5ot @) +441(9) — As(q) =6 (5.20)

The assertion now follows from (5.19) and (5.20). m]
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