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Abstract Let f and g be distinct primitive holomorphic cusp forms of even integral weights k1 and k2 for
the full modular group � = SL(2,Z), respectively. Denote by λ f (n) and λg(n) the n-th normalized Fourier
coefficients of f and g, respectively. In this paper, we consider short sums of isotypic trace functions associated
to some sheaves modulo primes q of bounded conductor, twisted by the multiplicative function λ f (ni )λ f (n j )

and λ f (ni )λg(n j ) for any integers i, j ≥ 1. We are able to establish non-trivial bounds for these algebraic

twisted sums with intervals of length of at least q
1
2 +ε for arbitrarily small ε > 0. In the similar manner, We also

establish the nontrivial bounds for short sums of isotypic trace functions twisted by the coefficients λ f × f × f (n)
and λ f × f ×g(n) of triple product L-functions L( f × f × f, s) and L( f × f × g, s), respectively.

Keywords Fourier coefficients · Automorphic L-functions · Trace functions

Mathematics Subject Classification 11N3F · 11F11 · 11F30

1 Introduction

The Fourier coefficients of modular forms are important and interesting objects in number theory. Let Sk(�)

be the space of holomorphic cusp forms of even integral weight k for the full modular group � = SL(2,Z).
Suppose that f (z) is an eigenfunction of all Hecke operators belonging to Sk(�). Then the Hecke eigenform
f (z) has the following Fourier expansion at the cusp ∞,

f (z) =
∞∑

n=1

λ f (n)n
k−1

2 e2π inz, �(z) > 0,

where λ f (n) is the n-th normalized Fourier coefficient with the normalization that λ f (1) = 1. Then λ f (n) is
real and satisfies the multiplicative property

λ f (m)λ f (n) =
∑

d|(m,n)
λ f

(
mn

d2

)
, (1.1)

where m ≥ 1 and n ≥ 1 are positive integers. In 1974, P. Deligne [6] proved the Ramanujan-Petersson conjecture

|λ f (n)| ≤ d(n), (1.2)
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620 G. Hua

where d(n) is the classical divisor function. In fact, Deligne’s bound is equivalent to the fact that

α f (p)+ β f (p) = λ f (p), α f (p)β f (p) = |α f (p)| = |β f (p)| = 1, (1.3)

where α f (p), β f (p) ∈ C are two complex numbers. More generally, for all positive integers l ≥ 1 one has

λ f (p
l) = α f (p)

l + α f (p)
l−1β f (p)+ · · · + α f (p)β f (p)

l−1 + β f (p)
l .

Hence for each prime number p there is a unique θ f (p) ∈ [0, π ] such that

λ f (p) = 2 cos θ f (p). (1.4)

The famous Sato-Tate conjecture asserts that the sequence {θ f (p)}p is equi-distributed on [0, π ] with respect to
the measure 2

π
sin2 θdθ , i.e. for any fixed [a, b] ∈ [0, π ], we have

∣∣{p ≤ x : θ f (p) ∈ [a, b]}∣∣ ∼ 2

π

∫ b

a
sin2 θdθ · x

log x
. (1.5)

This has been proved recently by the work of Barnet-Lamb et al. [2].
Firstly, we need to introduce the definition of isotypic trace function as follows. Throughout the paper, we

always assume that q is a prime.

Definition 1.1 For a prime p and a prime q �= p, an isotypic trace sheaf modulo p is a geometrically isotypic
q-adic Fourier sheaf F on A1

Fp
, in the sense of [13, Definition 8.2.2], which is a pointwise pure of weight 0.

An isotypic trace function associated to some sheaf F modulo p is the trace function

K (x) = ι((trF)(Fp, x))

for x ∈ Fp of an isotypic trace sheaf F , this trace function being seen as complex-valued by means of some
fixed isomorphism ι : Qq → C.

For an isotypic trace function K (n) associated to some sheaf F modulo q, we define the conductor as the
minimal conductor of an isotypic trace sheaf F with trace function equal to K (n) on Fq . Here, we list some
important functions to illustrate how this class of functions typically looks like as follows.

• The function K (n) = e(P(n)/q) for a polynomial P ∈ Fq [X ] of degree less than q.
• The function K (n) = χ(P(n)) for multiplicative character χ and P ∈ Fq [X ] is a polynomial.
• The normalized s-dimensional Kloosterman sum q−(s−1)/2 Ks,q(n), which is given by

Ks,q(n) =
q−1∑

x1,...,xs=1
x1...xs≡n( mod q)

e

(
x1 + . . .+ xs

q

)
,

where n ∈ Z is an integer and e(z) = e2π i z for any z ∈ R.
• Traces of Frobenius of elliptic curves modulo q.

Let K(n) be an isotypic trace function associated to some sheaf F modulo q and let a(n) be an arithmetic
function, here q is a prime number. And for convenience we always denote q to be a prime number. It is an
important topic to study the sum in the following type

∑

n≤x

a(n)K(n). (1.6)

Both the quality of improvements over the trivial bound and the range of possibilities that give rise to nontrivial
bounds compared to q are important.

In [7], Fouvry, Kowalski and Michel studied algebraic trace functions over primes. Among a number of deep
results, they proved that under some mild conditions on K(n),

∑

q prime
q≤X

K(q) � X

(
1 + q

X

) 1
12

q− η
2
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and

∑

n≤X

μ(n)K(n) � X

(
1 + q

X

) 1
12

q− η
2

for η < 1
24 , where the implied constants depend only on η and the conductor condF of F . their results give

non-trivial bounds for a wide class of isotypic trace functions K(n) of bounded conductor with a power saving
assuming that

X � q
3
4 +ε

for some fixed ε > 0.
Later, Fouvry, Kowalski and Michel [8] investigated algebraic trace sums involving Fourier coefficients of

modular forms. A corollary of their results states that for any X ∈ [1, q], one has
∑

n≤X

λφ(n)K(n) � q1−η

for any η < 1
16 , where the implied constant depends on η, f and cond(F). Here λφ(n) is the normalized n-th

Fourier coefficient of an automorphic form φ on GL2 (holomorphic or Hecke-Maass eigenforms).
Let K(n) be the normalized s-dimensional Kloosterman sum. In [18], Kowalski, Michel and Sawin established

a non-trivial bound with a power saving on the sum
∑

n≤X

d(n)K(n)

provided X ≥ q
2
3 +ε. Recent work of Korolev and Shparlinski [17] gives the nontrivial bounds for shorter ranges

compared to q for the sums
∑

n≤X

μ(n)K(n) (1.7)

and
∑

n≤X

dν(n)K(n)

where dν(n) denote the ν-dimensional divisor function, which is defined as the number of ordered representation
n = n1 . . . nν with integers n1, . . . , nν ≥ 1. In analytic number theory, it is important to estimate sums over
primes or correlations with the Möbius function μ(n). In fact, one of the motivation to consider the sums (1.7)
comes from the program devised by Sarnak [28] to establish the pseudorandomness of the Möbius function and
in particular, to show that it is not correlated with other arithmetic sequences.

For the definition and typical examples of the class of trace functions K(n) stated above, we refer the reader
to [7,9]. For the historical line of development of sums (1.6) of various kinds of a(n), we refer the reader to [12].

Following the paper [7], we call that K is a non-exceptional function modulo q if it is not proportional to a
function of the form e( an

q )χ(n) with an integer a and multiplicative character χ modulo q.
In order to give the main results in this paper, we firstly need to state a theorem of Jiang and Lü [12] which

has a significant importance in the proof of our theorems. Now we assume the following hypothesis hold:

(i) X is an arbitrary integer satisfying

X � q
1
2 +ε.

(ii) There exists some constant c ≥ 0 such that

‖a‖2
2,X =

∑

n≤X

|a(n)|2 � X (log X)c.
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(iii) Fix parameters

Y := (log q)c+4, Z := q
ε
3

for any fixed ε > 0. Let P = ∏
p∈[Y,Z) p denote the product of primes which belong to the interval [Y, Z)

and

∑

n≤X
(n,P)=1

|a(n)| �ε X (log X)γ−1
(

log log q

log q

)γ

for some γ ≥ 0.

Theorem 1.1 ([12, Theorem 1.1]) Let K be any non-exceptional isotypic trace function associated to some
sheaf F modulo q. Let a(n) and X satisfy the above conditions (i)-(iii). Then

∑

n≤X

a(n)K(n) � X (log X)γ−1
(

log log q

log q

)γ
+ X

log q

(
log X

log q

) c
2

,

where the implied constant only depends on ε > 0 and cond(F), where cond(F) is the conductor of F .

Let f ∈ Sk1(�) and g ∈ Sk2(�) be two distinct Hecke eigenforms and denote by λ f (n) and λg(n) the n-th
normalized Fourier coefficients of f and g, respectively. Define

S f,K(i, j; X) =
∑

n≤X

λ f (n
i )λ f (n

j )K(n)

and

S∗
f,K(i, j; X) =

∑

n≤X

μ(n)λ f (n
i )λ f (n

j )K(n)

where i, j ≥ 1 are any fixed positive integers. Here μ(n) is the Möbius function. In the analogous manner, we
can also define the following sums that

M f,g,K(i, j; X) =
∑

n≤X

λ f (n
i )λg(n

j )K(n),

and

M∗
f,g,K(i, j; X) =

∑

n≤X

μ(n)λ f (n
i )λg(n

j )K(n)

for any fixed positive integers i, j ≥ 1. The first purpose of this paper is to establish the following results.

Theorem 1.2 Let K be any non-exceptional isotypic trace function associated to some sheaf F modulo q. And
1 ≤ i ≤ j be two positive integers. If the integer X satisfies

q
1
2 +ε � X � q B

for any positive constant B > 0, then we have

S f,K(i, j; X) � X
(log log q)δi, j

log q
, S∗

f,K(i, j; X) � X
(log log q)δi, j

log q
,

where the implied constants depends only on ε, f, i, j, cond(F). Here δi, j ∈ (0, 1] is given by

δi, j = 2

π

∫ π

0
| sin((i + 1)θ) sin(( j + 1)θ)|dθ.
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Theorem 1.3 Let f ∈ Sk1(�) and g ∈ Sk2(�) be two distinct Hecke eigenforms. Let K be any non-exceptional
isotypic trace function associated to some sheaf F modulo q. If the integer X satisfies

X � q
1
2 +ε,

then we have

M f,g,K(i, j; X) � X
(log log q)δ̃i, j

log q
, M∗

f,g,K(i, j; X) � X
(log log q)δ̃i, j

log q
,

where the implied constants depends only on ε, f, g, i, j, cond(F). Here δ̃i, j = νiν j with 0 < νl < 1 for l ∈ Z
+,

and

νl = 2

π

∫ π

0
| sin((l + 1)θ)|dθ.

Let L( f × f × f, s) and L( f × f ×g, s) be the triple product L-functions attached to f and f, g, respectively.
And λ f × f × f (n) and λ f × f ×g(n) the coefficients of Dirichlet expansion of L( f × f × f, s) and L( f × f × g, s)
such that

L( f × f × f, s) =
∏

p

(
1 − α f (p)3

ps

)−1(
1 − α f (p)

ps

)−3(
1 − β f (p)

ps

)−3(
1 − β f (p)3

ps

)−1

:=
∞∑

n=1

λ f × f × f (n)

ns

and

L( f × f × g, s) =
∏

p

(
1 − α f (p)2αg(p)

ps

)−1(
1 − αg(p)

ps

)−2(
1 − β f (p)2αg(p)

ps

)−1

×
(

1 − α f (p)2βg(p)

ps

)−1(
1 − βg(p)

ps

)−2(
1 − β f (p)2βg(p)

ps

)−1

:=
∞∑

n=1

λ f × f ×g(n)

ns

for �(s) > 1. Define

U f,K(i; X) =
∑

n≤X

λ f × f × f (n)
iK(n), U∗

f,K(i; X) =
∑

n≤X

μ(n)λ f × f × f (n)
iK(n),

and

R f,g,K( j; X) =
∑

n≤X

λ f × f ×g(n)
jK(n), R∗

f,g,K( j; X) =
∑

n≤X

μ(n)λ f × f ×g(n)
jK(n),

where i, j ≥ 1 are any fixed positive integers.
By using the same argument as that of Theorem 1.2 and Theorem 1.3 with some modifications, we are able

to establish the following theorems.

Theorem 1.4 Let K be any non-exceptional isotypic trace function associated to some sheaf F modulo q. If the
integer X satisfies

q
1
2 +ε � X � q B

for any positive constant B > 0, then we have

U f,K(i; X) � X
(log log q)λi

log q
, U∗

f,K(i; X) � X
(log log q)λi

log q
,

123



624 G. Hua

and

R f,g,K( j; X) � X
(log log q)λ̃i

log q
, R∗

f,g,K( j; X) � X
(log log q)λ̃i

log q
,

where λi = ι 3
2 i and λ̃ j = ι j ι j

2
with

ιβ = 4β�(β + 1
2 )√

π�(β + 2)
, β ∈ R

+.

Theorems 1.2-1.4 gives non-trivial bounds for short sums of isotypic trace functions twisted by Fourier
coefficients of primitive holomorphic cusp forms for SL(2,Z) provided for q in some certain ranges, it extends
the possibilities for the multiplicative functions a(n) in Theorem 1.1 satisfying some mild conditions and also
reveals deep relations with non-exceptional isotypic trace function K(n).

The main ingredients in the proof of the above theorems is the nice properties of Fourier coefficients of
holomorphic cusp form for SL(2,Z) for which is divisor-bounded and obey the Sato-Tate law associated to
one or two forms. For Fourier coefficients attached to primitive holomorphic cusp forms for SL(2,Z), there
are plenties of well developed devices to understand the analytic properties of these interesting objects, like
Rankin-Selberg convolution theory and multiplicative number theory.

As an application of Theorems 1.2-1.4, we let a(n) = λ f (ni )λ f (n j ), μ(n)λ f (ni )λ f (n j ),

or λ f (ni )λg(n j ), μ(n)λ f (ni )λg(n j ), λ f × f × f (n)i , μ(n)λ f × f × f (n)i or λ f × f ×g(n)i , μ(n)λ f × f ×g(n)i , with
i, j ≥ 1 being positive integers, and we consider the correlation of the function a(n) with the characteristic
function χα,β(ψ(n)) of angles such that

ψ(n) = arccos

(
1

2q1/2 K2,q(n)

)
,

where K2,q(n) is the regular Kloosterman sum, and [α, β] ⊂ [0, π ]. A combination of Theorems 1.2-1.4 with a
result of Katz [13] which indicate that

K : n �→ symrψ(n),

where

symrψ = sin((r + 1)ψ)

sinψ
,

is a nonexceptional isotypic trace function for each r ≥ 1, which yields the following result.

Corollary 1.5 Let ε > 0 be any fixed constant, for q
1
2 +ε � X � q B with some constant B, then for any

continuous function ρ : [0, π ] → C we have

lim
X→∞

1

X

∑

n≤X

a(n)ρ(ψ(n)) = 0.

2 Preliminaries

In this section, we review some analytic properties of automorphic L-functions and collect some related lemmas
that plays an important role in the proof of the main theorems.

Let f ∈ Sk1(�) be a Hecke eigenform. Associated to f (z) one can define an L-function as

L(s, f ) =
∞∑

n=1

λ f (n)

ns
=

∏

p

(
1 − λ f (p)p

−s + p−2s)−1

=
∏

p

(
1 − α f (p)

ps

)−1(
1 − β f (p)

ps

)−1

, �(s) > 1,

123



A note on the cancellations... 625

where α f (p), β f (p) satisfies the relations (1.3). The mth symmetric power L-function attached to f is defined
by

L(s, symm f ) =
∏

p

m∏

i=0

(
1 − α f (p)

m−iβ f (p)
i p−s)−1

, �(s) > 1.

We can expand it into a Dirichlet series

L(s, symm f ) =
∞∑

n=1

λsymm f (n)

ns

=
∏

p

(
1 + λsymm f (p)

ps
+ · · · + λsymm f (pk)

pks
+ · · ·

)
, �(s) > 1. (2.1)

It is obvious that λsymm f (n) is also a real multiplicative function. And by (1.3) and (2.1) it implies
∣∣λsymm f (n)

∣∣ ≤ dm+1(n). (2.2)

We can also define the Rankin-Selberg L-function L(s, symi f × sym j g) attached to symi f and sym j g as
follows

L(s, symi f × sym j g) =
∏

p

i∏

m=0

j∏

m′=0

(
1 − α f (p)i−mβ f (p)mαg(p) j−m′

βg(p)m
′

ps

)−1

=
∞∑

n=1

λsymi f ×sym j g(n)

ns
, �(s) > 1. (2.3)

Here f and g are two Hecke eigenforms which are not necessarily be different. By the Hecke relation (1.1),
Deligne’s bound (1.3) and (2.3), we know that

∣∣λsymi f ×sym j g(n)
∣∣ ≤ d(i+1)( j+1)(n).

From (1.1)-(1.3), it is not hard to find that

λ f (p
j ) = α f (p) j+1 − β f (p) j+1

α f (p)− β f (p)
=

j∑

m=0

α f (p)
j−mβ f (p)

m,

which can also be written as

λ f (p
j ) = U j (cos θ f (p)) = sin(( j + 1)θ f (p))

sin θ f (p)
, (2.4)

where U j (x) is the j th Chebyshev polynomial of the second kind. Hence for each prime number p, we have

λsym j f (p) = λ f (p
j ), λsymi f ×sym j g(p) = λ f (p

i )λg(p
j ). (2.5)

It is predicted by the Langlands functoriality conjecture that π f gives rise to a a symmetric power lift
sym jπ f –an automorphic representation whose L-function is the symmetric power L-function attached to f ,

L(sym jπ f , s) = L(sym j f, s).

It is conjectured that there exists an automorphic cuspidal self-dual representation sym jπ f of GL j+1(AQ)whose
L-function is the same as L(sym j f, s).

For 1 ≤ j ≤ 8, this special Langlands functoriality conjecture that sym j f is automorphic cuspidal is shown
by a series of important works by Gelbart and Jacquet [10], Kim [16], Kim and Shahidi [14,15], Shahidi [27],
Clozel and Thorne [3–5]. Very recently, Newton and Thorne [24,25] proved that sym j f corresponds with a
cuspidal automorphic representation of GL j+1(AQ) for all j ≥ 1 (with f being holomorphic cusp forms).
Then we know from the Rankin-Selberg theory L(sym j f, s), L(symi f × sym j g, s)(i, j ≥ 1) have the analytic
continuation to the whole complex plane as entire functions and satisfies certain Riemann-type functional equation
except for sym jπ f ∼= sym jπg there are simple poles at s = 0, 1.
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Lemma 2.1 Let f ∈ Sk1(�) be a Hecke eigenform and let 1 ≤ i ≤ j be positive integers. Then
∑

n≤X

|λ f (n
i )λ f (n

j )|2 � X (log X)i ,
∑

n≤x

|μ(n)λ f (n
i )λ f (n

j )|2 � X (log X)i .

Proof Define the L-function by

Li, j ( f ; s) =
∞∑

n=1

λ f (ni )2λ f (n j )2

ns

for �(s) > 1. The by following the argument in [23] with some modifications we know that Li, j ( f ; s) can
be extended to the half-plane �(s) > 1

2 as a meromorphic function except for a pole at s = 1 of order i + 1.
Therefore by invoking the classical lemma of Landau (cf. [22, Lemma 2.7]), one easily prove the required results.
��
Lemma 2.2 Let f ∈ Sk1(�) and g ∈ Sk2(�) be two distinct Hecke eigenforms and let i, j ≥ 1 be positive
integers. Then there exists two constants c f,g,i, j and c̃ f,g,i, j such that

∑

n≤x

|λ f (n
i )λg(n

j )|2 ∼ c f,g,i, j X,
∑

n≤x

|μ(n)λ f (n
i )λg(n

j )|2 ∼ c̃ f,g,i, j X.

Proof The two results essentially follows from Lao and Luo [23, Proposititon 3.4]. ��
The 2-product Sato-Tate measure μ⊕2

ST is the probability measure defined on [0, π ] × [0, π ] given by

μ
⊕2
ST := 4

π2 sin2 θ1 sin2 θ2dθ1dθ2.

Now we state the important results concerning pair-Sato-Tate conjecture proved by Wong [29, Theorem 1.1]
which plays an important role in proving Theorem 1.3.

Lemma 2.3 Let f ∈ Sk1(�) and g ∈ Sk2(�) be two distinct primitive holomorphic Hecke cusp forms for the
full modular group � = SL(2,Z) respectively. Let λ f (n) and λg(n) are the corresponding Hecke eigenvalues
associated with f, g such that

λ f (p) = 2 cos(θ f (p)), λg(p) = 2 cos(θg(p)). (2.6)

Let h(t), w(t) be two continuous functions defined on [0, π ], then we have
∑

p≤x

h(θ f (p))w(θg(p)) ∼ 4

π2

∫ π

0
h(θ1) sin2 θ1dθ1

∫ π

0
w(θ2) sin2 θ2dθ2 · x

log x
, x → ∞. (2.7)

Proof See Wong [29, Theorem 1.1]. Since for any two sub-interval I1 × I2 ⊂ [0, π ] × [0, π ], the sequence
(θ f (p), θg(p))p is uniformly distributed in [0, π ] × [0, π ] with respect to the 2-product Sato-Tate measure μ⊗2

ST
as p ranges over all the primes. Then we have

�
{

p ≤ x : (θ f (p), θg(p)) ∈ I1 × I2
} ∼ 4

π2

∫

I1

sin2 θ1dθ1

∫

I2

sin2 θ2dθ2 · π(x), x → ∞. (2.8)

Then the conclusion immediately follows from (2.8). For a more explicit form, we refer the interested reader to
[1, Theorem 2.2]. � ��
Lemma 2.4 Let f ∈ Sk1(�) and g ∈ Sk2(�) be two distinct Hecke eigenforms. And let i, j ≥ 1 be positive
integers. Then there exist constants d( f, i), d̃( f, i), e( f, g, j), ẽ( f, g, j) such that

∑

n≤x

|λ f × f × f (n)|2i ∼ d( f, i)x(log x)δi ,
∑

n≤x

|μ(n)λ f × f × f (n)|2i ∼ d̃( f, i)x(log x)δi (2.9)

and
∑

n≤x

|λ f × f ×g(n)|2 j ∼ e( f, g, j)x(log x)κ j ,
∑

n≤x

|μ(n)λ f × f ×g(n)|2 j ∼ ẽ( f, g, j)x(log x)κ j , (2.10)

where δi = η3i − 1 and κ j = η jη2 j − 1, and

ηl = 1

l + 1

(
2l

l

)
.
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Proof The first result (2.9) is given by Lü [20, Theorem 1.4], and the second result (2.10) can be derived by
following the argument in the proof of Theorem 1.4 in [20] together with Lemma 2.3. ��

Now we recall a well-known result due to Shiu [26], which states as follows.

Lemma 2.5 Let l and ε > 0 be fixed positive real numbers. Let x be a large positive number and assume that
xε ≤ z ≤ x. Then uniformly for all multiplicative functions f which satisfies | f (n)| ≤ dl(n), we have

∑

x−z≤n≤x

| f (n)| �l,ε
z

log x
exp

( ∑

p≤x

| f (p)|
p

)
.

Proof This result is essentially given by Shiu [26] on a Brun-Titchmarsh inequality for nonnegative multiplicative
functions, see also Jiang and Lü [12, Lemma 2.3]. ��
Lemma 2.6 Let i, j ≥ 1 be two positive integers. Suppose that

Y = (log q)4+c, Z = q
ε
3 , X � q

1
2 +ε

for some constant c ≥ 0. Let P = ∏
p∈[Y,Z) p denote the product of primes p which belong to the interval

[Y, Z). Then

∑

p≤X
(n,P)=1

|λ f (n
i )λ f (n

j )| �ε, f,i, j X (log X)δi, j −1
(

log log q

log q

)δi, j

, (2.11)

∑

p≤X
(n,P)=1

|λ f (n
i )λg(n

j )| �ε, f,g,i, j X (log X)δ̃i, j −1
(

log log q

log q

)δ̃i, j

(2.12)

and

∑

p≤X
(n,P)=1

|λ f × f × f (n)|i �ε, f,i X (log X)λi −1
(

log log q

log q

)λi

,

∑

p≤X
(n,P)=1

|λ f × f ×g(n)| j �ε, f,g, j X (log X)λ̃ j −1
(

log log q

log q

)λ̃ j

,

where δi, j ∈ (0, 1] and δ̃i, j = νiν j with 0 < νl < 1 for l ∈ Z
+, and

δi, j = 2

π

∫ π

0
| sin((i + 1)θ) sin(( j + 1)θ)|dθ, νl = 2

π

∫ π

0
| sin((l + 1)θ)|dθ

and λi = ι 3
2 i and λ̃ j = ι j ι j

2
with

ιβ = 4β�(β + 1
2 )√

π�(β + 2)
, β ∈ R

+.

Proof We shall give the proof of (2.11) in details, and the second result (2.12) can be obtained by applying
Lemma 2.3 and the argument of Lü [19, p.90] in the same approach, the other two formulas can be obtained by
combining Lemma 2.3 and the result of Lü [21, Lemma 2.4].

From the result of Lü [19, (4.2)], we have

∑

p≤X

|λ f (pi )λ f (p j )|
p

∼ δi, j log log X, (2.13)

where 0 < δi, j ≤ 1 is a constant given by [19, p. 92], and δi, j = 1 if and only if i = j .
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Due to the reason that P depends on q, we consider the arithmetic function

Gq(n) =
{ |λ f (ni )λ f (n j )|, if (n, P) = 1,

0, if (n, P) > 1.

Then by Lemma 2.5, we have

∑

n≤X

Gq(n) � f,i, j
X

log X
exp

( ∑

p≤X

Gq(p)

p

)

� f,i, j
X

log X
exp

( ∑

p≤X

|λ f (pi )λ f (p j )|
p

−
∑

p≤Z

|λ f (pi )λ f (p j )|
p

+
∑

p≤Y

|λ f (pi )λ f (p j )|
p

)
.

Hence by (2.13), we get

∑

n≤X

Gq(n) � f,i, j
X

log X
· (log Y )δi, j (log Y )δi, j

(log Z)δi, j
�ε, f,i, j X (log X)δi, j −1

(
log log q

log q

)δi, j

.

Therefore, we obtain

∑

p≤X
(n,P)=1

|λ f (n
i )λ f (n

j )| �ε, f,i, j X (log X)δi, j −1
(

log log q

log q

)δi, j

. �

��

3 Proofs of Theorems 1.2-1.4

In this section, we give the proof of Theorem 1.2 in details, and Theorem 1.3-1.4 can be obtained in the analogous
manner by noting Lemmas 2.1-2.2, Lemma 2.4 and Lemma 2.6.

By Theorem 1.1, the first estimate of Lemma 2.1 and (2.11) in Lemma 2.6, we know that all the conditions
(i)-(iii) for a(n) and X in Theorem 1.1 are satisfied in a certain way. Therefore, we can take a(n) = λ f (ni )λ f (n j )

and γ = δi, j , c = i in Theorem 1.1 which gives

S f,K(i, j; X) �ε, f,i, j,cond(F) X (log X)δi, j −1
(

log log q

log q

)δi, j

+ X

log q

(
log X

log q

) i
2

�ε, f,i, j,cond(F) X
(log q)δi, j

log q

(log log q)δi, j

(log q)δi, j

� X
(log log q)δi, j

log q

under the assumption that q
1
2 +ε ≤ X ≤ q B for arbitrary positive constant B > 0, where we used the relations

that
log X

log q
� C

for some constant suitable constant C > 0 and

(log X)δi, j

log X
� (log q)δi, j

log q

due to δi, j ∈ (0, 1]. By the similar argument, we can also get the same upper bound for S∗
f,K(i, j; X).
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