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Abstract Let f and g be distinct primitive holomorphic cusp forms of even integral weights k; and kp for
the full modular group I' = SL(2, Z), respectively. Denote by A s(n) and Ag(n) the n-th normalized Fourier
coefficients of f and g, respectively. In this paper, we consider short sums of isotypic trace functions associated
to some sheaves modulo primes ¢ of bounded conductor, twisted by the multiplicative function A f(ni A f(nj )
and A f(ni )Ag(nf ) for any integers i, j > 1. We are able to establish non-trivial bounds for these algebraic

twisted sums with intervals of length of at least q%“ for arbitrarily small ¢ > 0. In the similar manner, We also
establish the nontrivial bounds for short sums of isotypic trace functions twisted by the coefficients A rx rx r (1)
and A £« rxg(n) of triple product L-functions L(f x f x f,s) and L(f x f X g,s), respectively.
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Mathematics Subject Classification 11N3F - 11F11 - 11F30

1 Introduction

The Fourier coefficients of modular forms are important and interesting objects in number theory. Let Sk (I")
be the space of holomorphic cusp forms of even integral weight k for the full modular group I' = SL(2, Z).
Suppose that f(z) is an eigenfunction of all Hecke operators belonging to Sy (I"). Then the Hecke eigenform
f(z) has the following Fourier expansion at the cusp oo,

F@ = apmn'T 3 > 0,

n=1

where A 7 (n) is the n-th normalized Fourier coefficient with the normalization that A s (1) = 1. Then A ¢ (n) is
real and satisfies the multiplicative property

mn
Ap(m)np(n) = Z )\f<ﬁ), (1.1
d|(m,n)
where m > 1 andn > 1 are positive integers. In 1974, P. Deligne [6] proved the Ramanujan-Petersson conjecture

[Ar(m)| < d(n), (1.2)
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620 G. Hua

where d(n) is the classical divisor function. In fact, Deligne’s bound is equivalent to the fact that

ap(p)+Br(p) =rp(p), ar(p)Br(p) =lar(p)=IB8r(p|=1, (1.3)

where o ¢ (p), Br(p) € C are two complex numbers. More generally, for all positive integers / > 1 one has

Ar(ph =ar(p) o ()T Br(p) + -+ ar(P)Br ()T 4 Br(p).

Hence for each prime number p there is a unique 67 (p) € [0, 7] such that

Ar(p) =2cosOr(p). (1.4)
The famous Sato-Tate conjecture asserts that the sequence {07 (p)} is equi-distributed on [0, 7] with respect to
the measure % sin% 0d0, i.e. for any fixed [a, b] € [0, ], we have

X

b
Hp <x:0p(p) €la.bl}| ~ %/ sin% 0do - (1.5)

logx’

This has been proved recently by the work of Barnet-Lamb et al. [2].
Firstly, we need to introduce the definition of isotypic trace function as follows. Throughout the paper, we
always assume that ¢ is a prime.

Definition 1.1 For a prime p and a prime ¢ # p, an isotypic trace sheaf modulo p is a geometrically isotypic
g-adic Fourier sheaf F on A{?p, in the sense of [13, Definition 8.2.2], which is a pointwise pure of weight 0.

An isotypic trace function associated to some sheaf 7 modulo p is the trace function
K(x) = u(trF)(Fp, x))

for x € F, of an isotypic trace sheaf F, this trace function being seen as complex-valued by means of some
fixed isomorphism ¢ : Q, — C.

For an isotypic trace function K (n) associated to some sheaf F modulo ¢, we define the conductor as the
minimal conductor of an isotypic trace sheaf F with trace function equal to K (n) on F,. Here, we list some
important functions to illustrate how this class of functions typically looks like as follows.

e The function K (n) = e(P(n)/q) for a polynomial P € F,[X] of degree less than g.
e The function K (n) = x (P (n)) for multiplicative character x and P € F;[X]is a polynomial.
e The normalized s-dimensional Kloosterman sum ¢~¢~D/2K 5,¢(n), which is given by

q—1
X1+...+x
IOEEEY e(—)

X1y Xg=1 q
x1...xs=n( mod q)

where n € 7 is an integer and e(z) = e>"'? for any z € R.
e Traces of Frobenius of elliptic curves modulo g.

Let KC(n) be an isotypic trace function associated to some sheaf F modulo ¢ and let a(n) be an arithmetic
function, here ¢ is a prime number. And for convenience we always denote ¢ to be a prime number. It is an
important topic to study the sum in the following type

> amKn). (1.6)

n<x

Both the quality of improvements over the trivial bound and the range of possibilities that give rise to nontrivial
bounds compared to ¢ are important.

In [7], Fouvry, Kowalski and Michel studied algebraic trace functions over primes. Among a number of deep
results, they proved that under some mild conditions on C(n),

> K x(1 a\"
_ 2
(61)<<(+X>q

q prime
q=X
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and

L
2

> umkm) < X(l + %) =

n<X

for n < 21—4, where the implied constants depend only on 1 and the conductor condF of F. their results give
non-trivial bounds for a wide class of isotypic trace functions () of bounded conductor with a power saving
assuming that

X > q%+8

for some fixed ¢ > 0.
Later, Fouvry, Kowalski and Michel [8] investigated algebraic trace sums involving Fourier coefficients of
modular forms. A corollary of their results states that for any X € [1, ¢], one has

> hpmKn) < g

n<X

for any n < %, where the implied constant depends on 7, f and cond(F). Here Ay(n) is the normalized n-th
Fourier coefficient of an automorphic form ¢ on G L, (holomorphic or Hecke-Maass eigenforms).

Let /C(n) be the normalized s-dimensional Kloosterman sum. In [18], Kowalski, Michel and Sawin established
a non-trivial bound with a power saving on the sum

Z d(n)K(n)

n<X

provided X > ¢ 5+¢. Recent work of Korolev and Shparlinski [17] gives the nontrivial bounds for shorter ranges
compared to g for the sums

> nmKm) (1.7)

n<X

and

> d(mKn)

n<X

where d,, (n) denote the v-dimensional divisor function, which is defined as the number of ordered representation
n = nj...n, with integers ny, ...,n, > 1. In analytic number theory, it is important to estimate sums over
primes or correlations with the Mobius function . (n). In fact, one of the motivation to consider the sums (1.7)
comes from the program devised by Sarnak [28] to establish the pseudorandomness of the Mobius function and
in particular, to show that it is not correlated with other arithmetic sequences.

For the definition and typical examples of the class of trace functions C(n) stated above, we refer the reader
to [7,9]. For the historical line of development of sums (1.6) of various kinds of a(n), we refer the reader to [12].

Following the paper [7], we call that KC is a non-exceptional function modulo ¢ if it is not proportional to a
function of the form e(“q—”) x (n) with an integer a and multiplicative character y modulo g.

In order to give the main results in this paper, we firstly need to state a theorem of Jiang and Lii [12] which
has a significant importance in the proof of our theorems. Now we assume the following hypothesis hold:

(1) X is an arbitrary integer satisfying
1
X > q2te.
(i1) There exists some constant ¢ > 0 such that

lall3x =Y lam)* < X (log X)°.

n<X
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622 G. Hua

(iii) Fix parameters
Y = (logq)c+4, Z = q§

for any fixed ¢ > 0. Let P =[] pely,z) P denote the product of primes which belong to the interval [Y, Z)

and
log 1 Y
3 lat)] <. X(long-l<w)
= logg
(n,P)=1

for some y > 0.

Theorem 1.1 ([12, Theorem 1.1]) Let IC be any non-exceptional isotypic trace function associated to some
sheaf F modulo q. Let a(n) and X satisfy the above conditions (i)-(iii). Then

log1 4 X [logX\?
Y amko < X(log Xy~ 22284 0g X\
n<X logg logg \ logg

where the implied constant only depends on ¢ > 0 and cond(F), where cond(F) is the conductor of F.

Let f € S, (I') and g € Si, (I') be two distinct Hecke eigenforms and denote by A ¢(n) and Ag4(n) the n-th
normalized Fourier coefficients of f and g, respectively. Define

Sl js X) =Y Ap(n)rs(n))Kn)
n<X

and
S5l ji X) =Y wmr s (nHr g (1)K ()
n<X

where i, j > 1 are any fixed positive integers. Here w(n) is the Mobius function. In the analogous manner, we
can also define the following sums that

My, j: X) =Y rp(n)rg(n))Kn),
n<X
and
M3 o i 2 X) = 3 5 k() g (n))K(n)
n<X
for any fixed positive integers i, j > 1. The first purpose of this paper is to establish the following results.
Theorem 1.2 Let K be any non-exceptional isotypic trace function associated to some sheaf F modulo q. And
1 <i < j be two positive integers. If the integer X satisfies
1
<X <q”
for any positive constant B > 0, then we have

(loglog ¢)%J

(loglog g)%
logg ’ ’

Srxcl, j: X) < X
logg

St ji X) < X

where the implied constants depends only on ¢, f, i, j, cond(F). Here §; ; € (0, 1] is given by

5 = 2 /ﬂ | sin((i + 1)O) sin((j + 1)6)|d6.
0

i, — —
J T
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Theorem 1.3 Let f € Sy, (I') and g € Sk, (I') be two distinct Hecke eigenforms. Let K be any non-exceptional
isotypic trace function associated to some sheaf F modulo q. If the integer X satisfies

X > qite,
then we have

log log ¢)%i log log ¢ )%
(loglogg) LM X <<X(0g 0gq)
log g e log g

Mgl j: X) <X
where the implied constants depends onlyone, f, g, i, j, cond(F). Here Si,j = v with0 < v < lforl € Z7,
and

2 T
vy = —/ |sin(( + 1)8)|de.
T Jo

Let L(fx fx f,s)and L(f x f x g, s) be the triple product L-functions attached to f and f, g, respectively.
And A fyx rx p(n) and A £« fxg(n) the coefficients of Dirichlet expansion of L(f x f x f,s)and L(f x f x g, 5)
such that

N\ -3 (p)\ 2 3\ -1
arese =02 - () )

p
0

_ Z Afxfxr(n)

nS

n=1

and

L(fx fxgs =]] (1 _ M)l<l B “g(P))2<1 B IBf(P)z‘xg(P))l

» ps p* P’
§ <1 - oef(P)zﬂg(P))_l (1 B ﬁg(p))‘2<1 B ﬂf<p>2ﬂg<p>)—l
p? P p’
_ i Arxfxg(n)
__n:1 ns

for R(s) > 1. Define
Ukl X) = Apspf ' KM), Ulielis X) = s pn () Kn),
n<X n<X

and

Rpe k(s X) =) hpxpegIKM), Rf, (s X) =D 1A px g (1) K (),

n<X n<X

where i, j > 1 are any fixed positive integers.
By using the same argument as that of Theorem 1.2 and Theorem 1.3 with some modifications, we are able
to establish the following theorems.

Theorem 1.4 Let IC be any non-exceptional isotypic trace function associated to some sheaf F modulo q. If the
integer X satisfies

1
7t < X < g
for any positive constant B > 0, then we have

(loglog g)*
logg

(log log g)*

logg

Ubilis X) < X
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and
Rpg k(i X) < y (oglog )’ R, G0 < o Joglogg)
ogd - logq
where A; = L3 and Lj = ity with
4T +3)

— +
=gty PR

Theorems 1.2-1.4 gives non-trivial bounds for short sums of isotypic trace functions twisted by Fourier
coefficients of primitive holomorphic cusp forms for SL(2, Z) provided for g in some certain ranges, it extends
the possibilities for the multiplicative functions a(n) in Theorem 1.1 satisfying some mild conditions and also
reveals deep relations with non-exceptional isotypic trace function K(n).

The main ingredients in the proof of the above theorems is the nice properties of Fourier coefficients of
holomorphic cusp form for SL(2, Z) for which is divisor-bounded and obey the Sato-Tate law associated to
one or two forms. For Fourier coefficients attached to primitive holomorphic cusp forms for SL(2, Z), there
are plenties of well developed devices to understand the analytic properties of these interesting objects, like
Rankin-Selberg convolution theory and multiplicative number theory.

As an application of Theorems 1.2-1.4, we leta(n) = Ay (ni)kj~ (n’), nm)Ay (ni)kf(nj),
or Ap(n)hg(n?), wm)A (' )hg(n)), A s rx f(n)', WA px px p (1) OF Apx pug (), WA px pxg(n)', with
i, j > 1 being positive integers, and we consider the correlation of the function a(n) with the characteristic
function x4 g (¥ (n)) of angles such that

1
Y (n) = arccos <WK2,q(n)>,

where K> ,(n) is the regular Kloosterman sum, and [, 8] C [0, 7r]. A combination of Theorems 1.2-1.4 with a
result of Katz [13] which indicate that

K :ni— sym, ¢ (n),
where

sin((r + 1)yr)
sin ¥ ’

is a nonexceptional isotypic trace function for each r > 1, which yields the following result.

sym, ¥ =

Corollary 1.5 Let ¢ > 0 be any fixed constant, for q%“ & X < q® with some constant B, then for any
continuous function p : [0, 1] — C we have

1
Jim > atmpr () =0,

n<X

2 Preliminaries

In this section, we review some analytic properties of automorphic L-functions and collect some related lemmas
that plays an important role in the proof of the main theorems.
Let f € S, (I') be a Hecke eigenform. Associated to f(z) one can define an L-function as

9]

A o
L(s. /)= ’;(”) =[] =2,p~ +p7%)""
n=1 4
-1 -1
:H(l—“f—(sm> <1—ﬂf—(sm) D %RGs) > 1,
5 p p
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where a ¢ (p), By(p) satisfies the relations (1.3). The mth symmetric power L-function attached to f is defined
by

Les.sym™ ) = [T[T(1 = er )" B p~) "' 9i(s) > 1.

p i=0

We can expand it into a Dirichlet series

OO)» m (11)
L(s, sym” f) = Z %
n=1 n
Asym Ay £ (PF
:H<1+L{(l’)+...+w—kf@+...), R(s) > 1. @.1)
. P’ pr

It is obvious that Agymm r (1) is also a real multiplicative function. And by (1.3) and (2.1) it implies
|)"sym’"f (I’l)| < dpy1(n). (2.2)

We can also define the Rankin-Selberg L-function L(s, sym’ f x sym/g) attached to sym’ f and sym/g as
follows

i J i—m m j—m' m'\ —1
L(s,sym’ f x sym/g) = l_[ l_[ 1_[ <1 _ 2By () g ()T By (p) >

N
P m=0m'=0 p
S W i, (1)
= Z w N(s) > 1. (2.3)
n=1

Here f and g are two Hecke eigenforms which are not necessarily be different. By the Hecke relation (1.1),
Deligne’s bound (1.3) and (2.3), we know that

|)‘symifxsym-/g(n)| = di+n(j+n ).
From (1.1)-(1.3), it is not hard to find that

ap(p)/th—Br(p)/t!
ag(p) —Br(p)

J
hp(p)) = =Y ap(p)) " Br(p)",
m=0

which can also be written as
sin((j + 10r(p))
sin@r(p)

Ap(p) = Uj(cosOy(p)) = : (2.4)

where U (x) is the jth Chebyshev polynomial of the second kind. Hence for each prime number p, we have

Aymi £ (P) = A (P)). Agmi presymig(P) = Ap(P)Ag (7). (2.5)

It is predicted by the Langlands functoriality conjecture that 7y gives rise to a a symmetric power lift
sym’ 77 p/—an automorphic representation whose L-function is the symmetric power L-function attached to f,

L(symjrcf, s) = L(sym’ f, 5).

It is conjectured that there exists an automorphic cuspidal self-dual representation sym/ 7 rof GLj+1(Ag) whose
L-function is the same as L(sym’ f, s).

For 1 < j < 8, this special Langlands functoriality conjecture that sym/ f is automorphic cuspidal is shown
by a series of important works by Gelbart and Jacquet [10], Kim [16], Kim and Shahidi [14,15], Shahidi [27],
Clozel and Thorne [3-5]. Very recently, Newton and Thorne [24,25] proved that sym/ f corresponds with a
cuspidal automorphic representation of GL;1(Ag) for all j > 1 (with f being holomorphic cusp forms).
Then we know from the Rankin-Selberg theory L(sym’ £, s), L(sym'’ f x sym/ g, s)(i, j > 1) have the analytic
continuation to the whole complex plane as entire functions and satisfies certain Riemann-type functional equation
except for sym/ Tp = sym/ e there are simple poles at s = 0, 1.
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Lemma 2.1 Let f € S, (I') be a Hecke eigenform and let 1 < i < j be positive integers. Then
D) < Xog XY, Y u(m)h () p(nd)P < X (log X)'.
n<X n<x

Proof Define the L-function by

oo

Lij(fis)=)_

n=1

)Lf(ni)Z)\f(nj)Z

nS
for 9i(s) > 1. The by following the argument in [23] with some modifications we know that L; ;(f;s) can
be extended to the half-plane N(s) > % as a meromorphic function except for a pole at s = 1 of order i + 1.

Therefore by invoking the classical lemma of Landau (cf. [22, Lemma 2.7]), one easily prove the required results.
]

Lemma 2.2 Let f € Si,(I') and g € Si,(I') be two distinct Hecke eigenforms and let i, j > 1 be positive
integers. Then there exists two constants cfg ; j and Cy,q ; j such that

DDA~ crgii X, Y I (DA ()P ~ Epgi i X.
n=<x n=<x
Proof The two results essentially follows from Lao and Luo [23, Proposititon 3.4]. |

The 2-product Sato-Tate measure /L?% is the probability measure defined on [0, 7] x [0, 7] given by

4
,u?% == sin? 0 sin? 6,d0, d6;.
b4

Now we state the important results concerning pair-Sato-Tate conjecture proved by Wong [29, Theorem 1.1]
which plays an important role in proving Theorem 1.3.
Lemma 2.3 Let f € S, (I') and g € Sk, (') be two distinct primitive holomorphic Hecke cusp forms for the
Sfull modular group I' = SL(2, Z) respectively. Let ) y(n) and Ag(n) are the corresponding Hecke eigenvalues
associated with f, g such that
hp(p) = 2¢08(B7(p)). Ag(p) = 2cos(d(p)). (2.6)

Let h(t), w(t) be two continuous functions defined on [0, 7], then we have

4 e s
D hOp(pHwbs(p) ~ — / h(6)) sin® 6,d6, f w(6s) sin® 2d6y - ——, x — oo. (2.7)

= Jo 0

b
= log x

Proof See Wong [29, Theorem 1.1]. Since for any two sub-interval /1 x I, C [0, 7] x [0, ], the sequence
Or(p),0y(p))p is uniformly distributed in [0, 7] x [0, 7r ] with respect to the 2-product Sato-Tate measure u?%
as p ranges over all the primes. Then we have

4
ji{p <x:(0r(p)bg(p) €1 x 12} ~ ﬁ/ sinZ 0,d6, / sin” 0d6s - w(x), x — 00. (2.8)
I I

Then the conclusion immediately follows from (2.8). For a more explicit form, we refer the interested reader to
[1, Theorem 2.2]. [l O

Lemma 2.4 Let f € S, (I') and g € S, (I') be two distinct Hecke eigenforms. And let i, j > 1 be positive
integers. Then there exist constants d(f,i),d(f,i),e(f, g, j),e(f, g, J) such that

D s MP ~d(f,Dxog )™, D g pu p P~ d(f, i)x(log x)* (2.9)
and
D hpupxgIP ~e(f. g, Hxogx) . Y |y prg () ~E(f. g jHx(logx),  (2.10)

where §; = n3; — land k; = njnz; — 1, and
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Proof The first result (2.9) is given by Lii [20, Theorem 1.4], and the second result (2.10) can be derived by
following the argument in the proof of Theorem 1.4 in [20] together with Lemma 2.3. O

Now we recall a well-known result due to Shiu [26], which states as follows.

Lemma 2.5 Ler [ and ¢ > 0 be fixed positive real numbers. Let x be a large positive number and assume that
x¢ < z < x. Then uniformly for all multiplicative functions f which satisfies | f (n)| < d;(n), we have

z |f ()
Zj|fmn<wl%xmp(§j )

X—z=<n=<x p=x p

Proof Thisresultis essentially given by Shiu [26] on a Brun-Titchmarsh inequality for nonnegative multiplicative
functions, see also Jiang and Lii [12, Lemma 2.3]. O

Lemma 2.6 Leti, j > 1 be two positive integers. Suppose that
Y =(logg)*™, Z=gq5, X3>q'*

for some constant ¢ > 0. Let P = [] pelv,z) P denote the product of primes p which belong to the interval
Y, Z). Then

' - logl 8i.j
D ymrpd)] Lo pij X (log X)Pi ™! 08089 ) @.11)
<X o logq
(n.P)=1
' ' 5. _1(loglogg bi.j
Y D ()] e pigij X (log X)% 1(@ (2.12)
<X
(. P)=1
and
‘ log1 ki
Z A px M| L f.i X(logX)Ai*(M) 7
p=<X logq
(n,P)=1
i ;1 (loglogqg 2y
xi—1
Z A fxfpxg(M]) Ke, fg.; X(log X)™ (W ’

p=X
(n,P)=1

where §; ; € (0, 1] and S,-,j =vjvjwith0 <v < 1forl e 7%, and
2 (7 2 (7
Sij = —[ [sin((i + 1)0) sin((j + 1)0)|dO, v; = —/ |sin((I 4+ 1)0)|d6
T Jo T Jo
and ,i = L3 andij =L, with
2
4T (B + 3)

AT B+

Proof We shall give the proof of (2.11) in details, and the second result (2.12) can be obtained by applying
Lemma 2.3 and the argument of Lii [19, p.90] in the same approach, the other two formulas can be obtained by
combining Lemma 2.3 and the result of Lii [21, Lemma 2.4].

From the result of Lii [19, (4.2)], we have

B eRT.

3 A r(PHAF ()]

~ §; jloglog X, (2.13)
p

p=X

where 0 < §; ; < 1 is a constant given by [19, p. 92], and §; ; = 1 if and only if i = j.
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Due to the reason that P depends on g, we consider the arithmetic function

_ gt )/\f(n/)| if (n, P) =1,
Gq(n)_{ if (n, P) > 1.
Then by Lemma 2.5, we have
X G4(p)
Z Gy(n) Ly, j log X exp ( Z »
n<X p<X
X Ihr(pAr(p))] s (p)As(p))] s (P21 (p))]
L i, j o Xexp(z#_ 2#4_2# .
& p=X P p=Z p p=Y p
Hence by (2.13), we get
X (log Y)%.i(log Y)%.i 5. .1 (loglogg 8i.j
G i i X(log X)%J _—
Z ¢() Ly o gX (og Z)8i<f Le, 1i,j X(log X) log g

n<X

Therefore, we obtain

. 4 log1 i.j
> Mf(nl)xf(nm<<5,f,l~,jX(1ogX)5f-f‘(w) .0
boX logg

(n,P)=1

3 Proofs of Theorems 1.2-1.4

In this section, we give the proof of Theorem 1.2 in details, and Theorem 1.3-1.4 can be obtained in the analogous
manner by noting Lemmas 2.1-2.2, Lemma 2.4 and Lemma 2.6.

By Theorem 1.1, the first estimate of Lemma 2.1 and (2.11) in Lemma 2.6, we know that all the conditions
(i)-(iii) for a(n) and X in Theorem 1.1 are satisfied in a certain way. Therefore, we can take a(n) = A ¢ (n! YA (n?)
and y = §; j, ¢ =i in Theorem 1.1 which gives

. - _(logloggqg 8i.j X [logX
Sxcliy i X) e, i j.conary X (log XyP—t (22284 7 = (0%
logg logg \ logg

(log ¢)°7 (loglog ¢)*i
logg  (loggq)®i
1 3i,j
 (oglogg)™
logg

oI~

L, fi, j.cond(F)
<

. 1 . . .
under the assumption that ¢27¢ < X < ¢® for arbitrary positive constant B > 0, where we used the relations
that

log X

<K C
logg

for some constant suitable constant C > 0 and

(log X)%1  (logq)®
log X log g

due to §; ; € (0, 1]. By the similar argument, we can also get the same upper bound for S* IC(’ Jji X).

Acknowledgements The author would like to acknowledge Professor Guangshi Lii and Professor Bin Chen for their constant
encouragement and valuable suggestions. The author is extremely grateful to the anonymous referees for their meticulous checking,
for thoroughly reporting countless typos and inaccuracies as well as for their valuable comments. These corrections and additions
have made the manuscript clearer and readable. This work is supported in part by The National Key Research and Development
Program of China (Grant No. 2021 YFA1000700).

@ Springer



A note on the cancellations... 629

References

N

NN B W

10.

11.

12.
13.

14.
15.

16.

17.

18.

19.
20.

21.
22.

23.

24.

25.

26.
27.
28.
29.

. M. A. Amri, Simultaneous sign changes and equidistribution of signs of Fourier coefficients of two cusp forms, Arch. Math.

(Basel), 111 (3) (2018), 257-266.

T. Barnet-Lamb, D. Geraghty, M. Harris and R. Taylor, A family of Calabi-Yau varieties and potential automorphy II, Publ Res
Inst Math Sci, 47 (2011), 29-98.

L. Clozel, J. A. Thorne, Level-raising and symmetric power functoriality, Compos. Math., 150 (2014), 729-748.

L. Clozel, J. A. Thorne, Level-raising and symmetric power functoriality, Ann. of Math., 181 (2015), 303-359.

L. Clozel, J. A. Thorne, Level-raising and symmetric power functoriality III, Duke Math. J., 166 (2017), 325-402.

P. Deligne, La Conjecture de Weil. I, Inst. Hautes Etudes Sci. Pull. Math., 43 (1974), 273-307.

E. Fouvry, E. Kowalski and P. Michael, Algeberaic trace functions over primes, Duke Math. J., 163 (9) (2014), 1683-1736.

E. Fouvry, E. Kowalski and P. Michel, Algebraic twists of modular forms and Hecke orbits, Geom. Funct. Anal., 25 (2) (2015),
580-657.

E. Fouvry, E. Kowalski, P. Michael, C. S. Raju, J. Rivat and K. Soundararajan, On short sums of trace functions, Ann. Inst.
Fourier (Grenoble), 67 (1) (2017), 423-449.

S. Gelbart and H. Jacquet, A relation between automorphic representations of GL(2) and GL(3), Ann. Sci. Ecole Norm. Sup.,
11 (1978), 471-542.

H. Iwaniec and E. Kowalski, Analytic Number Theory, Amer. Math. Soc. Colloquium Publ. 53, Amer. Math. Soc., Providence,
RI, 2004.

Y. J. Jiang and G. S. Lii, Cancellation in algebraic twisted sums on G L,,, Forum Math., 33 (4) (2021), 1061-1082.

N. M. Katz, Gauss Sums, Kloosterman Sums, and Monodromy Groups, Ann. of Math. Stud., Vol. 116, Princeton Univ. Press,
Princeton, 1988.

H. Kim and F. Shahidi, Cuspidality of symmetric power with applications, Duke Math. J., 112 (2002), 177-197.

H. Kim and F. Shahidi, Functorial products for G L, x G L3 and the symmetric cube for G L;, with an appendix by C. J. Bushnell
and G. Heniart, Ann. of Math., 155 (2002), 837-893.

H. Kim, Functoriality for the exterior square of G L4 and symmetric fourth of GL,, Appendix 1 by D. Ramakrishan, Appendix
2 by H. Kim and P. Sarnak, J. Amer. Math. Soc., 16 (2003), 139-183.

M. Korolev and I. Shparlinski, Sums of algebraic trace functions twisted by arithmetic functions, Pacific J. Math., 304 (2020),
505-522.

E. Kowalski, P. Michel and W. Sawin, Stratification and averaging for exponential sums: Bilinear forms with generalized
Kloosterman sums, Ann. Sc. Norm. Super. Pisa CI. Sci., 21 (5) (2020), 1453-1530.

G. S. Lii, Shifted convolution sums of Fourier coefficients with divisor functions, Acta Math. Hungar., 146 (1) (2015), 86-97.
G. S. Lii and A. Sankaranarayanan, On the coefficients of triple product L-functions, Rocky Mountain J. Math., 47 (2) (2017),
553-570.

G. S. Lii, On pairwise maxima of powers of Hecke eigenvalues, Acta Arith., 192 (3) (2020), 249-257.

S. Luo, H. X. Lao and A. Y. Zou, Asymptotics for the Dirichlet coefficients of symmetric power L-functions, Acta Arith., 199
(3) (2021), 253-268.

H. X. Lao and S. Luo, Sign changes and non-vanishing of Fourier coefficients of holomorphic cusp forms, Rocky Mountain J.
Math. 51(5) (2021), 1701-1714.

J. Newton, J. A. Thorne, Symmetric power functoriality for holomorphic modular forms, Publ. Math. Inst. Hautes Etudes Sci.,
134 (2021), 1-116.

J. Newton, J. A. Thorne, Symmetric power functoriality for holomorphic modular forms II, Publ. Math. Inst. Hautes Etudes
Sci., 134 (2021), 117-152.

P. Shiu, A Brun-Titchmarsh theorem for multiplicative functions, J. Reine Angew. Math., 313 (1980), 161-170.

F. Shahidi, Third symmetric power L-functions for G L(2), Compos. Math., 70 (1989), 245-273.

P. Sarnak, Mobius randomness and dynamics, Not. S. Afr: Math. Soc., 43 (2) (2012), 89-97.

P. J. Wong, On the Chebotarev-Sato-Tate phenomenon, J. Number Theory, 196 (2019), 272-290.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-05-05T02:30:32+0530
	Preflight Ticket Signature




