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Abstract The purpose of this paper is to see properties of the algebraic cohomotopy group which is defined
on the space of orbit of unimodular rows of length two over a commutative ring with identity by an action of a
subgroup of the general linear group.
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1 Introduction

In 1977, Suslin [10] proved that for a commutative ring A, En(A) is a normal subgroup of SLn(A) for all
n ≥ 3. But in general, E2(A) is not a normal subgroup of SL2(A). Thus it will interesting to define a normal
subgroup H of SLn(A), for all n ∈ N such that En(A) ⊆ H . In [5], Satya Mandal defined the subgroup
QLn(A) = {α ∈ SLn(A) | α is connected to the identity matrix}. It is easy to see that QLn(A) is a normal
subgroup of SLn(A) for all n ∈ N and En(A) ⊆ QLn(A). Thus SLn(A)/QLn(A) has a induced group structure
for all n ∈ N. By the motivation of the group structure SL2(A)/QL2(A), we defined the group �(A) for any
commutative ring A and proved an algebraic analogue of Mayer-Vietoris sequence (see [9]).

Let X be a topological space and Cont(X, S1) be the set of all continuous maps from X to S1. We say that
two elements of Cont(X, S1) are related if they are homotopic. It can be seen that it is an equivalence relation. It
is known that the set H1(X,Z) of all homotopy classes of continuous maps from X to S1 has a group structure.

Suppose the ring A is the coordinate ring of a real affine variety X with real points X (R). Then every
unimodular row of length two over A gives a continuous map from X (R) to S1. So, we can say that Um2(A), the
set of all unimodular rows of length 2, is an algebraic analogue of Cont(X (R), S1). Therefore there is a natural
question that can we define an algebraic analogue of the group H1(X (R),Z) for any commutative ring?
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642 R. Sridharan et al.

Let �a = ( f1, f2) and �b = (g1, g2) be two unimodular rows over A such that �aα = �b, for some α ∈ E2(A).
Since α ∈ E2(A), α = ∏r

i=1 Ei j (λi ), for some λi ∈ A. Take α = ∏r
i=1 Ei j (λi X). Then �aα(X) is a unimodular

row over A[X ] and it gives a continuous map H : X (R)× R −→ S1 such that H(x, 0) = F�a(x) and H(x, 1) =
F�b(x) for all x ∈ X (R), where F�a and F�b are maps from X (R) to S1 given by �a and �b, respectively. This shows
that the maps F�a and F�b are homotopic. Moreover, if we take α ∈ QL2(A), that is, α is connected to the identity
matrix, then the maps F�a and F�b are remain homotopic. Thus it is clear that F�a = F�b in the group of homotopy
classes of continuous maps from X (R) to S1. Now, we say that �a ∼ �b if �aα = �b, for some α ∈ QL2(A). It is
easy to verify that ∼ is an equivalence relation. Thus, we can say that Um2(A)/ ∼ is the algebraic analogue of
H1(X (R),Z). This is another motivation to define the group �(A), for any commutative ring A with identity.
The group�(A)was also considered in [2] in a different context. The purpose of this paper is to see the properties
of the group �(A) and we call it the algebraic cohomotopy group of the ring A.

Throughout the article, unless otherwise specified, all rings are assumed to be commutative rings with identity
and all ring homomorphisms are assumed to be unit (multiplicative identity) preserving ring homomorphisms.
Also, SLn(A) denotes the special linear group of degree n over A and En(A) denotes the subgroup of SLn(A)
generated by the set {In + λei j | λ ∈ A, i �= j}, where ei j is the matrix with 1 in the (i, j)−th position and
zeroes elsewhere.

2 Preliminaries

In this section, we state a few preliminary results which are very useful for this article.

Definition 2.1 Let A be a ring and (a1, a2, . . . , an) be a row over A. We call the row (a1, a2, . . . , an) is uni-
modular of length n if there exist b1, b2, . . . , bn ∈ A such that a1b1 + · · · + anbn = 1. The set Umn(A) denotes
the set of all unimodular rows of length n over A.

Definition 2.2 Let A be a ring and (a1, a2, . . . , an) be a unimodular row over A. We say the row (a1, a2, . . . , an)

is completable (elementary completable) if there exists a matrix in GLn(A) (En(A)) whose first row or first
column is (a1, a2, . . . , an).

Proposition 2.3 Let (a, b) ∈ Um2(A) and x, y ∈ Nil(A). Then (a + x, b + y) ∈ Um2(A).

Theorem 2.4 ( [7] or [1]) Let A be a ring and ( f1(X), f2(X), · · · , fn(X)) ∈ Umn(A[X ]) with f1(X) is monic.

Then there exists a matrix α(X,W ) ∈ SLn(A[X,W ]) such that α(X, 0) = In and α(X, 1)

⎛

⎜
⎜
⎝

f1(X)
f2(X)
...

fn(X)

⎞

⎟
⎟
⎠ =

⎛

⎜
⎜
⎝

1
0
...

0

⎞

⎟
⎟
⎠

Theorem 2.5 ( [11]) Let A be a ring and ( f1(X, X−1), f2(X, X−1), · · · , fn(X, X−1)) ∈ Umn(A[X, X−1])
with f1(X, X−1) is doubly monic. Then there exists a matrix α(X, X−1,W ) ∈ SLn(A[X, X−1,W ]) such that
α(X, X−1, 0) = In and

α(X, X−1, 1)

⎛

⎜
⎜
⎜
⎝

f1(X, X−1)

f2(X, X−1)
...

fn(X, X−1)

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎝

1
0
...

0

⎞

⎟
⎟
⎠

Lemma 2.6 ( [6])(Quillen’s Splitting) Let A be a domain and s, t ∈ A be such that s A + t A = A. Suppose
there exists σ(X) ∈ GLn(Ast [X ]) with the property that σ(0) = In. Then there exist ψ1(X) ∈ GLn(As[X ])
with ψ1(0) = In and ψ2(X) ∈ GLn(At [X ]) with ψ2(0) = In such that σ(X) = (ψ1(X))t (ψ2(X))s .

Theorem 2.7 ( [5]) Let A = k[X1, X2, . . . , Xn] be a polynomial ring over k, where k = Z or a field. Then
SLn(A) = QLn(A).

Lemma 2.8 ( [3], Lemma 6.1, page 156) Let K [X ] be a polynomial ring over field K . Then SLn(K [X, X−1]) =
En(K [X, X−1]). Moreover, SLn(R) = QLn(R), where R = K [X1, X−1

1 , X2, · · · , Xm]
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3 Properties of the algebraic cohomotopy group

We start the section with the definition of the group �(A).

Definition 3.1 We say that two unimodular rows (a, b) and (c, d) over A are equivalent, written as (a, b) ∼
(c, d), if one (and hence both) of the following equivalent conditions hold.

(1) there exists ( f1(T ), f2(T )) ∈ Um2(A[T ]) such that ( f1(0), f2(0)) = (a, b) and ( f1(1), f2(1)) = (c, d).
(2) there exists a matrix α ∈ SL2(A) which is connected to the identity matrix (that is, there exists a matrix

β(T ) ∈ SL2(A[T ]) such that β(0) = I2 and β(1) = α) such that α

(
a
b

)

=
(

c
d

)

.

It is not to hard to check that the relation ∼ is an equivalence relation.
Note that a unimodular row will always be denoted by parenthesis and its equivalence class by [ , ]. Thus the
equivalence class of (a, b) is [a, b].
Definition 3.2 Let �(A) be the set of all equivalence classes of unimodular rows given by the equivalence
relation ∼ as above. Define a product ∗ in �(A) as follows:

Let (a, b), (c, d) ∈ Um2(A). Complete these to SL2(A) matrices σ =
(

a e
b f

)

and τ =
(

c g
d h

)

. We define

product of two elements [a, b], [c, d] ∈ �(A) as follows:

[a, b] ∗ [c, d] = [first column of στ ] = [ac + de, bc + d f ].
Then (�(A), ∗) is a group and the identity element of the group �(A) is [1, 0] (for details see [9]). We call

it algebraic cohomotopy group. If we write �(A) = {[1, 0]}, then it means �(A) is a trivial group. Now, we will
give few examples of class of rings for which the algebraic cohomotopy group is trivial.

Example 3.3 (1) It is easy to see that for a ring A, �(A) = {[1, 0]} if and only if SL2(A) = QL2(A) or
SL2(A) = E2(A). Therefore, the algebraic cohomotopy group of a ring A is trivial, if A is a field, a local
ring, polynomial ring over a field, a Euclidean domain or a polynomial ring over ring of integers.

(2) Let A be a ring such that every unimodular row of length 2 is elementary completable, then �(A) = {[1, 0]}.
For example, if A is a semilocal ring or a ring of dimension 0.

Remark 3.1 (1) Let f : A −→ B be a ring homomorphism and (a, b) ∈ Um2(A), that is, ac + bd = 1 for
some c, d ∈ A. Then f (a) f (c)+ f (b) f (d) = 1, that is, ( f (a), f (b)) ∈ Um2(B). It is also easy to see that
if [a, b] = [c, d] in �(A), then [ f (a), f (b)] = [ f (c), f (d)]. Therefore, we have a group homomorphism
�( f ) : �(A) −→ �(B) defined by �( f )([a, b]) = [ f (a), f (b)].

(2) � is a functor from the category of commutative rings with identity to the category of groups.
(3) If [a, b] = [c, d] in �(A), then it is easy to see that [an, b] = [cn, d] in �(A), for every n ∈ N.

Remark 3.2 Let (a, b) ∈ Um2(A) and x, y ∈ Nil(A). Then (a + x, b + y) ∈ Um2(A) and ( f (T ), g(T )) =
(a + xT, b + yT ) ∈ Um2(A[T ]). Clearly ( f (0), g(0)) = (a, b) and ( f (1), g(1)) = (a + x, b + y). This shows
that [a, b] = [a + x, b + y] in �(A).

Lemma 3.4 Let A be a ring and I be the nil radical of A. Then �(A) ∼= �(A/I ).

Proof Consider the quotient ring homomorphism ν : A −→ A/I . So we have a group homomorphism �(ν) :
�(A) −→ �(A/I ).

Claim �(ν) is injective and surjective.
Suppose f, g ∈ A such that ( f , g) ∈ Um2(A/I ), that is, there exist f ′, g′ ∈ A such that f f ′ + gg′ = 1

in A/I . Taking lift in A we get f f ′ + gg′ = 1 + λ, where λ ∈ I . Since λ ∈ I and I is nil radical of A, λ is
nilpotent and hence 1 + λ is a unit of A. Suppose λ′ ∈ A such that λ′(1 + λ) = (1 + λ)λ′ = 1. Therefore we
have λ′( f f ′ + gg′) = λ′(1 + λ) = 1. That is, f λ′ f ′ + gλ′g′ = 1. This implies ( f, g) ∈ Um2(A). Therefore for
[ f , g] ∈ �(A/I ), we have �(ν)([ f, g]) = [ f , g]. Hence �(ν) is surjective.

Now, let [a, b] ∈ ker(�(ν)), that is, [a, b] = [1, 0] in �(A/I ). So there exists (F(T ),G(T )) ∈
Um2((A/I )[T ]) such that (F(0),G(0)) = (1, 0) and (F(1),G(1)) = (a, b).

Since the homomorphism A[T ] −→ A[T ]/I [T ] is surjective, f (T ) + I [T ] = F[T ] and g(T ) + I [T ] =
G[T ], for some f (T ), g(T ) ∈ A[T ]. Then ( f (T ), g(T )) ∈ Um2(A[T ]). Since (F(0),G(0)) = (1, 0) and
(F(1),G(1)) = (a, b), ( f (0), g(0)) = (1 + x, y) and ( f (1), g(1)) = (a + x ′, b + y′), for some x, x ′, y, y′ ∈ I .
Thus [a + x ′, b + y′] = [1+ x, y]. Since by Remark 3.2, [a, b] = [a + x ′, b + y′] in �(A) and [1, 0] = [1+ x, y]
in �(A), [a, b] = [1, 0] in �(A). Therefore ker(�(ν)) = {[1, 0]}, that is, �(ν) is injective. ��
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By Lemma 3.4, it is enough to study algebraic cohomotopy group for a reduced ring, in particular for a
domain.

Theorem 3.5 Let A = A0 ⊕ A1 ⊕ A2 ⊕ + · · · be a positively graded ring. Then �(A) ∼= �(A0).

Proof To prove this theorem, we will use the Swan-Weibel Homotopy Trick ( [3], page 183).
Consider the inclusion map j : A0 −→ A and the projection map π : A −→ A0. Then π j = I dA0 .
Now consider the Swan-Weibel ring homomorphism h : A −→ A[T ] defined by h(a0 + a1 + · · · + an) =

a0 + a1T + · · · + anT n (n ≥ 0, ai ∈ Ai ).
Since j : A0 −→ A is the inclusion, the map �( j) : �(A0) −→ �(A) defined by �( j)([a0, b0]) = [a0, b0]

is a group homomorphism.
Let [a0, b0] ∈ ker(�( j)). Then [a0, b0] = [1, 0] in �(A), that is, there exists ( f (T ), g(T )) ∈

Um2(A[T ]) such that ( f (0), g(0)) = (a0, b0) and ( f (1), g(1)) = (1, 0). Since ( f (T ), g(T )) ∈ Um2(A[T ]),
(π( f (T )), π(g(T ))) ∈ Um2(A0[T ]). Also (π( f (0)), π(g(0))) = (a0, b0) and (π( f (1)), π(g(1))) = (1, 0).
Hence [a0, b0] = [1, 0] in �(A0), that is, �( j) is injective.

Let [a, b] ∈ �(A). Then a = a0 +a1 +· · ·+an and b = b0 +b1 +· · ·+bm (n,m ≥ 0, ai , bi ∈ Ai ). Consider
f (T ) = h(a) = a0 +a1T +· · ·+anT n and g(T ) = h(b) = b0 +b1T +· · ·+bm T m . Then by the Swan-Weibel
ring homomorphism, ( f (T ), g(T )) ∈ Um2(A[T ]), and ( f (0), g(0)) = (a0, b0) and ( f (1), g(1)) = (a, b). Thus
[a, b] = [a0, b0] in �(A), that is, �( j)([a0, b0]) = [a0, b0] = [a, b]. So �( j) is a surjective map. Therefore
�(A) ∼= �(A0). ��

Since a polynomial ring is a graded ring, we have the following corollary which shows that the algebraic
cohomotopy group of a polynomial ring over A is isomorphic to the algebraic cohomotopy group of A.

Corollary 3.6 �(A) ∼= �(A[X ]). Moreover, �(A) ∼= �(A[X1, X2, . . . , Xn]).
The following corollary follows from Theorem 2.7 and Corollary 3.6.

Corollary 3.7 �(K [X1, . . . , Xn]) = {[1, 0]}, where K = Z or a field.

Proposition 3.8 Let A be a domain.

(1) Let ( f (X), g(X)) ∈ Um2(A[X ]), where f (X) is a monic polynomial. Then [ f (X), g(X)] = [1, 0] in
�(A[X ]).

(2) Let ( f (X, X−1), g(X, X−1)) ∈ Um2(A[X, X−1]), where f (X, X−1) is a doubly monic polynomial. Then
[ f (X, X−1), g(X, X−1)] = [1, 0] in �(A[X, X−1]).

(3) Let f be a monic polynomial in R = A[X ] and (a(X), b(X)) be a unimodular row over R such that
[a(X), b(X)] = [1, 0] in �(R f ). Then [a(X), b(X)] = [1, 0] in �(R), that is, �(R) ⊆ �(R f ).

(4) Let f be a doubly monic polynomial in R = A[X, X−1] and (a(X, X−1), b(X, X−1)) be a unimodular
row over R such that [a(X, X−1), b(X, X−1)] = [1, 0] in �(R f ). Then [a(X, X−1), b(X, X−1)] = [1, 0] in
�(R), that is, �(R) ⊆ �(R f ).

(5) Let R = A[X, X−1] and Y = X−1. Then the following are equivalent:
(a) [ f (X, X−1), g(X, X−1] = [a1(Y ), a2(Y )] in �(R), where (a1(Y ), a2(Y )) ∈ Um2(A[Y ]) .
(b) [ f (X, X−1), g(X, X−1] = [c(Y ), d(Y )] in �(Rp(X)), for some monic polynomial p(X) ∈ A[X ] and

(c(Y ), d(Y )) ∈ Um2(A[Y ]).
Proof (1) It follows from Theorem 2.4 and definition of �(A).
(2) It follows from Theorem 2.5 and definition of �(A).
(3) To prove this result, we use the idea of Satya Mandal ( [5], page 28).

We know that [a(X), b(X)] = [a(1), b(1)] in �(R).

Claim [a(1), b(1)] = [1, 0] in �(R).
Since [a(X), b(X)] = [1, 0] in �(R f ), [a(X), b(X)] = [1, 0] in �(RX f ). Let Y = X−1 and g(Y ) =

X−deg( f ) f (X). Since the constant term of g is unit, (Y, g(Y )) ∈ Um2(A[Y ]). Since A[Y ]Y g = A[X, X−1] f =
A[X ]X f , [a(Y −1), b(Y −1)] = [1, 0] in �(A[Y ]Y g). Then there exists σ ∈ SL2(A[Y ]Y g), which is connected to
the identity, such that

σ

(
a(Y −1)

b(Y −1)

)

=
(

1
0

)

.
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By Quillen splitting, there exist σ1 ∈ SL2(A[Y ]g) and σ2 ∈ SL2(A[Y ]Y ), which are connected to the identity,
such that σ = σ1σ2. Therefore

σ2

(
a(Y −1)

b(Y −1)

)

= σ−1
1

(
1
0

)

in A[Y ]2
Y g.

Since the diagram

A[Y ] A[Y ]Y

A[Y ]g A[Y ]Y g

is a pull-back diagram, there exists (a1(Y ), a2(Y )) ∈ Um2(A[Y ]) such that
(

a1(Y )
a2(Y )

)

= σ2

(
a(Y −1)

b(Y −1)

)

and

(
a1(Y )
a2(Y )

)

= σ−1
1

(
1
0

)

.

Since σ1

(
a1(Y )
a2(Y )

)

=
(

1
0

)

and g(0) = 1, we have σ1(0)

(
a1(0)
a2(0)

)

=
(

1
0

)

. Thus [a1(0), a2(0)] = [1, 0] in �(A)

(so in �(R))

On the other hand we have,

(
a1(Y )
a2(Y )

)

= σ2

(
a(Y −1)

b(Y −1)

)

, so

(
a1(1)
a2(1)

)

= σ2(1)

(
a(1)
b(1)

)

.

Thus [a1(1), a2(1)] = [a(1), b(1)] in �(A) (so in �(R)). Since [a1(1), a2(1)] = [a1(0), a2(0)] in �(A), so
[a(1), b(1)] = [1, 0] in �(A) (so in �(R)). Thus the claim.

(4) To prove this result, we use the idea of Satya Mandal ( [4]). Let f ′ = Xr f , where r = pole( f ). Since R f =
R f ′ , [a(X, X−1), b(X, X−1)] = [1, 0] in �(R f ) if and only if [a(X, X−1), b(X, X−1)] = [1, 0] in �(R f ′).
Therefore, we can assume f is a monic polynomial in A[X ] with f (0) = 1. Thus (X, f (X)) ∈ Um2(A[X ]).
Since [a(X, X−1), b(X, X−1)] = [1, 0] in �(R f ) = �(A[X ]X f ), there exists σ ∈ SL2(A[X ]X f ) which is

connected to the identity such that

σ

(
a(X, X−1)

b(X, X−1)

)

=
(

1
0

)

.

By Quillen splitting, there exist σ1 ∈ SL2(A[X ] f ) and σ2 ∈ SL2(A[X ]X ) which are connected to the identity
such that σ = σ1σ2. Therefore,

σ2

(
a(X, X−1)

b(X, X−1)

)

= σ−1
1

(
1
0

)

in A[X ]2
X f .

Since the diagram

A[X ] A[X ]X

A[X ] f A[X ]X f

is a pull-back diagram, there exists (a1(X), a2(X)) ∈ Um2(A[X ]) such that
(

a1(X)
a2(X)

)

= σ2

(
a(X, X−1)

b(X, X−1)

)

and

(
a1(X)
a2(X)

)

= σ−1
1

(
1
0

)

.

Sinceσ1

(
a1(X)
a2(X)

)

=
(

1
0

)

, [a1(X), a2(X)] = [1, 0] in�(A[X ] f ). Thus by previous result, [a1(X), a2(X)] =
[1, 0] in �(A[X ]) (so in �(A[X, X−1])).
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On the other hand, we have

(
a1(X)
a2(X)

)

= σ2

(
a(X, X−1)

b(X, X−1)

)

,

so [a1(X), a2(X)] = [a(X, X−1), b(X, X−1)] in �(A[X, X−1]). Therefore, [a(X, X−1), b(X, X−1)] = [1, 0]
in �(R).

(5) (a) ⇒ (b) is obvious.
(b) ⇒ (a). Assume (b). Let h(Y ) = X−deg(p(X)) p(X). Since the constant term of h(Y ) is unit, (Y, h(Y )) ∈
Um2(A[Y ]).
Since [ f (X, X−1), g(X, X−1] = [c(Y ), d(Y )] in �(Rp(X) = A[Y ]Y h(Y )), there exists σ ∈ SL2(A[Y ]Y h(Y ))

which is connected to the identity, such that

σ

(
f (X, X−1)

g(X, X−1)

)

=
(

c(Y )
d(Y )

)

.

By Quillen splitting, there exist σ1 ∈ SL2(A[Y ]h(Y )) and σ2 ∈ SL2(A[Y ]Y ), which are connected to the identity,
such that σ = σ1σ2. Therefore,

σ2

(
f (X, X−1)

g(X, X−1)

)

= σ−1
1

(
c(Y )
d(Y )

)

in A[Y ]2
Y h(Y ).

Since the diagram

A[Y ] A[Y ]Y

A[Y ]h(Y ) A[Y ]Y h(Y )

is a pull-back diagram, there exists (a1(Y ), a2(Y )) ∈ Um2(A[Y ]) such that

(
a1(Y )
a2(Y )

)

= σ2

(
f (X, X−1)

g(X, X−1)

)

and

(
a1(Y )
a2(Y )

)

= σ−1
1

(
c(Y )
d(Y )

)

.

Since

(
a1(Y )
a2(Y )

)

= σ2

(
f (X, X−1)

g(X, X−1)

)

, we have [ f (X, X−1), g(X, X−1] = [a1(Y ), a2(Y )] in �(R). ��
Now, we will show that Corollary 3.7 is also true for a Laurent polynomial ring over a field.

Proposition 3.9 Let K be a field. Then

(1) �(K [X, X−1]) = {[1, 0]}.
(2) �(K [X±1

1 , X±1
2 , . . . , X±1

n ]) = {[1, 0]}, for every n ∈ N.

Proof (1) It follows form Proposition 3.8 (1) but we are giving a direct proof. We know that any unimodular
row ( f, g) over K [X, X−1] is completable to a matrix in SL2(K [X, X−1]), that is, there exists a matrix
α(X, X−1) ∈ SL2(K [X, X−1]) such that

α(X, X−1)

(
f
g

)

=
(

1
0

)

.

From Lemma 2.8, we have SLn(K [X, X−1]) = En(K [X, X−1]). Therefore α(X, X−1) ∈ E2(K [X, X−1]),
that is, any unimodular row in K [X, X−1] is elementary completable. Since every elementary matrix is
connected to the identity matrix, by the definition, �(K [X, X−1]) = {[1, 0]}.
Topological Interpretation: Since any unimodular row of length two over K [X, X−1] gives a continuous
map R − {0} −→ S1 and �(K [X, X−1]) = {[1, 0]}, the map given by unimodular row is homotopic to a
constant map C : R − {0} −→ S1.
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(2) We will prove this by induction on n. For n = 1, the result is true by (1). Assume the result is true for n − 1.
Let ( f (X±1

1 , X±1
2 , . . . , X±1

n ), g(X±1
1 , X±1

2 , . . . , X±1
n )) ∈ Um2(K [X±1

1 , X±1
2 , . . . , X±1

n ]). Consider C =
K [X±1

1 , X±1
2 , . . . , X±1

n−1] and B = K 〈Xn〉[X±1
1 , X±1

2 , . . . , X±1
n−1], where K 〈Xn〉 is the localization of K [Xn]

at the multiplicative set consisting of all the monic polynomials in Xn . Then A = K [X±1
1 , X±1

2 , . . . , X±1
n ]

= C[Xn, X−1
n ] ⊆ B. We know that [ f (X±1

1 , X±1
2 , . . . , X±1

n ), g(X±1
1 , X±1

2 , . . . , X±1
n )] = [ f (1, 1, . . . , 1),

g(1, 1, . . . , 1)] in �(A). So [ f (X±1
1 , X±1

2 , . . . , X±1
n ), g(X±1

1 , X±1
2 , . . . , X±1

n )] = [ f (1, 1, . . . , 1), g(1, 1,
. . . , 1)] in �(B). Since B is the localization of A at monic polynomials, there exists a monic polynomial
p(Xn) ∈ K [Xn] such that [ f (X±1

1 , X±1
2 , . . . , X±1

n ), g(X±1
1 , X±1

2 , . . . , X±1
n )] = [ f (1, 1, . . . , 1), g(1, 1,

. . . , 1)] in �(Ap(Xn)). Therefore by Proposition 3.8(5), [ f (X±1
1 , X±1

2 , . . . , X±1
n ), g(X±1

1 , X±1
2 , . . . , X±1

n )]
= [a(X−1

n ), b(X−1
n )] in �(A), for some [a(X−1

n ), b(X−1
n )] in �(C[X−1

n ]). By induction hypothesis,
[a(X−1

n ), b(X−1
n )] = [1, 0] in �(C[X−1

n ]). Hence [ f (X±1
1 , X±1

2 , . . . , X±1
n ), g(X±1

1 , X±1
2 , . . . , X±1

n )] =
[1, 0] in �(A).

��
Remark 3.3 Now we will show that in general, Corollary 3.6 is not true for Laurent polynomial rings. Let
A = R[X,Y ]

(X2+Y 2−1)
and A[T, T −1] be the ring of Laurent polynomials over the ring A. Let ( f (T, T −1), g(T, T −1))

be a unimodular row over A[T, T −1], define a map Φ : �(A[T, T −1]) → �(A) given by

Φ([ f (T, T −1), g(T, T −1)]) = [ f (1, 1), g(1, 1)]
.

Claim The map Φ is well defined.
Let ( f (T, T −1), g(T, T −1)) ∼ ( f1(T, T −1), g1(T, T −1)). Then there exists a (F(T, T −1) (W ),G(T, T −1)

(W )) ∈ Um2(A[T, T −1][W ]) such that

(F(T, T −1)(0),G(T, T −1)(0)) = ( f (T, T −1), g(T, T −1))

and

(F(T, T −1)(1),G(T, T −1)(1)) = ( f1(T, T −1), g1(T, T −1)).

Then, clearly

(F(1, 1)(0),G(1, 1)(0)) = ( f (1, 1), g(1, 1))

and

(F(1, 1)(1),G(1, 1)(1)) = ( f1(1, 1), g1(1, 1)).

Thus ( f (1, 1), g(1, 1)) ∼ ( f1(1, 1), g1(1, 1)). So Φ is well defined.

Clearly,Φ is a surjective group homomorphism. To prove our goal we just have to prove that ker(Φ) is non zero.
Consider the unimodular row ((1 + T )+ (1 − T )x, y) in A[T, T −1] (This example is due to Ravi A. Rao (

[8])). At T = 1, ((1+T )+(1−T )x, y) = (2, y). Since 2 is a unit in A, the row (2, y) is elementary completable
in A. Therefore, [((1 + T )+ (1 − T )x, y)] ∈ ker(Φ).

Since S1 is not contractible, at T = −1, [2x, y] is not equal to [1, 0] in �(A). Thus [(1 + T ) + (1 −
T )x, y] �= [1, 0] in �(A[T, T −1]). Therefore, Φ is not injective, that is, Φ is surjective but not injective. Hence
�(A[X, X−1]) � �(A).

Remark 3.4 ( [9], Remark 6.1) Let A be the coordinate ring of a real variety X . Then �(A) is like the group of
homotopy classes of maps from X (R) (the real points of X ) to S1.

Remark 3.5 Consider the coordinate ring A = R(X,Y )
(X2+Y 2−1)

of the circle S1.

(1) Then by Remark 3.4, f̄ = ( f1, f2) ∈ Um2(A) gives a continuous map f̄ from S1 to S1. Therefore we have
a homomorphism η : �(A) −→ Z defined by η([ f1, f2]) = deg ( f̄ ).

(2) The unimodular row f̄ = (x, y) gives the identity map id : S1 → S1. Therefore η((x, y)) = deg (id) = 1.
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Suppose (x, y) is completable to an elementary matrix. Since elementary matrix is connected to the identity
matrix, maps given by (x, y) is homotopic to the constant map. So the degree of the map given by (x, y) is zero
which is a contradiction as its degree is 1. Thus it is not completable to an elementary matrix.

Remark 3.6 Consider the coordinate ring A = R[X,Y ] f of R
2 − {(0, 0)}, where f = (X2 + Y 2) and R is the

field of real numbers (In general, for P = (a, b) ∈ R
2 and f = (X −a)2 +(Y −b)2, the ring A f is the coordinate

ring of R
2 − {P}). Then every f̄ = ( f1, f2) ∈ Um2(A f ) gives a continuous map f̄ from R

2 − {(0, 0)} to S1.
Since S1 ⊂ R

2 − {(0, 0)}, we have a continuous map f̄ .i : S1 −→ S1, where i is an inclusion map. Therefore
we have a homomorphism η : �(A f ) −→ Z defined by η([ f1, f2]) = deg ( f̄ .i). In fact, �(A f ) is Z which is
same as H1(R2 − {(0, 0)}) ∼= Z.

Now, take P = (a1, b1), Q = (a2, b2) ∈ R
2 and f = (X − a1)

2 + (Y − b1)
2, g = (X − a2)

2 + (Y − b2)
2.

Then the rings A f and Ag are the coordinate rings of R
2 − {P} and R

2 − {Q}, respectively. Therefore we have
a homomorphisms η1 : �(A f ) −→ Z defined by η1([ f1, f2]) = deg ( f̄ .i) and η2 : �(Ag) −→ Z defined by
η2([g1, g2]) = deg (ḡ.i). Hence we have a group homomorphism η1 ⊕ η2 : �(A f )⊕ �(Ag) −→ Z ⊕ Z.

Problems (1) If a unimodular row over A = R[X,Y ]
(X2+Y 2−1)

of length 2 gives the zero element of Z, is it zero in
�(A)?

(2) Is �(A) torsion free?
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