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Abstract In this work, the nonlinear inverse modified Kawara equation is studied. The sextic B-spline method
is used for numerical treatment for this equation. We also discuss the stability and convergence analysis for these
equations. The accuracy and effectiveness of the method is presented in a numerical example.
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1 Introduction

A wide range of inverse problems for the heat equation are today extensively studied, because of their clear
importance in applied sciences. Inverse problems of parabolic type arise from various fields of engineering.
These kind of problems have been investigated by many researchers [1,2].

Inverse problems are often ill posed, with solutions that depend sensitively on data. In any numerical approach
to the solution of such problems, regularization of some form is needed to counteract the resulting instability.
The main goal of this paper is generate an appropriate solutions for inverse modified Kawahara equation by
using sextic B-spline collocation. One of the nonlinear wave models happens in the Kawahara equation. The
travelling and solitary wave solutions of nonlinear wave equations for one, two and three dimensional have been
investigated in these references [3–12]. The Kawahara equation describes water waves with surface tension and
also plasma waves and capillary-gravity water waves have been explained by the Kawahara equation [13–19].
In this paper, we consider the nonlinear inverse modified Kawahara equation with forcing term

ut + ux + udux + puxxx − quxxxxx = 0, (x, t) ∈ [0, 1] × [0, τ f ], (1)

and the following initial condition
u(x, 0) = b(x), x ∈ [0, 1], (2)

with boundary conditions

u(0, t) = f1(t), t ∈ [0, τ f ], (3)
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650 F. Torabi, R. Pourgholi

ux (0, t) = f2(t), t ∈ [0, τ f ], (4)

u(1, t) = g1(t), t ∈ [0, τ f ], (5)

ux (1, t) = g2(t), t ∈ [0, τ f ], (6)

uxx (1, t) = g3(t), t ∈ [0, τ f ], (7)

where p and q are nonzero real constants. When d = 1, equation (1) is called the Kawahara equation which is
firstly studied by Kawahara [20] to make the solitary wave propagation and when d = 2, (1) is known as the
modied Kawahara equation. where b(x), g1(t), g2(t), and g3(t) are continuous known functions and τ f represents
the final time, while the functions f1(t), f2(t) and u(x, t) are unknown which remain to be determined.

2 Sextic B-spline collocation method

In this section we solve the nonlinear inverse problem (2)-(7) with the over-specified conditions

u(a∗, t) = h1(t), t ∈ [0, τ f ], (8)

ux (a
∗, t) = h2(t), t ∈ [0, τ f ], (9)

where 0 < a∗ < 1 is a fixed point. The solution domain x ∈ [0, 1] is partitioned into a mesh of uniform
length h = xi+1 − xi by the knots xi where i = 0, 1, . . . , N − 1 such that � = 0 = x0 < x1 < · · · < xN = 1
be the partition in [0, 1]. B-splines are the unique nonzero splines of smallest compact support with knots at
x0 < x1 < · · · < xN . We define the sextic B-spline Bi (x) for i = −3, 0, . . . , N + 2 by the following relation
[21]

Bi (x) = 1

h6

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(x − xi + 3h)6, x ∈ [xi−3, xi−2),

(x − xi + 3h)6 − 7(x − xi + 2h)6, x ∈ [xi−2, xi−1),

(x − xi + 3h)6 − 7(x − xi + 2h)6 + 21(x − xi + h)6, x ∈ [xi−1, xi ),

(x − xi + 3h)6 − 7(x − xi + 2h)6 + 21(x − xi + h)6 − 35(x − xi )
6, x ∈ [xi , xi+1),

(x − xi − 4h)6 − 7(x − xi − 3h)6 + 21(x − xi − 2h)6, x ∈ [xi+1, xi+2),

(x − xi − 4h)6 − 7(x − xi − 3h)6, x ∈ [xi+2, xi+3),

(x − xi − 4h)6, x ∈ [xi+3, xi+4),

0, otherwise.

(10)

It can be easily seen that the set of functions

� = {B−3(x), B−2(x), B−1(x), . . . , BN+2(x)},
are linearly independent on [0, 1], thus � = Span(�) is a subspace of C2[0, 1] and � is N + 6-dimensional.
Let us consider Um(x, t) ∈ � be the B-spline approximation to the exact solution u(x, t) in the form

Um(x, t) =
m+2∑

i=−3

ci (t)Bi (x), (11)

where ci (t) are time-dependent quantities to be determined from the boundary and over-specified conditions
and collocation from of the differential equations. Using approximate function (11) and sextic B-spline (10), the
approximate values at the knots of U (x) and its derivatives up to fifth order are determined in terms of the time
parameters cm as

Um =cm−3 + 57cm−2 + 302cm−1 + 302cm + 57cm+1 + cm+2, (12)

U ′
m =(6/h)(−cm−3 − 25cm−2 − 40cm−1 + 40cm + 25cm+1 + cm+2), (13)

U ′′
m =(30/h2)(cm−3 + 9cm−2 − 10cm−1 − 10cm + 9cm+1 + cm+2), (14)

U ′′′
m =(120/h3)(−cm−3 − cm−2 + 8cm−1 − 8cm + cm+1 + cm+2), (15)

U (4)
m =(360/h4)(−cm−3 + 3cm−2 − 2cm−1 + 2cm − 3cm+1 + cm+2), (16)

U (5)
m =(720/h5)(cm−3 − 5cm−2 + 10cm−1 − 10cm + 5cm+1 − cm+2), (17)
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2.1 Temporal discretization

We consider a uniform mesh (xi , tn) to discretize the region [0, 1] × [0, τ f ] where xi = ih, i = 0, 1, 2, . . . , N
and tn = nk, n = 0, 1, . . . , where h and k are mesh sizes in the space and time directions respectively. At first
we discretize the problem in time variable using the following finite difference approximation with uniform step
size k thus, we have

un+1 − un

k
+ (1 + (u2)n)(θun+1

x + (1 − θ)un+1
x ) + p(θun+1

xxx + (1 − θ)un+1
xxx )

+ q(θun+1
xxxxx + (1 − θ)un+1

xxxxx ) = 0. (18)

where θ ∈ (0, 1) is aparameter. Putting values from equation (12)-(17) into (18) we get

αi1cn+1
i−3 + αi2cn+1

i−2 + αi3cn+1
i−1 + αi4cn+1

i + αi5cn+1
i+1 + αi6cn+1

i+2

= βi1cn
i−3 + βi2cn

i−2 + βi3cn
i−1 + βi4cn

i + βi5cn
i+1 + βi6cn

i+2 = γ
(n)
i , (19)

for i = 0, 1, 2, . . . , N , n = 0, 1, . . . where

αi1 = h5 − 6θϒn
i kh4 − 120pθkh2 + 720qθk,

αi2 = 57h5 − 150θϒn
i kh4 + 960pθkh2 − 3600qθk,

αi3 = 302h5 − 240θϒn
i kh4 + 960pθkh2 + 720q0θk,

αi4 = 302h5 + 240θϒn
i kh4 − 960pθkh2 − 7200qθk,

αi5 = 57h5 + 150θϒn
i kh4 + 120pθkh2 + 3600qθk,

αi6 = h5 + 6θϒn
i kh4 + 120pθkh2 − 720qθk,

and

βi1 = h5 + 6(1 − θ)ϒn
i kh4 + 120p(1 − θ)kh2 − 720q(1 − θ)k,

βi2 = 57h5 + 150(1 − θ)ϒn
i kh4 + 120p(1 − θ)kh2 + 3600q(1 − θ)k,

βi3 = 302h5 + 240(1 − θ)ϒn
i kh4 − 960p(1 − θ)kh2 − 7200q(1 − θ)k,

βi4 = 302h5 − 240(1 − θ)ϒn
i kh4 + 960p(1 − θ)kh2 + 7200q(1 − θ)k,

βi5 = 57h5 − 150(1 − θ)ϒn
i kh4 − 120p(1 − θ)kh2 − 3600q(1 − θ)k,

βi6 = h5 − 6(1 − θ)ϒn
i kh4 − 120p(1 − θ)kh2 + 720q(1 − θ)k,

with ϒn
i = 1 + ϕn

i , where

ϕn
i = (cn

i−3 + 57cn
i−2 + 302cn

i−1 + 302cn
i + 57cn

i+1 + cn
i+2)

2.

The system (19) consist of (N + 1) linear equations in (N + 6) unknowns

(c−3, c−2, c−1, c0, . . . , cN , cN+1, cN+2)
T .

To obtain a unique solution to this system the over-specified conditions (8)-(9) and boundary conditions(5)-(7)
are required. Let a = xs , 1 ≤ s ≤ N − 1, so we have

u(xs, t) = h1(t), t ∈ [0, τ f ],
ux (xs, t) = h2(t), t ∈ [0, τ f ],
u(xN , t) = g1(t), t ∈ [0, τ f ],
ux (xN , t) = g2(t), t ∈ [0, τ f ],
uxx (xN , t) = g3(t), t ∈ [0, τ f ],
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expanding u in terms of approximate sextic B-spline formula from (12)-(14) at xs putting m = s we get

cn+1
s−3 + 57cn+1

s−2 + 302cn+1
s−1 + 302cn+1

s + 57cn+1
s+1 + cn+1

s+2 = h1(tn+1),
(

6

h

)

(−cn+1
s−3 − 25cn+1

s−2 − 40cn+1
s−1 + 40cn+1

s + 25cn+1
s+1 + cn+1

s+2 ) = h2(tn+1),

cn+1
s+1 + 57cn+1

s+2 + 302cn+1
s+3 + 302cn+1

s+4 + 57cn+1
s+5 + cn+1

s+6 = g1(tn+1),
(

6

h

)

(−cn+1
s+1 − 25cn+1

s+2 − 40cn+1
s+3 + 40cn+1

s+4 + 25cn+1
s+5 + cn+1

s+6 = g2(tn+1),

(
30

h2

)

(cn+1
s+1 + 9cn+1

s+2 − 10cn+1
s+3 − 10cn+1

s+4 + 9cn+1
s+5 + cn+1

s+6 = g3(tn+1),

thus, the system (19) is changed to a system of (N + 6) linear equations in (N + 6) unknowns, given by

�C = ζ, (20)

where

� [1, s + 1] = −� [1, s + 6] = 6/h, � [1, s + 2] = −� [1, s + 5] = 150/h,

� [1, s + 3] = −� [1, s + 4] = 240/h, � [2, s + 1] = � [2, s + 6] = 1,

� [2, s + 2] = � [2, s + 5] = 57, � [2, s + 3] = � [2, s + 4] = 302,

� [N + 4, s + 1] = � [N + 4, s + 6] = 1, � [N + 4, s + 2] = � [N + 4, s + 5] = 57,

� [N + 4, s + 3] = � [N + 4, s + 4] = 302, � [N + 5, s + 1] = −� [N + 5, s + 6] = 6/h,

� [N + 5, s + 2] = −� [N + 5, s + 5] = 150/h, � [N + 5, s + 3] = −� [N + 5, s + 4] = 240/h,

� [N + 6, s + 1] = � [N + 6, s + 6] = 30/h2, � [N + 6, s + 2] = � [N + 6, s + 5] = 270/h2,

� [N + 6, s + 3] = � [N + 6, s + 4] = −300/h2,

thus

� =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 · · · 6
h

150
h

240
h − 240

h − 150
h − 6

h · · · 0
0 · · · 1 57 302 302 57 1 · · · 0

α01 α02 α03 α04 α05 α06
...

0 α11 α12 α13 α14 α15 α16
· · · · · · · · ·

· · · · · · · · ·
... αN1 αN2 αN3 αN4 αN5 αN6
... 1 57 302 302 57 1
... 6

h
150
h

240
h − 240

h − 150
h − 6

h

0 · · · 30
h2

270
h2 − 300

h2 − 300
h2

270
h2

30
h2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,
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C =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c(n+1)
−3

c(n+1)
−2

c(n+1)
−1

c(n+1)
0

c(n+1)
1

...

c(n+1)
s

...

c(n+1)
N−1

c(n+1)
N

c(n+1)
N+1

c(n+1)
N+2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, ζ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ζ
(n)
−3

ζ
(n)
−2

ζ−1
(n)

ζ
(n)
0

ζ
(n)
1
...

ζ
(n)
s
...

ζN−1
(n)

ζN
(n)

ζN+1
(n)

ζN+2
(n)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

ζ
(n)
−3 = h2(tn+1), ζ

(n)
−2 = h1(tn+1),

ζ
(n)
i = γ

(n)
i , 0 ≤ i ≤ N , ζ

(n)
N = g1(tn+1),

ζ
(n)
N+1 = g2(tn+1), ζ

(n)
N+2 = g3(tn+1).

� is ill-conditioned matrix, thus we solved this system (20) by the Tikhonov regularization method [22]. The
initial vector c0 can be obtained as the following expression

u(xi , t0) = c0
j−3 + 57c0

j−2 + 302c0
j−1 + 302c0

j + 57c0
j+1 + c0

j+2 = b(xi ), 0 ≤ i ≤ N ,

u(xs, t0) = c0
s−3 + 57c0

s−2 + 302c0
s−1 + 302c0

s + 57c0
s+1 + c0

s+2 = h1(t0),

ux (xs, t0) =
(

6

h

)

(−c0
s−3 − 25c0

s−2 − 40c0
s−1 + 40c0

s + 25c0
s+1 + c0

s+2) = h2(t0),

u(xN , t0) = c0
N+1 + 57c0

N+2 + 302c0
N+3 + 302c0

N+4 + 57c0
N+5 + c0

N+6 = g1(t0),

ux (xN , t0) =
(

6

h

)

(−c0
N+1 − 25c0

N+2 − 40c0
N+3 + 40c0

N+4 + 25c0
N+5 + c0

N+6) = g2(t0),

uxx (xN , t0) =
(

30

h2

)

(c0
N+1 + 9c0

N+2 − 10c0
N+3 − 10c0

N+4 + 9c0
N+5 + c0

N+6) = g3(t0).

This yields a (N + 6) × (N + 6) system of equations, of the form

�C0 = ς, (21)

where

�[1, s + 1] = −�[1, s + 6] = 6/h, �[1, s + 2] = −�[1, s + 5] = 150/h,

�[1, s + 3] = −�[1, s + 4] = 240/h, �[2, s + 1] = �[2, s + 6] = 1,

�[2, s + 2] = �[2, s + 5] = 57, �[2, s + 3] = �[2, s + 4] = 302,

�[N + 4, s + 1] = �[N + 4, s + 6] = 1, �[N + 4, s + 2] = �[N + 4, s + 5] = 57,

�[N + 4, s + 3] = �[N + 4, s + 4] = 302, �[N + 5, s + 1] = −�[N + 5, s + 6] = 6/h,

�[N + 5, s + 2] = −�[N + 5, s + 5] = 150/h, �[N + 5, s + 3] = −�[N + 5, s + 4] = 240/h,

�[N + 6, s + 1] = �[N + 6, s + 6] = 30/h2, �[N + 6, s + 2] = �[N + 6, s + 5] = 270/h2,
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�[N + 6, s + 3] = �[N + 6, s + 4] = −300/h2,

thus

� =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 · · · 6
h

150
h

240
h − 240

h − 150
h − 6

h · · · 0
0 · · · 1 57 302 302 57 1 · · · 0

1 57 302 302 57 1
...

0 1 57 302 302 57 1
· · · · · · · · ·

· · · · · · · · ·
... 1 57 302 302 57 1
... 1 57 302 302 57 1
... 6

h
150
h

240
h − 240

h − 150
h − 6

h

0 · · · 30
h2

270
h2 − 300

h2 − 300
h2

270
h2

30
h2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

C0 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c(n+1)
−3

c(n+1)
−2

c(n+1)
−1

c(n+1)
0

c(n+1)
1

...

c(n+1)
s

...

c(n+1)
N−1

c(n+1)
N

c(n+1)
N+1

c(n+1)
N+2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, ς =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

h2(t0)
h1(t0)
b(x0)

b(x1)

b(x2)
...

b(xs)
...

b(xN )

g1(t0)
g2(t0)
g3(t0)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The solution of (21) can be found by the Tikhonov regularization technique (Figs. 1, 2).

2.2 Convergence analysis

Let u(x) = u(x, tn+1) be the exact solution of the equation (2) in t = tn+1 with the over-specified conditions (8)-
(9) and initial condition (3) and also U (x) = ∑N+2

i=−3 ci Bi (x) be the B-spline collocation approximation to u(x).
Due to round off errors in computations we assume that Û (x) be the computed spline for U (x) so that Û (x) =
∑N+2

i=−3 ĉi Bi (x) where Ĉ = (ĉ−3, ĉ−2, ĉ−1, ĉ0, ĉ1, . . . , ĉN , ĉN+1). To estimate the error ‖u(x) − U (x)‖∞ we
must estimate the errors ‖u(x) − Û (x)‖∞ and ‖Û (x) − U (x)‖∞ separately. Following (20) for Û we have

� Ĉ = ζ̂ , (22)

where

ζ̂ = (h2(tn+1), h1(tn+1), ω̂0, ω̂1, . . . , ω̂N , g1(tn+1), g2(tn+1), g3(tn+1)),
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and

ω̂i = k[ω(xi , t, ĉi−3 + 57ĉi−2 + 302ĉi−1 + 302ĉi + 57ĉi+1 + ĉi+2),

((6/h)(−ĉi−3 − 25ĉi−2 − 40ĉi−1 + 40ĉi + 25ĉi+1 + ĉi+2)),

((120/h3)(−ĉi−3 − ĉi−2 + 8ĉi−1 − 8ĉi + ĉi+1 + ĉi+2))]
+ (ĉi−3 + 57ĉi−2 + 302ĉi−1 + 302ĉi + 57ĉi+1 + ĉi+2).

Subtracting (22) and (20) introduces the following relatoin:

�(C − Ĉ) = (ζ − ζ̂ ). (23)

Let us first introduce a Theorem.

Theorem 1 Suppose that f (x) ∈ C7[0, 1] and | f 7(x)| ≤ L ,∀x ∈ [0, 1] and � = {0 = x0 < x1 < · · · < xN =
1} be the equality spaced partition of [0, 1] with step size h. If S�(x) be the unique spline function interpolate
f (x) at nodes x0, x1, . . . , xN ∈ �, then there exist a constant λ j ≤ 2 such that ∀x ∈ [0, 1],

‖ f j (x) − S j
�(x)‖ ≤ λ j Lh7− j , j = 0, 1, 2, 3, 4, 5, 6 (24)

where ‖.‖ represents the ∞-norm.

Proof For the proof see [23]. 	

Now, we want to find a bound on ‖ζ − ζ̂‖∞ first. We have

|ζ(xi ) − ζ̂ (xi )| =
∣
∣
∣
∣ω

(

xi , U (xi ), U ′(xi ), U ′′′(xi )

)

(25)

− ω

(

xi , Û (xi ), Û ′(xi ), Û ′′′(xi )

)

+[U (x) − Û (x)]
∣
∣
∣
∣, (26)

by following theorem (1) and [24] (page 218) we obtain

‖ζ − ζ̂‖∞ ≤ M

(

|U (x) − Û (x)| + |U ′(x) − Û ′(x)| + |U ′′′(x) − Û ′′′(x)| + Lλ0h7
)

≤ M Lλ0h7 + M Lλ1h6 + M Lλ3h4 + Lλ0h7, (27)

where ‖ω′′(z)‖∞ ≤ M . Thus we can rewrite (27) as follows

‖ζ − ζ̂‖∞ ≤ M1h4, (28)

where M1 = L((M + 1)λ0h3 + Mλ1h2 + Mλ3). The matrix A in (23) is an ill-conditioned matrix, thus by
Tikhonov regularization solution [25], we have

(C − Ĉ) = [� T � + α(R2)T R2]−1� T (ζ − ζ̂ ), (29)

taking the infinity norm and then by using (28) we find

‖C − Ĉ‖∞ ≤ ‖[� T � + α(R2)T R2]−1� T ‖∞‖ζ − ζ̂‖∞ ≤ M2h4, (30)

where M2 = M1‖[� T � +α(R(2))T R2]−1� T ‖∞. Now, we will be able to prove the convergence of our present
method. Therefore, we recall a following lemma first

Lemma 1 The B-splines {B−3, B−2, B−1, ..., BN+2} satisfy the following inequality

∣
∣
∣
∣

N+2∑

i=−3

Bi (x)

∣
∣
∣
∣≤ 720, (0 ≤ x ≤ 1). (31)
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Proof We know that
∣
∣
∣
∣

N+2∑

i=−3

Bi (x)

∣
∣
∣
∣≤

N+2∑

i=−3

|Bi (x)|, (0 ≤ x ≤ 1). (32)

At any node xi , we have

N+2∑

i=−3

|Bi | = |Bi−3| + |Bi−2| + |Bi−1| + |Bi | + |Bi+1| + |Bi+2| = 720, (33)

also, we have

|Bi+2(x)| ≤ 1 and |Bi+1(x)| ≤ 57 and |Bi (x)| ≤ 302, xi−1 ≤ x ≤ xi , (34)

similarly,
|Bi−1(x)| ≤ 302 and |Bi−2(x)| ≤ 57 and |Bi−3(x)| ≤ 1, xi−1 ≤ x ≤ xi . (35)

Now for point xi−1 ≤ x ≤ xi , we have

N+2∑

i=−3

|Bi (x)| = |Bi−3| + |Bi−2| + |Bi−1| + |Bi | + |Bi+1| + |Bi+2| ≤ 720. (36)

Hence, this proves the lemma. 	

Now, observe that we have

U (x) − Û (x) =
N+2∑

i=−3

(ci − ĉi )Bi (x),

thus taking the infinity norm and using (30) and (31) we get

‖U (x) − Û (x)‖∞ =
∥
∥
∥
∥

N+2∑

i=−3

(ci − ĉi )Bi (x)

∥
∥
∥
∥∞

≤ ‖(ci − ĉi )‖∞
∣
∣
∣
∣

N+2∑

i=−3

Bi (x)

∣
∣
∣
∣≤ 720M2h4, (37)

Theorem 2 Let u(x) be the exact solution of the equation (1) with the over-specified conditions (8)-(9) and initial
condition (3) and also U (x) be the B-spline collocation approximation to u(x) then the method has second order
convergence

‖u(x) − U (x)‖ ≤ �h2,

where � = λ0 Lh2 + 720M2 is some finite constant.

Proof From theorem (1) we have
‖u(x) − Û (x)‖ ≤ λ0 Lh7, (38)

thus substituting from (37) and (38) we have

‖u(x) − U (x)‖ ≤ ‖u(x) − Û (x)‖ + ‖Û (x) − U (x)‖ ≤ λ0 Lh7 + 720M2h4 = �h4, (39)

where � = λ0 Lh3 + 720M2. 	

Theorem 3 The time discretization process (18) that we use to discretize equation (1) in time variable is of the
one order convergence.

Proof See [26]. 	

We suppose that u(x, t) be the solution of equation (1) and U (x, t) be the approximate solution by our present

method then we have

‖u(x, tn) − U (x, tn)‖ ≤ ρ(k + h4),

(ρ is some finite constant), thus the order of convergence of our process is O(k + h4).
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Table 1 The exact values and errors of f1(t) with the noisy data (noisy data=input data+0.1×rand(1)) with proposed technique,
when h = 0.01, k = 0.001, a∗ = 0.1

t Error

Exact f1(t) θ = 1 θ = 1

2
θ = 0

0.1 9.486828237088711e − 04 7.708509e − 10 6.688860e − 09 2.835694e − 10
0.2 9.486814006858403e − 04 1.529263e − 09 4.141477e − 09 2.326057e − 09
0.3 9.486790289871136e − 04 3.839767e − 09 1.607730e − 09 4.368536e − 09
0.4 9.486757086221778e − 04 6.145121e − 09 8.890770e − 10 6.410997e − 09
0.5 9.486714396043140e − 04 8.414945e − 09 3.303096e − 09 8.453432e − 09
0.6 9.486662219505981e − 04 1.071330e − 08 4.132397e − 09 1.049583e − 08
0.7 9.486600556819003e − 04 1.307688e − 08 8.755808e − 09 1.253819e − 08
0.8 9.486529408228848e − 04 1.538202e − 08 9.976935e − 09 1.458050e − 08
0.9 9.486448774020099e − 04 1.768710e − 08 1.197677e − 08 1.662275e − 08
1 9.486358654515274e − 04 1.999815e − 08 1.411103e − 08 1.866494e − 08
S f1 3.3162e − 05 3.316247836407471e − 05 3.3162e − 05
L f1∞ 0.0010 0.001048165098949 0.0010
Execution time (second) 97.224121 59.521309
Condition Number of Matrix � 1.1127e + 13

Table 2 The exact values and errors of f2(t) with the noisy data (noisy data=input data+0.1×rand(1)) with proposed technique,
when h = 0.01, k = 0.001, a∗ = 0.2

t Error

Exact f2(t) θ = 1 θ = 1

2
θ = 0

0.1 9.486828173842746e − 09 6.879711e − 09 6.535479e − 08 7.657277e − 09
0.2 1.897361840041599e − 08 1.606336e − 08 3.878342e − 08 2.711280e − 08
0.3 2.846033273277279e − 08 3.921857e − 08 1.228050e − 08 4.656822e − 08
0.4 3.794693322461130e − 08 6.229272e − 08 1.384300e − 08 6.602345e − 08
0.5 4.743338193059729e − 08 8.489129e − 08 3.918968e − 08 8.547842e − 08
0.6 5.691964090668671e − 08 1.081645e − 07 4.172461e − 08 1.049330e − 07
0.7 6.640567221044816e − 08 1.316221e − 07 1.118316e − 07 1.243872e − 07
0.8 7.589143790138538e − 08 1.546460e − 07 1.045537e − 07 1.438410e − 07
0.9 8.537690004125971e − 08 1.776692e − 07 1.215533e − 07 1.632941e − 07
1 9.486202069441250e − 08 2.008853e − 07 1.412545e − 07 1.827466e − 07
S f2 - 1.1485e − 04 1.148530245338720e − 04 1.1485e − 04
L f2∞ - 0.0036 0.003630153101920 0.0036

Table 3 The exact values and errors of u(0.8, t) with the noisy data (noisy data=input data+0.1×rand(1)) with proposed technique,
when h = 0.01, k = 0.001, a∗ = 0.2

t Error

Exact u(0.8, t) θ = 1 θ = 1

2
θ = 0

0.1 9.486600556904002e − 04 2.533606e − 08 3.043101e − 08 2.185745e − 08
0.2 9.486662219578838e − 04 2.262037e − 08 2.717490e − 08 1.970656e − 08
0.3 9.486714396103854e − 04 1.986567e − 08 2.391492e − 08 1.755560e − 08
0.4 9.486757086270349e − 04 1.713070e − 08 2.074650e − 08 1.540456e − 08
0.5 9.486790289907566e − 04 1.446619e − 08 1.771572e − 08 1.325346e − 08
0.6 9.486814006882690e − 04 1.173584e − 08 1.575417e − 08 1.110232e − 08
0.7 9.486828237100854e − 04 8.842606e − 09 1.284956e − 08 8.951121e − 09
0.8 9.486832980505138e − 04 6.107229e − 09 9.118964e − 09 6.799891e − 09
0.9 9.486828237076568e − 04 3.371827e − 09 6.850881e − 09 4.648634e − 09
1 9.486814006834117e − 04 6.156303e − 10 4.625440e − 09 2.497358e − 09
Su(0.8,t) - 8.1498e − 05 8.149826787483249e − 05 8.1498e − 05
Lu(0.8,t)∞ - 0.0026 0.002575912540506 0.0026
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Table 4 The exact values and errors of f1(t) with the noisy data (noisy data=input data+0.1×rand(1)) with Radial basis functions,
when h = 0.01, k = 0.001, a∗ = 0.1

t Error

Exact f1(t) θ = 1 θ = 1

2
θ = 0

0.1 9.486828237088711e − 04 2.011206e − 07 2.011206e − 07 2.01121e − 07
0.2 9.486814006858403e − 04 2.001947e − 07 2.001947e − 07 2.00195e − 07
0.3 9.486790289871136e − 04 1.992377e − 07 1.992377e − 07 1.99238e − 07
0.4 9.486757086221778e − 04 1.983129e − 07 1.983129e − 07 1.98313e − 07
0.5 9.486714396043140e − 04 1.973380e − 07 1.973380e − 07 1.97338e − 07
0.6 9.486662219505981e − 04 1.963729e − 07 1.963729e − 07 1.96373e − 07
0.7 9.486600556819003e − 04 1.954627e − 07 1.954627e − 07 1.95463e − 07
0.8 9.486529408228848e − 04 1.944921e − 07 1.944921e − 07 1.94492e − 07
0.9 9.486448774020099e − 04 1.935411e − 07 1.935411e − 07 1.93541e − 07
1 9.486358654515274e − 04 1.925947e − 07 1.925947e − 07 1.92595e − 07
S f1 - 1.9744e − 07 1.9744e − 07 1.9744e − 07
L f1∞ - 2.0206e − 07 2.0206e − 07 2.0206e − 07
Execution time (second) - 5559.822774seconds −
Condition Number of Matrix � - 7.7419e + 16

Table 5 The exact values and errors of f2(t) with the noisy data (noisy data=input data+0.1×rand(1)) with Radial basis functions,
when h = 0.01, k = 0.001, a∗ = 0.2

t Error

Exact f2(t) θ = 1 θ = 1

2
θ = 0

0.1 9.486828173842746e − 09 2.102935e − 01 2.102935e − 01 2.10293e − 01
0.2 1.897361840041599e − 08 2.102934e − 01 2.102934e − 01 2.10293e − 01
0.3 2.846033273277279e − 08 2.102931e − 01 2.102931e − 01 2.10293e − 01
0.4 3.794693322461130e − 08 2.102926e − 01 2.102926e − 01 2.10293e − 01
0.5 4.743338193059729e − 08 2.102919e − 01 2.102919e − 01 2.10292e − 01
0.6 5.691964090668671e − 08 2.102909e − 01 2.102909e − 01 2.10291e − 01
0.7 6.640567221044816e − 08 2.102898e − 01 2.102898e − 01 2.10290e − 01
0.8 7.589143790138538e − 08 2.102884e − 01 2.102884e − 01 2.10288e − 01
0.9 8.537690004125971e − 08 2.102868e − 01 2.102868e − 01 2.10287e − 01
1 9.486202069441250e − 08 2.102851e − 01 2.102851e − 01 2.10285e − 01
S f2 – 0.2104 0.2104 0.2104
L f2∞ – 0.2103 0.2103 0.2103

Table 6 The exact values and errors of u(0.8, t) with the noisy data (noisy data=input data+0.1×rand(1)) with Radial basis functions,
when h = 0.01, k = 0.001, a∗ = 0.2

t Error

Exact u(0.8, t) θ = 1 θ = 1

2
θ = 0

0.1 9.486600556904002e − 04 9.486538e − 04 9.486538e − 04 9.48661e − 04
0.2 9.486662219578838e − 04 9.486538e − 04 2.717490e − 08 9.48667e − 04
0.3 9.486714396103854e − 04 9.486538e − 04 2.391492e − 08 9.48672e − 04
0.4 9.486757086270349e − 04 9.486538e − 04 2.074650e − 08 9.48676e − 04
0.5 9.486790289907566e − 04 9.486538e − 04 1.771572e − 08 9.48680e − 04
0.6 9.486814006882690e − 04 9.486538e − 04 1.575417e − 08 9.48682e − 04
0.7 9.486828237100854e − 04 9.486538e − 04 1.284956e − 08 9.48684e − 04
0.8 9.486832980505138e − 04 9.486538e − 04 9.118964e − 09 9.48684e − 04
0.9 9.486828237076568e − 04 9.486538e − 04 6.850881e − 09 9.48684e − 04
1 9.486814006834117e − 04 00000 4.625440e − 09 00000
Su(0.8,t) - 9.4960e − 04 8.149826787483249e − 05 9.4915e − 04
Lu(0.8,t)∞ – 9.4865e − 04 0.002575912540506 9.4868e − 04
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Fig. 1 The comparison between the exact and numerical results with the noisy data(using sextic B-spline method) for Example 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

-4

-3

-2

-1

0

1

f 2(t)

10-3

 Exact Solution
 Numerical Solution

Fig. 2 The comparison between the exact and numerical results with the noisy data(using sextic B-spline method) for Example 1
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2.3 The stability analysis for numerical computations

In this Section,we will investigate the stability analysis by applying Von-Neumann stability analysis. After
linearization of equation(19),

ϒi = 1 + (ci−3 + 57ci−2 + 302ci−1 + 302ci + 57ci+1 + ci+2)
2 = Z

we substitute cn
m = εn exp(im�h) in the equation(19) where � is mode number, h is size element, i = √−1 we

get

ξ = F1 + i F2

F3 + i F4
,

where,

F1 = βi1 cos(3�h) + (βi2 + βi6) cos(2�h) + (βi3 + βi5) cos(�h) + βi1,

F2 = βi1 sin(3�h) + (βi2 + βi6) sin(2�h) + (βi3 + βi5) sin(�h),

F3 = αi1 cos(3�h) + (αi2 + αi6) cos(2�h) + (αi3 + αi5) cos(�h) + αi1,

F4 = αi1 sin(3�h) + (αi2 + αi6) sin(2�h) + (αi3 + αi5) sin(�h),

For the stability condition, we can write

F2
1 + F2

2 − F2
3 − F2

4 = −W ∗
1 + (1 − 2θ)W ∗

2 ,

with

W ∗
1 = −48h5k(8140h2 p + 121080q + 2551h4 Z + (6200h2 p − 35040q + 262h4 Z) cos(�h)) sin2(�h),

W ∗
2 =288k2(3(400(11h4 p2 + 168h2 pq + 756q2) − 40h4(49h2 p + 276q)Z + 371h8 Z2)

+ 5(4h2 p + 120q + 5h4 Z)(−20(7h2 p + 66q) + 41h4 Z) cos(�h)

+ 40(20h2 p − 120q + h4 Z)(−4h2 p − 30q + h4 Z) cos(2�h) sin2
(

�h

2
)

)

.

The necessary and sufficient condition for ξ < 1 is that θ ≥ 1
2 . But for θ <

1

2
, it is satised when the k be

suciently small. We investigate the results above in the following theorem.

Theorem 4 The scheme (19) for solving equation (1) is unconditionally stable if θ ≥ 1
2 and conditionally stable

if θ <
1

2
.

3 Numerical illustrations

The purpose of this section is to illustrate the applicability of the present method described in Section 2 to
obtain solution (1)-(7). In order to report the total error S defined by [27], the infinity-norm of absolute error for
0 ≤ x ≤ 1 and 0 ≤ t ≤ τ f .

S f1 =
[

1

N − 1

N∑

z=1

(
f1(tz) − f ∗

1 (tz)
)2

] 1
2

, S f2 =
[

1

N − 1

N∑

z=1

(
f2(tz) − f ∗

2 (tz)
)2

] 1
2

,

where N is the number of estimated values, f1 and f2 are the exact values, f ∗
1 and f ∗

2 are the estimated values.

L f1∞ = || f1(t) − f ∗
1 (t)||∞ = max | f1(t) − f ∗

1 (t)|,
L f2∞ = || f2(t) − f ∗

2 (t)||∞ = max | f2(t) − f ∗
2 (t)|,

also,

Lu∞ = ||u(x, t) − u∗(x, t)||∞ = max |u(x, t) − u∗(x, t)|,
where, u∗(x, t) is the estimated value of u(x, t) (Tables 1, 2, 3, 4, 5, 6).

123



Application of sextic B-spline collocation... 661

Example 1 In this example we solve the nonlinear inverse modified Kawahara problem (1) and the comparisons
are made with the exact solutions given in [28], p = 0.001 and q = −1 in the table(4).

u(x, 0) =
6p sech

(√−p

5q
x

)

√−10q(1 + sech(

√−p

5q
x))

, 0 ≤ x ≤ 1,

u(1, t) = g1(t) =
6p sech

(√−p

5q
(1 − 25q − 4p2

25q
t)

)

√−10q(1 + sech(

√−p

5q
(1 − 25q − 4p2

25q
t))

, 0 ≤ t ≤ 1.

The exact solutions of this problem are,

u(x, t) =
6p sech

(√−p

5q

(

x − 25q − 4p2

25q
t

))

√−10q(1 + sech(

√−p

5q

(

x − 25q − 4p2

25q
t)

) , 0 ≤ t ≤ 1,

f1(t) = u(0, t) =
6p sech

(√−p

5q
(−25q − 4p2

25q
t)

)

√−10q(1 + sech(

√−p

5q

(

−25q − 4p2

25q
t)

) , 0 ≤ t ≤ 1,

f2(t) = ux (0, t) = 6p√−10q
(

√−p

5q
sinh

√−p

5q

25q − 4p2

25q
t

cosh(

√−p

5q

25q − 4p2

25q
)2(

1

cosh
√−p

5q

25q − 4p2

25q
t

+ 1)

−

√−p

5q
sinh

√−p

5q

25q − 4p2

25q
t

cosh(

√−p

5q

25q − 4p2

25q
)3(

1

cosh
√−p

5q

25q − 4p2

25q
t

+ 1)2

), 0 ≤ t ≤ 1,

4 Conclusion

This paper has been discussed sextic B-spline technique to solve the nonlinear inverse modified Kawahara
equation and compared with the RBF model. Numerical example also verified the proposed technique more
rapid and accurate technique than the RBF model. The numerical results can be gained in the MATLAB 7.10
(R2017b) and are tested on a personal computer with intel(R) core(TM)2 Duo CPU and 4GB RAM. We believe
these results can be more useful for inverse PDE of the higher dimensional and fractional types.
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