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Abstract In this paper we prove that wMp
q (R

n) \ Mp
q (R

n) is spaceable in the weak Morrey space wMp
q (R

n),
where 1 ≤ q ≤ p < ∞.
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1 Introduction

In this paper, we show that the weak Morrey space wMp
q (R

n) is much larger than the Morrey space Mp
q (R

n)

by showing that wMp
q (R

n) \ Mp
q (R

n) is spaceable in wMp
q (R

n). We use the following definition of Morrey
spaces and weak Morrey spaces. Let 1 ≤ q ≤ p < ∞. For an Lq

loc(R
n)-function f , its Morrey norm is defined

by

‖ f ‖Mp
q

:= sup
(x,r)∈R

n+1+
|B(x, r)| 1

p − 1
q

(∫
B(x,r)

| f (y)|qdy

) 1
q

, (1)

where R
n+1+ := R

n × (0,∞), and B(x, r) is the open ball centered by x with radius r [18,19] for more. (I did
not understand how to incorporate the reference). If we use cubes whose edges are parallel to the coordinate
axes instead of balls, we will obtain an equivalent norm. A weak variant of the Morrey space Mp

q (R
n) is defined

in a standard way whose motivation lies in [8]. The weak Morrey norm of each f ∈ L0(Rn) is defined by
‖ f ‖WMp

q
:= sup

λ>0
‖λχ(λ,∞](| f |)‖Mp

q
. The weak Morrey space Mp

q (R
n) is the set of all functions f ∈ L0(Rn)

for which the norm ‖ f ‖WMp
q

is finite. For a topological linear space X , a subset S is said to be spaceable if
there exists an infinite dimensional closed subspace V contained in S ∪ {0}. We prove and expand the following
theorem in this paper.

Theorem 1.1 Let 1 ≤ q ≤ p < ∞. Then wMp
q (R

n) \ Mp
q (R

n) is spaceable.
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Roughly speaking, a subset of a topological vector space is spaceable if it contains a linear structure large
enough. The concept of spaceability was initially introduced in [9] and then studied and named in [1]. In the two
last decades, among some results for spaceability of subsets of general Banach spaces (see [12]), this topic has
been studied in the context of some special sequence/function spaces in several papers (see [2,3,5,6,11,20] for
example). In [19], by the use of a certain technical lemma it is shown that the set Mp

q (R
n)\⋃

q<r≤p Mp
r (R

n)

is spaceable in Mp
q (R

n), if 0 < q < p < ∞. Recently, H. Gunawan, D. I. Hakim and M. Idris in [10, Theorem
1.4] proved that Mp

q (R
n) is a proper subspace of wMp

q (R
n). In this paper, thanks to [4, Theorem 2.2], we

technically prove that wMp
q (R

n) \ Mp
q (R

n) is spaceable in the weak Morrey space wMp
q (R

n).

2 Proof

For each f ∈ wMp
q (R

n) we denote by σ( f ) the set {x ∈ R
n : f (x) �= 0}. The set σ( f ) is called the support

of f . We invoke the following criterion due to L. Bernal-González and M.O. Cabrera [4]. Recall that a cone in
a complex linear space V is a subset S such that cs ∈ S for all c ∈ C and s ∈ S.

Proposition 2.1 Let � be a non-empty set. Let also (E, ‖ · ‖) be a Banach space of functions on �, and B be a
cone in E. Assume the following:

(i) E is a PCS-space, that is, if { fk}∞k=1 ⊂ E is a sequence converges to f in E, then we can extract a subsequence
{ fk j }∞j=1 converges to f pointwise,

(ii) there exists c > 0 such that ‖ f + g‖ ≥ c‖ f ‖ for any f, g ∈ E with disjoint support,
(iii) f, g ∈ B, for any two elements f and g in E which are disjointly supported and satisfy f + g ∈ B,
(iv) there exists a disjointly supported sequence { f j }∞j=1 ⊂ A := E \ B.

Then, A is spaceable in E.

Now, we prove Theorem 1.1. We use the Hardy–Littlewood maximal operator M : For f ∈ L0(Rn), one

defines a function M f by M f (x) := sup
Q

χQ(x)

|Q|
∫

Q
| f (y)|dy for x ∈ R

n . Here, Q moves over all cubes whose

edges are parallel to the coordinate axes. In the proof we also use the symbol ∼. Let P1, P2 be non-negative
real numbers that depend on j ∈ N. The symbol P1 ∼ P2 means that P1 ≤ C P2 and P2 ≤ C P1 happen
simultaneously, where C depends only on p and q and not on j below.

We will apply Proposition 2.1 by setting E := wMp
q (R

n) and B := Mp
q (R

n). Trivially, B is a cone in E
and conditions (ii) and (iii) are clear. We will check the conditions (i) and (iv). Condition (i) is easy to check.
In fact, if we are given a sequence { f j }∞j=1 converges to f in the topology of wMp

q (R
n), then {χ[−k,k]n f j }∞j=1

converges to χ[−k,k]n f in the topology of wL p(Rn) for each k ∈ N. Thus, by the diagonal argument, we have a
subsequence { f jk }∞k=1 which converges almost everywhere to f .

Let us move on to condition (iv). The case p = q is almost trivial since { f (· − 2m)}m∈Zn ⊂ wMp
p(R

n) \
Mp

p(R
n) and we can use Proposition 2.1, where f (x) := |x |− n

p χB(0,1)(x) for x ∈ R
n . Let us suppose q < p,

so that s := p
q ∈ (1,∞).

Suppose that α > 0 solves 2α = α1/s . We define an affine map fε : R
n → R

n with ε ∈ {0, 1}n by

fε(x) = αx + (1 − α)ε, x ∈ R
n .

We write E0 := [0, 1]n and

E j :=
⋃

ε∈{0,1}n

fε(E j−1), j ∈ N.

Let Fj := α− j E j , j ∈ N, be the subset of I j = [−α j , α j ]n . Then, according to [13, p. 1732], the inequality

|I j | 1
s −1‖MχFj ‖L1(I j )

≥ j

holds. Due to [13, Lemma 4.6(iii)], we have ‖χFj ‖Ms
1

∼ 1. Since M is known to be bounded from Ms
1(R

n) to
wMs

1(R
n) [7], we have ‖MχFj ‖wMs

1
∼ 1. We take into the account the equivalent norms generated by balls

and cubes. If we set

ϕ j := χI j (MχFj )
1
q , ( j ∈ N)
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then we obtain

‖ϕ j‖wMp
q

∼ 1, ‖ϕ j‖Mp
q

≥ C j
1
q , σ (ϕ j ) ⊂ I j .

Also, setting

ψ j := α jn/pϕ j (α
j ·),

we have

‖ψ j‖wMp
q

∼ 1, ‖ψ j‖Mp
q

≥ C j
1
q , σ (ψ j ) ⊂ [−1, 1]n .

Consequently,

f :=
∞∑
j=1

1

2 j
ψ j ! ∈ wMp

q (R
n) \ Mp

q (R
n).

Note that σ( f ) ⊂ [−1, 1]n . If we put

fm := f (· − 3m) (m ∈ Z
n),

then { fm}m∈Zn satisfies the condition (iv) of Proposition 2.1.

Corollary 2.2 Let 0 < q < p < ∞. Then,

(i) wMp
q (R

n) \ ⋃
q<r<p

wMp
r (R

n) is spaceable in wMp
q (R

n).

(ii) Mp
q (R

n) \ ⋃
q<r<p

Mp
r (R

n) is spaceable in Mp
q (R

n).

Proof (i) By [10, Theorem 1.3], wMp
r (R

n) ⊂ Mp
q (R

n) if q < r < p. In fact, since wMp
q (R

n) \⋃
q<r<p

wMp
r (R

n) contains wMp
q (R

n) \ wMp
q (R

n) and wMp
q (R

n) \ Mp
q (R

n) is spaceable in wMp
q (R

n)

thanks to Theorem 1.1, we see that wMp
q (R

n) \ ⋃
q<r<p

wMp
r (R

n) is spaceable in wMp
q (R

n).

(ii) This is a straight consequence of [19, Theorem 1.1]. �
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