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Abstract Let S” denote the unit sphere in C". Let H>(S") be the standard Hardy space given by the closure in
L%(S") of the polynomials in the coordinate functions of z, - - - , z,. For 2-tuple {7}, T} acting on H>(S?), we

o0
prove that A'(T}) ~ P M., moreover, Ko(A'(Tjx)) =Z(j =1,2;k =0, 1, ---). Furthermore, the commutant

1
and strong irreducibility corresponding to the 2-tuple are discussed.
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1 Introduction

Let H be a separable infinite dimensional complex Hilbert space and let £L(H) be the collection of bounded linear
operators on H. There is a vast amount of literature concerning the study of single operator acting on H. For
weighted unilateral shift operators, A. Shields’s survey article [20] includes an excellent account of the theory
of this class of operators. R. G. Douglas’s book [6] is helpful for us to learn the knowledge of operator theory. N.
Jewell and A. Lubin [14] extended the single (one-variable) weighted shifts to systems of (n-variable) weighted
shifts. Some advances in extending this theory to higher dimensions are obtained. The underlying space can be
H 2(S”), where S" is the unit sphere in C".

In studying an operator on a Hilbert space, it is of interest to characterize the operators which commute
with a given operator, for such a characterization should help in understanding the structure of the operator. The
commutant and similarity of the analytic Toeplitz operator on the Hardy space and Bergman space have been
studied extensively in the literature [8,13,16,17,19].

An operator T is said to be irreducible, if its commutant A'(T) = {S|ST = TS, S € L(H)} does not
contain any non-trivial orthogonal projection, or equivalently, there is no non-trivial reducing subspace of T.
An operator T is said to be strongly irreducible, if there is no non-trivial idempotent operator in A’(T), or
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equivalently, if X7 X! is irreducible for each invertible operator X. It is well known that strongly irreducible
operators [9] are analogues of Jordan blocks [7] in £(H)(see [10,15]). In 2014, Sarkar developed a several
variables analog of the Jordan blocks of the Hardy space H> (D) and obtained a complete characterization of the
doubly commuting quotient modules of the Hardy module H 2(D") (see [19]). M. J. Cowen and R. G. Douglas
introduced in [3] a class of operators related to complex geometry now referred to as Cowen-Douglas operators.
The Cowen-Douglas operators play an important role in studying the structure of non-self-adjoint operators(see
[3]). Recently, much progress on the operator theory properties of Cowen-Douglas operator has been made (see
[4,5,11,12]). An operator A in L(H) is said to be a Cowen-Douglas operator, if there exist €2, a connected open
subset of complex plane C, and n, a positive integer, such that

(a) QCo(A) = {zeC| A — z is not invertible };

b) ran(A—z2)={y| (A—2)x =y, xeH} ="H forzin Q;

() \ ker(A—z)=H; and

zeQ

(d) dimker(A — z) = n for z in Q.
In what follows, if A is called the Cowen-Douglas operator with index n, we denote by A € B,(2). A € (SI)
represents A is a strongly irreducible operator.

For any unital Banach algebra A, Jacobson radical of A is denoted by

rad A = ({J : J = kerm, 7 is a continuous irreducible representation of .A}.

Ko-group of A is denoted by Ko(A). Itis defined through an Abelian semigroup V (.A). Here we briefly recall the
definition of V (A). Two idempotent elements p and g in M (A) are said to be equivalent, if there are u and v in
Moo (A) such thatuv = p and vu = ¢g. Here M (A) is the algebraic limit of M,,(A), and M), (A) is the collection
of n order matrices with entries from .A. The equivalence class containing p is denoted by [p] and the set of all
these classes is V(A). V(A) is an Abelian semigroup with the addition defined by [p] + [¢] = [diag(p. ¢)],

pO0

0 q:| . If two unital Banach algebras A and B are isomorphic, we denote

where diag(p, g) is the matrix |:
A=B.
o0
In this paper, for 2-tuple {77, 7>} acting on H>(S?), we prove that T; ~ P M using the operator theory
1

techniques, moreover, Ko (A’ Ti) =Z(j=1,2;k=0,1,---). Then the commutant and strong irreducibility
corresponding to the 2-tuple are discussed.

2 Preparation

Let S” be the unit sphere in C". If v € H*°(S"), then Ty, is said to be the analytic Toeplitz operator with symbol

Y, and Ty f = ¢ f, for f € H*(S").
We will use the following parametrization of the sphere S”:

Lo L.
2=z, z) = P rie o (L= = —ryop) e,
O<ry,oo o1 <1,0<6y,---,0, <2m).

For these coordinates, the measure on S” becomes
do =2"""(1 = r)" 20 = )" 3 (1 = ry_n)dry -+ dry—_1d6; - - - d6,.

Foramulti-index ¢ = (a1, -+ ,®,) € N*andz = (z1, - - - , z,) € C",wedenoteby z% = z‘i” ey o] = o+
. ) ;

...+an,a! :al!...an!,gf :(O’ A A ’O)anda+€] — (o{l’... ’aj_’_l’... ’an)(j = 1’2,-” ,I’l).

The orthonormal basis for H>(S") is given by e, = ﬁ[%]%z“. In particularly, when n = 2, H?(5?)

has the orthonormal basis as follows:

ejp = = [EREL] ri(1 -y Heii?eite () k > 0).
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3 Ky-group and the commutant

Let {8(k)} be a sequence of positive numbers with 8(0) = 1. A function f on the unit disk ID has a power series

oo A
expansion f(z) = > f (k)z* that converges in the unit disk. The space H 2(B) consists of all formal power

series f(z). Thatis, H>(8) = {f(z) : | f||f9 = % | (k)28 (k)? < oo}. Itis well-known that H2(B) is a Hilbert
k=0
space with the inner product (f, g) = ioj f(k)g(k)ﬂ(k)z, forany f, g € H%(p).
k=0

Lemma 3.1 (see [20]) Let T be an injective unilateral shift, then T is subnormal if and only if {8(n)} is the
moment sequence of some probability measure p on [0, || T ||21, with ||T ||* in the support of L.

Set My = spanfeok, €1k, €2, - - -} and Ny = span{eio, €k1, ek2, -} (k = 0,1, ---). For simpleness, we
denote the operators T;, and T;, by T| and T, respectively. Define Ty = T1|m, and Tox = To|y, (k =0,1,---),
then we have the following theorem.

. . o0
Theorem 3.2 Let 21 = r2ei® and z = (1 — r)2¢'. Then we have (1)T; ~ @ M. (j = 1, 2);
1
(2)KoA(T) ZZ (j=1,2,k=0,1,2,---).

Proof (1) Note that

, , e PR
10J1§ [(J‘;/'thll] rz(l —r)fkelfgelk(p
T k!

— j+l . — e i
=/ T itk = wjkej+1k (G = 0).

Define B1x(0) = 1 and Bii(j) = worwie -+ wj—1x =/ Fy Let H2(Bi) = {f () : f() = ¥ f()2)

[~}

1
Tikejx =r2e

be the Hilbert space such that | £ ()112 = I/ 2)I3,, = X1 F()I2[B1(/)] < oo, andthe inner product s defined
by (/). 8) = & F(DEDIBI ()12 Define Uny : My —> H*(Bi) by Unieji = By, (j)ri e For f (2) €

H(B1x), we have (Uikeji, £(2)) = (Br,'z/, X f(j)zl) = B (- So Uy, f(z) = Zof(j)ﬁlk(j)ejk-A

]>

simple computation shows that U Ulk = UlkUlk = I. Therefore, Uy is unitary and U1*kMz Uix = Tig. In fact,

Ui M Uiejx = Uy M B (j)rde?
— Ul*lel_kl (j)rj+lei(j+1)0
= By (DB + Dejsrk = Tikej.

Thus, the weighted unilateral shift 77; with weight w i is unitarily equivalent to M, acting on H 2(B1x). In
terms of Lemma 3.1, H? (B1x) can be identified with those analytic functions on the open unit disk I that are

square integrable with respect to the probability measure d 14 (r) % and [Bir()]? = fol r27d 1k (r). Therefore,

kDL
Gatsor = =hr

2)(1 — r?)*rdr. Denote Ay be the k-th weighted Bergman space. Ay is the space of analytic functions on ID
which are square integrable with respect to the measure knil(l —r2krdrdé. So

=TT D - DTud- -
éMz@MzEB'“@Mz@'“=€PMz-

2jd 1k (r). The definitions of Bata function and Gamma function give that dux(r) = 2k +

For 7>, we have

Takejx = (1 — r)3ei? L [UHE3 4 (1 — ) ikeidt ik

=,/ j+++2€j,k+l = vjkejk+1 (k = 0).
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Similarly, we can prove

T =DlnD DDy, D
=hoPHhiP - PhH D

u o0
M PM. D DM D :EPMZ~
O
(2) By Lemma 2.9 of [1], we know A'(M;) = H*®(D) and Ko(A'(M;)) = Ko(H*(D)) = Z. Note that
Tk ~ M., and A(Tjr) = A(M;), so Ko(A'(Tj) =Z(j=1,2, k=0,1,2,--).
Theorem 3.3 Let C*(Tji) be the C*-algebra generated by Tji and identity operator I, then Ko(M i) = 7Z,
where M ji is the commutator ideal of C*(Tj), (j =1,2; k=0,1,---).

Proof We only need to prove the case j = 1. Itis easy to see that T1x € (SI). Now Ty is essentially normal. In
fact, T1x has the following matrix representation:

0 0 0 (U

1
2
0 JZ5 0 0
Ty = ) .
Jj+1
0 0 k+j+2 0
So
. }
w0 0
0 &3~ m 0
TyTu— TuTy = | : ST
0 0 2 S S
[ S S|

4 . . /+1 _ / _ / . ro.
Here T, represents the transpose of 7. Since jEToo(m W) = 0, we know T, Tix — T T} is a

compact operator. By Lemma 13.8 of [2], we have M, = Bo(My). Here By(My) is the set of all compact
operators act on My. In virtue of Corollary 6.4.2 in [18], we obtain Ko(M ;) = Z. |

4 The commutant of some Cowen-Douglas operators

In this section we will construct a class of operators from the decompositions of H?(S?) such that they belong to
Cowen-Douglas and strongly irreducible operator class. Furthermore, we show that the commutant of this class
operators module their Jacobson radials are commutative.

Given By, By € B1(£2), 0 € €, then there exists an orthonormal basis of Hilbert space H, such that B; and
B> admit the following matrix representations:

0 bl, el 0 b7, el
W |00 by ke, N A
Bi=Bi=|00 0bl,|es B2=Br=]00 00} |e

u
~

where {e,}°° | is an orthonormal basis of  and bf;’ et

n bl

Define p(By, By) = Tim [ ] &Ly,
n— o0

k=1 "kk+1

1 >6>0(=12,n=1,2,---) for some é.
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Lemma 4.1 (see [15]) (i)If p(B1, B2) > 1, then ker tp, g, = {0}.
(ii)If p(B1, By) = 1, then given ¢ > 0(¢ < p), there exists a compact operator K satisfying:

(@K < e

(b)ker tp, B,+k = kertp,+x.B, = {0}; (¢)B2 + K € B1(R2) and p(B1, Bo + K) = 1. Here tap is the
Rosenblum operator, defined by t4p(X) = AX — XB, for any X € L(H).

Definition 4.2 (see [15]) Let O € B, (2) [(S1), then there exist a positive integer m < n and a connected open
set €21 such that Q € B,,(£21) and m is the minimal index of Q.

Lemma 4.3 (see [15]) Let Q € B,(2) (\(SI) and n be the minimal index of Q, then o (Alker(0—z)) is a singleton
foreach A € A'(Q) and z € Q.

Theorem 4.4 Let Q; € B,;(2;)(j = 0,1,---,n) be a positive weighted unilateral shift operator act-

ing on Mj(2; < M;) satisfied with Qje;; = wijep1,;j(t = 0,1,---5j = 0,1,---,n), and let
Qo My
0 Ql * M1 .

o=\ . . . . Ifkertg; 0, = {0} (0 < k < j < n), then A'(Q)/rad A'(Q) is commuta-
00 .- Qn Mn

tive.

Proof Note that Qje;; = wyjeq1,j(t =0,1,---; j =0,1,---,n) for weight sequence {w,j}?io. A sim-

ple computation shows that ker Q* \{eo;}. If X; € L(M;) and X-Q* = Q* j» then Q*X<eoj =
X; Q% jeoj = 0,ie., X; eoj = x“eoj for some complex number)c11 Similarly, Q* Xjerj = X; Q e1j =0
and X ey J = xlzeo i+ x22e 1j, Where xlz, x22 are complex numbers. Repeating the above process, we have
Xjej = Z xk 41741k (¢ =0,1,---). Hence X ; admits an upper triangular matrix representation with respect
to the orthonormal basis {e;;} of M;.If P; € A'(Q}) is an idempotent operator, then P; admits a lower triangular
matrix representation P = (p,{l),fol »and pi, = 0(k < [). Since P2 = Pj, pl=0o0r1(k =0,1,--).
Assume that p11 = 0(otherwise we con51der I — Pj), from P; Q ji= Q j Pj, we obtain péz = 0. Furthermore,

sz P; gives p21 = 0. In general, pkk =0k=1,2,---), sz =0k > l) Therefore, P; = 0. This implies
that Q; € (S1).

n
Let A, B € A'(Q). Note that ker 70;.0; = {0}, under the decomposition H = @ M;, we have

j=0
™Aoo Boo
0 A11 * 0 Bll *
A= L . , B= L ,
L 0O O e Aun 0 O --- By,
and Aj;, Bj; € A/(Q])
™ AooBoo — BooAoo
0 A1 By — BiiAnn %
AB — BA = . . .
- 0 O e Anann - BnnAnn

By Definition 4.2, there exist m; < n; and a connected open set Q’j, such that m ; is the minimal index of Q;,
anc} ,Qf € By (Q’j) ((ST). Applying Lemma 4.3, 0 (Ajjlker(0;—z)) and o (Bjjlker(0,;—z)) are two singletons.
This implies that
o ((AjjBjj — BjjAjj)lker(Q;—2))
= 0 (Ajjlker(Q;—2) Bjjlker(0;—2) — Bjjlker(0;—2)Ajjlker(0;—2)) = {0}.

Furthermore, (A;;Bj; — BjjAjj)mf|ker(Qj_Z) = 0. Since \/{ker(Qj — 2|z € Q/J} = Mj, and (Aj;Bj; —
BjjA;))"i =0, wehave 0(Aj;jBj; — BjjA;;) = {0}. Moreover, 0 (AB — BA) = {0}. From Theorem 2.8 in
[10], we have A’ (Q)/rad A’'(Q) is commutative. ]
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672 X. Feng, Y. Li

Lemma 4.5 Let A, B, C € B1(Q), if p(A, B) = 1, we denote by A ~ B. Then ~ is an equivalent relation. O

Proof It is clear that ~ is reflexive and symmetric. To see that ~ is transitive suppose that A ~ B B ~ C,namely,

n —
hm I—[ dkkJr] l — llm [1—[ bkk+l]* — I.Then ,O(A,C) — 11m [1—[ akk+|]n — hm [l—[ ak,k+] bk,k+]]% —

o0y Dkt /] n—00 - n—>00 p_ Chktl n—>00 b Dkl Chktl
1. O

Theorem 4.6 Suppose that two upper triangular matrix

/ i

T

17.(0) O
0 T * 0 T *

D) = 171(1) ‘ . Dy = ' 271(1) . ’
0 o ... T 0 o ... T.

1 (n) 27 (n)

where * represent any appropriate operators in the entries of D (we do not care about their specific forms),
and satisfying

Tinx is described as Theorem 3.2 and the transpose of a matrix A will be denoted by A,, (k) €
{0,1,2,--- ,n}(k = 0,1,---,n) is a permutation, and D; € B,,_H(Qj) (j = 1,2). Then for given
e > 0, there exists a compact operator K; satisfying |K;| < e, such that D; + K; € B,+1(2;) and
A(Dj+Kj)/rad A(D;j + K;) is commutative.

Proof 1Tt is sufficient to prove the case j = 1. Since

n j+12 n
Js+ _
o(T ls’ ls—H) - nhm 1_[ 1 =1
J=0 v 7++3

Note that ~ is an equivalence relation, so ,o(T1 Tl/l) =1,s,t € {m0),n(l),---,m(n)}. By Lemma 4.1, there

s

1
KO
0 K/ 0
exists a compact operator K| = L satisfying || K| < e, such that T ﬂ(k) + K € Bi1(22y)
0 0 -k
and ker 7,/ , = {0}(0 < k # m < n). In terms of Theorem 4.4, we know that A'(D; +
Ty KR Tln(m)+Km

K1)/rad A'(Dy + K1) is commutative.

5 The strong irreducibility of operators

In the research of operator theory and operator algebra, strongly irreducible operator acts on an infinitely dimen-
sional complex separable Hilbert space just as the Jordan block acts on the finite dimension space. In this section,
we will construct some strongly irreducible operators from the decompositions of H2(S2).

Let Mo@P M@ --- and Ng@ N1 @ - - - be the decompositions of H?(S?) respectively. Thus, 7} and T»
have the following matrix representations with respect to the above decompositions

Tio 0O 0 ---7 T 0 O
0O 7T;; 0 --- 0 7, O
n = 0 0 Tp-| D= 0 0 Tpn---
Suppose that
0 0 ---7 r0 0 ---
S 0 .- Sip 0 .-
Sh = 0 Sy -+ |- S| = 0 Sy |-
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The commutant and strong irreducibility... 673

where Sy 1 My —> M1, Sik @ Nk —> Ni+1. Sor has the following matrix representation:

k+2
o 00
. [ s
S = (1— e =g K

k+1

Similarly, we can obtain the matrix representation of Sy.
For operators T;, S; (j = 1, 2), we have the following results.

Theorem 5.1 S| and S, are strongly irreducible.
Proof We only prove the case of S,. Assume that P € A'(S,) is an idempotent operator, set

Pyy Py Pz ---
Py Py P3 -
P =Py Py P33 -

From P S, = §; P, and note that S x> (k > 2)isonto, we get P; = 0(1 <k < j).InvilrtueofP2 = P,wehave
Py =0o0r1. PS; = S P gives PjjSs ;2 =38 j2Pj—1,j-1(j =2).1If Piy =0, weknow P;; =0(j > 2).
Again from P2 = P, we deduce that Pij =0(k > j = 1).If P;; = I, continuing the above process, we obtain
Pjj=1(j =2),and P; =0(k > j > 1). Therefore, P = 0 or /. This implies that S, € (SI). O

Lemma 5.2 (see [8]) Let N € L(H) be a nilpotent operator, Xo = A +N,0 # L € C,if B, Ay, A1, A, -+ €
L(H) satisfy (a) |Axll <M, k=0,1,2,--- and (b) Ay Xo = XoAk—1+ B, k=1,2,3,---.
Then Ag = A1 = Ay =---.

Corollary 5.3 Let G{ = | O Y} 0 | ‘where ¥/ = A1+ Tj, 0 # Al € C(k = 0, j = 1,2). Then
0 ..

G,{ (j=1,2k=0,1,---) is strongly irreducible.
Proof We only prove the case of j = 1. Suppose that

1k plk plk

plk it ot

plk plk plk...
w | far 20 o3 1
Ph= Pl Pl | A GD

is an idempotent operator. Similar to the proof of Theorem 5.1, we have letk =0(t>j>1).And P*G }( =
G}CP”‘ gives P};‘ Yk1 = Yk] lef 1j-1 (j = 2). Note that Ty is a nilpotent operator, by Lemma 5.2, we obtain
Plllk = lezk = ... (P2 = p% implies that Plllk = 0 or /. The following process is the same as Theorem 5.1,
we omit it. So we deduce that P'¥ = 0 or I. Thus we complete the proof of Corollary 5.3. O

Acknowledgements The authors would like to thank the reviewers for their helpful comments and suggestions which improved
the manuscript.
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