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Abstract In the present paper, Robin boundary value problem for a system of singularly perturbed reaction-
diffusion equations with discontinuous source term is studied. The highest order derivative in each equation is
multiplied by the perturbation parameters which are different in magnitude. The considered system does not obey
maximum principle. Forward-backward approximation is used for the Robin boundary conditions and a central
finite difference approximation is proposed for the differential system in conjunction with piecewise uniform
Shishkin meshes and graded Bakhvalov meshes. The scheme is proved to be an almost first-order parameter
uniform convergent. Numerical experiments are presented which are in line with the theoretical findings.

Keywords Singular perturbation · Parameter-uniform convergence · Discontinuous source term · Boundary
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1 Introduction

We consider a system of m(≥ 2) singularly perturbed reaction-diffusion equations with Robin boundary condi-
tions and discontinuous source term of the form:

⎧
⎨

⎩

Lu ≡ −Eu′′ + Au = f , x ∈ D1 ∪ D2,

Rlu(0) = αu(0)− βu′(0) = X,
Rr u(1) = γ u(1)+ δu′(1) = Y.

(1)

The solution u ∈ C0(D)m ∩ C1(D)m ∩ C4(D1 ∪ D2)
m satisfy the following interface conditions:

[u](ξ) = 0, − E[u′](ξ) = 0, (2)

where E = diag(ε1, . . . , εm) with 0 < ε1 ≤ . . . ≤ εm ≤ 1 are small perturbation parameters. It is assumed
that f (x) = ( fi (x))m×1 has a discontinuity at x = ξ ∈ D = (0, 1). Let D1 = (0, ξ) and D2 = (ξ, 1) be the
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676 S. Chawla et al.

subdomains of the domain D. The jump at ξ in any function ψ is given by [ψ](ξ) = ψ(ξ+) − ψ(ξ−). We
assume that the coupling matrix A = (ai j (x))m×m is strictly diagonally dominant with

⎧
⎪⎪⎨

⎪⎪⎩

aii (x) > 0, x ∈ D, i = 1, . . . ,m,
m∑

k=1
k 	=i

∥
∥
∥

aik

aii

∥
∥
∥ < ζ < 1, for i = 1, . . . ,m, (3)

α,β, δ ≥ 0, γ > 0, 2α + β ≥ 1, γ − δ ≥ 1. (4)

Assume that the matrix A and f are twice continuously differentiable for all x ∈ D and x ∈ D \ {ξ} respectively.
Singularly perturbed problems appear frequently in various fields of science and engineering including mathe-
matical modeling of liquid crystal materials and heat transportation problem with high Péclet numbers, linearized
Burger’s equation with high Reynolds number, projectile motion with small drag, stationary diffusion process.
Boundary layers occur in the solution of singularly perturbed problems when the highest derivatives in the differ-
ential equation are multiplied with singular perturbation parameters, approaches to zero. The small parameters
cause a multiscale character of the solution. In the boundary layer region the solution has strong gradients and in
the rest of the domain the solution varies smoothly. The width of the boundary layer depends on the perturbation
parameter. These layers are not resolved and the order of convergence is also less than the non singularly per-
turbed problems unless a large number of mesh points are used . To approximate the solution it is necessary to
design such numerical methods for which the number of mesh points is independent of the singular perturbation
parameters. Our aim is to construct a parameter uniform numerical method for a system of singularly perturbed
reaction-diffusion Robin type boundary value problem with discontinuous source term. The novel aspect of the
problem under consideration is that the coupling matrix A is analyzed with weaker conditions and the source term
in the differential system has a jump discontinuity in the interior of the domain. Rao and Chawla [5], [12]- [15]
considered a system of singularly perturbed reaction-diffusion and convection-diffusion boundary value problem,
singularly perturbed initial value problem and singularly perturbed linear parabolic system with discontinuous
source term. Many authors considered the system of singularly perturbed Robin boundary value problem with
continuous source term [1]- [4], [7], [8], [10] and [11]. All these works considered the problems for which the
coupling matrix A is diagonally dominant with strictly positive diagonal entries and nonpositive off-diagonal
entries. Linss and Madden [9] considered a system of singularly perturbed reaction diffusion Dirichlet boundary
value problem for which maximum principle does not hold with continuous source term.
The description of the paper is as follows. In section 2, existence and uniqueness of the continuous problem is
defined. A priori bounds on the exact solution, on the regular and singular components and on their derivatives are
also derived. Section 3 describes the piecewise-uniform Shishkin mesh and Bakhvalov mesh with the proposed
difference scheme. Stability bound to the discrete solution is also presented in this section. Error analysis of
the numerical method is carried out in Section 4. The numerical test examples are presented in Section 5 that
convincingly confirms the theoretical findings.
Notations: Throughout this paper, vectors are supposed to be columns. We use C to denote a global positive
constant and C a global constant vector that are independent of εi , 1 ≤ i ≤ m, the number of mesh intervals
N and can take distinct values at distinct places. Let T be a closed and bounded set. Then the maximum
norm for any scalar valued function h is defined as ‖h‖ = max

x∈T
|h(x)| and for any n-vector valued function h,

‖h‖ = max
x∈T

{‖h1‖, . . . , ‖hm‖}.

2 The continuous problem

The existence and the stability property of the continuous solution u of (1) are presented in this section. The
bounds on the exact solution and its derivatives are derived. Further to obtain the parameter-uniform convergence,
the exact solution is decomposed as a sum of regular and singular components.

Theorem 1 The problem (1) has a solution u = (u1, . . . , um)
T with u1, . . . , um ∈ C0(D)∩ C1(D)∩ C2(D1 ∪

D2).

Proof Follow the same procedure as in [6].

Under the assumptions (3), maximum principle does not hold for the operator L in (1). To derive the stability
result of the analytical solution u we recall the stability of the general scalar differential operator.
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Fitted mesh numerical method for a coupled system... 677

Lemma 1 Let v ∈ C0(D)∩ C1(D)∩ C2(D1 ∪ D2) be the solution of the following scalar differential operator
with Robin boundary conditions

⎧
⎨

⎩

Lv ≡ −εv′′(x)+ a(x)v′(x)+ b(x)v(x), for x ∈ D1 ∪ D2,

Rlv(0) ≡ αv(0)− βv′(0) = X,
Rrv(1) ≡ γ v(1)+ δv′(1) = Y,

where a(x), b(x) are smooth functions on D, a(x) > 0 on D with ε > 0 and α, β, δ ≥ 0, γ > 0, 2α + β ≥
1, γ − δ ≥ 1. Then the following estimate holds

‖v‖D ≤ C max
{∥
∥
∥

Lv

b

∥
∥
∥D1∪D2

, ‖Rlv(0)‖, ‖Rrv(1)‖
}
.

Define a constant matrix 
 = (λi j )m×m as λi i = 1 and λi j = −
∥
∥
∥

ai j
aii

∥
∥
∥ for i 	= j . Assume that 
 is inverse-

monotone. Then we have the following stability result for the operator L.

Theorem 2 Let u be the solution of (1) and assume that the coupling matrix A satisfy (3). Then for 1 ≤ i ≤ m

‖ui‖D ≤
m∑

k=1

(
−1)ik max
{∥
∥
∥

fk

akk

∥
∥
∥D1∪D2

, |Rlk uk(0)|, |Rrk uk(1)|
}
.

Proof We decompose the solution u of (1) as ui = φi +ϕi for 1 ≤ i ≤ m, where φi satisfy the following system:

−εiφ
′′
i + aiiφi = fi , for x ∈ D1 ∪ D2,

Rliφi (0) = αiφi (0)− βiφ
′
i (0) = Xi , Rriφi (1) = γiφi (1)+ δiφ

′
i (1) = Yi ,

[φi ](ξ) = 0, − εi [φ′
i ](ξ) = 0,

and ϕi satisfy

−εiϕ
′′
i + aiiϕi = −

m∑

k=1
k 	=i

aikuk, for x ∈ D1 ∪ D2,

Rliϕi (0) = αiϕi (0)− βiϕ
′
i (0) = 0, Rriϕi (1) = γiϕi (1)+ δiϕ

′
i (1) = 0,

[ϕi ](ξ) = 0, − εi [ϕ′
i ](ξ) = 0.

Applying Lemma 1, we have

‖φi‖ ≤ max

{∥
∥
∥

fi

aii

∥
∥
∥D1∪D2

, |Rliφi (0)|, |Rriφi (1)|
}

, for 1 ≤ i ≤ m,

and

‖ϕi‖ ≤
m∑

k=1
k 	=i

∥
∥
∥

aik

aii

∥
∥
∥‖uk‖, for 1 ≤ i ≤ m.

By triangle inequality ‖ui‖ ≤ ‖φi‖ + ‖ϕi‖, we get

‖ui‖ −
m∑

k=1
k 	=i

∥
∥
∥

aik

aii

∥
∥
∥‖uk‖ ≤ max

{∥
∥
∥

fi

aii

∥
∥
∥, |Rliφi (0)|, |Rriφi (1)|

}

, x ∈ D1 ∪ D2.

Since 
 is an inverse monotone matrix, we can readily obtain the desired result.
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678 S. Chawla et al.

Theorem 3 Let u be the solution of (1). Then for 1 ≤ i ≤ m and x ∈ D1 ∪ D2, u and its derivatives satisfy the
following estimates

|u(t)i (x)| ≤ Cε
− t

2
i (‖Rlu(0)‖ + ‖Rr u(1)‖ + ‖f ‖D1∪D2), for t = 0, 1, 2,

|u(3)i (x)| ≤ Cε
− 1

2
1 ε−1

i (‖Rlu(0)‖ + ‖Rr u(1)‖ + ‖f‖D1∪D2 + √
ε1‖f′‖D1∪D2), and

|u(4)i (x)| ≤ Cε−1
1 ε−1

i (‖Rlu(0)‖ + ‖Rr u(1)‖ + ‖f ‖D1∪D2 + ε1‖f ′′‖D1∪D2).

Proof See the details in [6].

The reduced problem correspond to the boundary value problem (1) is Au0 = f , x ∈ D1 ∪ D2.We decompose
the solution u into the regular component p and the layer component q in order to obtain the parameter-uniform
error estimate of the numerical method.
The regular component p satisfy the following system

⎧
⎨

⎩

Lp(x) = f (x), x ∈ D1 ∪ D2,

Rlp(0) = A−1f (0), Rr p(1) = A−1f (1),
p(ξ+) = A−1f (ξ+), p(ξ−) = A−1f (ξ−).

(5)

The layer component q satisfy the following system
⎧
⎨

⎩

Lq(x) = 0, x ∈ D1 ∪ D2,

Rlq(0) = Rlu(0)− Rlp(0), Rr q(1) = Rr u(1)− Rr p(1),[
q
]
(ξ) = − [

p
]
(ξ),

[
q′] (ξ) = − [

p′] (ξ).
(6)

Introduce the following layer functions for 1 ≤ i ≤ m:

B1
εli
(x) = e−x

√
θ/εi , B2

εli
(x) = e−(ξ−x)

√
θ/εi , Bεli

(x) = B1
εli
(x)+ B2

εli
(x),

B1
εri
(x) = e(ξ−x)

√
θ/εi , B2

εri
(x) = e−(1−x)

√
θ/εi , Bεri

(x) = B1
εri
(x)+ B2

εri
(x),

where

θ = (1 − ζ ) min
1≤i≤m

min
x∈D

aii (x). (7)

Moreover, we take the following assumption:

√
εm ≤

√
θξ

2
. (8)

Theorem 4 Let A satisfy (3). Then for all 1 ≤ i ≤ m and x ∈ D1 ∪ D2, the smooth component p satisfy the

following bounds ‖p(t)i ‖ ≤ C(1 + ε
1− t

2
i ), for 0 ≤ t ≤ 4.

Proof First we shall derive the bounds for x ∈ D1 and on the similar steps the same can be derived for x ∈ D2.
By Theorem 2, there exists a constant C depending upon A and f such that

‖p‖ ≤ C. (9)

Now differentiating (5) twice we have

− E(p′′)′′ + Ap′′ = f ′′ − A′′p − 2A′p′, Rlp′′(0) = p′′(ξ−) = 0. (10)

Using Theorem 2 and (9) we have

‖p′′‖ ≤ C + ν‖p′‖, (11)

with ν depends on A only. Let x̄ ∈ D1 be such that

‖p′‖ = max{|p′
1(x̄)|, . . . , |p′

m(x̄)|}.
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Fitted mesh numerical method for a coupled system... 679

For definiteness, assume that

|p′
i (x̄)| = ‖p′‖.

Setting μ = min{ξ, 1
2ν } and choosing an interval I = [a, a + μ] ⊂ [0, ξ ] for some a ≥ 0. Then by mean value

theorem there exists a point ς ∈ I such that

|p′
i (ς)| =

∣
∣
∣

pi (a + μ)− pi (a)

μ

∣
∣
∣ ≤ 2μ−1‖pi‖ ≤ C,

which implies

‖p′‖ =
∣
∣
∣p′

i (ς)+
∫ x̄

ς

p′′
i (s)ds

∣
∣
∣ ≤ C + μ‖p′′‖.

Using the above inequality in (11), we obtain

‖p′′‖ ≤ C + μν‖p′′‖.
Choosing μ = 1

2ν and rearranging the terms, we have ‖p′′‖ ≤ C and hence ‖p′‖ ≤ C . Again by (10), we obtain

‖p(4)i ‖ ≤ Cε−1
i , for 1 ≤ i ≤ m.

Bounds on the third-order derivative can be derived by applying Lemma 1 in [3] with g = p′′
i having an interval

I = [a, a + �] of length � = min{ξ,√εi }, we have

‖p′′′
i ‖ ≤ 2√

εi
‖p′′

i ‖ +
√
εi

2
‖p(4)i ‖ ≤ Cε

− 1
2

i .

This completes the proof of bounds on the regular component p.

Lemma 2 For 1 ≤ i ≤ j ≤ m, there exists a unique point x∗ ∈ (0, ξ2 ) such that ε−1
i B1

εli
(x∗) = ε−1

j B1
εl j
(x∗). Also

ε−1
i B2

εli
(ξ−x∗) = ε−1

j B2
εl j
(ξ−x∗), ε−1

i B1
εri
(ξ+x∗) = ε−1

j B1
εr j
(ξ+x∗) and ε−1

i B2
εri
(1−x∗) = ε−1

j B2
εr j
(1−x∗).

On [0, x∗), we have ε−1
i B1

εli
(x) > ε−1

j B1
εl j
(x) and on (x∗, ξ ], we have ε−1

i B1
εli
(x) < ε−1

j B1
εl j
(x). Similar results

hold for B2
εli

, B1
εri

and B2
εr j

for the points ξ − x∗, ξ + x∗ and 1 − x∗ respectively.

Theorem 5 Let A satisfy (3). For i = 1, . . . ,m, the layer component q satisfy the following estimates

|q(t)i (x)| ≤ C

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

m∑

k=i

ε
− t

2
k Bεlk

(x), x ∈ D1,

m∑

k=i

ε
− t

2
k Bεrk

(x), x ∈ D2,

for t = 0, 1, 2,

|q(t)i (x)| ≤ C

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ε
1− t

2
i

m∑

k=1

ε−1
k Bεlk

(x), x ∈ D1,

ε
1− t

2
i

m∑

k=1

ε−1
k Bεrk

(x), x ∈ D2,

for t = 3, 4.

Proof First we prove the result for x ∈ D1 and similarly we can derive the result for x ∈ D2. Using the
transformation q(x) = Bεlm

(x)q̂(x), the components of q̂ satisfies the following

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−εi q̂ ′′
i − 2εi

B′
εlm

Bεlm

q̂ ′
i +

(
aii − εi

α

εm

)
q̂i = −

m∑

k=1
k 	=i

aik q̂k,

Rli q̂i (0) = Rli ui (0)−Rli pi (0)
Bεlm (0)

, q̂i (ξ−) = ui (ξ)−pi (ξ−)
Bεlm (ξ)

.

(12)
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680 S. Chawla et al.

SinceBεlm
(0) ≥ 1 andBεlm

(ξ) ≥ 1, implies |Rli q̂i (0)| ≤ |Rli ui (0)−Rli pi (0)| and |q̂i (ξ−)| ≤ |ui (ξ)−pi (ξ−)|.
By the definition of θ and applying Lemma 1, we obtain

‖q̂i‖ −
m∑

k=1
k 	=i

∥
∥
∥

aik

aii − θ

∥
∥
∥‖q̂k‖ ≤ C for 1 ≤ i ≤ m.

Following the similar steps as in [9], it implies ‖q̂‖ ≤ C which gives

|qi (x)| ≤ CBεlm
(x). (13)

Invoking (6) and using (13) we obtain

|q ′′
i (x)| ≤ Cε−1

i Bεlm
(x). (14)

Using Lemma 1 in [3] with an interval of length
√
εi , the bounds on the components of q′ are

|q ′
i (x)| ≤ Cε

− 1
2

i Bεlm
(x). (15)

Now we improve the bounds obtained on the first and second order derivative of q for i 	= m as they are not
sharp enough for the further analysis. For this purpose, define q̆ = (q1, q2, . . . , qm−1) and consider the following
system of first (m − 1) equations

{−Ĕ q̆′′ + Ăq̆ = ğ, for x ∈ D1,

Rl q̆(0) = Rl ŭ(0)− ŭ0(0), q̆(ξ−) = ŭ(ξ)− ŭ0(ξ−). (16)

where Ĕ and Ă are the matrices obtained from E and A respectively, by deleting the last row and last column.
The components of ğ are ği = −aimqm for i = 1, 2, . . . ,m − 1 and ŭ0 is the solution to the corresponding
reduced problem. Further decompose q̆ similar to (5)-(6) as q̆ = r+s where r and s satisfies the following system
of equations

{
−Ĕr′′ + Ăr = −ğ, for x ∈ D1,

Rlr(0) = (Ă−1
ğ)(0), r(ξ−) = (Ă−1

ğ)(ξ−), (17)

and
{−Ĕs′′ + Ăs = 0, for x ∈ D1,

Rls(0) = Rl q̆(0)− Rlr(0), s(ξ−) = q̆(ξ−)− r(ξ−). (18)

Following the similar arguments that gave (13)-(15), we can easily obtain

|s(t)i (x)| ≤ Cε
− t

2
i Bεlm−1

(x), for x ∈ D1, 1 ≤ i ≤ m − 1, 0 ≤ t ≤ 2. (19)

By using the estimates obtained in (13) and (19), the bounds on r readily follows from r = q − s to

|ri (x)| ≤ CBεlm
(x), for x ∈ D1, 1 ≤ i ≤ m − 1. (20)

Differentiating (17) twice

{
−Ĕ(r′′)′′ + Ăr′′ = −(ğ)′′ − Ă′′

r − 2Ă′
r′, for x ∈ D1,

Rlr′′(0) = 0, r′′(ξ−) = 0.

Now using the transformation r′′ = ε−1
m Bεlm

r̂ and following the derivation of (13), we have

‖r̂‖ ≤ C +�εm

∥
∥
∥

r′

Bεlm

∥
∥
∥, (21)
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where the constant � depends only on Ă. Assume that x̃ ∈ [0, ξ ] be such that

∥
∥
∥

r′

Bεlm

∥
∥
∥ = |r ′

i (x̃)|
Bεlm

(x̃)
, for 1 ≤ i ≤ m − 1.

Then Lemma 1 in [3] yields the following by choosing an interval I ⊆ [0, ξ ] of length μ = min
{

d,
√
εm
θ
, 1

4�e

}

such that
∥
∥
∥

r′

Bεlm

∥
∥
∥ ≤ C

μ
+ 2μe

εm
‖r̂‖.

By the choice of μ, we have

‖r̂‖ ≤ C
(

1 + εm

μ

)
+ 1

2
‖r̂‖.

Then we have ‖r̂‖ ≤ C that implies

‖r ′′
i (x)‖ ≤ Cε−1

m Bεlm
(x), for 1 ≤ i ≤ m − 1.

Finally the estimates on r′ can be obtained by using Lemma 1 in [3] to

|r ′
i (x)| ≤ Cε

− 1
2

m Bεlm
(x), for 1 ≤ i ≤ m − 1.

Collecting the obtained bounds on r and s, we have the improved estimates on the singular component qi for
i < m,

|q(t)i (x)| ≤ C{ε−
t
2

i Bεlm−1
(x)+ ε

− t
2

m Bεlm
(x)}, for 0 ≤ t ≤ 2.

Proceeding inductively by further decomposing s, the desired estimates can be derived on q. Using lower order
derivative estimates and differentiating (6) twice, one can get the required estimates on the fourth order derivative.
Then for i = 1, recalling Lemma 1 in [3] with an interval I of length

√
ε1, we obtain the required estimates on

third order derivative.
For i > 1, consider he decomposition qi = yi + zi , where

yi (x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

4∑

l=0

(x − x∗)l

l! q(l)i (x∗) : [0, x∗)

qi (x) : (x∗, ξ − x∗)
4∑

l=0

(x − ξ + x∗)l

l! q(l)i (ξ − x∗) : (ξ − x∗, ξ)

Applying Lemma 2, we obtain |y(4)i (x)| ≤ Cε−1
i

m∑

k=i

ε−1
k Bεlk

(x), for x ∈ D1. Further using Lemma 1 in [3] with

an interval I of length
√
εi and g = y′′

i (x), we have |y′′′
i (x)| ≤ Cε

− 1
2

i

m∑

k=i

ε−1
k Bεlk

(x).

Then on [x∗, ξ − x∗], zi (x) = 0 and on [0, x∗)∪ (ξ − x∗, ξ), |z(4)i (x)| ≤ Cεi

i−1∑

k=1

ε−1
k Bεlk

(x). Since z′′′
i (

ξ
2 ) = 0,

we can integrate

|z′′′
i (x)| =

∣
∣
∣

∫ x

ξ
2

z(4)i (s)ds
∣
∣
∣ ≤

∫ x

ξ
2

(
Cε−1

i

i−1∑

k=1

ε−1
k Bεlk

(s)
)

ds

implies |z′′′
i (x)| ≤ Cε

− 1
2

i

i−1∑

k=1

ε−1
k Bεlk

(x).

Thus the desired results can be obtained by combining the estimates for yi and zi .
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3 The discrete problem

In this section we consider the discretization of the system (1) using a standard centered finite difference scheme
on the layer adapted Shishkin and Bakhvalov meshes.
The solution to (1) has overlapping boundary and interior layers near x = 0, x = 1 and x = ξ . To investigate
the boundary and interior layers, we need to define the finer mesh near the boundary and interior layer regions
and coarse mesh in the ordinary region.

Shishkin Mesh. This mesh can be constructed by dividing the domain DN
1 into 2m + 1 subintervals [0, ρεl1

] ∪
. . .∪ (ρεlm−1

, ρεlm
]∪ (ρεlm

, ξ−ρεlm
]∪ (ξ−ρεlm

, ξ−ρεlm−1
]∪ . . .∪ (ξ−ρεl1

, ξ ],where the transition parameters
ρεlk

, determining the points of piecewise uniform mesh are defined as

ρεlm
= min

{
ξ
4 ,

√
εm√
θ

ln N
}
, and

ρεlk
= min

{ kρεlk+1
k+1 ,

√
εk√
θ

ln N
}
, for 1 ≤ k ≤ m − 1.

Next to get the piecewise uniform mesh, we subdivide the subintervals (ρεlk
, ρεlk+1

] and (ξ − ρεlk+1
, ξ − ρεlk

]
into N

8m mesh intervals whereas (ρεlm
, ξ − ρεlm

] is subdivided into N
4 mesh intervals of uniform length.

Similarly, the domain DN
2 is divided into 2m + 1 subintervals [ξ, ξ + ρεr1

] ∪ . . .∪ (ξ + ρεrm−1
, 1 − ρεrm

] ∪ (1 −
ρεrm

, 1 − ρεrm−1
] ∪ . . .∪ (1 − ρεr1

, 1], where the transition parameters ρεrk
, determining the points of piecewise

uniform mesh are defined as
ρεrm

= min
{

1−ξ
4 ,

√
εm√
θ

ln N
}
, and

ρεrk
= min

{ kρεrk+1
k+1 ,

√
εk√
θ

ln N
}
, for 1 ≤ k ≤ m − 1.

Again to have a piecewise uniform mesh, we analogously subdivide the subintervals of the domain DN
2 to that

of DN
1 . The interior points of the mesh are DN = DN

1 ∪ DN
2 . It is clear that xN/2 = ξ and DN = {xi }N

i=0. Let
N = 8ml, l ≥ 3.
From the construction of DN

1 , it is obvious that {ρεlk
, ξ − ρεlk

}, 1 ≤ k ≤ m are the only points at which the size
of the mesh can change and not necessarily change at each of these transition points. We further introduce the
following notations: hi = xi − xi−1, hi+1 = xi+1 − xi and if xi = ρεlk

, then h−
k = xi − xi−1, h+

k = xi+1 − xi .

In general, for each point xi ∈ (ρεlk−1
, ρεlk

], xi − xi−1 = 8m N−1(ρεlk
− ρεlk−1

). For xi ∈ (0, ρεl1
], xi − xi−1 =

8m N−1ρε�1
and for xi ∈ (ρεlm

, ξ − ρεlm
], xi − xi−1 = 4N−1(ξ − 2ρεlm

). Similar results hold for DN
2 .

Bakhvalov Mesh. This mesh can be constructed simply by equidistributing the monitor function

M(s) := max
1≤i≤m

{

1,
Q√
εi

e−√
θs/ρ

√
εi ,

Q√
εi

e−√
θ(ξ−s)/ρ

√
εi ,

Q√
εi

e−√
θ(s−ξ)/ρ√

εi ,
Q√
εi

e−√
θ(1−s)/ρ

√
εi

}

,

with positive constants ρ and Q = ρ√
θ

; that is, the mesh points x j are chosen such that

∫ x j

0
M(s)ds = j

N

∫ 1

0
M(s)ds.

Finite Difference Numerical Scheme. For the mesh function Vj = V (x j ), we define the following difference
operators:

D+Vj = Vj+1 − Vj

h j+1
, D−Vj = Vj − Vj−1

h j

D2Vj = (D+Vj − D−Vj )

h̄ j
, D0 f j = 1

h̄ j

(h j+1 f (x j + h j+1)+ h j f (x j − h j )

2

)
,

where h j = x j − x j−1 denotes the local step size and h̄ j = h j +h j+1
2 denotes the averaged step size. Then a

standard finite difference scheme for (1) can be written as
⎧
⎨

⎩

(LN U) j ≡ −E(D2U) j + A j U j = D0f j , 1 ≤ j ≤ N − 1,
RN

l U(x0) ≡ αU(x0)− βD+U(x0) = X,
RN

r U(xN ) ≡ γ U(xN )+ δD−U(xN ) = Y,
(22)
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xj

0
M(s)ds =

j

N

1

0
M(s)ds.

0

ρεl1

ρεlm

ξ − ρεlm

ξ − ρεl1ξ

ξ + ρεl1

ξ + ρεlm

1 − ρεlm

1 − ρεl11

0 ξ 1

Fig. 1 Shishkin mesh (top) and Bakhvalov mesh (below) for a reaction-diffusion problem having overlapping and interacting
boundary layers at x = 0, 1 and interior layers to the left and right hand side of the point of discontinuity at x = ξ.

where (LN U) j = ((LN
1 U) j , . . . , (LN

m U) j )
T with (LN

i U) j = −εi D2Ui, j + ∑m
k=1 aik, j Ui, j and f j =

( f1, j , . . . , fm, j )
T . To prove the stability result for the discrete operator LN , we need the following discrete

version of Lemma 1.

Lemma 3 Let V ∈ RN+1 satisfy (L N V ) j ≡ −ε(D2V ) j + a j (D+V ) j + b j Vj , j = 1, . . . , N − 1 with
RN

l V0 = αV0 − βD+V0 = X and RN
r VN = γ VN + δD−VN = Y . Then

‖V ‖DN ≤ max
{∥
∥
∥

L N V

b

∥
∥
∥, ‖RN

l V0‖, ‖RN
r VN ‖

}
.

Analogous to the Theorem 1 for the continuous problem (1), we can readily derive the following result for the
discrete problem (22).

Lemma 4 Assume that the coupling matrix A satisfy (3). Then for 1 ≤ i ≤ m, the solution U of (22) satisfy

‖U‖DN ≤
m∑

k=1

(
−1)ik max
{∥
∥
∥

fk

akk

∥
∥
∥DN

1 ∪DN
2

, ‖RlU(0)‖, ‖Rr U(1)‖
}
.

4 Error analysis

In this section, we describe the nodal error analysis for the proposed finite difference scheme (22). The general
parameter uniform convergence result is also established in the end of the section.
Let E = u − U denotes the error of the approximate solution for the discrete problem (22), where Ei, j =
ui, j − Ui, j , 1 ≤ i ≤ m and 0 ≤ j ≤ N . Define an operator (L N

i Z)(x j ) = −εi (D2 Z)(x j ) + (aii Z)(x j ) for
x j ∈ DN . Now, we split the error into two parts E = φ + ϕ where φ satisfy the following system

(L N
i φi )(x j ) = (LN

i E)(x j ), for x j ∈ DN ,

RN
li φi,0 = 0, RN

ri
φi,N = 0, [φi, N

2
] = 0,

and ϕ satisfy

(L N
i ϕi )(x j ) = −

m∑

k=1
k 	=i

(aikEk)(x j ), for x j ∈ DN ,

RN
li ϕi,0 = 0, RN

ri
ϕi,N = 0, [ϕi, N

2
] = 0.

For 1 ≤ i ≤ m, by triangle inequality and using Lemma 4 we obtain

‖Ei‖DN −
m∑

k=1
k 	=i

∥
∥
∥

aik

aii

∥
∥
∥‖Ek‖DN ≤ ‖φi‖DN .
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Invoking the monotonicity of 
 and from E = u − U, we have

‖u − U‖DN ≤ C‖φ‖DN . (23)

Using Lemma 3, for 1 ≤ i ≤ m we have

‖φi‖DN ≤ C max
x j
(−εi |(D2ui − u′′

i )(x j )|), x j = DN .

Since (LN
i E) j = (LN

i u) j − (LN
i U) j = −εi (D2ui − u′′

i ) j . By Taylor series expansion with an integral form of
remainder we obtain

−εi |(D2ui − u′′
i ) j | ≤ C

( ∫ x j+1

x j−1

εi |u′′′
i (t)|dt

)

.

Then, for x j ∈ DN
1 and using the bounds obtained in Theorem 4 and Theorem 5, we have

−εi |(D2ui − u′′
i ) j | ≤ C

√
εi

(∫ x j+1

x j−1

(
1 +

m∑

k=1

ε−1
k Blk (s)

)
ds

)

.

A similar expression can be obtained for x j ∈ DN
2 .

Hence

‖φ‖ ≤ Cϑ(DN ), for 1 ≤ i ≤ m, (24)

where

ϑ(DN ) =
∫ x j+1

x j−1

(
1 +

m∑

k=1

ε−1
k Blk (s)

)
ds.

For the Shishkin mesh constructed in Section 3, we have

ϑ(DN ) ≤ C N−1 ln N .

Recalling (23) and (24), we get

‖u − U‖DN ≤ C N−1 ln N .

For the graded Bakhvalov mesh defined in Section 3, we have

ϑ(DN ) ≤ C N−1,

and therefore,

‖u − U‖DN ≤ C N−1.

Now consider the problem (1) with a particular form of the Robin boundary conditions, defined as βi = β̃i
√
εi

and δi = δ̃i
√
εi , where β̃i , δ̃i are the positive constants and 1 ≤ i ≤ m. Then, at the point x = 0, we have

|(αi ui (0)− βi u
′
i (0))− (αiUi (0)− βi D+Ui (0))| = √

εi β̃i |u′
i (0)− D+Ui (0)|

≤
∣
∣
∣

√
εi β̃i

h1

∫ h1

0
(s − h1)u

′′
i (s)ds

∣
∣
∣ ≤ C N−1 ln N

which can be obtained easily by using the bounds on |u′′
i (x)|. The convergence result at the point x = 1 can be

obtained by similar arguments.

At the point of discontinuity x N
2

= ξ, h N
2

= h N
2 +1 = h and ρεl1

= ρεr1
=

√
ε1
α

ln N .

Assume that the jump condition −εi [u′
i ](ξ) = 0 is approximated by the first order approximation −εi (D+Ui −

D−Ui )(ξ) = 0, then the truncation error in the approximation is given by:
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ei (ξ) = −εi (D+ui − D−ui )(ξ)

= −εi u
′
i (ξ+)+ εi u

′
i (ξ−)− εi

h

2
u′′(ξ+)− εi

h

2
u′′

i (ξ−)+ O(h2). (25)

From (1), obtain u′′
i in terms of fi and aik and substituting in (23), we have

ei (ξ) = −h
m∑

k=1

aikuk(ξ)+ h D0 fi (ξ)+ O(h2).

From here, it follows that the approximation of the jump condition −εi [u′
i ](ξ) = 0 is

− hεi D2Ui (xi )+ h
m∑

k=1

aikUk(xi ) = h D0 fi (xi ), for xi = x N
2
. (26)

Therefore, the error of this interface condition is O(h2). Dividing (24) by h to obtain (22). Hence, at the point
of discontinuity x N

2
= ξ , we have

|(LN (u − U))i (ξ)| ≤ C(N−1 ln N ).
Finally, we conclude with the following main result of this section using an appropriate barrier function and
truncation error estimates for the regular, singular components and at the point of discontinuity.

Theorem 6 Let u be the solution of the continuous problem (1) and U be the solution of the discrete problem
(22). Then,

‖u − U‖DN ≤ C N−1 ln N ,

and for the Bakhvalov mesh, we have

‖u − U‖DN ≤ C N−1.

5 Numerical Experiments

In this section, the proposed standard finite difference scheme (22) has been applied to the following test problems
from the class (1) on the piecewise-uniform Shishkin mesh and Bakhvalov mesh. The maximum point-wise errors
and the order of convergence are computed using the double mesh principle in [14].

Example 1 Consider a coupled system of reaction-diffusion problem

−ε1u′′
1(x)+ 4u1(x)+ 2u2(x) = f1(x), x ∈ D1 ∪ D2,

−ε2u′′
2(x)− u1(x)+ (5 + x)u2(x) = f2(x), x ∈ D1 ∪ D2,

with Robin boundary conditions and discontinuous source term

u1(0)− 2
√
ε1u′

1(0) = 4, u2(0)− √
ε2u′

2(0) = 1,

2u1(1)+ √
ε1u′

1(1) = 1, u2(1)+ 3
√
ε2u′

2(1) = 2,

where

f1(x) =
{

2ex f or0 ≤ x ≤ 0.5,
1 f or0.5 < x ≤ 1, and f2(x) =

{
10x + 1 f or0 ≤ x ≤ 0.5,
2 f or0.5 < x ≤ 1.

Example 2 Consider a coupled system of reaction-diffusion problem

− ε1u′′
1(x)+ 8u1(x)+ u2(x)− 2u3(x) = f1(x), x ∈ D1 ∪ D2,

−ε2u′′
2(x)− xu1(x)+ (6 + x)u2(x)+ u3(x) = f2(x), x ∈ D1 ∪ D2,

−ε3u′′
3(x)+ u1(x)− (1 + x2)u2(x)+ (7 + x)u3(x) = f3(x), x ∈ D1 ∪ D2,
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Table 1 Parameter-uniform errors E N and ε1, ε2−uniform rate of convergence r N for Example 1

Shishkin Mesh Bakhvalov Mesh

N E N r N E N r N

64 2.89E-01 0.78 2.12E-01 1.15
128 1.69E-01 0.86 5.44E-02 1.09
256 9.30E-02 0.88 2.56E-02 1.05
512 5.06E-02 0.88 1.24E-02 1.02
1024 2.74E-02 0.88 6.11E-03 1.01
2048 1.48E-02 – 3.03E-03 –

with Robin boundary conditions and discontinuous source term

u1(0)− √
ε1u′

1(0) = 1, 2u2(0)− √
ε2u′

2(0) = 2, u3(0)− 2
√
ε3u′

3(0) = 1,

u1(1)+ √
ε1u′

1(1) = 2, 2u2(1)+ √
ε2u′

2(1) = 1, u3(1)+ √
ε3u′

3(1) = 2,

where

f1(x) =
{

1 + 2x f or0 ≤ x ≤ 0.5,
1 f or0.5 < x ≤ 1, f2(x) =

{
2 f or0 ≤ x ≤ 0.5,
x f or0.5 < x ≤ 1,

and

f3(x) =
{

2 + x f or0 ≤ x ≤ 0.5,
ex f or0.5 < x ≤ 1.

Using the definition (7), we set θ = 1.6 for Example 1 and θ = 3.6 for Example 2. Further for both the test
problems, the mesh parameters are taken as ρ = 1 and Qi = ρ√

θ
. For Example 1, singularly perturbation

parameters ε1 and ε2 take the values from the set

Sε = {ε = (ε1, ε2) : ε1 = 10−l , l = 1, . . . , 16; ε2 = 10−k, k = 0, . . . , l},

and for Example 2, the parameters ε1, ε2 and ε3 take the values in the set

Sε = {ε = (ε1, ε2, ε3) : ε1 = 10−l , l = 1, . . . , 16; ε2 = 10 j , j = 1, . . . , l; ε3 = 10−k, k = 0, . . . , j}.

For any value of N and various values of ε, we compute the nodal errors by

E N
ε = max

ε
|UN

ε (xi )− U2N
ε (xi )| and E N = max

Sε

E N
ε ,

where UN
ε is the calculated numerical solution on a mesh of N points and U2N

ε is the solution on a mesh of 2N
points obtained by bisecting the original mesh. The parameter robust rate of convergence is determined by using
the standard formula

r N = log2

(
E N

E2N

)

The computed ε-uniform rate of convergence corresponding to the Shishkin mesh and Bakhvalov mesh
are presented in Table 1 and Table 2 for Example 1 and Example 2 respectively. The Figure 2(a) is the plot
for the numerical approximation of the exact solution u1 and Figure 2(b) represents the plot for the numerical
approximation of the exact solution u2 for Example 1. Figure 3(a), Figure 3(b) and Figure 3(c) shows the plot
for the numerical approximation of the exact solutions u1, u2 and u3 respectively for Example 2.
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Table 2 Parameter-uniform errors E N and ε1, ε2, ε3−uniform rate of convergence r N for Example 2

Shishkin Mesh Bakhvalov Mesh

N E N r N E N r N

96 1.48E-01 0.74 2.20E-02 1.04
192 8.86E-02 0.84 1.07E-02 1.00
384 4.95E-02 0.87 5.33E-03 1.00
768 2.70E-02 0.89 2.67E-03 1.00
1536 1.46E-02 0.88 1.34E-03 1.00
3072 7.94E-03 – 6.68E-04 –
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1

(a) (b)

Fig. 2 Figure 2(a) and Figure 2(b) displays the boundary layers at x = 0, 1 and the interior layer at the point of discontinuity x = ξ

for Example 1 with ε1 = 10−5, ε2 = 10−2 and N = 256.

0 0.5 1
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Fig. 3 Figure 3(a), Figure 3(b) and Figure 3(c) displays the boundary layers at x = 0, 1 and the interior layer at the point of
discontinuity x = ξ for Example 2 with ε1 = 10−7, ε2 = 10−5, ε3 = 10−3 and N = 192.
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