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Abstract We explicitly write down the Eisenstein elements inside the space of modular symbols for Eisenstein
series with integer coefficients for the congruence subgroups I'g(N) with N odd square-free. We also compute
the winding elements explicitly for these congruence subgroups. Our results are explicit versions of the Manin-
Drinfeld Theorem [Thm.6]. These results are the generalization of the paper [1] results to odd square-free
level.
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1 Introduction

Mazur gave a list of all possible torsion subgroups of elliptic curves [cf. Thm. 8, [2]]. Merel wrote down explicit
expression of the Eisenstein elements for the congruence subgroups I'g(p) for any odd prime p [3]. He used
this to give an uniform upper bound of the torsion points of elliptic curves over any number fields in terms of
extension degrees of these number fields [4]. The explicit expressions of winding elements for I'o(p) [3] are
used by Calegari and Emerton to study the ramifications of Hecke algebras at the Eisenstein primes [5]. Several
authors investigated the arithmetic invariants of the elliptic curves over number fields using modular symbols.
In this paper, we give an “explicit version" of the proof of the Manin-Drinfeld theorem [Thm. 6] for the
special case of the image in H; (Xo (&), R) of the path in H; (Xo (&), 3(Xo(N)), Z) joining 0 and i co.
For m | N, consider the basis {E,,} of E»(I'g(N)) [§ 5] for which the constant term ag(E,,) € Z.

Definition 1 (Eisenstein elements) The intersection pairing o [6] induces a perfect, bilinear pairing
Hi(Xo(N), 3(Xo(N), Z) x Hi(Yo(N), Z) — Z.

Let g, : Hi(Yo(N), Z) — Z be the “period” homomorphism of E,, [§ 2.7]. Since o is a non-degenerate, there
is an unique modular symbol £g,, € H1(Xo(N), 9(Xo(N)), Z) such that Eg,, oc = mE,, (c). This unique element
&k, is the Eisenstein element corresponding to the Eisenstein series Ej,.

Definition 2 (Winding elements) Let {0, oo} denote the projection of the path from 0 to oo in H U P!(Q)
to Xo(N)(C). We have an isomorphism H;(Xo(N),Z) ® R =~ Homc (HY(Xo(N), 1), C). Let ey
H%(Xo(N), Q') — C be given by the homomorphism @  — [;° . The modular symbol ey € H(Xo(N), R)
is called the winding element.
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714 S. Krishnamoorthy

The winding elements are the elements of the space of modular symbols whose annihilators define ideals of the
Hecke algebras with the L-functions of the corresponding quotients of the Jacobian non-zero.Since the algebraic
part of the special values of L-function are obtained by integrating differential forms on these modular symbols,
our explicit expression of the winding elements are useful to understand the algebraic parts of the special values
at 1 of the L-functions of the quotient Jo(N) [7]. In this paper, we find an explicit expression of the winding
elements and the Eisenstein elements [Theorem 3].

Let B (x) be the first Bernoulli’s polynomial of period 1 defined by B1(0)=0,B(x) =x — %,
Let u, v € Z such that (4, v) = 1 and v > 1, we define the Dedekind sum by the formula :

if x € (0, 1).
! tu u
S =Y Bi(—)Bi(-).
(,0) =Y Bi()Bi(5)
t=1
For any k € Z, let §; € {0, 1} such that §y = k (mod 2). Let sy = (k + (5x — 1)N). Then s; is always an
odd integer. Let x be one of the prime divisor of N. Any coset representative g € P!(Z/NZ) can be written
as either (1, &) or (%¢, 1). We observe that (r — 1,7 + 1) ~ (1, &¢) or (£t, 1) for some r < t = 1 + kx
for some k. Choose integers s, s” and 7, I’ such that [(sgx + 2) —2sN = 1 and I'sgx — 2s’¥ = 1. Let ylx’k =

N ’
1+4sN -2l x.k I4+4s' % =21 . . .
(_4S(Skx+2)N 1+4SN> and y," = <4S,(sk)N Y For y =1, 2, consider the integers

Pu(yy %) = sgn(t (ry NS (s ("), 11 (v ) im) — S(s (), 11y D)

k k
t(rs D) It (ry )

=Sy, =Z—m) + Sy, =3

)

where
1
SR = 1= 4N+ sp2), 175 = =20 = 2s(skx + 2N, s (5 *) = 1 — 45/ N 5y, — o, 13y = <20 = 255y N).

Let & : SLy(Z) — Hi(Xo(N), cusps, Z) be the Manin map [ 5] and F;, : P! (Z/mZ) — 7 be defined by

2(8(r,m) = 28(r,2m)) ifg=@C—-1,r+1),

Pu(i) = Py ifg=(4kx, 1) org = (=1 —kx, 1),
—[Pm(yf"k) - Pm(sz’k)] ifg=(1,1+kx)org=(1,—-1—kx),
0 if g = (&1, 1).

Fu(g) =

Theorem 3 Let N be odd square-free level. The modular symbol

&g = Z Fn(2)E(g) € HI(Xo(N), 3(Xo(N), Z) is the Eisenstein element
gePY(Z/N7Z)
corresponding to the Eisenstein series E;, € Eo(I'o(N)).
1
(I-N)

The element ey =

1
Z Fy((1, v)){0, —} is the winding element for I'o(N).
ve(Z/NZ)* v

In [8] and [1], Eisenstein elements are described for N = p?, N = pq respectively. In this article, we give
an explicit description in terms of two matrices y; * and v * for N odd square-free level. Note that if & =
gcd(N — 1,12) and n = NT*], then a multiple of winding element ney belongs to H; (Xo(N), Z). Main and
Drinfeld proved that the modular symbol {0, oo} € H;(Xo(V), Q). For the congruence subgroup I'o(N) with N
square-free, we use the relative homology group Hy(Xo(N), RU I, Z) and H| (X1 — P_, Py, Z). We intersect
with the congruence subgroup I"(2) to ensure that the Manin maps become bijective (rather than only surjective).
These relative homology groups are used in the study of modular symbol by the discovery of Merel. We follow
his approach [cf. [3], Prop. 11] to prove our results.

This paper is arranged as follows. In Section 2, we write down some preliminaries. In Section 3, we compute the
cosetrepresentatives and cusps. In Section 4, we explicitly write down the even Eisenstein elements [Theorem 21].
In Sections 5 and 6, we write the boundary of the Eisenstein series and Eisenstein elements. In Section 7, we
prove our main theorem.
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The Eisenstein and winding elements... 715

2 Preliminaries

For any natural number M > 4, the congruence subgroup {I'o(M) = (g Z) € SLo(Z)/M | c}. This group I'g(M)
acts on H UP!(Q) = H. Let Yo(M) be the quotient space ['g(M)\H. These are non-compact Riemann surfaces
and hence algebraic curves defined over C. There are models of these algebraic curve defined over Q and they
parametrize elliptic curves with cyclic subgroups of order M. Let X (M) be the compactification of Yo(M). The
set of cusps of Xo(M) is given by I'o(M)\P' (Q). The modular curve Xo(M) = Yo(M) U d(Xo(M)) is a smooth
projective curve Xo(N) defined over Q, we have I'og(N WH ~ Xo(N)(C). We are interested to understand the
@-structure of Xo(N). Let ' C SL2(Z) be a congruence subgroup. The topological space X (C) = F\ﬁ has
a natural structure of a smooth compact Riemann surface. The projection map 7 : H — X (C) is unramified
outside the elliptic points and the set of cusps d(Xt). Both these sets are finite.

2.1 Classical modular symbols

Recall the following fundamental theorem of Manin.

Theorem 4 For o € H, consider the map ¢ : I' - H{(Xo(N), Z) defined by c(g) = {«, ga}. The map c is a
surjective group homomorphism and does not depend on «. In fact, the kernel of this homomorphism is generated
by the commutator, the elliptic elements, and the parabolic elements of the congruence subgroup . In particular,
{ar, ga} =0 foralla € P1(Q) and g € T.

2.2 The Manin map

Let T, S be the matrices ((1) } ) , ((1) _01 ) and R = ST be the matrix ((1) _11 ) The modular group SL»(Z) is generated
by Sand T.

Theorem 5 (Manin)[9] Let& : SLo(Z) — H1(Xo(N), d(Xo(N)), Z) be the map that takes g € SLo(Z) to the
class in Hi(Xo(N), 3(Xo(N)), Z) of the image in Xo(N) of the geodesic in H U P'(Q) joining g.0 and g.co.
Then £ is surjective and ¥ g € To(N)\SL2(Z), £(g) +&(gS) = 0 and £(g) + &(gR) + £(gR?) = 0.

2.3 Manin-Drinfeld theorem

‘We state the Manin-Drinfeld theorem.

Theorem 6 (Manin-Drinfeld) [10] Let T" be a congruence subgroup and o, B € P1(Q) be any two cusps.
The path {«, 8} € Hi (X1, Q).

As a corollary, we observe that {x, y} € H{ (X, Q) if and if m(zrp (x) — 7 (y)) is a divisor of a function
for some positive integer m. That is, the degree zero divisors supported on the cusps are of finite order in
the divisor class group. Manin-Drinfeld proved it using the extended action of the usual Hecke operators. In
particular, it says that {0, oo} € Hj(Xr, Q). We have a short exact sequence, 0 — Hj(Xo(N),Z) — § :
H{(Xo(N), 3(Xo(N)), Z) — Z¥&oWN) 5 7 _ (. The first map is a canonical injection. The second map
8 H{ (Xo(N), 3(Xo(N)), Z — 72XoN)) js a boundary map which takes a geodesic, joining the cusps r and
s to the formal symbol [r] — [s] and the third map is the sum of the coefficients.

2.4 Relative homology group H; (Xo(N) — RU I, 3(Xo(N)), Z) and almost Eisenstein series

Lret v be the geodesic joining the elliptic points i and p = # of Xo(N). Set R = 7 (SL2(Z)p) and
I = w(SLy(Z)i). A small checks shows that these two sets are disjoint.

For g € SL»(Z), let [g]. be the class of w(gv) in the relative homology group H{(Yo(N), RU I, Z). Let
p* = —p be another point on the boundary of the fundamental domain. The homology groups H;(Yo(N), Z)
are subgroups of H{ (Yo(N), R U I, Z). Suppose zg € H be such that |zg| = 1 and _Tl < Re(zp) < 1. Let y be
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716 S. Krishnamoorthy

the union of the geodesic in H U P'(Q) joining 0 and zg and zp and ico. For g € I'g(N)\SL2(Z), let [g]* be the
class of m(gy) in Hi(Xo(N) — RU I, 3(Xo(N)), Z). We have an intersection pairing

o:Hi(Xo(N) — RUI,3(Xo(N)),Z) x H(Yo(N), RU I,7Z) — Z and the following results of Merel.

Proposition 7 (Prop. 1, Cor. 1, [11]). For g, h € SLo(Z), we have

L ifTo(N)g = To(N)h
0 otherwise.

[g]* o [A], = :

Corollary 8 The homomorphism of groups Z'ONN\SL2 ) s H, (Yo(N), R U I, Z) induced by the map

so(z Hg8) = Z Mglgls is an isomorphism.
8 g

We have a short exact sequence,
0 — Hi(Xo(N) — RUI,Z) = H|(Xo(N) — RU I, 3(Xo(N)), Z) — ZPPEoWD} _ 7. 0.

The first map is a canonical injection. The second map § is the boundary map which takes a geodesic, joining
the cusps r and s to the formal symbol [#] — [s] and the third map is the sum of the coefficients. Note that

8'(6(g)) = 8([g]") for all g € SLa(Z).

Definition 9 (Almost Eisenstein elements) For m | N, the differential form E,,(z)dz is of first kind on the
Riemann surface Yo(N). Since o is a non-degenerate bilinear pairing, there is an unique element 5;5,,, €
H{(Xo(N) — RU I,3(Xo(N)), Z) such that S;Sm oc = mg, (c) for all ¢ € Hi(Yo(N), RU I,Z). We call
& %m the almost Eisenstein element corresponding to the Eisenstein series E,,.

2.5 Modular Curves with bijective manin maps

The Riemann sphere or the projective complex plane P!(C) is the only one simply connected (genus zero)
compact Riemann surface up to conformal bijections. A theorem of Belyi states that every (compact, connected,
non- singular) algebraic curve X has a model defined over Q if and only if it admits a map to P!(C) branched
over three points. Let ['(2) = (¢5) € SLo(Z)/(24) = (}9) (mod 2)} and X(2) = I'(2) mod H. Then
(X (2) = {I'2)0,I'(2)1, T'(2)occ}. Hence, X (2) is the simply connected Riemann surface P!(C) with the
three marked points I'(2)0, I'(2)1 and I'(2)o0.

Let ' = I'o(N) NT(2). Let 7y : T\H U PHQ) — T'(2)\H U P'(Q) be the map mo(I'z) = I'(2)z. Let
P_ =, (T@)1), Py =[x, "(T(2)0)] U [y ' (I'(2)00)]. The Riemann surface X1 has boundary Py U P_.

2.6 Relative homology group H (X1 — P_, Py, Z) and even Eisenstein elements

We study the relative homology groups H (Xt — P_, P+, Z) and H{ (X1 — P4+, P_, Z). The intersection pairing
is a non-degenerate bilinear pairing o : H{ (Xt — P4+, P_,Z) x H{(Xr — P_, P+,Z) — Z.For g € I'\T'(2),
let [g]° (respectively [g]o) be the image in Xr of the geodesic in H U P! (Q) joining g0 and goo (respectively
g1 and g(—1)). We state two fundamental theorems.

Theorem 10 ([3]) Let & : Z'\'® — H{(Xr — Py, P_,7), £€°: Z'\T'@ s H|(Xr — P_, Py, 7Z) be the
maps which take g € T\I'(2) to the element [go and g € T\I'(2) to the element [g]° respectively.
The homomorphisms &y and £° are isomorphisms.

1 ifTg=Tg
Theorem 11 (/3]) For g, g’ € I'(2), we have [glo o [¢']° = #Tg . 8
0 otherwise.
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The Eisenstein and winding elements... 717

Definition 12 (Even Eisenstein elements). For E,, € Ey,let Ag,, : Xo(N) — C be the rational function whose
(g 0m)*
Ay, o’
By Lemma 19, this function has no zeros and poles in P_. Let *(wg, ) be the logarithmic differential of the
function. Let ¢, (c) = f . k*(wE,,) be the corresponding period homomorphism form Hy (Xr — P+, P—, Z) to Z.

By the non-degeneracy of the intersection pairing, there is a unique element ng € Hi(Xr — P—, P+, Z) such

logarithmic differential is 2i E,(z)dz = 2mwiwg,,. Consider the rational function Ag, » =

on Xr.

that €2m oc = ¢, (c) forall c € Hi(Xr — P4, P_, Z). The modular symbol 52-’" is the even Eisenstein element
corresponding to the Eisenstein series E,,.

2.7 Period Homomorphisms

We state the period homomorphisms for the differential forms of third kind. Refer [[12], p. 10, [3], p. 14] for
some properties of the following period map 7 g,, .

Definition 13 (Period homomorphism) For E,, € Ey, the differential forms E,,(z)dz are of third kind on the
Riemann surface Xo(N) but of first kind on the non-compact Riemann surface Yo(N). For any zg € H and
y € I'g(N), let c(y) be the class in H{ (Yo(N), Z) of the image in Yo (V) of the geodesic in H joining z¢ and
¥ (zo). This class is non-zero [Thm. 4] and is independent of the choice of zg € H. Let g, () = fc( ) E,, (2)dz.
This map g, : I'o(N) — Z is the “period” homomorphism of E,,.

Proposition 14 Let y = (‘Cl 2) be an element of T'o(N) and n = ged(m — 1, 12).

m mb a
atd (4 — 1) 4 12 S, |c]) — S@d. &)y ife #£0
(2) The image of x5, lies in pZ and g, (v) = | ¢ (m —1) + 12sgn(c)(SW, |c]) — S, ) lfC# ,
gm—1) ifc=0.

(1) mg, is a homomorphism I'o(N) — Z and ng,, (y) = 7TEm(( d ﬁ)).

3 Coset representatives and Cusps

We have a canonical bijection I'g(N)\SL2(Z) = PY(Z/NZ) given by (Z Z) — (c,d).
Let £2 = Uy nM,,, where forany m | N with1 <m < N,

N

m

My ={8"=(;},):0=l<

m Im—1

— 1} My =fan =)} Mi={u=(97"):0<k=N-1}.

Lemma 15 The set 2 is a complete set of coset representatives of T'o(N)\SL2(Z) = P! (Z/NZ).

Proof Let my, my be two divisors of N such that ,BZ"I“(,BZ';“)_1 € T'op(N) for some 0 < [} < mﬁ| — 1 and
0<lh < % — 1. This implies that mmo(lp — 1) —m1 +m> = 0 (mod N). Since m1, m are divisors of N, the
above expression implies that m| = m». Therefore the above expression reduces to m%(lz —11) =0 (mod N),
which further implies that m(/; — /1) = 0 (mod mﬂl). Since (m1, ml.) = 1,wegetl; = [5. Since ab™! ¢ To(N)
fora € M UMy and b € M,, and #2 = |P'(Z/NZ)| = > N the result follows. |

m|N m>

There are 2" cusps of Xo(N), where r is the number of primes dividing the level N. They are explicitly given in
the following lemma.

Lemma 16 The cusps 9(Xo(N)) can be identified with the set {0, oo} U {%, m| N}

a a : 1 a a ay '\ _ a' + yc’
Proof 1f ¢ and < are in P'(Q), then T'o(N)¢ = ['o(N) 7 o )= o (mod N), for some x
and y such that gcd(x, N) = 1 [[13], p. 99]. This implies that I'g(N)0, I'o(N)oo and FO(N)%, (m | N) are
disjoint. O
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718 S. Krishnamoorthy

We list the rational numbers «(0) and o (00) with « € §2 as equivalence classes of cusps as follows:

0 —m|N

m!
s Um — 1,5y =1 | 1, (kym) > 1
T G —lm) =1 | < (ap —1,m) > 1

>
to—1

Choose a and b be two unique integers such that a% +bm =1 (mod N) with1 < a < (% — 1) and
1<b<(m-— 1).Let!~2 = Um‘NMm, where forany m | N with 1 <m < N,

_fpm __ -1 71"l+81111 % . E _
m=1f"= ((N+m) —1+(N+m)(—lm+61mx)> 0=l = m 1,

~ - - 2 _
My = ey = (% V) M= = (0 )0 sk = N - 1),

Lemma 17 The set 2 isa complete set of coset representatives of I'o(N)\SLy(Z) = P! (Z/NZ)and T\T'(2) =
Lo(N)\SL2(Z).

Proof The orbits I'g(N) A1, I'o(N) A, are not equal, for distinct A1, Ay € £2. The lemma follows from
|.Q| PY(Z/NZ)| = Yom |y M- The set 2 C ['(2) and T'o(N)e; = To(N)@;, To(N)B" = FO(N),BZ Hence

there is a canonical bijection I'g(N)\SL2(Z) = T'\I"(2). |
Lemma 18 We can explicitly write the set P_ is of the form F% with x and y both odd. We can also write
= {5, m| N}.

Proof We can write any element a in P_ = n()_l(F(Z)l) as ['01 for some 6 € £2. (Lemma 17). Let § | N,
then a = Fv"—(S with ged(u, v8) = 1 and ged(vé, ﬂ) = 1. Choose an odd integer m and an even integer
[ such that lu — mvs = 1. We have (511?) (17:" l_fc)l = % and (__';’ ’f_':;g)l = 5. Hence A(5) = 5

where A = (811 (1)) (ljc 1__CC) (l"'l”‘s _f’m_”). This matrix A € T if and only if cvé = [’ (mod %). Since
ged (v, %) = 1, there is always such c. Hence, the set P_ consists of 2" elements {F%, m | N}. |

4 Even Eisenstein elements

We construct differential forms of first kind on the ambient Riemann surface X — P, by using the following
lemma.

Lemma 19 Let f : Xo(N) — C be a rational function. The divisors of k (f) are supported on Py.

Proof Let f be a meromorphic function on Xo(N). Then f = % with g and & holomorphic function on Xo(N).

Every element of P_ is of the form F% with m | N [Lemma 18]. Every holomorphic map on Riemann surface
locally looks like z — 2" [p.44, [14]].
Consider the morphism 7" and the point I" % withm | N.Thelocal coordinates at the points I'g (N )0, ['g(N)oo

.1 . 2 ———
and FO(N)%, 1 <m < N,m | N are given by qo(z) = 62”’*71,6100(1) — p2miz andq1 (z) =e o (mat )

27”2N(

respectively. For Xr, the local coordinates around the points of P_ are given by q1(z) = e 2] 41 (z) =

) p i
327”42(4/#1), qi1(z) = e 2%(*’””“, 1 <m < N, m| N. Around the point I'l and 'Ll we have qoom =
qlz, qoonlzqf,q% on:qi,andq% on’:qi.Lety:%withl <m<N,m|N.

N N

10

1. 9) is a matrix such that 7(y) = ico and e = % The local coordinate

Consider the map 7 and 1 = (

around the point F% is z — ¢”™2 and the map 7 takes it to > ¢ . In this coordinate chart, the map 7 is

2
given by z — z2 and 7’ is given by z — z*. Thus the function U}Z’; )

has no zero or pole on P_. |
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For E,, € Ey, define a function F}, : IP’I(Z/NZ) — Z by

g(=1
Fn(g) = ¢k, (50(8)) = / [2En(z) —

g()

For any y = (a b) e I'(2), hyh~ L _ <a+c b+d,

” d—c ) € SLo(Z), where h = (0 2) and for any matrix For

y =(95) eI, with ¢ # 0, the rational number P,,(y) = 2”’5’"(’/)_?25’” yh™h given by
_ t1(y) 1162]
Pru(y) = sgn@(y)N2(S(s(y), [1(¥)IN) = S(s(y), [t(¥)]) — S(s(y), |—|N) + SGs(y), )1,

2
where t(y) =b+d —a — cand s(y) = a + c. In particular, P, (y) € Z [[1], Remark 27, Lemma 28 ].

Proposition 20

12(S(r,m) —28(r,2m)) ifg=@—1,r+1),

6(Pu(yi™*) = Pu(y™)  ifg=(+kx, ) org=(—1—kx,1),
—6(Pu (") = Pu(ysh)) ifg = (1, =1 —kx) or g = (1,1 + kx),
0 ifg = (%1, 1).

Fm(g) =

Proof If g =@ —1,r+1)and E,, € Ey, we get [[3], p. 18]
Fu(g) = ¢k, (§0(2)) = 12(S(r, m) — 25(r, 2m)).

The differential form k*(wg,,) is of first kind on the Riemann surface X — P.. Since all the Fourier coefficients
of the Eisenstein series are real valued, so an argument similar to [[3] p- 19] shows that Fy,(sxx + 1,1) =

Fu(—spx — 1, 1). The path {A e —WIH} = {Akx+2’ Aklx} + {skx W} + {Akx skx+2} The rational number
1

wr correspond to a point of P_ in the Riemann surface Xr. The differential form k*wg, has no zeros and poles
on P_. We conclude that

L - =1 =1

_ﬁ * SpX % .rk % rkx+ * SkX %
S ks = [ K@)+ | K @R, + K (@g,) = 2Fn(sx + LD+ | 1 K ©@g,).

Spx+2 Spx+2 SgX skx SkX
x,k x,k . . x.k 1 _ 1 x,k, 1 _
Let y;" and y,"" be two matrices in I" such that y, (Skx =) = e and y, (Sk—x) = Skx Hence
Gy G
2Fu(six +1,1) = [ T K (wpy) — [} ) kK (wE,).
skx+2 skx

xk, 1
Y wx)
We now prove that the [, 2w

SkX

. For, y3° k and y’x ok

k*(wg,,) is independent of the choice of the matrices yzx k€ T that take

€1

1xk o1 _ 1
kX vkx (=) = . Since y2 erl,

are two matrices such that y2 (%—x) =7 GGz W

G .. . o
the integral ¢, (7/2 ) = 2 **"k*(wg,,) is independent of the choice of any point in H U {—1}, hence by
Akx /’c k ( )
2%y L \we get the above integral is same as f o
o
independent of the choice of the matrices. Similarly, we can prove that f
rkx+2

The above calculation shows that

replacing Ska with (yzx ’k) 1()/ k*(wE,,) and the integral is

Skx’

SEX ) . .
s k*(wg,,) is also independent

of the choice of the matrices that take —— to — ——.
skx+2 Skx+2

275, (yi*) — e, (hyi *h ™YY = 2F(skx + 1, 1) 4 275, (v3) — g, (hys Fh ).

Hence, we get

275, (Vi) — wE, (hy *hY) = 2mp (%) + e (hyy )
2

We also have F,, ((1 4+ sgx, 1)) = —F,, ((1, —1 — sxx)), the proposition follows. O

Fm(Sk.x + 1, 1) = — 6(Pm(,yx,k) _ Pm(yzx,k))
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Theorem 21 For E,, € E>(I'g(N)), the even Eisenstein elements Egm of Hi(Xr — P_, P4, 7Z) is given by
52,” = dePl(Z/NZ) Fm(g)éo(g)-

Proof Let the even Eisenstein element be ng = depl(z INZ) Hg, (g)éo(g) for some HE, (g). Since by
thoerem 11, H, (8) = X gcpi (z/nz) HE, (8)6°(8) 0 £0(8) = £ 0 §0(8) = ¥E,, (0(8)) = Fu(g)- O

5 Boundary of the Eisenstein series for I'g(N)

Let o1 (n) denote the sum of the positive divisors of n. Let E5 (z) = 1-24(3_, 01 (n)eX™"2) and A be the Ramanu-
jan’s cusp form of weight 12. For all N € N, the function z — AA(Z(Z ? is a function on H invariant under I'o(N).
The logarithmic differential of this function is 27i Ey(z)dz and E N is a modular form of weight two for ' (V)
with constant term N — 1. The differential form Ey (z)dz is a differential form of third kind on X (XN). The periods
[§2.7] of these differential forms are in Z. By [[13], Thm. 4.6.2], the set Ey = {E,,,, m > 1, m | N} is a basis of
E>(To(N)). Let DivP (Xo(N), 8(Xo(N)), Z) be the group of degree zero divisors supported on cusps. For all cusps
v, let ery(v) () denote the ramification index of y over SL,(Z)\HU P'(Q) and rron) (¥) = ergv) (Vao(E[y]).

By [ [15], p. 23], there is a canonical isomorphism § : E2(I'g(N)) — Div2(Xo(N), d(Xo(N)), Z) given by

SEy=" Y O] (5.1)
yelo(N\PH(Q)
Nojfr=1
m m
By [16], we see that ery(nv)(y) = 11 ify =00
N ify=0.

N 1
Since Y ery)(X)ag(Elx]) =0, we get 8(E) = ap(E)(foo} —{0H + Y —ap(E[—]).
x€d(Xo(N)) l<m<N,m|N m mn

6 Boudaries of the Eisenstein elements

The level N is square-free. Hence for m | N, N with 1 < m < N, there exists a(m), b(m) are two unique
integers such that a(m)X + b(m)m = 1 (mod N) with 1 <a(m) <m —1land1 <b(m) <X —1.

Lemma 22 Forall k with 1 < k < % — 1, we can choose an integer s(k) € (Z/%Z) such that (km, —1) =
(m, s(k)ym — 1) in PY(Z/NZ). The map k — s(k) is a bijection
(Z/%Z)* — qﬁ(]_[p‘N(Z/pZ) — {bm(p)}), where ¢ : ]_[pW(Z/pZ) — (Z/%Z) is the standard isomorphism

and by, (p) are chosen such that a,(p)p + by, (p)m = 1Vp | %

Proof Forall k with1 <k < (%)*, let &’ be the inverse of k in (Z/%Z)*.

By Chinese remainder theorem, we choose an unique x such that x = —1 (mod m) and x = —k’ (mod %).
It is possible to find such an x. Observe x is coprime to both m and % We write x = s(k)m — 1 for an unique
s(k) with 0 < s(k) < % — 1. Since T'o(N)\SL2(Z) = PY(Z/NZ), we deduce that (km, —1) = (xkm, —x) =
(—m, —x) = (m, x) = (m, s(kym — 1) in PY(Z/NZ).

Consider the map ¢ : (Z/%Z)* — (Z/%Z) given by k — s (k). This map is one-one since if s(y) = s(h)
then y = i (mod %). We have w((Z/%Z)*) C qb(]_[plN(Z/pZ) —{b"™(p)}), where b, (p) are chosen such that
am(p)p + by (p)m = 1Vp | % For suppose x € (Z/%Z) — ¢(]_[p‘N(Z/pZ) — {bn(p)}), then there exists a
prime p which divides % suchthatx = ¢ (b, (p)). Suppose x € Image of {. We have x = s(k) for some k. Hence
xm — 1 is a unit mod % Thus xm — 1 is a unit mod p. Now look at xm — 1 (mod p) = b,,(p)m — 1 =0 (mod p).

Which is a contradiction. Hence the map ¥ is onto. Hence, the map (Z/%Z)* — ¢(Hp|N(Z/PZ) —{bm(p)}),
k — s(k) is a bijection. |
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Proposition 23 The boundary of X = de]Pl(Z/NZ) F(g)lgl* e HI(Xo(N) — RUI,3(Xo(N)),7Z) is

1
§(X) = Z Ap(X)([—1=[0D) + C(X)([oo] — [0]), with
m|N,1<m<N mn
¥
An(X) = Z[F(ﬁ,”‘) — F(B"S)land C(X) =[F(0,1)— F(1,0)].
1=0
Proof The proof follows along the same line as the proof of [Proposition 32, [1]]. O

Proposition 24 The boundary of any element X = deIP"(Z/NZ) F(2)£%g) e Hi(Xr — P_, P4, 7) is

~ 1 ~
X = Y AX)(1- 10D + CX)(loo] — [0),

m|N,1<m<N
-1

where A, (X) = Y [F(B") ~ | ZF(alm)] F(Blyy). and €(X) = [F(0.1) ~ F(@y)l.

=1
Proof This is a straightforward calculation using the coset representatives of I'\I"(2) [cf. Lemma 17]. O

Proposition 25 For E € Ey, the boundary of the alomost Eisenstein elements £y in Hi(Xo(N) — R U
1,9(Xo(N)), Z) corresponding to the Eisenstein series E is —5(E) [§ 5].

Proof For E € Ey, let 5;5 = deIP’l(Z/NZ) GE(g)[g]* be the almost Eisenstein element. According to Propo-
N
sition 23, we need to calculate A, (£y). For all 0 < | < (% -, B"T = B, and B"\T = ypo
N
with y = (_1;:2 le). We have an inclusion H; (Yo(N), Z) — H(Yo(N), R U I, 7). Since {p*, yp*} =

N_j
{Bor™, vBop™ = — 3 Lo {B/"p, B" p*}, we deduce that
N N

Y20
me) = [ Bz = otz yaol = ~E5 o (X (B0 B 0") Z«fE (B0, B 0").
< k=0

0

N_
Applying Cor. 8, we have Z/?:ol Epo{B"p, B p*} = Zk 0 GE(/S, ) — GE(,BI’”S)] = —A,(£f). Hence, we
prove that A, (£;) = —mg(y). We now calculate g (y) by using [16]. Recall, . +r Isacusp with eFo(N)(,,%) = %

Consider the matrices x = ( lm 1‘%\}) We have x ((1) %)x‘l = y. Notice that x(ico) = FO(N)l. By [ [16],

p. 524], we deduce that g (y) = ero(N)( Yag(E [ -1). By Proposition 23, the boundary of the almost Eisenstein
element corresponding to an Eisenstein series E i 1s

1
SED = Y. AEPI1++CEploe] — (AER) + CERIO]
l<m<N,m|N
with A, (Ep) = ao(E[ D) and C(E) = —[F(I) — F(S)]. By Cor. 8 again, we deduce that F (1) — F(S) =
fp E(z)dz = —ag(E). Hence 5 §(E) = §(E)). O

Let 8 and h be the matrices (3 ) and (} } ) respectively. The modular curve X (N) has no obvious morphism
to X (2). Hence, we consider the modular curve X. There are two natural maps 7, 7’ : T\H — I'o(N)\H be
the maps 7(I'z) = I'g(N)z and 7/ (I'z) = ['o(N) % respectively. For the modular curve X, we have a similar
short exact sequence

0
0= Hi(Xr — P_,Z) — Hi(Xr — P_, P+, 7) 5 2P+ > 7. 0.

The boundary map §° takes a geodesic, joining the the point r and s of P, to the formal symbol [r] — [s]. Let
7wy Hi(Xr—P—, P+, 7Z) — H{(Xo(N)—RUI, 3(Xo(N)), Z) be the isomorphism defined by 7, (§y(g)) = [g]*
[ [11], Cor. 1]. It is easy to see that § (7 (X)) = SO(X) forall X e Hi(Xr — P_, P, 7).
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Proposition 26 For all E € Ey, let Eg be the even Eisenstein element in Hi(Xr — P_, Py, 7Z) [§ 4]. The
boundary of the modular symbol 1, (52) is —65(E).

Proof By Theorem 21, suppose the even Eisenstein element Eg in the relative homology group
Hi(Xr — P_, P4+, 7Z) is 82 = deIP’l(Z/NZ) FE(g)é0(g). According to Proposition 24, we need to calculate
An(EY), C(EY). For 0 < I, < (X —2), we have B"B = B", . A small check shows that B | = B and
N ~
B",B = v'Bo with
;[ 14+2Na+E 2
v= (—2,1,\”’(m+N)2 1—2N(1+ﬁ)> €r

InH;(Xr — P4+, P_,Z), we have

N Ny .
{(—=Ly' (=D} = {Bo(=1). y'Bo(=D} = = Y _{B" (D). A" (=D} = > (B (=1). B (1)}
Ln=0 1n=0

By the definition of the even Eisenstein elements, we conclude that

fao wol i T i i
/ K*(wg) = € o {20, V20 = =€ o (Y (B (1), B (=1) = — > Ep o (B (1), A (=D}
20 1=0 [=0

It is easy to see that hASBh~' € SLy(Z) for all A, B € I'(2). Since [&yg S1 = [B‘Y(y)] in PY(Z/NZ), so

K = &yﬂs@;’}”)—l € I'o(N) and hx'h~! € To(N). We deduce that the differential form

z+1
2

1
k*(wp) = f(2)dz = [2E(2) — 7 E( )dz

is invariant under «’. Hence

& n (-1 g S(1) & N S-D)
FE(&}‘%) =/ " f(z)dz=/ f(2)dz = —[ ! f(2)dz

a n (1) &y S(—1) S(1)

3=

N
Ym

ey S(=1) Ve (=D -
= - f T fdi' = — / f(dz = —Fe(B}i,). (6.1)

Vi D

By Theorem 10, we have
N _ N_ ~
K o X 0 om om Fzo *
Y Fe(B =) EpolBl (), B (=D} = —/ k().
k=0 =0 b4

0
By the definition of the period 7w of the Eisenstein series E(z), we get
Y20 Y'z0 1 z41 3
/ kK (wp) = / [2E(z) — s E(*=—)ldz = 2mp(y') — me(hy'h ™).
20 20 2 2
As in the proof of Proposition 35, p.no 281, [1] replacing p by m and q by % we have g (hy'h™1) = %ao(E[%])
and 7 (y) = 28 ag(E[5;]) and [ k*(0r) = 3ao(El; ).

-1 1 1 B(=D) 1 1
Fp(I) = — Fr(ay) =/ REQ) - yECS )z = —/ REQ) - 3ECS)ldz = —3ao(E).
1 —1
we conclude that C(£2) = [Fg(I) — Fg(an)] = —6ag(E) and hence 8*(£%) = §(EY) = —65(E). O

The inclusion map i : (Xo(N) — RUI, d(Xo(N)) — (Xo(N), d(Xo(N)) induces an onto map i, : Hj (Xo(N) —
RUL 3(Xo(N), Z) — Hi(Xo(N), (Xo(N)), Z) with i, ([g]*) = §(g). Note that §([g]") = [g.0] — [g.00] =
8 (£(g)) = & (ix([g]™)). From [§ 2.4], we have §(c) = 8 (ix(c)) for all homology class ¢ € Hj(Xo(N) — R U
1,9(Xo(N),7Z).
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7 Proof of Theorem 3

Proof By [[11],Cor.3], we obtain i, () oc = Egoi*c = fL i+(E(z)dz).Hence, i, (£y) is the Eisenstein element
inside the space of modular symbols corresponding to E. By Proposition 25 and 26, the boundary of 71*(52) is
same as the boundary of 61*(8 ). There is a non-degenerate bilinear pairing S>(I'g(N)) x Hi(Xo(N),R) — C
given by (f, ¢) = f f(2)dz. Hence the integrals of the holomorphic differentials over H; (Xo (), Z) are not
always zero. By [ [3], Lemma 5], the integrals of every holomorphic differentials over t*(é' ) and i, (74 (5 £)
are always zero.

1
We deduce that £ = i,(E}) = l*JT*(gE) = Y Fe(g)%(g). for E € Ey.
geP(Z/NZ)

Letey € Hi(Xo(N), Z) @ R be the winding element. Let 1 <m < N, m | N. The constant Fourier coefficients
of E at cusps 0 and i , and oo are 124 -0, 0and N— respectively [as in the proof of Lamma 38, [1] (replacing

pbymand q by ¥ | Hence, we obtain

1
(I=Nyey=" > Fy((1,0){0, ).

ve(Z/NZ)*

8 Concluding Remarks

Generalization of the results in this paper to any arbitrary level N is an interesting question. The methods in this
paper works only for squarefree level.

Remark 27 For the Elsensteln serles E, € E2(T'g(m)), — represents the cusp oo and 2%  Tepresents the cusp 0.

We deduce that ag(E,[Bo]) = 7L and ag(Enlyo]) = 24m )

Remark 28 For the Eisenstein series Ey, by [Lemma 4, [3]] the Eisenstein elements can be written explicitly if
g = (r—1,r +1) as follows.

—1

Fy((r—1,r+1)) = ZBl(

Acknowledgements The author would like to thank Loic Merel, Debargha Banerjee, Narasimha Kumar and Joseph Oesterlé for
their helpful discussion, suggestions and comments. Part of this work was done at IMJ-PRG, France. The author would like to thank
the mathematics department for the hospitality. The author would like to thank IISER, TVM for providing the excellent working
conditions.

References

1. Debargha Banerjee and Srilakshmi Krishnamoorthy. The eisenstein elements of modular symbols for level product of two
distinct odd primes. Pacific Journal of Mathematics, 281(2):257-285, 2016.

2. B. Mazur. Modular curves and the Eisenstein ideal. Inst. Hautes Etudes Sci. Publ. Math., 47:33-186 (1978), 1977.

3. Loic Merel. L’accouplement de Weil entre le sous-groupe de Shimura et le sous-groupe cuspidal de Jo(p). J. Reine Angew.
Math., 477:71-115, 1996.

4. Loic Merel. Bornes pour la torsion des courbes elliptiques sur les corps de nombres. Invent. Math., 124(1-3):437-449, 1996.

5. Frank Calegari and Matthew Emerton. On the ramification of Hecke algebras at Eisenstein primes. Invent. Math., 160(1):97-144,
2005.

6. Loic Merel. Intersections sur des courbes modulaires. Manuscripta Math., 80(3):283-289, 1993.

7. Amod Agashe. The Birch and Swinnerton-Dyer Conjecture for modular abelian varities of analytic rank zero. PhD thesis,
University of California at Berkeley, 2000.

8. Debargha Banerjee. A note on the eisenstein elements of prime square level. Proceedings of the American Mathematical Society.,
12:3675-3686, 2014.

9. Ju. I. Manin. Parabolic points and zeta functions of modular curves. Izv. Akad. Nauk SSSR Ser. Mat., 36:19-66, 1972.

10. V. G. Drinfeld. Two theorems on modular curves. Funkcional. Anal. i PriloZen., 7(2):83-84, 1973.

@ Springer



724 S. Krishnamoorthy

11. L. Merel. Homologie des courbes modulaires affines et paramétrisations modulaires. In Elliptic curves, modular forms, &
Fermat’s last theorem (Hong Kong, 1993), Ser. Number Theory, I, pages 110-130. Int. Press, Cambridge, MA, 1995.

12. B. Mazur. On the arithmetic of special values of L functions. Invent. Math., 55(3):207-240, 1979.

13. Fred Diamond and Jerry Shurman. A first course in modular forms, volume 228 of Graduate Texts in Mathematics. Springer-
Verlag, New York, 2005.

14. Rick Miranda. Algebraic curves and Riemann surfaces, volume 5 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 1995.

15. Glenn Stevens. Arithmetic on modular curves, volume 20 of Progress in Mathematics. Birkhduser Boston, Inc., Boston, MA,
1982.

16. Glenn Stevens. The cuspidal group and special values of L-functions. Trans. Amer. Math. Soc., 291(2):519-550, 1985.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-07-31T09:20:32+0530
	Preflight Ticket Signature




