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Abstract In this paper, we give new transcendence criteria of p-adic continued fractions. We prove that a
p-adic number whose the sequence of its partial quotients is bounded in @, and begins with arbitrarily long
quasi-palindromes is transcendental by using the p-adic version of Schmidt Subspace Theorem.
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1 Introduction

The study of continued fraction expansion of a real number offer an important means in number theory. Moreover,
continued fractions are a very versatile tool for solving problems related to the diophantine approximation. Many
authors have studied the irrationality and transcendence of real numbers by using the continued fractions approach
[1-3,5,11]. In particular, Adamczewski and Bugeaud [3] have studied the quasi-palindromic continued fraction
and afford other interesting transcendence criterion by the following theorem:

Theorem 1.1 /3] Let w and o be positive rational numbers. Leta = (ap)n>1 be a sequence of positive integers
not eventually periodic and (Uy)y>1, (Vu)n>1 and (Wy,),>1 three sequences of finite words such that:

(i) Foranyn > 1, the word W,,U, V,U, is a prefix of the word a;
[Val
[Un|

(iii) The sequence <%> | is bounded from below by w';
"/ n>

(iv) The sequence (|Un|)n;1 is increasing.

(ii) The sequence ( ) 1 is bounded from above by w;
n>
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726 B. Ammous, L. Dammak

Let (p—") denote the sequence of convergent to the real number o = [0; a1, az, ..., an, ...). Assume
qn /) n>1
1 1 1
that the sequence (q,; )n>1 is bounded and set M = lim sup q,; and m = liminf g,} such that
- n—+00 n—>+00
’ loe M
w >227
logm

Then « is transcendental.

The main idea of the proof of this theorem is based on the Schmidt Subspace Theorem [17].

Latter, in 2013, Bugeaud [8] improved the above Theorem 1.1 and has made changes to its proof.

In recent years, the theory of real continued fractions has been generalized to the field of p-adic numbers
Qp. There are several notions of p-adic continued fraction expansions. The one considered in our work is the
one given by Ruban [15] in 1970, which is based around a base-p expansion of elements in Q, with digits in

1
{0,1, ..., p — 1}, and takes its partial quotients in the set Z [—] N (0, p). This is the p-adic algorithm that
p

has recently received the most attention because it enjoys nice basic properties. Note that Ruban’s continued
fractions have many important differences with respect to the real case. For example, rational numbers have a
finite expansion, this is not, unlike the real case, the only possible behavior. More precisely, Laohakosol [12]
was characterized the rational number: he proved that a number a € Q,, is rational if and only if the p-adic
continued fraction of « is finite or ultimately periodic with a period p — p~!. Recently, in 2017, Ooto [14] proved
that an analogue of Lagrange theorem does not exist in QQ,,. After that, the authors in [9] give general explicit
criteria to establish the possible periodicity of the expansion in both the rational and the quadratic case in the
p-adic field but until now no algorithm which provides a periodic expansion for all quadratic irrationalities has
been found. Continued fractions over the p-adic numbers have been also studied recently by several authors
[6,7,10,13,18,19] in various ways like the transcendence of elements of Q,, and the diophantine approximation.

Motivated by the above researches, we establish in our present paper a new transcendence criterion of p-adic
number and we investigate the quasi-palindromic continued fraction using the algorithm introduced by Ruban.
In fact, we gather the p-adic analogy of results of Adamczewski and Bugeaud mentioned above.

The rest of this paper will be organized as follows: In Section 2, we introduce the field of p-adic numbers
Q, and the Ruban continued fraction. After that, in Section 3, we state our transcendence criteria in Q, and we
expose some lemmas and notations necessary in our work. This section will be closed by giving the proof of our
results and an example to illustrate our criterion.

2 Field of p-adic numbers Q,

Throughout this paper, p denotes a prime number. The field of p-adic numbers Q,, is the completion of Q with
respect to the metric induced by the valuation | | ,. It is equivalent to the fraction field of the p-adic integers Z,
with

+00 )
sz{oc=2qpl; CiG{O,...,p—l}},

i=0

and

+00 )
sz{a=Zcip’; ciel0,...,p—1}% keZ}.

i=k
The ultrametric absolute value over Q is defined by

o, = 0 fora = 0;
P =1 pvr@ fora £ 0.

where v), is the p-adic valuation such that v, : Q — Z| J{+4oo} is defined as follows:

+oo ifa =0,

foralla € Q, vy(e) = {inf{i | ¢;i #0} otherwise.
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On the quasi-palindromic p-adic Ruban continued fractions 727

Then, every element o € @, can be written as:
a=cgp Hc_grp . +eip  Heot+aptapit...
whered € Z,c_4g #0and ¢; € {0, ..., p — 1}. We define the p-adic floor part of o by
[a], = c_dp_d + c_d+1p_d'H +...+ c_1p_l =+ co.

Setag = [a]), if [@], # «, then a can be written in the form

1
a=ay=day+ —,
oy

with o) € Qp. Note that |o |p > p and [oq]p # 0. Similarly, if o # [(xl]p, then, we have
= [o]p + !
o = | —_—,
1 11p 5

with a € Q,. We continue the above process as long as a, # [a,]p. In this way, we obtain

1
a = [agly + I =lag, a1, az, ..., aylp

[al]p+ 1
et ——

[Oln—l]p + Z

where a; = [a], is called a partial quotient of o and «, is called the n’  complete quotient of «. Then ay is a
rational number such that 0 < a; < p and, if a; # 0, we have that |ax|, > p, forall k > 1.

If the above process stops at a certain step, then [ag, ai, a2, ..., a,]p is called a finite Ruban continued
fraction.
Otherwise, we have [ag, ai, a, ..., ay, ...], which is called an infinite Ruban continued fraction.

Now, for an infinite Ruban continued fraction & = [ag, a1, . ..],, we define non-negative rational numbers
Pns qn by using recurrence equations:

p—1=1, po=ap and Pn = anpn—1+ pn—2 Vi > 1
g-1=0, go=1 qn = Anqn—1 + qn-2

We can easily check that the Ruban continued fraction has the following properties which are the same properties
as the continued fraction of real numbers, for alln > 0 :

14
== =lao, ai,...,anlp, (1)
qn
UnPn—1+ Pn—2
a = [ao, alw--,an—laan]p:ua 2
Unqn—1 + qn-2
qnPn—1 — Pnqdn—1 = (_l)n- (3)
Dn is called the n'” convergent of o and it satisfies in Q,, lim Pn =a = [ap,ai, ..., ap,...]p, due to the
n—oo qn

q
ngn archimedean absolute value, we have the following equality :

—1 -2 -2
zlan+1|p |Qn|p < |Qn|p .

' Pn
a —_— —
)4

qn
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3 Results

In this paper, we study p-adic numbers whose sequence of partial quotients of the p-adic continued fraction
expansion begins with arbitrarily long quasi-palindromes.

Before stating our results, we introduce some notations. Throughout this note, A denotes a countable set.
Recall that the length of a finite word W on the alphabet A4, that is, the number of letters composing W, is denoted
by |W|. The reversal (or the mirror image) of W = ay, ..., a, is the word W=a,,...,a;.1n particular, W is
a palindrome if and only if W = W. From now on, we will identify any sequence a = (a;);> of elements from
A with the infinite word aj az ... q; . . ..

Leta = (a;);>1 be a sequence of elements from .4. We say that a satisfies Condition (%) if a is not ultimately
periodic and if there exist (Uy,)n>1, (Vi)n>1 and (W,),>1 three sequences of finite words such that:

(1) For any n > 1, the word W, U, V,Up, is a prefix of the word a;
[Val
[Unl
| Wl
[Un|

(iv) The sequence (|Uy|),>1 is increasing.

(i) The sequence ( ) 1 is bounded from above;
n>

(iii)) The sequence ( ) | is bounded from above;
n>

Throughout this section, we assume that the sequence (g;);>1 is bounded in Q,, (which is equivalent to —v,(a;)
is bounded) and we denote by A = max{a;| i > 1} and by B = B(A) = AbvATH V2Az+4.

Theorem 3.1 Let p be a prime number and a = [0; ay, az, .. .], be a p-adic number such that a = (a;);>1 Is
1 1

a sequence of rational numbers in 7. |:—] N (0, p) satisfying Condition (x) and a; > —,Vi > 1. Let m be a
p

positive integer > 2, such that —v,(a;) <m, Vi > 1.
If
Sm log p

—< .
m—1 logB

then o is either quadratic or transcendental.
We point two immediate consequences of Theorem 3.1.

Corollary 3.2 Keep the same hypotheses of the previous theorem. If A < 1 and

Sm Io
—_—< £ p’ with ¢ is the golden ratio,
m—1 log¢
then the p-adic number o = [0; a1, az, ..., a;, .. .]) is either quadratic or transcendental.

Corollary 3.3 Under the previous hypotheses and if p > 123, then the p-adic number o = [0; a1, az, ..., a;,
...1p is either quadratic or transcendental.

The proof of our theorem is based on the p-adic version of the Schmidt Subspace Theorem, given by
Schlickewei [16], which is recalled below:

Let k > 2 be an integer, x = (x1, ..., x;) a k-tuple of rational numbers. Put | x| = |x], [X|co =
max({|xy], ..., |x|} and [x|, = max{|x1|p, ..., |[xk|p}.

Theorem 3.4 [16] Let p be a prime number, L1 o, ..., Lx,oo be k linearly independent forms with variable x
and algebraic real coefficients, L1 p, ..., Lk, p be k linearly independent forms with algebraic p-adic coefficients
and same variables and & > 0 be a real number. Then, the set of solutions x € ZF of the inequality :

k
[J(Lico®loolLipy )1 < xIE
i=1
is contained in the union of a finite number of proper subspaces of (@k.

Moreover, the proof of Theorem 3.1 rests on the following lemmas:
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On the quasi-palindromic p-adic Ruban continued fractions 729

Lemma 3.5 [14]

lgnlp =lar...anlp, Yn>1 4)
|pn|p:|a0~--an|p Vn217 lf“07é0 (5)
|p1|p=17 |pulp = laz...anlp vn>2, ifap =0

|q;1|p < |5]n+1|p and |pn|p < |pn+l|p (6)

Lemma 3.6 [/4] Let o = [0; ay, az, ..., be a p-adic number with nth convergent & Then
qn

dn—1

= [0; an, an—1, .. 'aal][)'
dn

Lemma 3.7 [I4] Let o = [0; ay, az, ...]p and o = [0; a; , alz, ...1p be two p-adic numbers having the same
first (n + 1) partial quotients. Then

!
-2
o — ol < lgal,? -

Lemma 3.8 Suppose that a; € Q% and that {a;| i € N} is bounded. Let A = max{a;| i € N}. Then, we have
the following inequalities:

1
A+VAaZra\" Ay varsa\"”
qn = - ) Pn = — , forall n>0.

Proof The proof is by induction on 7. O

1 1
Lemma 3.9 Leta = (a;);>1 be a sequence of rational numbers in 7, |:—i| N (0, p) such that a; > —,Vi > 1
4 4

and D =[0;a1,a,...,aylp. Then
qn

n—1
1+4/1+4p?

,Vn>0 7
o n> (N

qn =

Proof The proof is by induction on n. It is obvious that (7) is true for n = 1.
We suppose that (7) is verified for 2, ..., n. Then

Gn+1 = An419n + qn—1

1
= — qntqn-1
p
n—1
14+,/14+4p? 1 [ 1+/1+4p?
> ——— —|—+1
2p P 2p
n
1+4/1+4p?
“\—= "

Throughout this section, we denote by

1+4/1+4p?

A=
2p
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Lemma 3.10 (Product formula) Let r # 0 a rational number, then we have :

rlo [T 171y = 1.

peP
withP = {p e N| pis a prime number}.

It should be noted that p, and g, are not integers. For that, we shall need to introduce these notations:

1 b;
Notations 3.1 Leta; € Z |:—:| N (0, p). Set a; = — where b; € N* and ¢; = p~"r\@) e N*. We take
p }

Ci

n n
P, = ch Pn an ch qn-
=0 =0

It is clear that P,, and Q,, are integers.

Proof of Theorem 3.1 Assume contrary that « is algebraic of degree at least three. Keep the notations and the
hypotheses of Theorem 3.1. Let (U,)n>1, (Vi)n=1 and (W,),>1 be the sequences verifying the definition of

Condition (). Set w,, = |W,|, r, = |W,U,| and s, = |W,,U,V,U,| forany n > 1.

For n > 1, we consider the rational number P defined by:

In
P, -
q = [0; WnUnVnUan]p
In

with t, = |W, U, VnU,,Wn| and we denote by Pl the last convergent to which is different from &.

qdt,—1 qt, qt,

Pt,

Until @ and Pty have the same first (s, + 1) partial quotients, and by using Lemma 3.7, we obtain:
qt,
g, — pr,lp < |f]t,1|p|61sn|;2 (8)
9t —100 = pr,—1lp < lq,|plas, |, ©)
From Lemma 3.6, it is easy to check that:
qt,—1 - 7 7
tn
And Lemma 3.7 ensures that:
196, = G, —1lp < 1qs, | pldr, |, (11)

By using that 7, — 400 and the property that |g;,|, — +00, we obtain

. t—1
n—-+00 q1,

=a. (inQ)p) (12)

Since

pn pn_l
(g, @ — pr,) — (@—10 — pr,—1) = gy, (@ — =) — g, _1 (@ — =)
qt, th—1 (13)
pll pnil pl‘l
= (@Gt — Gr—)(@ — =) 4 g1 (T — =1,
q, tn—1 q1,
Then, we get from (8),(9) and (11) :
le®q, — gy, —1 — apy, + Po—1lp < 41,1 plar, |, 1as, 1, (14)

Let us consider now the following independent linear forms with algebraic (real and p-adic) coefficients in
variable X = (X1, X2, X3, X4):

LX) =X;,forl <i <4,

L1 ,(X) =aXs — X4,
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On the quasi-palindromic p-adic Ruban continued fractions 731

Ly ,(X) =aX) — X,

L3 ,(X) = o?X) —aXs — aX3 4+ Xy,

L4, (X) = Xo.

Evaluating them on the quadruple (Q, , ¢, @, _1, Py, ¢1,P1,—1), we can derive from (9),(11) and (14) that

4 4 4
[T, 7141, |
[TILi,X1, < —F—F.
il |an|p|%,,|p

In
where I1;, = l_[ c;. It follows from the last inequality that:
j=0

T, (g, |5 1T, 15 1gs,15 <|Hﬁﬁmm¢

<
G, 1% 1G5, 1% pintsn) pln
p p

4
[TILi,X01, <

i=1

4
On the other hand, 1_[|Li,oo(x)|oo <10, 1% = M} g} < I} B*, where B = B(A) = 4ty V{‘z’“‘ from
i=1
Lemma 3.8.
Hence, we have

4
9., 1% l_[ |Lioo(X)|oo < H;‘;l+8Btu(4+8).

i=1
Therefore, we obtain this following inequality
[1¢ BIn(4+e)

4
10412 [ 10200 Rl Lip X)) < == 2—1as, [}

i=1

It follows from the product formula in Lemma 3.10 that |g;, | l_[ |g1,1p = 1 . In addition, we know that

peP
191, 1p > 1,80

1
191,15 < —
r |Qtn |go
From Lemma 3.9, we get

1 1
g1 = ARG—D

|91,

4
9,1, <

14+4/1+4p?

2p

where A = . Consequently, we obtain

4 In
. B@é+e) 1
12,15 [ [0LicoX)loolLi p X)) < P BT

i=1

Then, from the hypothesis, we can choose ¢ = — such that for n large enough and we get
m

4
LicoX)|oolLi ,(X —_
E”‘(”'”(W”W%&
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732 B. Ammous, L. Dammak

Theorem 3.4 confirms that the points (Q, , ¢, Q, _y, Py,, ¢, P, —1), lie in a finite number of proper subspaces of

Q* and then it implies the existence of non-zero integer quadruple (yi, y2, y3, v4) and an infinite set of distinct
positive integers A/} such that

109, + 20,0, 1 + y3P1, + yacy,Pr,—1 =0,

for every n € Nj. From this last equation, we have that

Y141, + ¥241,—1 + ¥3ps, + y4ps,—1 = 0. (15)

Dividing (15) by ¢;, and letting n tend to infinity along NV in Q,, we get from (12) that

i+ (2 + y3)a + yse® =0. (16)

Since (y1, ¥2, y3, ¥a) # (0,0, 0, 0), and by assuming that « is not quadratic, we can show that y; = y4 = 0 and
y2» = —y3. Therefore, (16) involve that:

qt,—1 = Pt,- 17)

Thus, for n € N} , we have

o qs, — 20y, -1 + Pr—t1lp < |21, pldr, 157145, 15> (18)

instead of (14). Likewise, we consider the linearly independent linear forms with variable X = (X1, X3, X3)
and algebraic (real and p-adic) coefficients:
L, (X)=X;,forl <i <3,

L’l’p(X) =a?X| — 2aX> + X3,

Ly ,(X) = aXs — X3,

Ly ,X) = X1.

Evaluating them on the triple (Qtn, P, c, P, 1), we get again from (9) and (18) that

3 G+e)\ ™

e ’ / B - 1

10,15 [ J0L 0 X0l i, X01p) < (,,) AT
i=1

Then, from the hypothesis, we can choose ¢ = % such that for n large enough, we get
m

3
[JOL; o X lolL; , (X)) <

i=1

1
10, l5%

holds for the same positive real number ¢ = - and for n large enough in .
m

Moreover, it then follows from Theorem 3.4 that the points (Q,n Py, i, P,—1) with n € NV lie in a finite

number of proper subspaces of Q3. Thereby, there exists a non-zero integer triple (z1, z2, z3) and an infinite set
of distinct positive integers N> such that

210, + 2P, + z3¢,Pp,—1 =0,
for every n € N,. From this equation, we obtain
2191, + z2291,-1 + 23p1,—1 = 0. (19)
By dividing (19) by g,, and passing to the limit as V> 3 n —> 400 (in Q)), it follows from (17) that
21 + e + 230° = 0. (20)

Since (z1, 22, z3) s a non-zero triple of integers, a contradiction is achieved.
Consequently, the p-adic number « is transcendental and finally the proof of our theorem is reached. O
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Proof of Corollary 3.2 By assumption, we have A < 1, then B < ¢, with ¢ is the golden ratio and in this case

Sm Sm
log B <
m—1 m—1

log ¢.

From the hypothesis of Corollary 3.2, we obtain

Sm
m—1

log B < log p.

1
Proof of Corollary 3.3 If p > 123, then p > ¢'° and so D8P > 10.

log ¢

. 5
Since -2 < 10, Vm > 2, thus, we get

Example 3.2 Letp=29,m=4,a=%,b= %+%,c= %+%+%andd=
Let (Uy)n>0 be the sequence of blocks defined as follows:

TS
_|_

3 oo
_|_

=

Uy=ab and U,=U,_;,U,_1,c,c,...,U,_q.
——

ntimes

It is easy to check that (U,),>0 is a Cauchy sequence. Let U = lim U,. According to Corollary 3.2, the

n——+00
p-adic number o = [0; U], is either quadratic or transcendental because ? log¢ < log?29.
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