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Abstract For a finite field Fq , where q = 2s, s ∈ N, we present some results regarding the constructions of
irreducible polynomials of degree 4n over Fq by using the method of composition of polynomials from a given
irreducible polynomial p(x) having degree n ≥ 1 over Fq .
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1 Introduction

The constructions of high degree irreducible polynomials over any finite field is one of the challenging mathemat-
ical problems which have been studied by several mathematicians, see [2,3,7,12,15–17]. Irreducible polynomials
are very convenient for doing fast arithmetic over finite fields as well as for understanding the structure of finite
fields. These are used in various algorithms of cryptography to provide security to the data while it travels on
public medium. In coding theory, irreducible polynomials are used to form the generator polynomials which
are useful to construct the Bose–Chaudhuri–Hocquenghem codes (BCH codes) and cyclic codes over finite
fields. The study of irreducible polynomials is an interesting area of research due to its theoretical importance
and practical applications in abundant areas of research including cryptosystems, coding theory and computer
algebra systems, see [9–11]. The method of composition of polynomials is an important tool for the construction
of irreducible polynomials from a given irreducible polynomial over the finite fields. The composition method
is also used in finding the square root and factorization of polynomials, see [4,8].

In the present paper, we discuss the explicit constructions of irreducible polynomials of degree 4n over the
finite field Fq , where q = 2s , from a given irreducible polynomial p(x) having degree n with some suitable
conditions. To obtain these results, we use the method of composition of polynomials. For better understanding
about the theorems, each result is illustrated by an example.

2 Some preliminary results

In this section, we recall some notations, definitions and preliminary results on the irreducibility of polynomials
which will be helpful for the subsequent section.
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2.1 List of notations

p : prime number

s : natural number

Fq = G F(q) : finite field with q = ps elements

Fqn = G F(qn) : extension field of Fq with qn elements

F
∗
q : multiplicative group of Fq .

Definition 2.1 ([9], Definition 2.22) For α ∈ Fqn , the trace function T rqn |q(α) of α over Fq is defined by

T rqn |q(α) = α + αq + · · · + αqn−1
.

Proposition 2.2 ([10], Corollary 3.6) For a, b ∈ F
∗
q , the trinomial x p − ax − b is irreducible over Fq if and

only if a = Ap−1, for some A ∈ Fq and T rq|p(b/Ap) �= 0.

Proposition 2.3 ([5], Lemma 1) Let f (x), g(x) ∈ Fq [x] be relatively prime polynomials and P(x) ∈ Fq [x] be
an irreducible polynomial of degree n. Then the composition

F(x) = gn(x)P

(
f (x)

g(x)

)

is irreducible over Fq if and only if f (x) − αg(x) is irreducible over Fqn , for some root α ∈ Fqn of P(x).

Definition 2.4 ([9], Definition 3.12) Let f (x) be a polynomial of degree n in Fq [x]. Then the reciprocal poly-
nomial f ∗(x) of f (x) is defined by

f ∗(x) = xn f

(
1

x

)
.

Proposition 2.5 ([14], Lemma 3.1) Let γ ∈ F
∗
p and g(x) = ∑n

i=0 ti xi be an irreducible polynomial of degree
n over Fq . Then

h(x) = (x p − x + γ )
n · g

(
1

x p − x + γ

)

is an irreducible polynomial of degree pn over Fq if and only if

T rq|p

(
nγ + g′(0)

g(0)

)
�= 0,

where g′(0) is the formal derivative of g(x) at the point 0.

Proposition 2.6 ([13], Lemma 3.1) If f (x) = ∑n
i=0 ci xi is an irreducible polynomial of degree n over Fq , then

F(x) = (x p)
n · f

(
x p − x p−1 + 1

x p

)

is an irreducible polynomial of degree pn over Fq if and only if

T rq|p

(
n + f ∗′

(0)

f ∗(0)

)
�= 0.
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Proposition 2.7 ([1], Corollary 1) Let P(x) = ∑n
i=0 ci xi be an irreducible polynomial of degree n over Fq

with q = 2s and let x2 + bx + c and x2 + bx + h be relatively prime polynomials in Fq [x]. Suppose b ∈ F
∗
q

and c, h ∈ Fq , (c, h) �= (0, 0). Then

F(x) = (x2 + bx + h)
n · P

(
x2 + bx + c

x2 + bx + h

)

is an irreducible polynomial of degree 2n over Fq if

T rq|2
(

1

b2

(
(c + h)P ′(1)

P(1)
+ hn

))
�= 0.

Proposition 2.8 ([10], Theorem 3.10) Let q = 2s and f (x) = ∑n
i=0 ci xi be an irreducible polynomial of degree

n over Fq . Then

(i) F(x) = xn · f

(
x + 1

x

)
is irreducible over Fq if and only if T rq|p

(
c1

c0

)
�= 0.

(ii) F(x) = xn · f

(
x + 1

x

)
is irreducible over Fq if and only if T rq|p

(
cn−1

cn

)
�= 0.

Proposition 2.9 ([6], Lemma 3.2) Let P(x) = ∑n
i=0 ci xi be an irreducible polynomial of degree n over Fq .

Then

F(x) = (−x p−1 + 1)
n · P

(
x p − x p−1 + 1

−x p−1 + 1

)

is an irreducible polynomial of degree pn over Fq if and only if T rq|p

(
P ′(1)

P(1)

)
�= 0, where P ′(1) is the formal

derivative of P(x) at a point 1.

3 Main results

In this section, we construct the irreducible polynomials of degree 4n over the finite field F2s for a given irreducible
polynomial p(x) of degree n over F2s under some suitable conditions. For better understanding, each result is
followed by an example.

Theorem 3.1 Let q = 2s and p(x) = ∑n
i=0 pi xi be an irreducible polynomial of degree n over Fq . Consider

that T rq|2
(

a

b2

pn−1

pn

)
�= 0 and T rq|2

(
b

a

p1

p0

)
�= 0, where a, b ∈ F

∗
q . Then the polynomial

P(x) = (a(x2 + x + 1))
n · p

(
1 + b2(x2 + x + 1)2

a(x2 + x + 1)

)

is an irreducible polynomial of degree 4n over Fq .

Proof Let A = aα ∈ Fqn , where α ∈ Fqn is a root of p(x). Then, we have

T rqn |2
(

b2

A2

)
= T rqn |2

(
b

A

)
= T rqn |2

(
b

aα

)

= T rq|2
(

b

a
T rqn |q

(
1

α

))
= T rq|2

(
b

a

p1

p0

)
�= 0.

It follows from Proposition 2.2 that the polynomial g(x) = x2 + aαx + b2 is irreducible over Fqn . Now,
Proposition 2.5 implies that the polynomial

G(x) = (x2 + x + 1)
2 · g

(
1

x2 + x + 1

)
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is an irreducible polynomial over Fqn if and only if

T rqn |2
(

2 + g′(0)

g(0)

)
�= 0.

Since

T rqn |2
(

g′(0)

g(0)

)
= T rqn |2

(aα

b2

)

= T rq|2
( a

b2 T rqn |q(α)
)

= T rq|2
(

a

b2

pn−1

pn

)
�= 0.

Thus, G(x) = (x2 + x + 1)
2 · g

(
1

x2 + x + 1

)
is an irreducible polynomial over Fqn , that is,

G(x) = (x2 + x + 1)
2

((
1

x2 + x + 1

)2

+ aα

(
1

x2 + x + 1

)
+ b2

)

= (1 + b2(x2 + x + 1)2) + α(a(x2 + x + 1))

is an irreducible polynomial over Fqn . Hence by Proposition 2.3, the polynomial

P(x) = (a(x2 + x + 1))
n · p

(
1 + b2(x2 + x + 1)2

a(x2 + x + 1)

)

is an irreducible polynomial of degree 4n over Fq . This completes the proof. ��
Example 3.2 Let F23 = F2(γ ), where γ is a root of an irreducible polynomial x3 + x + 1 over F2 and p(x) =
γ x2 + (γ 2 + 1)x + (γ + 1) be an irreducible polynomial over F23 . Now, for a = γ, b = γ + 1 ∈ F

∗
23 , we have

T r23|2
(

γ (γ 2 + 1)

(γ + 1)2γ

)
= T r23|2(1) = 1 �= 0 and T r23|2

(
(γ + 1)(γ 2 + 1)

γ (γ + 1)

)
= T r23|2(γ 2 + γ + 1) = 1 �= 0.

Since the hypothesis of the above theorem is satisfied, it follows that the polynomial

P(x) = (γ (x2 + x + 1))
2 · p

(
1 + (γ + 1)2(x2 + x + 1)2

γ (x2 + x + 1)

)

= (γ 2 + 1)x8 + (γ 2 + 1)x6 + (γ 2 + 1)x5 + γ x4 + (γ 2 + 1)x3 + (γ 2 + γ )x2 + +γ 2x + γ 2

is an irreducible polynomial over F23 .

Theorem 3.3 Let q = 2s and p(x) = ∑n
i=0 pi xi be an irreducible polynomial of degree n over Fq . Consider

that T rq|2
(

a
pn−1

pn

)
�= 0 and T rq|2

(
b

a

p1

p0

)
�= 0, where a, b ∈ F

∗
q . Then the polynomial

P(x) = (a(x4 + x3 + x2))
n · p

(
(1 + b2)x4 + x2 + 1

a(x4 + x3 + x2)

)

is an irreducible polynomial of degree 4n over Fq .

Proof Let A = aα ∈ Fqn , where α ∈ Fqn is a root of p(x). Then, as in the Theorem 3.1, the polynomial
g(x) = x2 + aαx + b2 is irreducible over Fqn . Now, Proposition 2.6 implies that the polynomial

G(x) = (x2)
2 · g

(
x2 + x + 1

x2

)

is an irreducible polynomial over Fqn if and only if

T rqn |2

(
2 + g∗′

(0)

g∗(0)

)
�= 0.

123



738 P. L. Sharma et al.

Since

T rqn |2

(
g∗′

(0)

g∗(0)

)
= T rqn |2(aα)

= T rq|2
(
aT rqn |q(α)

)

= T rq|2
(

a
pn−1

pn

)
�= 0.

Thus, G(x) = (x2)
2 · g

(
x2 + x + 1

x2

)
is an irreducible polynomial over Fqn , that is,

G(x) = x4

((
x2 + x + 1

x2

)2

+ aα

(
x2 + x + 1

x2

)
+ b2

)

= ((1 + b2)x4 + x2 + 1) + α(a(x4 + x3 + x2))

is an irreducible polynomial over Fqn . Hence by Proposition 2.3, the polynomial

P(x) = (a(x4 + x3 + x2))
n · p

(
(1 + b2)x4 + x2 + 1

a(x4 + x3 + x2)

)

is an irreducible polynomial of degree 4n over Fq . This completes the proof. ��
Example 3.4 Let F23 = F2(γ ), where γ is a root of an irreducible polynomial x3 + x + 1 over F2 and p(x) =
(γ 2+1)x2+(γ +1)x+(γ 2+1) be an irreducible polynomial over F23 . Now, for a = γ +1, b = γ 2+1 ∈ F

∗
23 , we

have T r23|2
(

(γ + 1)(γ + 1)

(γ 2 + 1)

)
= T r23|2(1) = 1 �= 0 and T r23|2

(
(γ 2 + 1)(γ + 1)

(γ + 1)(γ 2 + 1)

)
= T r23|2(1) = 1 �= 0.

Since the assumptions of the above theorem are fulfilled, hence the polynomial

P(x) = ((γ + 1)(x4 + x3 + x2))
2 · p

(
(γ 2 + γ )x4 + x2 + 1

(γ + 1)(x4 + x3 + x2)

)

= (γ 2 + 1)x8 + (γ + 1)x7 + x6 + (γ 2 + 1)x5 + γ x4 + (γ 2 + 1)x3 + (γ 2 + 1)x2 + (γ 2 + 1)

is an irreducible polynomial over F23 .

Theorem 3.5 Let q = 2s and p(x) = ∑n
i=0 pi xi be an irreducible polynomial of degree n over Fq . Consider

that T rq|2
(

1

a

p1

p0

)
�= 0 and T rq|2

(
(c + h)n

b2

)
�= 0, where a, b ∈ F

∗
q and c, h ∈ Fq , (c, h) �= (0, 0). Then the

polynomial

P(x) = (a(x2 + bx + c)(x2 + bx + h))
n · p

(
c2 + h2

a(x2 + bx + c)(x2 + bx + h)

)

is an irreducible polynomial of degree 4n over Fq .

Proof Let A = aα ∈ Fqn , where α ∈ Fqn is a root of p(x). Then, we have

T rqn |2
(

1

A2

)
= T rqn |2

(
1

A

)
= T rqn |2

(
1

aα

)

= T rq|2
(

1

a
T rqn |q

(
1

α

))
= T rq|2

(
1

a

p1

p0

)
�= 0.

It follows from Proposition 2.2 that the polynomial g(x) = x2+aαx+1 is irreducible over Fqn . Now, Proposition
2.7 implies that the polynomial

G(x) = (x2 + bx + h)
2 · g

(
x2 + bx + c

x2 + bx + h

)
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is an irreducible polynomial over Fqn if

T rqn |2
(

(c + h)g′(1)

b2g(1)

)
�= 0,

that is,

T rqn |2
(

(c + h)(1)

b2

)
�= 0.

Since

T rqn |2
(

(c + h)(1)

b2

)
= T rq|2

(
T rqn |q

(
(c + h)(1)

b2

))

= T rq|2
(

(c + h)

b2 T rqn |q(1)

)

= T rq|2
(

(c + h) · n

b2

)
�= 0.

Thus, G(x) = (x2 + bx + h)
2 · g

(
x2 + bx + c

x2 + bx + h

)
is an irreducible polynomial over Fqn , that is,

G(x) = (x2 + bx + h)
2

((
x2 + bx + c

x2 + bx + h

)2

+ aα

(
x2 + bx + c

x2 + bx + h

)
+ 1

)

= (c2 + h2) + α(a(x2 + bx + c)(x2 + bx + h))

is an irreducible polynomial over Fqn . It now follows from Proposition 2.3 that the polynomial

P(x) = (a(x2 + bx + c)(x2 + bx + h))
n · p

(
c2 + h2

a(x2 + bx + c)(x2 + bx + h)

)

is an irreducible polynomial of degree 4n over Fq . This completes the proof. ��
Example 3.6 Let F23 = F2(γ ), where γ is a root of an irreducible polynomial x3 + x + 1 over F2 and p(x) =
γ x3+(γ 2+1)x +(γ 2+1) be an irreducible polynomial over F23 . Now, for a = γ, b = γ ∈ F

∗
23 and c = γ 2, h =

γ 2 + 1 ∈ F23 , we have T r23|2
(

(γ 2 + 1)

γ (γ 2 + 1)

)
= T r23|2(γ 2 + 1) = 1 �= 0 and T r23|2

(
(γ 2 + γ 2 + 1)(3)

γ 2

)
=

T r23|2(γ 2 + γ + 1) = 1 �= 0. Since the hypothesis of the above theorem is satisfied, hence the polynomial

P(x) = (γ (x2 + γ x + γ 2)(x2 + γ x + (γ 2 + 1)))
3 · p

(
γ 4 + (γ 2 + 1)2

γ (x2 + γ x + γ 2)(x2 + γ x + (γ 2 + 1))

)

= (γ x4 + x2 + γ 2x + γ 2)
3 · p

(
1

γ x4 + x2 + γ 2x + γ 2

)

= γ 2x12 + γ x10 + (γ + 1)x9 + (γ + 1)x6 + γ x5 + γ x4 + (γ 2 + γ + 1)x3

+(γ 2 + γ + 1)x2 + (γ 2 + γ + 1)x + (γ 2 + γ )

is an irreducible polynomial over F23 .

Theorem 3.7 Let q = 2s and p(x) = ∑n
i=0 pi xi be an irreducible polynomial of degree n over Fq . Consider

that T rq|2
(

b

a

p′(1)

p(1)

)
�= 0 and T rq|2

(
a

b2

(
n + p∗′

(0)

p∗(0)

))
�= 0, where a, b ∈ F

∗
q and p′(1) is the formal

derivative of p(x) at point 1. Then the polynomial

P(x) = (a(x3 + x))
n · p

(
x4 + ax3 + b2x2 + ax + 1

a(x3 + x)

)

is an irreducible polynomial of degree 4n over Fq .
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Proof Let A = a(α − 1) ∈ Fqn , where α ∈ Fqn is a root of p(x) . Then, we have

T rqn |2
(

b2

A2

)
= T rqn |2

(
b

A

)
= T rqn |2

(
b

a(α − 1)

)

= T rq|2
(

b

a
T rqn |q

(
1

α − 1

))
= T rq|2

(
b

a

p′(1)

p(1)

)
�= 0.

It follows from Proposition 2.2 that the polynomial g(x) = x2 + a(α − 1)x + b2 is irreducible over Fqn . Now,
Proposition 2.8 implies that the polynomial

G(x) = x2 · g

(
x + 1

x

)

is an irreducible polynomial over Fqn if and only if

T rqn |2
(

a(α − 1)

b2

)
�= 0.

Since

T rqn |2
(

a(α − 1)

b2

)
= T rq|2

( a

b2 T rqn |q(α − 1)
)

= T rq|2

(
a

b2

(
n + p∗′

(0)

p∗(0)

))
�= 0.

Thus, G(x) = x2 · g

(
x + 1

x

)
is an irreducible polynomial over Fqn , that is,

G(x) = x2

((
x2 + 1

x

)2

+ a(α − 1)

(
x2 + 1

x

)
+ b2

)

= (x4 + ax3 + b2x2 + ax + 1) + α(a(x3 + x))

is an irreducible polynomial over Fqn . Hence by Proposition 2.3, the polynomial

P(x) = (a(x3 + x))
n · p

(
x4 + ax3 + b2x2 + ax + 1

a(x3 + x)

)

is an irreducible polynomial of degree 4n over Fq . This completes the proof. ��
Example 3.8 Let F23 = F2(γ ), where γ is a root of an irreducible polynomial x3 + x + 1 over F2 and p(x) =
(γ + 1)x2 + (γ 2 + 1)x + γ be an irreducible polynomial over F23 . Now, for a = γ 2 + 1, b = γ 2 + γ + 1 ∈ F

∗
23 ,

we have T r23|2
(

(γ 2 + γ + 1)(γ 2 + 1)

(γ 2 + 1)γ 2

)
= T r23|2(γ + 1) = 1 �= 0 and T r23|2

(
(γ 2 + 1)(γ 2 + 1)

(γ 2 + γ + 1)2(γ + 1)

)
=

T r23|2(γ 2 + 1) = 1 �= 0. Since the assumptions of the above theorem are fulfilled, so the polynomial

P(x) = ((γ 2 + 1)(x3 + x))
2 · p

(
x4 + (γ 2 + 1)x3 + (γ 2 + γ + 1)2x2 + (γ 2 + 1)x + 1

(γ 2 + 1)(x3 + x)

)

= (γ + 1)x8 + (γ 2 + γ + 1)x7 + x6 + (γ 2 + 1)x5 + γ 2x4 + (γ 2 + 1)x3 + x2 + (γ 2 + γ + 1)x + (γ + 1)

is an irreducible polynomial over F23 .

Theorem 3.9 Let q = 2s and p(x) = ∑n
i=0 pi xi be an irreducible polynomial of degree n over Fq . Consider

that T rq|2
(

1

a

p′(1)

p(1)

)
�= 0 and T rq|2(n) �= 0, where a ∈ F

∗
q and p′(1) is the formal derivative of p(x) at point

1. Then the polynomial

P(x) = (a(x3 + 1))
n · p

(
x4 + a(x3 + 1)

a(x3 + 1)

)

is an irreducible polynomial of degree 4n over Fq .
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Proof Let A = a(α − 1) ∈ Fqn , where α ∈ Fqn is a root of p(x). Then, we have

T rqn |2
(

1

A2

)
= T rqn |2

(
1

A

)
= T rqn |2

(
1

a(α − 1)

)

= T rq|2
(

1

a
T rqn |q

(
1

α − 1

))
= T rq|2

(
1

a

p′(1)

p(1)

)
�= 0.

It follows from Proposition 2.2 that the polynomial g(x) = x2 + a(α − 1)x + 1 is irreducible over Fqn . Now,
Proposition 2.9 implies that the polynomial

G(x) = (x + 1)2 · g

(
x2 + x + 1

x + 1

)

is an irreducible polynomial over Fqn if and only if

T rqn |2
(

g′(1)

g(1)

)
�= 0,

that is,

T rqn |2(1) �= 0.

Since

T rqn |2(1) = T rq|2(T rqn |q(1))

= T rq|2(n) �= 0.

Thus, G(x) = (x + 1)2 · g

(
x2 + x + 1

x + 1

)
is an irreducible polynomial over Fqn , that is,

G(x) = (x + 1)2

((
x2 + x + 1

x + 1

)2

+ a(α − 1)

(
x2 + x + 1

x + 1

)
+ 1

)

= (x4 + a(x3 + 1)) + α(a(x3 + 1))

is an irreducible polynomial over Fqn . Hence by Proposition 2.3, the polynomial

P(x) = (a(x3 + 1))
n · p

(
x4 + a(x3 + 1)

a(x3 + 1)

)

is an irreducible polynomial of degree 4n over Fq . This completes the proof. ��
Example 3.10 Let F23 = F2(γ ), where γ is a root of an irreducible polynomial x3 + x + 1 over F2 and
p(x) = (γ + 1)x3 + (γ 2 + 1)x + γ be an irreducible polynomial over F23 . Now, for a = γ 2 + γ ∈ F

∗
23 , we

have T r23|2
(

γ 2 + γ

(γ 2 + γ )γ 2

)
= T r23|2(γ 2 + γ + 1) = 1 �= 0 and T r23|2(3) = T r23|2(1) = 1 �= 0. Since the

hypothesis of the above theorem is satisfied, it follows that the polynomial

P(x) = ((γ 2 + γ )(x3 + 1))
3 · p

(
x4 + (γ 2 + γ )(x3 + 1)

(γ 2 + γ )(x3 + 1)

)

= (γ + 1)x12 + x11 + (γ 2 + γ + 1)x10 + x9 + x8

+x6 + (γ 2 + γ + 1)x4 + x3 + 1

is an irreducible polynomial over F23 .
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