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Abstract For a finite field F,, where ¢ = 2% s € N, we present some results regarding the constructions of
irreducible polynomials of degree 4n over I, by using the method of composition of polynomials from a given
irreducible polynomial p(x) having degree n > 1 over IF,.
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1 Introduction

The constructions of high degree irreducible polynomials over any finite field is one of the challenging mathemat-
ical problems which have been studied by several mathematicians, see [2,3,7,12,15-17]. Irreducible polynomials
are very convenient for doing fast arithmetic over finite fields as well as for understanding the structure of finite
fields. These are used in various algorithms of cryptography to provide security to the data while it travels on
public medium. In coding theory, irreducible polynomials are used to form the generator polynomials which
are useful to construct the Bose—Chaudhuri-Hocquenghem codes (BCH codes) and cyclic codes over finite
fields. The study of irreducible polynomials is an interesting area of research due to its theoretical importance
and practical applications in abundant areas of research including cryptosystems, coding theory and computer
algebra systems, see [9—11]. The method of composition of polynomials is an important tool for the construction
of irreducible polynomials from a given irreducible polynomial over the finite fields. The composition method
is also used in finding the square root and factorization of polynomials, see [4,8].

In the present paper, we discuss the explicit constructions of irreducible polynomials of degree 4n over the
finite field IF,, where ¢ = 2%, from a given irreducible polynomial p(x) having degree n with some suitable
conditions. To obtain these results, we use the method of composition of polynomials. For better understanding
about the theorems, each result is illustrated by an example.

2 Some preliminary results

In this section, we recall some notations, definitions and preliminary results on the irreducibility of polynomials
which will be helpful for the subsequent section.

Communicated by Bakshi Gurmeet Kaur.

P. L. Sharma (<) - Ashima - S. Gupta - M. Harish - S. Kumar
Department of Mathematics & Statistics, HP University, Shimla, India
E-mail: plsharmal964 @gmail.com

@ Springer



Constructions of irreducible polynomials over finite fields... 735

2.1 List of notations

p : prime number
s : natural number
F, = GF(q) : finite field with ¢ = p° elements
Fyn» = GF(q") : extension field of I, with ¢" elements
[F? : multiplicative group of F,.

q

Definition 2.1 ([9], Definition 2.22) For o € Fyn, the trace function Tryn |4 () of o over I, is defined by

n—1

Trgmg(@) =a +a +--- 4 af

Proposition 2.2 ([10], Corollary 3.6) For a, b € IFZ, the trinomial x? — ax — b is irreducible over I, if and
only ifa = AP~ for some A € Fy and Trq),(b/AP) # 0.

Proposition 2.3 ([5], Lemma 1) Let f(x), g(x) € Fy[x] be relatively prime polynomials and P(x) € Fy[x] be
an irreducible polynomial of degree n. Then the composition

F(x) = ¢"(x)P (f(x)>

g(x)
is irreducible over ¥y if and only if f (x) — ag(x) is irreducible over IFyn, for some root a € Fyn of P(x).

Definition 2.4 ([9], Definition 3.12) Let f(x) be a polynomial of degree n in I, [x]. Then the reciprocal poly-
nomial f*(x) of f(x) is defined by
* n 1
Freo=x"1 (=)
X

Proposition 2.5 ([14], Lemma 3.1) Let y € Fj‘) and g(x) =Y 1, t;x! be an irreducible polynomial of degree
n over Fy. Then

1
hx)=@P —x+p)"-g (x”——erV>

is an irreducible polynomial of degree pn over I, if and only if

where g'(0) is the formal derivative of g(x) at the point 0.

Proposition 2.6 ([13], Lemma3.1)If f(x) = Y 7, c;x! is an irreducible polynomial of degree n over F,, then

xP —xP7l 41
xP

F(x)=(xp)"'f<

is an irreducible polynomial of degree pn over ¥, if and only if
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Proposition 2.7 ([1], Corollary 1) Ler P(x) = Y !, cix' be an irreducible polynomial of degree n over IF,
with ¢ = 2° and let x> + bx + ¢ and x* + bx + h be relatively prime polynomials in Fylx]. Suppose b € IFZ
and c,h € Fy, (¢, h) # (0,0). Then

24+ bx+ec
x24+bx+h

F(x):(x2+bx+h)"-P<

is an irreducible polynomial of degree 2n over Fy if

rrgs (5 (520, )) o

Proposition 2.8 ([10], Theorem 3.10) Lerg = 2° and f(x) = Y ;_, c;x' be an irreducible polynomial of degree

n over F,. Then

1
1) F(x)=x"-f (x + ;) is irreducible over Fy if and only if Tryp <§—(1)) # 0.

Cn

1 —_
(i) F(x)=x"-f <x + ;) is irreducible over ¥ if and only if Try|, <c" 1) # 0.

Proposition 2.9 ([6], Lemma 3.2) Let P(x) = > c;x' be an irreducible polynomial of degree n over Fy,.

Then
P —xP=l 4
Fx)=(—xP' 4" p (2T
(xX) = (=x"""+1) ( e T
o . : . : P'(1) Lo
is an irreducible polynomial of degree pn over ¥, if and only if Tryp m =% 0, where P’ (1) is the formal

derivative of P(x) at a point .

3 Main results

In this section, we construct the irreducible polynomials of degree 4n over the finite field o5 for a given irreducible
polynomial p(x) of degree n over [Fos under some suitable conditions. For better understanding, each result is
followed by an example.

Theorem 3.1 Let g = 2° and p(x) = Y/, pix! be an irreducible polynomial of degree n over Fy. Consider

_ b
that Tryp (% %) # 0and Try;2 (Z %) # 0, where a, b € IF;. Then the polynomial

n

1+b02(x>+x + 1)2>

P() = @@ +x+ 1) p ( a4 x+ 1)

is an irreducible polynomial of degree 4n over IF.

Proof Let A = aa € Fyn, where o € Fyn is aroot of p(x). Then, we have

b? b b
T}’qn|2 _A2 = Trqn|2 Z = Trqn‘z —aa
b 1 b pi
= Trq|2 <;Trqn|q (;)) = Trq|2 <;%> # 0.

It follows from Proposition 2.2 that the polynomial g(x) = x? 4+ aax + b? is irreducible over Fyn. Now,
Proposition 2.5 implies that the polynomial

_ (2 2, -

@ Springer



Constructions of irreducible polynomials over finite fields... 737

is an irreducible polynomial over Fy» if and only if

g'(0)
T}"qn|2 <2 + g(O) ) 75 0

Since

'(0) o
Trgn2 <i(—0)> = Trgnp (2—2)

a
= Trop (55 Trrio (@)
a —
= Trq\Z (b—zp; 1) # 0
n

) is an irreducible polynomial over Fy», that is,

— (2 S L
Thus, G(x) = (x*+x + 1) 'g<x2+x+1

1 2 1
Gx) = (x2+x+1)2 — ) 4Yaa| =—— ~|—b2
x24+x+1 x24+x+1

=1+ +x+ DY) +a@x® +x + 1)
is an irreducible polynomial over Fy». Hence by Proposition 2.3, the polynomial
14+b2(x* +x+1)2
a(x24+x4+1)

is an irreducible polynomial of degree 4n over [F,. This completes the proof. O

P(x)=(ax>+x+1)"p (

Example 3.2 Let Fy3 = F2(y), where y is a root of an irreducible polynomial x>+ x4+ 1overF, and p(x) =
yx2 + (y2 + Dx + (y + 1) be an irreducible polynomial over F,s. Now, fora = y,b =y + 1 € F,, we have

23>
241 + D2 +1
Tr23‘2 (%) = Tr23|2(]) =1 # O and Tr23|2 <(y‘y(‘}/)(—j/_l))) = Tr23|2()/2 + V4 + 1) =1 75 O

Since the hypothesis of the above theorem is satisfied, it follows that the polynomial

1+()/+1)2(x2+x+1)2>

y(xZ4+x+1)
(T o R A VA PR VR R e O VR R (VR | B O

P() = (@ +x+1)p (

is an irreducible polynomial over F,3.

Theorem 3.3 Let g = 2° and p(x) = Y}, pix" be an irreducible polynomial of degree n over F,. Consider
_ b
that Try <a Pn 1) #0and Tryp (—ﬂ> # 0, wherea, b € IF;; Then the polynomial
p a po

n

_ 4 3 2.\ (1+b2)x4+x2+1
P(x) = (a(x* + x> +x%) -p( e e
is an irreducible polynomial of degree 4n over .

Proof Let A = aa € Fyn, where o € Fyn is a root of p(x). Then, as in the Theorem 3.1, the polynomial
g(x) = x> + aax + b? is irreducible over IF,n. Now, Proposition 2.6 implies that the polynomial

2 1
G = - (%)

is an irreducible polynomial over Fy» if and only if
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Since

*(0)
Trqn‘z (gg*(())) = T"q"|2(a(¥)

=Tryp (aTrqn lq (Ol))

P >7so.
24 x+1

=Try <a u
ql D
Thus, G (x) = (x2)2 g (x—z) is an irreducible polynomial over Fn, that is,

2 2 2
1 1
G = x* ((%) b (24 +bz)

=1+ + 2+ D +a@x*+x3+x%)

—1
n

is an irreducible polynomial over F,». Hence by Proposition 2.3, the polynomial

2\ ,4 2
P(x):(a(x4+x3+x2))l’l.p((l—‘rb )x* +x +l)

a(x? +x3 +x2)
is an irreducible polynomial of degree 4n over [F,. This completes the proof. O

Example 3.4 Let Fy3 = IF2(y), where y is a root of an irreducible polynomial x> + x + 1 over IF; and p(x) =
(y2+1)x2+(y +1)x+(y*+1) be an irreducible polynomial over Fp3. Now, fora = y+1,b = yi+le IF;, we

(y+1>(y+1>> @+ D+

have T'ry3 (— =Trpp(l)=1#0and Trysp | ———————= ) = Trypp(l) =1 #0.
AN 2P "2+ D02+ we

Since the assumptions of the above theorem are fulfilled, hence the polynomial

P24+ y)xt+x2+1 )
(y + D&x* +x3 +x2)
=P+ D+ DT+ + P D+t P+ D+ G+ D+ P+ D)

P() = ((r + DE* + 23 +x2)° - p (

is an irreducible polynomial over F,3.

Theorem 3.5 Let ¢ = 2* and p(x) =Y | pix! be an irreducible polynomial of degree n over IF,. Consider
1 +h

that Trz (_ﬂ) £ 0and Try <u> 40, where a,b € F} and ¢, h € Fy, (¢, h) # (0,0). Then the
a po

b2
polynomial

2 2
P(x) :(a(x2+bx+c)(x2+bx+h))”-p< c th >

a(x24+bx +c)x2+bx +h)
is an irreducible polynomial of degree 4n over F.

Proof Let A = aa € Fyn, where a € Fyn is aroot of p(x). Then, we have

1 1 1
rren (g2) = 1 () = 1 ()
Tron (17 ! Tron (L20) 20
=1Tr — 1 rgn — =1r - .
q12 a 4 lg o q12 a po

It follows from Proposition 2.2 that the polynomial g (x) = x2+aax+ 1 is irreducible over [F4n. Now, Proposition
2.7 implies that the polynomial

Z+b
G(x)z(XZ_i_bx_l_h)Z.g(x + X+C>

x24+bx+h
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is an irreducible polynomial over Fyn if

Tren (™) 0.

b2g(1)
that is,
(c+h)(1)
Tl’qnlz <b—2) 75 O
Since

(c+h)(1) (c+h)(1)
Trgnp (CT> = Trygp2 (Trqn|q (cb—2>>

+h
= T}’q|2 (%T?‘qnlq(l)>

— Trq|2 <(C_+_b¢> ;é 0.

x2+bx+c
x24+bx+h

2 2 2
2 x“+bx+c x“+bx+c
G =(x2+b h —_— —_— 1
(x) = (x" +bx + h) <<x2+bx+h> +aa(x2+bx+h)+ )

= (02 + h2) + ot(a()c2 + bx + c)()c2 + bx + h))

Thus, G(x) = (x% + bx + h)2 g < ) is an irreducible polynomial over I, that is,

is an irreducible polynomial over Fy». It now follows from Proposition 2.3 that the polynomial

n +h?
P(x) = (@( +br + )" + bx + )" P <a(x2 + bx —Ci- o)(x? +bx + h)>

is an irreducible polynomial of degree 4n over IF,;. This completes the proof.

O

Example 3.6 Let IF23 = F»(y), where y is a root of an irreducible polynomial x> + x + 1 over F» and p(x)
yx3+ (%24 1Dx+(y>+1) be anirreducible polynomial over Fy3.Now, fora =y, b=y € IE""2 andc =y, h =

2+ (J/ +J/ +1)(3)
( 2 ) = Tr23|2()/ + 1) = 1 7é O and Tr23|2
Tr23‘2(y2 + y 4+ 1) =1 # 0. Since the hypothesis of the above theorem is satisfied, hence the polynomlal

yr+ 2+ 1)? >

y? 4+ 1 € Fys, we have Trypp (

Plx) = 2 2v.2 24 3 (
(=G4 yrtyOCHyr OO D) P e D et 2 L )

4 2 2 2,3 1
=(x +x"+yx+ .
o4 Y ) p(yx4+x2+y2x+)/2)
212

=y 4 yx+ o+ DX+ (o + DxC -y +yxt + (2 4y 4+ DO
+4+y+ D2+ P+ v+ Dx+ 2 +y)
is an irreducible polynomial over [F,3.

Theorem 3.7 Let ¢ = 2* and p(x) = > |, pix' be an irreducible polynomial of degree n over F,. Consider

1 (0
that Trq2 ( p((l))) # 0and Tryp (:—2 (n + 11)7*((0))>> # 0, where a,b € IFZ and p'(1) is the formal

derivative of p(x) at point 1. Then the polynomial

a2 % tax + 1
a(x3 +x)

P(x) = (a(x® + x)" - P(

is an irreducible polynomial of degree 4n over IF.
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Proof Let A =a(a — 1) € Fyn, where o € [Fyn is aroot of p(x) . Then, we have

b? b b
Trqn|2 (E) = Trqn|2 (X) = T}’qn|2 <m)
b 1 b p'(1)
= Trq|2 (;Trqnm (m>> = T}’q|2 <;l;)(—1)) 75 0

It follows from Proposition 2.2 that the polynomial g(x) = x2 + a(a — Dx + b? is irreducible over Fyn. Now,
Proposition 2.8 implies that the polynomial

G(x):x2~g<x+l>
X

is an irreducible polynomial over Fy» if and only if

—1
T}"qn‘z (%) ;é 0.

Since

ale—1) a
Try (=) = Tran (ﬁTrqnm(oe—l))

(0
= Trq|2 (% <I’l + Z*((O))>> #0

1
Thus, G(x) = x? - g <x + —) is an irreducible polynomial over Fyn, that is,
X

2 2 2
() o () )

= ()c4 +ax + %% +ax + 1)+ oz(a(x3 + x))

G(x)

is an irreducible polynomial over F,». Hence by Proposition 2.3, the polynomial

A tad+ bt tax+1
a(x3 +x)

is an irreducible polynomial of degree 4n over [F,. This completes the proof.

P(x) = (a(x® +x))" 'P<

Example 3.8 Let Fy3 = F2(y), where y is a root of an irreducible polynomial x>+ x4+ 1overFy and p(x) =
(y + Dx% 4+ (y%2+ D)x + y be an irreducible polynomial over [F53. Now, fora = Y2+1,b=y>4+y+1ecF*

23’
2 D(y2+1
('}/ + 14 )(V )) _ Tr23|2()/ + 1) =1 ;ﬁ 0 and T}’23|2 (

@2+ Dy + D ) B
2+ Dy? r+y+D2y+1)

Trzsu(yz + 1) = 1 # 0. Since the assumptions of the above theorem are fulfilled, so the polynomial

we have T7'23|2 (

x4+(y2+1)x3+(y2+y+1)2x2+(y2+1)x+1)
Y2+ D3 +x)
=+ D3+ G+ y+ D+ x4+ P+ D+ P D+ P+ PPy D+ (y + 1)

is an irreducible polynomial over F,3.

P) = (2 + D& +x)7 p (

Theorem 3.9 Let g = 2° and p(x) = Y [, pix' be an irreducible polynomial of degree n over Fy. Consider

1p(
that Trqp2 (—%) # 0and Trgp(n) # 0, where a € IE‘; and p’ (1) is the formal derivative of p(x) at point
ap
1. Then the polynomial
4 3
+a(x’+1)
P() =@+ 1) p (22 T
@ =@ +1)"- p ( pre )

is an irreducible polynomial of degree 4n over IF.

@ Springer



Constructions of irreducible polynomials over finite fields... 741

Proof Let A =a(a — 1) € Fyn, where a € Fyn is aroot of p(x). Then, we have

1 1 1
Trgnp (ﬁ) = Trgnp (Z) = Trgn2 <m)
1 1 L p'(1)
= Trq|2 (;T}"qnlq (ﬁ)) = Tl’q|2 <;l;)(l)) 75 0

It follows from Proposition 2.2 that the polynomial g(x) = x2 4+ a(e — Dx + 1 is irreducible over Fyn. Now,
Proposition 2.9 implies that the polynomial

x24+x+1
x+1

G(x)=<x+1)2-g(

is an irreducible polynomial over Fy» if and only if
g’
Trgnp < # 0,
g

Trga(1) #0.

that is,

Since

Trgna(1) = Trgp(Trgng(1))

= Tryp(n) #0.
2 1
Thus, G(x) = (x + 1)2 - g (%) is an irreducible polynomial over Fy», that is,
2 2 2
x“+x+1 x“+x+1
G = D2 — - —— 1
(x) (x+)<( Tl )—i—a(a )( T >+>

=*+a + D) +a@x®+1)
is an irreducible polynomial over F,». Hence by Proposition 2.3, the polynomial

n 4 3 1
P() = (@ + 1) p <%)

is an irreducible polynomial of degree 4n over IF,. This completes the proof. O
Example 3.10 Let Fy3 = Fy(y), where y is a root of an irreducible polynomial x3 4+ x + 1 over F» and
p(x) = (¥ + x> + (¥ + x + y be an irreducible polynomial over F,3. Now, fora = y? +y € IF;, we

2
have Tr23|2 <ﬁ) = Tr23|2()/2 + Y + 1) =1 75 0 and T}’23|2(3) = Tr23‘2(1) =1 # 0. Since the

hypothesis of the above theorem is satisfied, it follows that the polynomial

S e o DG Y
2+yed+ 1D )

=@+ Dx2+xM 2 +y + D027 + 48
x84+ 2y + Dxt 7 41

P() = (2 + )3+ 1) p (

is an irreducible polynomial over [F,3.
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