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Abstract The problem of evaluating square-free values of polynomials is a classical problem that has attracted
many authors, including Eetermann, Carlitz, Tolev and Zhou. Recently, for | < x,y < H, Dimitrov estab-
lished an asymptotic formula for the number of the square-free values attained by the polynomial f (x, y) =
(x2 +y2+ 1) (x2 +y2 4+ 2). Motived by the work of Dimitrov, in this paper, we give an asymptotic formula
for the consecutive square-free numbers x% + -+ x,% +1, x% + -+ x,? + 2.
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1 Introduction

Suppose that f (t1, ..., ) is a polynomial and denote by Sy (H) the number of r-tuples of positive integers
X1,...,X, < Hsuchthat f (xi, ..., x,) is square-free. The problem of evaluating Sy (H) is a classical problem
that has received much attention.

In 1931, Estermann [4] showed that

Z ,u,2(x2+1)=cH+0(H%+£>,

1<x<H

where ¢ > 0 is a constant. The error term was improved to O (H %*'5) by Heath-Brown [6]. In 2012, Tolev [11]
considered Sy (H) for the polynomial f (1, 12) = 112 + t22 + 1, and proved that

X () =etvo (i),

I<x,y<H
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744 B. Chen

where

c=]_[<1—’\§%2)) and M(g)= > L

p 1=x,y=q
x24y2+1=0(q)
Most recently, Zhou and Ding [12] studied Sy (H) for the polynomial f (t1, 12, 13) = t12 + t22 + t32 + k. Moreover,

for odd number /, they noted that one can get an asymptotic formula for > ,_, . _y p? (x3 4 +x7 +k)
by the same arguments.
On the other hand, for consecutive square-free numbers, Carlitz [1] found that

Z W)’ (x+1) =H<1_%>H+O(H§+g>.
l<x<H P

. /433
The error term was improved to O (H e ) by Heath-Brown [5],and to O | H B e

) by Reuss [9], which
is well to be cited in his dissertation [10]. In 2020, Dimitrov [2] established that
> Mz(x2+y2+ l)u2 (x2+y2+2) =cH + 0<H§+8),
I<x,y<H

where

2 2
C:H<1_x(p,1)tx(1,p)>and“ql,qz)z T
P

P I=x,y=<q142
X242 +1=0(q1)
¥ +4y?+2=0(2)

Recently, Dimitrov [3] also got a result of consecutive square-free numbers x> 4 1, x> + 2.
In this paper, we denote

rH)y= > ;L2<x]2+-~-+x,§+1)M2<x%+-~-+x,§+2),
1<x1,...,.xx<H
and

A (g1, qoiar, ... ar) = Z eq1q, (@1X1 + -+ -+ agxg) .

1<x1,.. Xk =q192
x12+~~~+x,%+150(q1)
xP4+x4+2=0(q2)

We also define Ag (q1,q2;at,...,a1) = A (q1,92;a1,...,a;,0,...,0) for short. Similarly, Ax (q1,¢q2) =

Ak (q1,92:0,...,0).
Now, we state our result in the following.

Theorem 1 For any given integer k > 3 and any ¢ > 0, we have

2 2
F(H):H(]_)Lk(l’p)—i_)\k(p ’1)>Hk+0(Hk;21k+€>.

2k
» 4

2 Notations

In this paper, H is a large positive number and ¢ is an arbitrary small positive number which may not be the same
in all appearances. By the letters ay, . . ., ar we denote integers and by ¢q1, g2, d1, do—positive integers. Instead

. 2mix
of m = n (mod d) we write for simplicity m = n (d). Also, we put e (x) = ¢>"** and eq (x) =e ¢ for short.
The greatest common divisor of @, b is denoted by (a, b). The number 77, means the inverse of n modular g for

(n, g) = 1. The notation (5> for any odd ¢ means the Jacobi symbol.
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On the consecutive square-free values... 745

3 Lemmas

To prove Theorem 1, we require some results containing A (g1, ¢2; a1, . . . , ar), which are Lemmas 5 and 6. In
order to derive the two Lemmas, we need Lemmas 1, 2, 3 and 4.
The estimate for the Kloosterman sum

q
K(gim.n)= Y eq(mx+nx,)

x=1
(x,q)=1

can be found in Corollary 11.12 of [7].

Lemma 1
K (g:m.n)| <7(q)q"* (g, m,n)"/*.
The bound for the Salié¢ sum
1 X
S(gim,n) = Z <6—]> eq (mx +nxy)
i

was stated on p.524 in [8].

Lemma 2 For odd integer q, we have

IS (q; m, n)| <2°9 /q.

Define the Gauss sum

G(g;m,n) = éeq (mx2 +nx), G(g;m,0) = éeq (mxz) .

Lemma 3 is the Lemma 3.1 in [2].

Lemma3 1. If (g1, q2) = 1, then
G (q1q2; m1q2 +maq1,n) =G (ql; miq3, n) G (qz; maq?, n) -
2. If (g, m) = d, then

dG (qg/d;m/d,n/d), ifd | n,
0, otherwise.

G(g;m,n) = {
3. If (q,2m) = d, then
- m
G(g:m,n) =¢, (—4mq) (;) G(g;1).

!’

Lemma 4 If (4147 q545) = (a1 47) = (4. 45) = 1. then

7, "1 "1

M (qicli/9 D92 a1, - ak) = Mk (qi, 9 al(%flz)q;q; R ak(qlq2)q;qé)

qi’ﬁi%) :

!0

< (af 5 ar@ias) g - i

~—
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Proof We write x; = q{'qyx] + q{q5x]', where i = 1,2, ...k, then
ron .
M (qvals ghaysars . ) = Z eqlqlghqy (@1X1 + -+ arxp)
12§x1,...,;ck§q{q{’q§q£/
Xt txg+1=0(g1q7
X2 +x2+2=0(g5qy
= Z eqiqé (alxi +...+akx]/()
zlsxi,...,x,ifq{q2§
(qi/qé’xi)2+~-+(q{’q§/x,’()2+lEO(qi)
(aya5x) ++(a7 a3 %) +2=0(q3)
" 1
x Z eqrgy (arxy + -+ akxy)) .
V=] et <] g}
(g1a5x)) > ++(aiapx))*+1=0(q})
2 2
(9192%1) " +++(9195%) " +2=0(q7)
Using the substitutions ¢{'qyx] — x/, where i = 1,2, ..., k, we obtain
/ /
Z eqiqé (alxl 4+t Clkxk)
zlfx;,...,x,’ch{qzé
(q{’qé/X{)2+---+(qi/qé’x;();rlzo(qi)
(aia5x))"++(a{ a3 %) " +2=0(q3)
’oo.
= Ak (5]17 qr; a1 (‘]i/%/)q;qés cees ak(‘]f‘]é/)q{q» .
Similarly, using the substitutions ¢jg5x/ — x/’, where i = 1,2, ..., k, we obtain
1 4
) eqgy (arx] + -+ arxy)
;Sxi’,...,X,’(’Sqi’tzzﬁ’
(q{qéx{’)2+~~+(qiqéXZ)2+IEO(q{/)
(a192%1) " +++(9192%)"+2=0(q3)
_ "o, W W
= Ak (611 » 42 “1(‘11q2)q;’qg’ -~-,ak(4192)qi,q£> .
O

Lemma 5 If81 qi1q2 and (q1, q2) = 1, then

IS ket
A(qr,qosar, ... a) K (q192) 7 7 (qugz.ar, ... ak) 7.

Proof We consider three cases.

case 1 21 qiqn.

By the orthogonality relations, we have

A (g g ay, ... a) = —— Z eq g (a1x1 + -+ - + agxy)

1=<x1,. 0 Xk 2q192

X Z eql(h1<x12+-~-+x,3+1))
X Z eqz(hz(xlz—}—---—i—x,?—i—Z))

I<hy<q>

1
= — eq, (h1) eq, (2h2)
. Y e D e

I1<hi1=qi 1<h2=<q2

x G (q1q2; h1g2 + haqr, ar) X --- X G (q192; hiq2 + haq1, ag) .
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By Lemma 3, we get that

. _ 1 2 L2
M (g1, qasar, ... a) = — Z e (hl)G<q1,hlqz,al>X-~-><G<q1,h1q2,ak)
192 1<hi=q1

x> e, (2h2) G (qz; hzqf,cn) X xG (qz; hzqf,ak)
l<h2<q2

=— Z Z €q (hl)G<511§h15]%val> XX G(Cll;hlqiak>

1192 lilgr 1<h1=q
(hl"Il)z([!Tl

X Z Z eq, 2h2) G (612; hquz»m) XX G (t]2; hquz,ak),

Lq2 1<h2<q2
(h2,q2)=2 i

Writing hy = & T and hy, = —rz, by Lemma 3, we obtain

Ak (q1, g2; al, 73]

_ 1 q]f cli aly
- Z E Z e, (r1) 1r1q2, o X o

arl
G(h rg, = 1)
q1

N9 Lilg I<ri<h
?fll\(al,..‘,ak) (r1,1)=1
Q§ 2 a1l2 ) aklz
X Z I Z e, 2r2) G (b rgi, — ) x -+ x G b ragy, —
hlgy 2 1=n<h 92 92
Ly@y,qy  22)=1
r\* Gk —
(q1q2) Z 7 -k Z € (I"] - (4rIQZ)l (al + - +ak) llql )
Iy ! I
Ilg1 1 l<ri<li
l@r....ax) (1=
&) k Gk (Ip; D v 5 N
x Z I Ik Z €l (2r2—(4r2q1)lz (“1 +"'+ak)lz€/2 )
blgs 2 1<r<l
L \(ay,...ar) (r2,02)=1

When 2 1 k, by Lemma 2 and the well known result |G (1, 1)| = /11, we have
rM(q1s qa; ars -5 ak)

_k —
L(qg)*™" > s (ll; 1, —(443),, (a12 +--- +a,§) 11291_2)

. lilg
7, 1@rs.ax)
k [
x> LS (k2 —(4a]), (ab+ o+ a}) Bas?)
" g2
7 1@t,..ar)
_k 1 _k 1
NG A S M A L S AR s
lilqn lalga
T l(ar,...ar) Pl@r...ar)

_ k=1 k=l _ k=1
L(qig) " Y g T de Y. @ T
dil(qi.a1,....ar)

k=1, k=1
L (q1q2) 2 T (qiq2,al, ..., ar) ?

Similarly, if 2 | k, we can also get the result with the estimate of Lemma 1.
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748 B. Chen

case2 g1 =2"q| and 2 { q2, where 2 { ¢} and h < 2.
By Lemma 4, we have
A (g1, qoiar, ... ap) = A (thi, 1 x qz;al,--.,ak>
=n (2" agia) . o aafaz) )

X Mk (q{ q2; ai 2h)qiq2’ e ak(2h)qiq2) .

With the result of Case 1 and the trivial estimate

- k
Ak (Zh, l;al(q{qz)zh,.--,ak(q{qz)zh) < (Zh) :

we conclude that

k k=1 [
rqrazan. ) < (2) (@la) 7 (di2 (@) a2,

k—1

k=1, k=1
L (q1q2) 2 T (qiq, a1, ... ar) 2 .

case 3 q» =2"g} and 2 { q1, where 2 { ¢ and h < 2.
This is similar to the case 2. O

Lemma 6 If81 qi1q> and (g1, q2) = 1, then for the sums

U =

’

A ,q2;m A LG My, ..., M
Z | k(QImQZ )|’ V= Z [Ak (g1 ;1121 lml Dl
l<m<H 1<my,..my<H
we have
k—1 k—1
U< (qiq) Z ™ H®, V< (qq) Z " H".

Proof According to Lemma 5, we have

(@192 T T (qug2.m) T
U< >y :

m
1<m<H

k=1 k=1 1
7 te = _
< (q192) dor > -

rlq1q2 l<m<H

k=L k=1 1
< (q192) 7 *° rry —
rlq1q2 l<m'<H/r
k=3

k=1 -
L (qg) T TEHE Y
rlqiq2

k—1
L (qiq2) 2 P H®.

Similarly, we can get that

k—1

k—1 _
(192) Z Y (qiqa.my, ... mp) T
v ) P

1<my,...my<H
I-1 e, .
Z 1 Z (q192) 2 (q1g2,m) 2

m

<

l<m<H l<m<H

k—1
<L (qiq2) = TP HE.
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On the consecutive square-free values... 749

The next Lemma was stated in Lemma 5 of [11].

Lemma7 Lety (t) =t — [t] — % where [t] is the integer part of t. For any H > 2, we have

vo=— Y U o,

2mwim
1<|m|<H

where f (H,t) is a positive, infinitely differentiable and 1-periodic function of t. It can be expanded into the
Fourier series

f(H,1)=) by (m)e(m),

meZ

with coefficients by (m) such that
logH
by (m) K % for all m,

and

D Ibum) < H™

|m|>H"*e
Here A > 0 is arbitrarily large and the constant in the << symbol depends on A and ¢.

To prove Theorem 1, we also need the following Lemmas.

—X1 —Xk
nh= Z 1ﬁ<d2d2)w(012d2>’
lfxl,...,xkfdlzdzz 172 172

X2t +1=0(d?)
X2 taxZ+2=0(d2)

Lemma 8 Define

then
T\ < HE. (1)
Proof To estimate T1, we decompose it as 77 = T11 + T12, where
—X] —Xk—1 —Xk
= Z L8 Byl R 22 Z vl —=s]
212 dl d2 dl d2 272 dl d2
1<x1,..., Xp—1 =didy 1 <xp<did;y

x12+...+xlg_l+150(d12) XI%EO(dlzd%)
Rea +2=0(d2)

—X1 —Xk—1
Tn = Z L8 Bl EE A e
252 dl dz dldz
lfxlamyxk—lfd]dz
some x12+~~+x,%71+i$0(di2),i=l,2

—X
< Z ()

and

l<xp<d?d?
2__ 2 2
)céz—xa ~»-—x,§71—l(d12)
xp=—ai—e—xp_y —2(d3)

Firstly, we note that the sum over x; in 772 does not contain terms with x; = d12d22 /201 x; = d%d%, otherwise,

one can conclude that 0 = —x% — = x,?fl —1 (dlz) fori = 1, 2, contradiction.
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750 B. Chen

On the other hand, for any x; satisfying the congruences and such that 1 < x; < d12d22 /2, the number

. _ —(d3d3—xy
allza'z2 — xy satisfies the same congruences and we have (ﬁ) + ¥ (%) = (. Consequently,
172 172

T» =0. (2)

Next, we consider 77;. According to the above considerations, the sum over x; in 77 reduces to a sum with at
most two terms (x; = dlzdz2 /2 and x; = dlzdzz). Therefore,

T Z —X1 —Xk—1
1< I// d2d2 ‘ﬁ d2d2 .
272 172 172
1§x1,..4,xk_15d1d2
bl +120(d)
R 42200

Repeat the above steps, we conclude that

—X
VATIRSS Z 14 (ﬁ) .
1<x; <d*d? 172
*241=0(d7)
x242=0(d3)

By the Chinese remainder theorem and the fact that the number of solutions of the congruence xj = a (dlza’%) is
0 ((d?d3)") = O (H®), we get that

—x1
JATIRS Z v (W) < HE. 3)
l<x1<d?d? 172

xlzza(dlzd%)

Substituting (3) and (2) into 771 = 711 + T12, we obtain

Ty < H®.
mi
Lemma 9 Denote
H H — X1 H H — _Xj
Wj = Z (ﬁ_w(T)>“'<ﬂ—lﬂ<—22)>,
1<x1,...,xj <d}d3 did; didy did, dydy
Xl x1=0(d7)
Xt x 3 +2=0(d3)
then
— Aj (d127d22) Hi
J = 2j
(d1d2)
+0 (H (B @iy 7+ HI2 4 (i)™ 4+ B (@) ) ). @

Proof We note that

J
W H
J= Z d2d2
2 2 14

ISX],.‘.,Xdeldz

X tx +1=0(d})

Xf a7 4+2=0(d3)
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On the consecutive square-free values... 751

J j—l
E : § : H—x H—x H
1 1 1
1<x; xjfdlzdzz =1 1%2 14, 195

X +1=0(d})
Xf a2 42=0(d3)

J j Jj—l
H H
=53] xlaa)+o D v|=5 : 5
(dfd%> /(. ) = l<d%d%) v

where

x12+-~-+x§4}1s()(d,2)

X} ta?+2=0(d3)

By Lemma 7, we obtain

Y H —x;
1= Z w d2d2
1<x '<d2d2 122
e e = L)
Xt +1=0(d})
Xf a7 +2=0(d3)

- X -y T o (n
2wim ’ dlzd%
1<y, <d?d3 I1<|m|<H

x12+-~+x12.+150(d12)
Xf a7 +2=0(d3)

eq2q3 (mH) A (d?. d3: —m)

<= Z 2wim

I<im|<H
+ ) b+ Y bumyepp m(H—xp) | +1
1<x1,...,xj <d*d2 1<|m|<H'**

x]2+---+x12~+150(d12)
Xf a7 4+2=0(d3)

By Lemmas 5 and 6, we get that

Y1 < (didr)! ™1 HE
2 4z 2 2.
+ by (0) A (d ,d2)+ Z bH(m)edlzdg (mH) Aj (d 7d2’_m)+1
1<|m|<H'*¢
< (id) T+ BT @ e TNy (4 d3—m)
I1<|m|<H'*¢
- ; Aj(df.d3:—m
L (did) ™" HE + B (didp) T+ HE Y %
1<|m|<H*¢

& (dida)’ =1 HE + HE™V (dydp) P 721 (©6)
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752 B. Chen

Similarly, when j >/ > 1, we have

epg2 (my (H —x1)) H— x
Y = - = +0 H, ———
! Z Z 27Tim1 f d2d2

lgxl,.‘.,xjsdlzdzz I<|mi|<H
Xt +1=0(d})
X a7 +2=0(d3)

eg2qz (mi (H — x1)) H—x
e — 0 H,
. Z 2mimy o/ did;

1<|mi|<H

< > >

1<xy,.xj<d?d3 1<lmil. lm|<H
Xfx+1=0(d})
Xt 42=0(d3)

H — xj
+ H* Z f (H’ d2d2
1<y, <d?d2
X x+1=0(d})
Xf e x74+2=0(d3)

e ((my+---+mp) H)epgp (= (mixy + -+ mxp))

mi...my

ri(d?, d%; —my, ..., —m . .
<< Z J ( 1 2 1 [) + (dldz)j—l-F&‘ H&‘ + H&‘—l (d1d2)2]—2+£
nmip...mj

1<|myl,....Im|<H

< (dldz)j—1+8 HS + H&—l (dld2)2j—2+8 ) (7)

Substituting (6) and (7) into (5), we derive that

o\
= . 2 2
Wi = (d$d22> o (d ’d2>
g\
j—14+¢e gy e—1 2j—2+¢
+0 [ ((@d =1 H* + 1 (did) )<E@) +1
_ Aj (dlzvdzz) HI
(didr)¥
) (Hs (Hf'—‘ (d1d2) " + HI72 4+ (dydy) ' + H™! (dldz)z-/—z)) .

4 Proof of Theorem 1
Let
T (H:q1.q2) = > L. ®)

x12+i-+x,?+150(q1)
X2 x +2=0(q2)

Using the well known identity

T OED AN

d2|n
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On the consecutive square-free values... 753

we have
()= ) wp@ypd) Y 1=Ti(H)+T2(H), ©
dy,dp 1<x1,..xx<H
(d1,dr)=1 X2 +1=0(d}?)
4 4220(d3)
where
M) = Y ppp@T(H:dd), (10)
didy=n
(d1.d2)=1
and
D) = Y. w@u@)T (Hsdl.d3). an
didy>n
(d1.d2)=1

Here n parameter satisfying v H <n < H.

4.1 Estimation of I'y (H)

Clearly, we just need to consider the case such that d; and d> are square-free. Denote

QH;q1.qx)= Y

h<H
h=x(q192)
Apparently,
H
QH; q1,q2;x) = ——+ 0 (1), (12)
q192
and
T(H;dlz,dzz)z Z Q(H;dlz,dzz;xl)--~Q<H;d12,d22;xk)
1<x1,..., xkfdlzdg
b 1200
X242 +2=0(d?)
On the other hand,

H—x —X H —Xx H—x
Q(H; q1,q2;x) = — = +y(—)-v ’
q192 q192 q192 q192 q192

therefore we have

H H — x; —X1
g2 g2\
T(H’d ’d2) - Z (ﬁ_w( d2d? )+w<d2d2)>
L=t < 19) 19) 145

x2exZ+1=0(d?)
X2 xf+2=0(d3)

y o H v H — x;, +y — X
did; didy didy

=T +1+T;, (13)
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where
H H — X1 H H — Xk
L= 2. (ﬁ_w(T))”'(ﬁ_w(—zz))’
1<xyp,...,xx Sd%dzz dl d2 dl d2 dl d2 dl d2
X2 x21=0(d?)
X2 +2=0(d?)
and
H H—x H H — xi—i
T3= Z ch (d2d2 ( d2d2 )><d2d2_w( d2d2 ))
1<x1,.. xk<d2a’2 i=1 142 147 195
x4 +1=0(d7)
X242 +2=0(d2)
—Xk—i+1 — X
X AT )L L
' ( P ) ' (d%d§>
Obviously,
T = W;g. (14)
On the other hand, similar to the proof of Lemma 8, we can conclude that
k—1
| H H — X1 H H — Xk—i
=24 X <ﬂ_w<T))”'(ﬂ_‘”<—zz ))
i=l L<x1,.... ¢ <d}d3 did; did did; did,
X2 txZ+1=0(d?)
X242 +2=0(d?)
—Xk—i+1 —Xk
XY\ ——— | ¥
22 22
( did, ) <d1 dz)
k—1
[ H H — X1 H H — Xk—i
<y % () (e ()
i=1 1<x1,., x4 <d?d? 172 12 142 143
x2eotx?_+1=0(d?)
K 420(d3)
k—1
H H — X1 H H — Xh—i
«2 2 (ﬁ_"’( o ))(ﬁ“”(T))
=l <y, xpm <d}d3 172 192 1% 19
x2etx?_+1=0(d?)
X bl +2=0(d3)
Thus, we have
ER I (15)

From (10), (13), (1), (14), (15) and (4), we get that

i (d. d5 (d3.d
Ti(H)= Y. M(d1)M(d2)(+2,f)Hk+0 > Z ! 2]2)
didr <y (d1dp) diden =1 (di1d2)
(d1,dn)=1 (dy.dr)=1

+0 Z HE (Hk—l (dldz)_k+1 +H2 4 (dldz)k—l + g (d]dz)zk_2>
didy<n
(dy,dr)=1
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By Lemma 5, we obtain

2
> Z (dill’)fj H < Y Z(dldz) e H

didy<n j=1 didy<n j=1
(dy,dr)=1 (dy,dr)=1
<< Hk_1+€.
Therefore,
A (d?, d?
Fi(H)=oH" — 7 u(dou(dz)%m
didr>n ( 1 2)
(d1,d2)=1
+0<H8(Hk_l+Hk 2p 4+ 0+ H 1% 1))
where
o0
di, d;
o= ) u(dl)/x(dz)ﬁ.
didr=1 ( )
(dy,dr)=1
Since
M (d?, d2 (dydp)**—2+e T (n) _
Y pannay ) 5 G o <1
didr>n (did>) didy>n (d1d?) Ferad
(d1,d2)=1 (d1.dr)=1
we get that

Fl(H):on—i-O(HS(H T e 1))

(16)

Finally, let us rewrite o following p.291-p.292 in [2]. By Lemma 4, we have A (d7,d3) = A (d}, 1) A (1. d3),

hence

00 2 00
w(dp) ae (di 1) 1 (d2) ae (1, d3)

o= E i E e Ja, (d2),

di=1

where

1 if(dy,dr) =1,

far (d2) = io if (dy, dy) > 1.

Applying the Euler product, we obtain

w(d2) r (1, d5 A (1, p?
Z%f <dz>—H< —%)

d=1 2 pld;

pld
Therefore,

(1, >\ (dy) A (df 1) (1))
=00 ”)Z“ )

di=1 pld

M- (- 5)
1%(1 (1 p? )Jgk:k (P, 1))_

A7)
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4.2 Estimation of I'y (H)
By (11) and (8), we have
2 (H) < (logh)® )~ > > >
D <d\<2D| Dy<dr<2D; Sf(kHz-i-l)dl_z 21§x1,...2,xk§§-1
Sd12+]EO(d22) )r1+~~—&-xk:sd1 —1
where
1/2< Dy, Dy <vVkH?+2, DD >n/4. (18)
Therefore,
TR SN SIS DD VR
Dy=d\<2D1 s<(kH2+1)Dy? D222 <2D2 t<(kH?42) D}
sdi+1=td;
< H? Z Z T (sdl2 + l)
Di=d\<2D1 s<(kH?+1) D} >
VDD Y
D1<d1<2D; SS(kHz-Q—l)Dliz
< H***Dp . (19)
Similarly, one can get that
Iy (H) < H** D51 (20)
From (18), (19) and (20), we have
Ty (H) < H>**p~ 12, @1
Substituting (16) and (21) into (9), we obtain
() =oH 4+ 0 (B (Ho™" 4 0b + B 1)).
Now, we choose the parameter n = H 5 and get Theorem 1. U
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