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Abstract The problem of evaluating square-free values of polynomials is a classical problem that has attracted
many authors, including Eetermann, Carlitz, Tolev and Zhou. Recently, for 1 ≤ x, y ≤ H , Dimitrov estab-
lished an asymptotic formula for the number of the square-free values attained by the polynomial f (x, y) =(
x2 + y2 + 1

) (
x2 + y2 + 2

)
. Motived by the work of Dimitrov, in this paper, we give an asymptotic formula

for the consecutive square-free numbers x2
1 + · · · + x2

k + 1, x2
1 + · · · + x2

k + 2.
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1 Introduction

Suppose that f (t1, . . . , tr ) is a polynomial and denote by S f (H) the number of r -tuples of positive integers
x1, . . . , xr ≤ H such that f (x1, . . . , xr ) is square-free. The problem of evaluating S f (H) is a classical problem
that has received much attention.

In 1931, Estermann [4] showed that

∑

1≤x≤H

μ2
(

x2 + 1
)

= cH + O
(

H
2
3 +ε) ,

where c > 0 is a constant. The error term was improved to O
(

H
7

12 +ε
)

by Heath-Brown [6]. In 2012, Tolev [11]

considered S f (H) for the polynomial f (t1, t2) = t2
1 + t2

2 + 1, and proved that

∑

1≤x,y≤H

μ2
(

x2 + y2 + 1
)

= cH + O
(

H
4
3 +ε) ,
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744 B. Chen

where

c =
∏

p

(

1 − λ
(

p2
)

p4

)

and λ (q) =
∑

1≤x,y≤q
x2+y2+1≡0(q)

1.

Most recently, Zhou and Ding [12] studied S f (H) for the polynomial f (t1, t2, t3) = t2
1 + t2

2 + t2
3 +k. Moreover,

for odd number l, they noted that one can get an asymptotic formula for
∑

1≤x1,...,xl≤H μ
2
(
x2

1 + · · · + x2
l + k

)

by the same arguments.
On the other hand, for consecutive square-free numbers, Carlitz [1] found that

∑

1≤x≤H

μ2 (x) μ2 (x + 1) =
∏

p

(
1 − 2

p2

)
H + O

(
H

2
3 +ε) .

The error term was improved to O
(

H
7
11 +ε

)
by Heath-Brown [5], and to O

(
H

26+√
433

81 +ε
)

by Reuss [9], which

is well to be cited in his dissertation [10]. In 2020, Dimitrov [2] established that
∑

1≤x,y≤H

μ2
(

x2 + y2 + 1
)
μ2
(

x2 + y2 + 2
)

= cH + O
(

H
8
5 +ε) ,

where

c =
∏

p

(

1 − λ
(

p2, 1
)+ λ

(
1, p2

)

p4

)

and λ (q1, q2) =
∑

1≤x,y≤q1q2
x2+y2+1≡0(q1)

x2+y2+2≡0(q2)

1.

Recently, Dimitrov [3] also got a result of consecutive square-free numbers x2 + 1, x2 + 2.
In this paper, we denote

� (H) =
∑

1≤x1,...,xk≤H

μ2
(

x2
1 + · · · + x2

k + 1
)
μ2
(

x2
1 + · · · + x2

k + 2
)
,

and

λk (q1, q2; a1, . . . , ak) =
∑

1≤x1,...,xk≤q1q2
x2

1+···+x2
k +1≡0(q1)

x2
1+···+x2

k +2≡0(q2)

eq1q2 (a1x1 + · · · + ak xk) .

We also define λk (q1, q2; a1, . . . , al) = λk (q1, q2; a1, . . . , al , 0, . . . , 0) for short. Similarly, λk (q1, q2) =
λk (q1, q2; 0, . . . , 0).

Now, we state our result in the following.

Theorem 1 For any given integer k ≥ 3 and any ε > 0, we have

� (H) =
∏

p

(

1 − λk
(
1, p2

)+ λk
(

p2, 1
)

p2k

)

Hk + O
(

Hk− 1
2 − 1

2k +ε) .

2 Notations

In this paper, H is a large positive number and ε is an arbitrary small positive number which may not be the same
in all appearances. By the letters a1, . . . , ak we denote integers and by q1, q2, d1, d2−positive integers. Instead

of m ≡ n (mod d) we write for simplicity m ≡ n (d). Also, we put e (x) = e2π i x and eq (x) = e
2π i x

q for short.
The greatest common divisor of a, b is denoted by (a, b). The number nq means the inverse of n modular q for

(n, q) = 1. The notation
( ·

q

)
for any odd q means the Jacobi symbol.
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On the consecutive square-free values… 745

3 Lemmas

To prove Theorem 1, we require some results containing λ (q1, q2; a1, . . . , ak), which are Lemmas 5 and 6. In
order to derive the two Lemmas, we need Lemmas 1, 2, 3 and 4.

The estimate for the Kloosterman sum

K (q; m, n) =
q∑

x=1
(x,q)=1

eq
(
mx + nxq

)

can be found in Corollary 11.12 of [7].

Lemma 1

|K (q; m, n)| ≤ τ (q) q1/2 (q,m, n)1/2 .

The bound for the Salié sum

S (q; m, n) =
q∑

x=1
(x,q)=1

(
x

q

)
eq
(
mx + nxq

)

was stated on p.524 in [8].

Lemma 2 For odd integer q, we have

|S (q; m, n)| ≤ 2ω(q)
√

q.

Define the Gauss sum

G (q; m, n) =
q∑

x=1

eq

(
mx2 + nx

)
, G (q; m, 0) =

q∑

x=1

eq

(
mx2

)
.

Lemma 3 is the Lemma 3.1 in [2].

Lemma 3 1. If (q1, q2) = 1, then

G (q1q2; m1q2 + m2q1, n) = G
(

q1; m1q2
2 , n

)
G
(

q2; m2q2
1 , n

)
.

2. If (q,m) = d, then

G (q; m, n) =
{

dG (q/d; m/d, n/d) , if d | n,

0, otherwise.

3. If (q, 2m) = d, then

G (q; m, n) = eq
(−4mq

) (m

q

)
G (q; 1) .

Lemma 4 If
(
q ′

1q ′′
1 , q ′

2q ′′
2

) = (
q ′

1, q ′′
1

) = (
q ′

2, q ′′
2

) = 1, then

λk
(
q ′

1q ′′
1 , q ′

2q ′′
2 ; a1, . . . , ak

) = λk

(
q ′

1, q ′
2; a1

(
q ′′

1 q ′′
2

)
q ′

1q ′
2
, . . . , ak

(
q ′′

1 q ′′
2

)
q ′

1q ′
2

)

× λk

(
q ′′

1 , q ′′
2 ; a1

(
q ′

1q ′
2

)
q ′′

1 q ′′
2
, . . . , ak

(
q ′

1q ′
2

)
q ′′

1 q ′′
2

)
.

123



746 B. Chen

Proof We write xi = q ′′
1 q ′′

2 x ′
i + q ′

1q ′
2x ′′

i , where i = 1, 2, . . . , k, then

λk
(
q ′

1q ′′
1 , q ′

2q ′′
2 ; a1, . . . , ak

) =
∑

1≤x1,...,xk≤q ′
1q ′′

1 q ′
2q ′′

2
x2

1+···+x2
k +1≡0(q ′

1q ′′
1 )

x2
1+···+x2

k +2≡0(q ′
2q ′′

2 )

eq ′
1q ′′

1 q ′
2q ′′

2
(a1x1 + · · · + ak xk)

=
∑

1≤x ′
1,...,x

′
k≤q ′

1q ′
2

(q ′′
1 q ′′

2 x ′
1)

2+···+(q ′′
1 q ′′

2 x ′
k)

2+1≡0(q ′
1)

(q ′′
1 q ′′

2 x ′
1)

2+···+(q ′′
1 q ′′

2 x ′
k)

2+2≡0(q ′
2)

eq ′
1q ′

2

(
a1x ′

1 + · · · + ak x ′
k

)

×
∑

1≤x ′′
1 ,...,x

′′
k ≤q ′′

1 q ′′
2

(q ′
1q ′

2x ′′
1 )

2+···+(q ′
1q ′

2x ′′
k )

2+1≡0(q ′′
1 )

(q ′
1q ′

2x ′′
1 )

2+···+(q ′
1q ′

2x ′′
k )

2+2≡0(q ′′
2 )

eq ′′
1 q ′′

2

(
a1x ′′

1 + · · · + ak x ′′
k

)
.

Using the substitutions q ′′
1 q ′′

2 x ′
i → x ′

i , where i = 1, 2, . . . , k, we obtain
∑

1≤x ′
1,...,x

′
k≤q ′

1q ′
2

(q ′′
1 q ′′

2 x ′
1)

2+···+(q ′′
1 q ′′

2 x ′
k)

2+1≡0(q ′
1)

(q ′′
1 q ′′

2 x ′
1)

2+···+(q ′′
1 q ′′

2 x ′
k)

2+2≡0(q ′
2)

eq ′
1q ′

2

(
a1x ′

1 + · · · + ak x ′
k

)

= λk

(
q ′

1, q ′
2; a1

(
q ′′

1 q ′′
2

)
q ′

1q ′
2
, . . . , ak

(
q ′′

1 q ′′
2

)
q ′

1q ′
2

)
.

Similarly, using the substitutions q ′
1q ′

2x ′′
i → x ′′

i , where i = 1, 2, . . . , k, we obtain
∑

1≤x ′′
1 ,...,x

′′
k ≤q ′′

1 q ′′
2

(q ′
1q ′

2x ′′
1 )

2+···+(q ′
1q ′

2x ′′
k )

2+1≡0(q ′′
1 )

(q ′
1q ′

2x ′′
1 )

2+···+(q ′
1q ′

2x ′′
k )

2+2≡0(q ′′
2 )

eq ′′
1 q ′′

2

(
a1x ′′

1 + · · · + ak x ′′
k

)

= λk

(
q ′′

1 , q ′′
2 ; a1

(
q ′

1q ′
2

)
q ′′

1 q ′′
2
, . . . , ak

(
q ′

1q ′
2

)
q ′′

1 q ′′
2

)
.

�	
Lemma 5 If 8 � q1q2 and (q1, q2) = 1, then

λk (q1, q2; a1, . . . , ak) 
 (q1q2)
k−1

2 +ε (q1q2, a1, . . . , ak)
k−1

2 .

Proof We consider three cases.

case 1 2 � q1q2.

By the orthogonality relations, we have

λk (q1, q2; a1, . . . , ak) = 1

q1q2

∑

1≤x1,...,xk≤q1q2

eq1q2 (a1x1 + · · · + ak xk)

×
∑

1≤h1≤q1

eq1

(
h1

(
x2

1 + · · · + x2
k + 1

))

×
∑

1≤h2≤q2

eq2

(
h2

(
x2

1 + · · · + x2
k + 2

))

= 1

q1q2

∑

1≤h1≤q1

eq1 (h1)
∑

1≤h2≤q2

eq2 (2h2)

× G (q1q2; h1q2 + h2q1, a1)× · · · × G (q1q2; h1q2 + h2q1, ak) .
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On the consecutive square-free values… 747

By Lemma 3, we get that

λk (q1, q2; a1, . . . , ak) = 1

q1q2

∑

1≤h1≤q1

eq1 (h1)G
(

q1; h1q2
2 , a1

)
× · · · × G

(
q1; h1q2

2 , ak

)

×
∑

1≤h2≤q2

eq2 (2h2)G
(

q2; h2q2
1 , a1

)
× · · · × G

(
q2; h2q2

1 , ak

)

= 1

q1q2

∑

l1|q1

∑

1≤h1≤q1

(h1,q1)= q1
l1

eq1 (h1)G
(

q1; h1q2
2 , a1

)
× · · · × G

(
q1; h1q2

2 , ak

)

×
∑

l2|q2

∑

1≤h2≤q2

(h2,q2)= q2
l2

eq2 (2h2)G
(

q2; h2q2
1 , a1

)
× · · · × G

(
q2; h2q2

1 , ak

)
.

Writing h1 = q1
l1

r1 and h2 = q2
l2

r2, by Lemma 3, we obtain
λk (q1, q2; a1, . . . , ak)

= 1

q1q2

∑

l1|q1
q1
l1

|(a1,...,ak )

qk
1

lk
1

∑

1≤r1≤l1
(r1,l1)=1

el1 (r1)G

(
l1; r1q2

2 ,
a1l1
q1

)
× · · · × G

(
l1; r1q2

2 ,
akl1
q1

)

×
∑

l2|q2
q2
l2

|(a1,...,ak )

qk
2

lk
2

∑

1≤r2≤l2
(r2,l2)=1

el2 (2r2)G

(
l2; r2q2

1 ,
a1l2
q2

)
× · · · × G

(
l2; r2q2

1 ,
akl2
q2

)

= (q1q2)
k−1

∑

l1|q1
q1
l1

|(a1,...,ak )

(
r1

l1

)k Gk (l1; 1)

lk
1

∑

1≤r1≤l1
(r1,l1)=1

el1

(
r1 − (

4r1q2
2

)
l1

(
a2

1 + · · · + a2
k

)
l2
1q−2

1

)

×
∑

l2|q2
q2
l2

|(a1,...,ak )

(
r2

l2

)k Gk (l2; 1)

lk
2

∑

1≤r2≤l2
(r2,l2)=1

el2

(
2r2 − (

4r2q2
1

)
l2

(
a2

1 + · · · + a2
k

)
l2
2q−2

2

)
.

When 2 � k, by Lemma 2 and the well known result |G (l1, 1)| = √
l1, we have

λk (q1, q2; a1, . . . , ak)


 (q1q2)
k−1

∑

l1|q1
q1
l1

|(a1,...,ak )

l
− k

2
1 S

(
l1; 1,−(4q2

2

)
l1

(
a2

1 + · · · + a2
k

)
l2
1q−2

1

)

×
∑

l2|q2
q2
l2

|(a1,...,ak )

l
− k

2
2 S

(
l2; 2,−(4q2

1

)
l2

(
a2

1 + · · · + a2
k

)
l2
2q−2

2

)


 (q1q2)
k−1

∑

l1|q1
q1
l1

|(a1,...,ak )

l
− k

2
1 2ω(l1)l

1
2
1

∑

l2|q2
q2
l2

|(a1,...,ak )

l
− k

2
2 2ω(l2)l

1
2
2


 (q1q2)
k−1+ε ∑

d1|(q1,a1,...,ak )

q1
− k−1

2 d1
k−1

2
∑

d2|(q2,a1,...,ak )

q2
− k−1

2 d2
k−1

2


 (q1q2)
k−1

2 +ε (q1q2, a1, . . . , ak)
k−1

2 .

Similarly, if 2 | k, we can also get the result with the estimate of Lemma 1.
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748 B. Chen

case 2 q1 = 2hq ′
1 and 2 � q2, where 2 � q ′

1 and h ≤ 2.

By Lemma 4, we have

λk (q1, q2; a1, . . . , ak) = λk

(
2hq ′

1, 1 × q2; a1, . . . , ak

)

= λk

(
2h, 1; a1

(
q ′

1q2
)

2h , . . . , ak
(
q ′

1q2
)

2h

)

× λk

(
q ′

1, q2; a1
(
2h
)

q ′
1q2
, . . . , ak

(
2h
)

q ′
1q2

)
.

With the result of Case 1 and the trivial estimate

λk

(
2h, 1; a1

(
q ′

1q2
)

2h , . . . , ak
(
q ′

1q2
)

2h

)
≤
(

2h
)k
,

we conclude that

λk (q1, q2; a1, . . . , ak) 

(

2h
)k (

q ′
1q2
) k−1

2 +ε (
q ′

1q2, a1
(
2h
)

q ′
1q2
, . . . , ak

(
2h
)

q ′
1q2

) k−1
2


 (q1q2)
k−1

2 +ε (q1q2, a1, . . . , ak)
k−1

2 .

case 3 q2 = 2hq ′
2 and 2 � q1, where 2 � q ′

2 and h ≤ 2.

This is similar to the case 2. �	
Lemma 6 If 8 � q1q2 and (q1, q2) = 1, then for the sums

U =
∑

1≤m≤H

|λk (q1, q2; m)|
m

, V =
∑

1≤m1,...,ml≤H

|λk (q1, q2; m1, . . . ,ml)|
m1 . . .ml

,

we have

U 
 (q1q2)
k−1

2 +ε H ε, V 
 (q1q2)
k−1

2 +ε H ε.

Proof According to Lemma 5, we have

U 

∑

1≤m≤H

(q1q2)
k−1

2 +ε (q1q2,m)
k−1

2

m


 (q1q2)
k−1

2 +ε ∑

r |q1q2

r
k−1

2
∑

1≤m≤H
r |m

1

m


 (q1q2)
k−1

2 +ε ∑

r |q1q2

r
k−1

2
∑

1≤m′≤H/r

1

rm′


 (q1q2)
k−1

2 +ε H ε
∑

r |q1q2

r
k−3

2


 (q1q2)
k−1

2 +ε H ε.

Similarly, we can get that

V 

∑

1≤m1,...,ml≤H

(q1q2)
k−1

2 +ε (q1q2,m1, . . . ,ml)
k−1

2

m1 . . .ml



⎛

⎝
∑

1≤m≤H

1

m

⎞

⎠

l−1
∑

1≤m≤H

(q1q2)
k−1

2 +ε (q1q2,m)
k−1

2

m


 (q1q2)
k−1

2 +ε H ε.

�	
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On the consecutive square-free values… 749

The next Lemma was stated in Lemma 5 of [11].

Lemma 7 Let ψ (t) = t − [t] − 1
2 , where [t] is the integer part of t . For any H ≥ 2, we have

ψ (t) = −
∑

1≤|m|≤H

e (mt)

2π im
+ O ( f (H, t)) ,

where f (H, t) is a positive, infinitely differentiable and 1-periodic function of t . It can be expanded into the
Fourier series

f (H, t) =
∑

m∈Z

bH (m) e (mt) ,

with coefficients bH (m) such that

bH (m) 
 logH

H
f or all m,

and
∑

|m|>H1+ε
|bH (m)| 
 H−A.

Here A > 0 is arbitrarily large and the constant in the 
 symbol depends on A and ε.

To prove Theorem 1, we also need the following Lemmas.

Lemma 8 Define

T1 =
∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

ψ

(
−x1

d2
1 d2

2

)

· · ·ψ
(

−xk

d2
1 d2

2

)

,

then

T1 
 H ε. (1)

Proof To estimate T1, we decompose it as T1 = T11 + T12, where

T11 =
∑

1≤x1,...,xk−1≤d2
1 d2

2
x2

1+···+x2
k−1+1≡0

(
d2

1

)

x2
1+···+x2

k−1+2≡0
(
d2

2

)

ψ

(
−x1

d2
1 d2

2

)

· · ·ψ
(

−xk−1

d2
1 d2

2

)
∑

1≤xk≤d2
1 d2

2
x2

k ≡0
(
d2

1 d2
2

)

ψ

(
−xk

d2
1 d2

2

)

,

and

T12 =
∑

1≤x1,...,xk−1≤d2
1 d2

2
some x2

1+···+x2
k−1+i �≡0

(
d2

i

)
,i=1,2

ψ

(
−x1

d2
1 d2

2

)

· · ·ψ
(

−xk−1

d2
1 d2

2

)

×
∑

1≤xk≤d2
1 d2

2
x2

k ≡−x2
1−···−x2

k−1−1
(
d2

1

)

x2
k ≡−x2

1−···−x2
k−1−2

(
d2

2

)

ψ

(
−xk

d2
1 d2

2

)

,

Firstly, we note that the sum over xk in T12 does not contain terms with xk = d2
1 d2

2/2 or xk = d2
1 d2

2 , otherwise,
one can conclude that 0 ≡ −x2

1 − · · · − x2
k−1 − i

(
d2

i

)
for i = 1, 2, contradiction.
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750 B. Chen

On the other hand, for any xk satisfying the congruences and such that 1 ≤ xk < d2
1 d2

2/2, the number

d2
1 d2

2 − xk satisfies the same congruences and we have ψ

(
−xk
d2

1 d2
2

)
+ ψ

(
−(d2

1 d2
2 −xk

)

d2
1 d2

2

)
= 0. Consequently,

T12 = 0. (2)

Next, we consider T11. According to the above considerations, the sum over xk in T11 reduces to a sum with at
most two terms (xk = d2

1 d2
2/2 and xk = d2

1 d2
2 ). Therefore,

T11 

∑

1≤x1,...,xk−1≤d2
1 d2

2
x2

1+···+x2
k−1+1≡0

(
d2

1

)

x2
1+···+x2

k−1+2≡0
(
d2

2

)

ψ

(
−x1

d2
1 d2

2

)

· · ·ψ
(

−xk−1

d2
1 d2

2

)

.

Repeat the above steps, we conclude that

T11 

∑

1≤x1≤d2
1 d2

2
x2

1+1≡0
(
d2

1

)

x2
1+2≡0

(
d2

2

)

ψ

(
−x1

d2
1 d2

2

)

.

By the Chinese remainder theorem and the fact that the number of solutions of the congruence x2
1 ≡ a

(
d2

1 d2
2

)
is

O
((

d2
1 d2

2

)ε) = O (H ε), we get that

T11 

∑

1≤x1≤d2
1 d2

2
x2

1≡a
(
d2

1 d2
2

)

ψ

(
−x1

d2
1 d2

2

)


 H ε. (3)

Substituting (3) and (2) into T1 = T11 + T12, we obtain

T1 
 H ε.

�	
Lemma 9 Denote

W j =
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − x j

d2
1 d2

2

))

,

then

W j = λ j
(
d2

1 , d2
2

)

(d1d2)
2 j

H j

+ O
(

H ε
(

H j−1 (d1d2)
− j+1 + H j−2 + (d1d2)

j−1 + H−1 (d1d2)
2 j−2

))
. (4)

Proof We note that

W j =
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

(
H

d2
1 d2

2

) j
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+
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

j∑

l=1

Cl
j

(

−ψ
(

H − x1

d2
1 d2

2

))

· · ·
(

−ψ
(

H − xl

d2
1 d2

2

))(
H

d2
1 d2

2

) j−l

=
(

H

d2
1 d2

2

) j

λ j

(
d2

1 , d2
2

)
+ O

⎛

⎝
j∑

l=1

Yl

(
H

d2
1 d2

2

) j−l
⎞

⎠ , (5)

where

Yl =
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

ψ

(
H − x1

d2
1 d2

2

)

· · ·ψ
(

H − xl

d2
1 d2

2

)

.

By Lemma 7, we obtain

Y1 =
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

ψ

(
H − x1

d2
1 d2

2

)

=
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

⎛

⎝−
∑

1≤|m|≤H

ed2
1 d2

2
(m (H − x1))

2π im
+ O

(

f

(

H,
H − x1

d2
1 d2

2

))⎞

⎠


 −
∑

1≤|m|≤H

ed2
1 d2

2
(m H) λ j

(
d2

1 , d2
2 ;−m

)

2π im

+
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

⎛

⎝bH (0)+
∑

1≤|m|≤H1+ε
bH (m) ed2

1 d2
2
(m (H − x1))

⎞

⎠+ 1

By Lemmas 5 and 6, we get that

Y1 
 (d1d2)
j−1+ε H ε

+ bH (0) λ j

(
d2

1 , d2
2

)
+

∑

1≤|m|≤H1+ε
bH (m) ed2

1 d2
2
(m H) λ j

(
d2

1 , d2
2 ;−m

)
+ 1


 (d1d2)
j−1+ε H ε + H ε−1 (d1d2)

2 j−2+ε + H ε−1
∑

1≤|m|≤H1+ε
λ j

(
d2

1 , d2
2 ;−m

)


 (d1d2)
j−1+ε H ε + H ε−1 (d1d2)

2 j−2+ε + H ε
∑

1≤|m|≤H1+ε

λ j
(
d2

1 , d2
2 ;−m

)

m


 (d1d2)
j−1+ε H ε + H ε−1 (d1d2)

2 j−2+ε . (6)
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Similarly, when j ≥ l > 1, we have

Yl =
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

⎛

⎝−
∑

1≤|m1|≤H

ed2
1 d2

2
(m1 (H − x1))

2π im1
+ O

(

f

(

H,
H − x1

d2
1 d2

2

))⎞

⎠

× · · · ×
⎛

⎝−
∑

1≤|ml |≤H

ed2
1 d2

2
(ml (H − x1))

2π iml
+ O

(

f

(

H,
H − xl

d2
1 d2

2

))⎞

⎠



∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

∑

1≤|m1|,...,|ml |≤H

ed2
1 d2

2
((m1 + · · · + ml) H) ed2

1 d2
2
(− (m1x1 + · · · + ml xl))

m1 . . .ml

+ H ε
∑

1≤x1,...,x j ≤d2
1 d2

2
x2

1+···+x2
j +1≡0

(
d2

1

)

x2
1+···+x2

j +2≡0
(
d2

2

)

f

(

H,
H − x1

d2
1 d2

2

)



∑

1≤|m1|,...,|ml |≤H

λ j
(
d2

1 , d2
2 ;−m1, . . . ,−ml

)

m1 . . .ml
+ (d1d2)

j−1+ε H ε + H ε−1 (d1d2)
2 j−2+ε


 (d1d2)
j−1+ε H ε + H ε−1 (d1d2)

2 j−2+ε . (7)

Substituting (6) and (7) into (5), we derive that

W j =
(

H

d2
1 d2

2

) j

λ j

(
d2

1 , d2
2

)

+ O

⎛

⎝
(
(d1d2)

j−1+ε H ε + H ε−1 (d1d2)
2 j−2+ε)

⎛

⎝
(

H

d2
1 d2

2

) j−1

+ 1

⎞

⎠

⎞

⎠

= λ j
(
d2

1 , d2
2

)

(d1d2)
2 j

H j

+ O
(

H ε
(

H j−1 (d1d2)
− j+1 + H j−2 + (d1d2)

j−1 + H−1 (d1d2)
2 j−2

))
.

�	

4 Proof of Theorem 1

Let

T (H ; q1, q2) =
∑

1≤x1,...,xk≤H
x2

1+···+x2
k +1≡0(q1)

x2
1+···+x2

k +2≡0(q2)

1. (8)

Using the well known identity

μ2 (n) =
∑

d2|n
μ (d) ,
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we have

� (H) =
∑

d1,d2
(d1,d2)=1

μ (d1) μ (d2)
∑

1≤x1,...,xk≤H
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

1 = �1 (H)+ �2 (H) , (9)

where

�1 (H) =
∑

d1d2≤η
(d1,d2)=1

μ (d1) μ (d2) T
(

H ; d2
1 , d2

2

)
, (10)

and

�2 (H) =
∑

d1d2>η
(d1,d2)=1

μ (d1) μ (d2) T
(

H ; d2
1 , d2

2

)
. (11)

Here η parameter satisfying
√

H ≤ η ≤ H .

4.1 Estimation of �1 (H)

Clearly, we just need to consider the case such that d1 and d2 are square-free. Denote


(H ; q1, q2; x) =
∑

h≤H
h≡x(q1q2)

1.

Apparently,


(H ; q1, q2; x) = H

q1q2
+ O (1) , (12)

and

T
(

H ; d2
1 , d2

2

)
=

∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)



(

H ; d2
1 , d2

2 ; x1

)
· · ·


(
H ; d2

1 , d2
2 ; xk

)

On the other hand,


(H ; q1, q2; x) =
[

H − x

q1q2

]
−
[ −x

q1q2

]
= H

q1q2
+ ψ

( −x

q1q2

)
− ψ

(
H − x

q1q2

)
,

therefore we have

T
(

H ; d2
1 , d2

2

)
=

∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

)

+ ψ

(
−x1

d2
1 d2

2

))

× · · · ×
(

H

d2
1 d2

2

− ψ

(
H − xk

d2
1 d2

2

)

+ ψ

(
−xk

d2
1 d2

2

))

= T1 + T2 + T3, (13)
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where

T2 =
∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − xk

d2
1 d2

2

))

,

and

T3 =
∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

k−1∑

i=1

Ci
k

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − xk−i

d2
1 d2

2

))

× ψ

(
−xk−i+1

d2
1 d2

2

)

· · ·ψ
(

−xk

d2
1 d2

2

)

.

Obviously,
T2 = Wk . (14)

On the other hand, similar to the proof of Lemma 8, we can conclude that

T3 =
k−1∑

i=1

Ci
k

∑

1≤x1,...,xk≤d2
1 d2

2
x2

1+···+x2
k +1≡0

(
d2

1

)

x2
1+···+x2

k +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − xk−i

d2
1 d2

2

))

× ψ

(
−xk−i+1

d2
1 d2

2

)

· · ·ψ
(

−xk

d2
1 d2

2

)



k−1∑

i=1

Ci
k

∑

1≤x1,...,xk−i ≤d2
1 d2

2
x2

1+···+x2
k−i +1≡0

(
d2

1

)

x2
1+···+x2

k−i +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − xk−i

d2
1 d2

2

))



k−1∑

i=1

∑

1≤x1,...,xk−i ≤d2
1 d2

2
x2

1+···+x2
k−i +1≡0

(
d2

1

)

x2
1+···+x2

k−i +2≡0
(
d2

2

)

(
H

d2
1 d2

2

− ψ

(
H − x1

d2
1 d2

2

))

· · ·
(

H

d2
1 d2

2

− ψ

(
H − xk−i

d2
1 d2

2

))

.

Thus, we have

T3 

k−1∑

j=1

W j , (15)

From (10), (13), (1), (14), (15) and (4), we get that

�1 (H) =
∑

d1d2≤η
(d1,d2)=1

μ (d1) μ (d2)
λk
(
d2

1 , d2
2

)

(d1d2)
2k

Hk + O

⎛

⎜⎜
⎝

∑

d1d2≤η
(d1,d2)=1

k−1∑

j=1

λ j
(
d2

1 , d2
2

)

(d1d2)
2 j

H j

⎞

⎟⎟
⎠

+ O

⎛

⎜⎜
⎝

∑

d1d2≤η
(d1,d2)=1

H ε
(

Hk−1 (d1d2)
−k+1 + Hk−2 + (d1d2)

k−1 + H−1 (d1d2)
2k−2

)
⎞

⎟⎟
⎠ .
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By Lemma 5, we obtain

∑

d1d2≤η
(d1,d2)=1

k−1∑

j=1

λ j
(
d2

1 , d2
2

)

(d1d2)
2 j

H j 

∑

d1d2≤η
(d1,d2)=1

k−1∑

j=1

(d1d2)
−2+ε H j


 Hk−1+ε.
Therefore,

�1 (H) = σHk −
∑

d1d2>η
(d1,d2)=1

μ (d1) μ (d2)
λk
(
d2

1 , d2
2

)

(d1d2)
2k

Hk

+ O
(

H ε
(

Hk−1 + Hk−2η + ηk + H−1η2k−1
))
,

where

σ =
∞∑

d1d2=1
(d1,d2)=1

μ (d1) μ (d2)
λk
(
d2

1 , d2
2

)

(d1d2)
2k

.

Since
∑

d1d2>η
(d1,d2)=1

μ (d1) μ (d2)
λk
(
d2

1 , d2
2

)

(d1d2)
2k



∑

d1d2>η
(d1,d2)=1

(d1d2)
2k−2+ε

(d1d2)
2k



∑

n>η

τ (n)

n2−ε 
 ηε−1,

we get that

�1 (H) = σHk + O
(

H ε
(

Hkη−1 + ηk + H−1η2k−1
))
. (16)

Finally, let us rewrite σ following p.291-p.292 in [2]. By Lemma 4, we have λ
(
d2

1 , d2
2

) = λ
(
d2

1 , 1
)
λ
(
1, d2

2

)
,

hence

σ =
∞∑

d1=1

μ (d1) λk
(
d2

1 , 1
)

d2k
1

∞∑

d2=1

μ (d2) λk
(
1, d2

2

)

d2k
2

fd1 (d2) ,

where

fd1 (d2) =
{

1 if (d1, d2) = 1,
0 if (d1, d2) > 1.

Applying the Euler product, we obtain
∞∑

d2=1

μ (d2) λk
(
1, d2

2

)

d2k
2

fd1 (d2) =
∏

p�d1

(

1 − λk
(
1, p2

)

p2k

)

=
∏

p

(

1 − λk
(
1, p2

)

p2k

)
∏

p|d1

(

1 − λk
(
1, p2

)

p2k

)−1

.

Therefore,

σ =
∏

p

(

1 − λk
(
1, p2

)

p2k

) ∞∑

d1=1

μ (d1) λk
(
d2

1 , 1
)

d2k
1

∏

p|d1

(

1 − λk
(
1, p2

)

p2k

)−1

=
∏

p

(

1 − λk
(
1, p2

)

p2k

)
∏

p

⎛

⎝1 − λk
(

p2, 1
)

p2k

(

1 − λk
(
1, p2

)

p2k

)−1
⎞

⎠

=
∏

p

(

1 − λk
(
1, p2

)+ λk
(

p2, 1
)

p2k

)

. (17)
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4.2 Estimation of �2 (H)

By (11) and (8), we have

�2 (H) 
 (logH)2
∑

D1≤d1<2D1

∑

D2≤d2<2D2

∑

s≤(k H2+1
)
d−2

1
sd2

1 +1≡0
(
d2

2

)

∑

1≤x1,...,xk≤H
x2

1+···+x2
k =sd2

1 −1

1,

where

1/2 ≤ D1, D2 ≤
√

k H2 + 2, D1 D2 ≥ η/4. (18)

Therefore,

�2 (H) 
 H ε
∑

D1≤d1<2D1

∑

s≤(k H2+1
)
D−2

1

∑

D2≤d2<2D2

∑

t≤(k H2+2
)
D−2

2
sd2

1 +1=td2
2

1


 H ε
∑

D1≤d1<2D1

∑

s≤(k H2+1
)
D−2

1

τ
(

sd2
1 + 1

)


 H ε
∑

D1≤d1<2D1

∑

s≤(k H2+1
)
D−2

1

1


 H2+εD−1
1 . (19)

Similarly, one can get that

�2 (H) 
 H2+εD−1
2 . (20)

From (18), (19) and (20), we have

�2 (H) 
 H2+εη−1/2. (21)

Substituting (16) and (21) into (9), we obtain

� (H) = σHk + O
(

H ε
(

Hkη−1 + ηk + H−1η2k−1
))
.

Now, we choose the parameter η = H
k+1
2k and get Theorem 1. �
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