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Abstract We give a new proof that all rational points on y2 = x6 + x2 + 1 are ±∞, (0,±1), (±1

2
,±9

8
). Our

approach combines the two descent map on elliptic curves with the elliptic curve Chabauty method over certain
quartic number fields.
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1 Introduction

The curve

y2 = x6 + x2 + 1 (1)

has attracted a lot of attention from many authors. Diophantus was the first person considered this curve, see
Problem 17 in his Arithmetica, book VI [7, pp. 149-150], which is the only curve in his book having genus greater

than 1. Wetherell [10] was the first one to show that all rational points on (1) are ±∞, (0,±1), and (±1

2
,±9

8
).

Flynn [5, Example 3.1] and Stoll [8] gave two more proofs. Recently, Bianchi [3, Example 6.3], Balakrishnan,
Besser, Bianchi, and Müller [2, Example 7.2] gave two (very technical) proofs (Balakrishnan and others [2]
actually solved a more difficult problem by finding all Q(

√
47)-points on (1)). The method used by Flynn, Stoll,

and Wetherell is the elliptic curve Chabauty method, and the method used by Bianchi and Balakrishnan is the
sophisticated quadratic Chabauty method. For a canonical reference for the quadratic Chabauty method, see
[1]. This paper studies the curve (1) again. The main difference between our method and the above methods is
the combination of the two descent map on elliptic curves and the elliptic curve Chabauty method over certain
quartic number fields. This method applies in some situations where the other available methods do not seem to
apply. For example, it was used to find all rational points on the curves y2 = x6 − 39 and y2 = x6 − 47, see [9].

The main idea of our method is the following. Assume that we want to find all rational points on the genus
2 curve

y2 = P(x2), (2)

Communicated by B. Sury.

N. Xuan Tho (B)
Hanoi University of Science and Technology, Hanoi, Vietnam
E-mail: tho.nguyenxuan1@hust.edu.vn

123



The equation... 761

where P(x) = x3 + ax2 + bx + c is an irreducible cubic polynomial in Q[x]. By letting y = X/Z , we can
transform (2) into

Y 2 = X6 + aX4 Z2 + bX2 Z4 + cZ6. (3)

We then compute the generators of the Mordell-Weil group E(Q), where E is the elliptic curve

v2 = u3 + au2 + bu + c.

Using the 2-descent map as in Lemma 1, we need to solve a finite number of equations

X2 − θ Z2 = (xi − θ)(ai + biθ + ciθ
2)2,

where θ satisfies P(θ) = 0, xi is in a finite set, and ai , bi , ci ∈ Q.
Thus for each i, we have a system of equations:

⎧
⎪⎨

⎪⎩

X2 = S0(ai , bi , ci ),

Z2 = S1(ai , bi , ci ),

0 = S3(ai , bi , ci ),

(4)

where S0, S1, S2 are rational homogeneous quadratic polynomials in ai , bi , ci .
Assume that S3(ai , bi , ci ) = 0 is everywhere locally solvable, then ai , bi , ci can be parameterized by rational
homogeneous quadratic polynomials in two variables. The first two equations in (4) now gives two genus-one
curves. In some situations, the elliptic curve Chabauty method applies, as in this note and in [9].

All computations in this paper were done in Magma [6].

2 Proof

We need the following lemmas:

Lemma 1 Let K = Q(α), where α is a root of an irreducible polynomial f (x) = x3 + ax2 + bx + c in Q[x].
Let E be the elliptic curve defined by

y2 = f (x).

Let G = E(Q) be the Mordell-Weil group of rational points on E. Let φ : G → K ∗/(K ∗)2 defined as

φ(P) =
{

x − α mod (K ∗)2 if P = (x, y) �= ∞,

1 mod (K ∗)2 if P = ∞.

Then φ is a group homomorphism with ker φ = 2E(Q).

Proof This is the 2-descent map on elliptic curves. See Cassels [4, p. 66-70]. �	
Let α be the unique real root of x3 + x + 1 = 0. Let K = Q(α). Let OK be the ring of integers of K . Then

OK = Z[α].
Lemma 2 There are no coprime integers x, z such that

x2 − αz2 ≡ α mod (K ∗)2. (5)

Proof Assume there exist coprime integers x, z satisfying (5). Let

x2 − αz2 = α(a + bα + cα2)2, (6)

where a, b, c ∈ Q. Note that x2 − αz2 ∈ Z[α] and α ∈ O×
K , therefore (a + bα + cα2)2 ∈ OK . Because OK is

integrally closed, we have a + bα + cα2 ∈ OK (= Z[α]). Therefore a, b, c ∈ Z. Comparing the coefficients of
1, α, α2 in (6) gives

0 = 2ab − 2bc − c2, (7a)

x2 = −2ac − b2 + c2, (7b)

z2 = −a2 + 2ac + b2 + 2bc − c2. (7c)
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762 N. X. Tho

Because gcd(x, z) = 1, we have gcd(a, b, c) = 1. From (7a), we have 2|c. Combining 2|c with (7b) gives
0 ≡ x2 + b2 (mod 4). Hence x ≡ b ≡ 0 (mod 2). Therefore from (7c), we have z2 + a2 ≡ 0 (mod 4). Hence
z ≡ a ≡ 0 (mod 2). Thus gcd(x, z) ≥ 2, a contradiction. �	
Lemma 3 Let x, z be coprime integers such that

x2 − αz2 ≡ 1 mod (K ∗)2. (8)

Then (x, z) = (±1, 0), (±1,±2).

Proof Assume that x, z are coprime integers satisfying (8). Let

x2 − αz2 = (a + bα + cα2)2, (9)

where a, b, c ∈ Q. Note that x2 − αz2 ∈ Z[α], therefore (a + bα + cα2)2 ∈ Z[α]. Because Z[α] = OK is
integrally closed, we have a + bα + cα2 ∈ Z[α]. Therefore a, b, c ∈ Z. Comparing coefficients of 1, α, α2 in
(9) gives

x2 = a2 − 2bc, (10a)

0 = 2ac + b2 − c2, (10b)

z2 = c2 + 2bc − 2ab. (10c)

Because gcd(x, z) = 1, we have gcd(a, b, c) = 1. From (10b), we see that b and c have the same parity. Hence
4|b2 − c2. Thus 4|2ac. If 2 � c, then 2 � b and 2|a. Thus from (10a), we have

x2 = a2 − 2bc ≡ −2 (mod 4),

impossible. Therefore 2|c, hence 2|b. Thus 2 � a. Let d = gcd(b, c). Let b = db1 and let c = dc1 with
gcd(b1, c1) = 1. If c = 0, then (10b) implies b = 0. Hence z = 0. Because x, z are coprime, we have x = ±1.
We consider the case c �= 0, then (10b) implies

a = c2 − b2

2c

= d(c2
1 − b2

1)

2c1
.

If 2|c2
1 − b2

1, then b1 and c1 have the same parity. Because gcd(b1, c1) = 1, we have b1 and c1 are odd numbers.

Hence 4|c2
1 − b2

1. Therefore 2|d(c2
1 − b2

1)

2c1
= a. Thus gcd(a, b, c) ≥ 2, a contradiction. Thus 2 � c2

1 − b2
1.

Furthermore 2 � a, therefore 2|d. Now

a = d

2

c2
1 − b2

1

c1
.

Because gcd(c1, c2
1 − b2

1) = 1, we have c1|d

2
. Hence

a = d

2c1
(c2

1 − b2
1).

Because gcd(a, b, c) = 1, d|b, and d|c, we must have
d

2c1
= 1. Thus d = 2c1. Hence b = 2b1c1, c = 2c2

1, a =
c2

1 − b2
1. Thus

x2 = (c2
1 − b2

1)
2 − 8b1c3

1

= b4
1 − 2b2

1c2
1 − 8b1c3

1 + c4
1.

z2 = 4c4
1 + 8b1c3

1 − 4(c2
1 − b2

1)b1c1

= 4c1(c
3
1 + c2

1b1 + b3
1).
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We will show that b1 = 0 and c1 = ±1. Because gcd(b1, c1) = 1, we have gcd(c1, c3
1 + c2

1b1 + b3
1) = 1.

Therefore, equation (
z

2
)2 = c1(c3

1 + c2
1b1 + b3

1) implies c1 = ±u2. By changing the signs of b1, c1, we can

assume that c1 = u2.
Let L = Q(θ), where θ4 − 2θ2 − 8θ + 1 = 0. Then L has class number 1. The unit group of L is generated

by −1, θ,
θ3 − θ2 − θ − 3

4
. Now

x2 = (b1 − θc1)(b
3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1).

Let D = gcd(b1 − θc1, b3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1). Then D|b1 − θc1. Thus

b3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1 ≡ (4θ3 − 4θ − 8)c3
1 (mod D).

Note that gcd(x, z) = 1 and 2|z, therefore 2 � x . Hence D|θ3 − θ − 2.

In L , we have

θ3 − θ − 2 =
(

u3 − u

2
− u2

) (−u3 − u2 + u + 9

4

)4 (−u3 + u

2
+ 1

)

,

Norm

(
u3 − u

2
− u2

)

= −1, Norm

(−u3 − u2 + u + 9

4

)

= 2, Norm

(−u3 + u

2
+ 1

)

= −31.

Because 2 � x , we have
−u3 − u2 + u + 9

4
� D. If

−u3 + u

2
+ 1|D, then 31|x . Hence

b4
1 − 2b2

1c2
1 − 8b1c3

1 + c4
1 = x2 ≡ 0 (mod 312).

But equation T 4 −2T 2 −8T +1 ≡ 0 (mod 312) has no integer solutions, therefore 31|b1 and 31|c1. Hence 31|x
and 31|z, impossible because gcd(x, z) = 1. Therefore

−u3 + u

2
+ 1 � D. So

gcd(b1 − θc1, b3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1) = 1.

Therefore

b1 − θc1 = ±θε1

(
θ3 − θ2 − θ − 3

4

)ε2

v2,

where ε1, ε2 ∈ {0, 1}, and v ∈ L . Taking norms gives

b4
1 − 2b2

1c2
1 − 8b1c3

1 + c4
1 = (−1)ε2(Norm(v))2.

Therefore (−1)ε2 > 0, hence ε2 = 0. So

c1 = u2, b1 − θc1 = ±θε1v2,

b3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1 = ±θε1w2,

where w ∈ L .

If ε1 = 0, then

b3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1 = ±w2. (11)

Note that 2c2
1 = c �= 0, hence c1 �= 0. In (11) we replace c1 by u2. Let t = b1

u2 , s = w

u3 . Then (11) gives

t3 + θ t2 + (θ2 − 2)θ + θ3 − 2θ − 8 = ±s2.

These curves have the trivial Mordell-Weil group over L , therefore there are no points (t, s) ∈ L2 with t ∈ Q.
If ε1 = 1, then

c1(b
3
1 + θb2

1c1 + (θ2 − 2)b1c2
1 + (θ3 − 2θ − 8)c3

1) = ±(θ3 − 2θ − 8)ω2, (12)

123



764 N. X. Tho

with ω = uw ∈ L . If b1 = 0, then x2 = c4
1 and z2 = 4c4

1. Because gcd(x, z) = 1, we have c1 = ±1. Hence

(x, z) = (±1,±2). If b1 �= 0, let t = c1

b1
and let s = ω

b2
1

. Then (12) gives

t (1 + θ t + (θ2 − 2)t2 + (θ3 − 2θ − 8)t3) = ±(θ3 − 2θ − 8)s2.

Case 1:

t (1 + θ t + (θ2 − 2)t2 + (θ3 − 2θ − 8)t3) = (θ3 − 2θ − 8)s2.

The cubic model of this curve at (t, s) = (0, 0) is

y2 = x3 − x2 + (16u3 + 2u2 − 32u − 131)x − 544u3 − 66u2 + 1080u + 4483,

which is an elliptic curve of rank 2 over L . The Chabauty routine at p = 5 in Magma [6] works and gives only
point (t, s) = (0, 0) ∈ L2 with t ∈ Q.

Case 2:

t (1 + θ t + (θ2 − 2)t2 + (θ3 − 2θ − 8)t3) = −(θ3 − 2θ − 8)s2.

The cubic model of this curve at (t, s) = (0, 0) is

y2 = x3 + (2u3 − 3u − 16)x2 + (8u3 + u2 − 16u − 66)x

− 4483u3 − 544u2 + 8900u + 36944,

which has the trivial Mordell-Weil group over L , giving only point (t, s) = (0, 0) ∈ L2 with t ∈ Q. �	

We are ready to show that all rational points on (1) are ±∞, (0,±1), (±1

2
,±9

8
). Of course, the points at

infinity on (1) are ±∞, so we only need to consider finite points on (1). If x = 0, then y = ±1. If x �= 0, then

(
1

x2 ,
y

x3 ) is a rational point on the elliptic curve v2 = u3 + u2 + 1. The Mordell-Weil group of this curve over

Q is generated by (0, 1). Because
1

α
is a root of x3 + x2 + 1 = 0, from Lemma 1, we have

1

x2 − 1

α
≡ 1,− 1

α
mod (K ∗)2. (13)

Let x = X

Z
, where X, Z ∈ Z and gcd(X, Z) = 1. Then (13) implies

X2 − αZ2 ≡ 1, α mod (K ∗)2.

Now Lemma 2 and Lemma 3 imply (X, Z) = (±1, 0), (±1,±2). Therefore, (x, y) = (0,±1), (±1

2
,±9

8
).
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