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Abstract In this paper, we consider the Schrodinger type operator £o = (—A)%> 4+ V2 on R"(n > 5), where
the nonnegative potential V belongs to the reverse Holder class RHy, n/2 < s < n. We establish the L?(R")

_3
and weak type (1, 1) estimates for the higher order Riesz transform V3£2 * associated with Schrodinger type
operators.

Keywords Schrodinger operator - Reverse Holder class - Riesz transform

Mathematics Subject Classification = 42B37 - 35J10

1 Introduction and results

Let V be a nonnegative potential, we consider the the Schrodinger type operator
Ly= (=AY +V?

on R*(n > 5). Recently, the boundedness of Riesz transforms related to Schrodinger type operator have been
received a great deal of attention. See for example [1-7,10-13].

When V is a nonnegative polynomial, Zhong in [13] obtained the estimates for the fundamental solution of
L> and showed the L”(R") boundedness of the operators y2I-ilzyi Ez_l, where j =0, 1,2, 3,4; Liu et al. in
[3] showed the L? (R") boundedness of the operators V2£2_ 1, V4£2_ 1, and Vzﬁg 172,

For 1 < s < 0o, a nonnegative locally L*-integrable function V is said to belong to the reverse Holder class
R H; if there exists a constant C > 0 such that the reverse Holder inequality

1 s ¢
— | v(y)’d — | v(y)d
<|B|/B (6)) y) < B/, (ndy

holds for every ball B C R”.

The remarkable feature about the class R H; is its self-improvement [8]; that is, if V € RH; for some s > 1,
then there exists € > O such that V € RH; ..

For the potential V' which belongs to RH, with s > n/2 and there exists a constant C such that V(x) <
Cp(x)72, Sugano in [10] established estimates of the fundamental solutions for £, and showed the L? (R")
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boundedness of the operators Vz_j/zvjﬁz_l for j =0,1,2,3,4. When V belong to RH; with s > n/2, Liu

_1
and Dong in [2] investigated the L”(R") and weak type (1, 1) estimates of the transform V2£2 %, Liu, Huang
and Xie in [4] showed the L?(R") boundedness and weak type (1, 1) boundedness for the operator V4££ I

In this paper, we concentrate on the boundedness of the Riesz transform
_3

T(f)(x) = V2L, * (f)x)
and its adjoint operator 7*. The following L? (R") and weak type (1, 1) estimates are established.
Theorem 1.1 Suppose V € RH; withn/2 <s < n. Let # = % — % and plé + ﬁ =1.
(i) If1 < p < po, then

IT () er@ny < Cpll fllLr@ny;
(ii) If pi < p < 00, then

IT*(Oller@ny < Cpll fllLe@ny-

Theorem 1.2 Suppose V € RH; withn/2 <s < n. Then
. C
|{x eR": |IT(HHx)| > )L}| < fo”Ll(Rn) Jfor every A > 0.
In this paper, we shall use the symbol A < B to indicate that there exists a universal positive constant C,
independent of all important parameters, such that A < CB. A ~ B means that A < B and B < A. We also
use Cy to represent a constant related to a positive integer N.

2 Preliminaries

Throughout this section we always assume V € RH; with s > n/2.
We recall the definition of the auxiliary function (see [8])

1
_zf V(y)dyfl}, x e R".
r B(x,r)

px) = =sup{r>0:

m(x,V)

It is well known that 0 < p(x) < oo for any x € R”.
By definition, it is easy to see thatif V, U € RH,, and V < U, then m(x, V) <m(x, U).
Some important properties concerning the auxiliary function p (x) had been proved by Shen in [8].

Lemma 2.1 There exists constant ly > 0 such that

1 r A\
V(y)dy < (1 + —) .
rn=2 ~/;3(x,r) p(x)

Lemma 2.2 For0 <r < R < oo, we have

1 / R\"*7% 1
— V(ydy S (—) —/ V(y)dy.
=2 J B r R"2 g Ry

Lemma 2.3 There exist kg > 1 such that

ko

—k ko
C1<1+|x—y|) "Sp(y)<c<1+|x—yl>l+ko
p(x)

forall x,y € R".

A ball B(x, p(x)) is called critical. Assume that Q = B(x¢, p(x0)), for x € Q, we have p(x) ~ p(y), if
lx —y| < Cp(x).

O\
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Lemma 2.4 There exist ko > 1 such that
_ 1/(1+ko) . _ 1+ko
C<1+|x yl) §1+I)c y'gc(1+|x yl)
o(y) p(x) p(y)

Let 'z, (x, y, A) be the fundamental solution of £, + A, where 0 < A < co. When A = 0, it follows from
Theorem 2 in [10] that for any positive integer N, there exists a positive constant Cy such that

forall x,y e R".

Cn 1
{T+m@x, V)lx =y} |x — y|=4

0<Tg,(x,y,0)=Tg,(x,y) <

By Theorem 3 in [10], if V(x) < Cm(x, V)2, then for any positive integer N, there exists a positive constant
Cy such that

V3T, (x, y) < Cn !
xX,y) < .
L) = e Ve =y Jx =y

When A # 0, we have the following estimate.

Lemma 2.5 Assume 0 < A < 00.IfV € RHy, s > n/2, then for any positive integer N, there exists a positive
constant Cn such that

Cy 1
(423 [x — YOV {1 + m(x, V)[x — yV X = yI"=

Lp,(x,y,0) <

Proof We use the method of [5] to prove Lemma. Similar to the proof of Proposition 2 and Proposition 3 in [14],
1 1
if V. € RHy, and A is a nonnegative constant, then (V2 + A)7 € RHy, and m(x, V) < m(x, (V2 + A)j). By

Cw 1
+m(x, V)lx — y}V |x — y|=4’

Ie,(x,y,0) = a

1
m(x, A%) <m(x, (V?+1)?), and m(x, A%) = CA1, we have

Cn 1
Le,(x,y,4) < T T
(L4+mx, (VE4+2) D)y —xpV 1Y —*
C 1
= llv n—4
(14 m(x, A2)]y —xN [y = x|
_ Cn 1
(14 3]y — xhN [y = x|"=*
1
By m(x, V) <m(x, (V2 +1)?) we get
Cn 1

e (x,y,A) < .
L2053 4) (I +mx, V)|ly —xDV |y —x|"=4

Combining the above two estimators, we get the desired result. O
In the same way, we can get

Lemma 2.6 [fV € RH;,s > n/2, and V(x) < Cm(x, V)z, then there exists a positive constant Cy such that

Cy 1

Ve, (x, v, 0) < —.
o (1 + 23 x — yDV {1 + m(x, V)lx — ypV [x =y~

It follows from Lemma 2.4 that Lemma 2.5, 2.6 is also true, if m(x, V) is replaced by m(y, V).
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3 The L? estimates for the Riesz transforms

By the functional calculus, we may write

Let f € C°(R"). From

(e (0 = [ Tty foay,

we have
_3
T(f)(x) = V35 7 (f)(x) = /R K@ S0y,
where
K(x,y) = V2 /OO)T%V)‘?FQ(X, v, Md.
2 0
Let

T*(Hx) = /Rn K(y,x)f(y)dy.

To show Theorem 1.1, we only need to prove (ii), that is, for p; < p < 0o, we have

IT* (O le@ny S 1 lLr@n,

where p(, = pé’fl and % = % - %
‘Write
T*(f)(x) = /| | K(y,x)f()dy + f| | (K(y,x) — Ky, %)) f(»)dy
xX—=y|>r x—y|<r
+ /| | K°(y, x) f(»)dy, 3.1
xX—y|=<r

where r = p(x) and K%(x, y) is the kernel of the standard Calder6n-Zygmund operator Ty = V3(—A)_%.
Lemma 3.1 Ler V € RH; withn/2 <s < n. Then

‘ /| | K(y,xo)f(y)dy‘§{M(|f|’”)(m)}"ll,
xo—y|>r

1
Py

1 _ 1 _2_1
+p0—1andp0— o

wherer = p(x), 1 < p1 < pf), 5

Proof Fix xo, yo € R". Letu(y) = I'z, (v, x0, A) and R = |xg — yo|/4. It follows from the proof of Lemma 3.1
in [7] and Lemma 2.5, we have

V(2)2|u(z)|dz 1
[V2u(yo)| S / = — lu(z)ldz
B(yo,R) 12— Yol R B(yo,R)

< ! ( 1 / V(2)%dz 1 )
T A+ RN+ RmGxo, VIV R Sy = ol RS

Note that

o0 dr .
- <SRN (3.2)
0 AF(14+A3R)N
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Then

1 1 V(z)%dz 1
K (v, x0)| S N( H/ Tt o )
{1+ Rm(xo, V)}V \ R B(o.R) 12— Yol R
For a positive integer j, lety € C; = {y : 2771 < |y — xo| < 27r}, where r = p(xg), then
1 1 V(2)%dz 1
|K(y,x0)|§Tv-—n_3(/ . 1t i3
278 (27r) |z—xg|<2/+1r |z — I (27r)-

1 1 !
= WW(II(V XB(xp, 2017 () + (er)3>

where Z1(f)(y) = fR" J@dz Note that % = % - % by Hardy-Littlewood-Sobolev inequality and V € R H;

lz=yl"="

1/po
/ |K (y, x0|"dy
Cj
1 1 ( / ‘ 5 po O\ /P Cn_g
T LUV o)) dy) 4 @I
3 (x0,2/tr
2JN (2],,-)” ( c; 0
1 1 . 2n 1 2/s .oon_3
< Y T 5 2'/ K n V sd 2j Po
~ 2JN (2]r)n73 (( ") <(2Jr)n /l;(x‘zj+1r) @ Z) + ) )

1 1 o, ((27r)? 2 a4
- J 5 4 =7 FAY,
s 20N (27r)n—3 <(2 & ((2j")” /;B(X,er) V(z)dz) e )

Using Lemma 2.1 we get

we get

A

o 1/po 1 i i,
|K (v, x0)|"dy 5m(2 ryr . (3.3)

Cj

Therefore, taking N > 2ly we get

‘ / K (y, x0) f(y)dy| <
[xo—yl>r

IA

f 1K (v, x0) £ ()] dy

1/po , 1/pg
|K(y,xo)|p°dy> (fc>|f(y)|p°dy> i

1 1/p
ZJ(N 2o) <|B(x0,2jr)| B(x0,27r) 7o >

2/\

(]

1
SAM(|f170) (x0)} 6.

By the self-improvement of class R Hy; we know that there exists some 1 < p; < p(, such that

M | K(y,xo)f(y)dy‘ < MAFIP) (o))
xX0—y|>r

Lemma 3.2 Ler V € RH; withn/2 <s < n. Then

/ | {’“Y’xo)—K°<y’xo>}f<y>dy‘5{M(|f|f’l>(xo)}vll,
xXo—yl=r

where r = p(x0), 1 < p1 < p; and% = % — %
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Proof We will use the method in [8] to prove Lemma 3.2. Fix xq, yo € R” such that |xo — yo| < p(xg) = r. Let
R = |x¢p — yo|/4. We claim that

2n
1 V(z)2%dz 1 /R\* %
0
K o) = K000 % {/||R s 1 69

Assume (3.4) for a moment, we give the proof of Lemma 3.2.

Forainteger j <0,lety € C; = {y: 2171y < |y —xo| < 27r}. It follows from Hardy-Littlewood-Sobolev

inequality and (3.4) that, for % =2_ %,

N

1/po
(f K@, x0) = K°<y,xo)|”°dy>

J

1 2/S . 2n . n_3
< (273 (/;3( - VSdZ) + (2])4_7(2]7’)”0 ’
X0,z

<L,
~ (Jr)n—3

J=

= ehtEein .

=)

Hence

1/po u
<f !K(y,xo>—1<°<y,xo)|p°dy> < QIR @I . 3.5)

J

Then

M ARG = K0 oy
Xo—yl=r

0 1/po / 1,
= Z (/ |K(y,xo)—K0(y,xo)|p°dy) (fl | |f(y)|p0dy)
j==0 / y—xo|<r
/ 10 4 , 1
SIS 37 (1) S MASIM o,
j=—00

since 4 — 23—” > (. By the self-improvement of class R Hy; we know that there exists some 1 < p; < p(’) such that

’/I ‘ {K(y,x0) — KO(Y»XO)}f(y)dy’ N {M(Iflp‘)(xo)}”l*]-
xo—y|<r

Now we come to prove (3.4). Let ['g(x, y, A) be the fundamental solution of (—A)? + A for A > 0. Note that
(=Ay)* + ML, (7, %0, 2) = To(y, X0, M} = =V ()T, (v, x0, 1),

we have

n

Tz, (y. x0.A) — oy, X0, 4) = — / To(y, 2. MV (2)° Tz, (2, X0, M)dz.
Then, by Lemma 2.6 and Lemma 2.5,
V302, G0, %0, 2) = V3T (o, %0, )|
< [ [¥ro0o 20| VeI e iz

1 1
o [ W+AEyo—zDN A+ At |xg — 2D TNV (2)%dz
™ Jre 1yo — 21+ m(xo, V)lz = xo)Nlxo — 2|4

Sl AR B |
lz—yol<R/2 lz—xo|<R/2 lz=Y0l=R/2, |z—x0|=R/2

=0+ DL+
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Clearly,

L < 1 1 / V(Z)zdz
LN - IE—
(1 + i RN R4 Jiyo1<r 1z = Yo"~

: 2,1
Taking ¢ > 1 such that £ + 7= 1, we get

[ e (s ([ vers)”
l—xol<k/2 12 = X01"™* T \J|:—xo|<r |z — x0l90*=% lz—xo|<R '

Duetos > n/2,n > 5, wehave n > g(n —4). Then

1
([ imte) 2
|z—xo|<R |z — x0|q(n_4) ~

Since 0 < R <r < oo, by Lemma 2.2 and r = p(xo) we have

2s Wy 1 2
V(z)sdz> < R~ ( / V(z)dz)
</;—x0|<R Rn=2 |z—x0|<R
4—2n
RY <5> "
r

I < 1 1 / V(2)%dz
\

Y A4 ARV R i<k 17 = x0l"?

- 1 1 (R)4_2-rn
T4 aaR)N R '

Finally, let us deal with the last item. Note that m (xg, V) ~ m(yp, V), then

IA

Hence

/ (1 +23]y0 — 2N (1 + 23 |xo — 2NV (2)dz
li—xo|>|z—yol=R/2 Yo — 2" (1 +m(x0, V)|z — xo)N [xo — z["~*
- 1 f V(2)%dz
~ A+ AT RN Jiimyoi=r/2 1z = Yol {1 4+ m(yo, V)z — yol}Y
Similarly,
/ (1423130 — 2D M (1 + 23 |xo — 2DV V(2)%dz
l=—yol=lz—xol=R/2 1Yo — 21" (1 + m(xo, V)|z — xo)N|xg — z|"—*
- 1 / V(2)%dz
N1+ 2R Jiemxolzr2 12— X025 {1 4 m(xo, V)Iz — xo}V
Then
2
13 g ;1/‘ 2n—5 V(Z) dZ N
(1 + A3 R)N Jiz—xol=R/2 |2 — X0 {1 + m(x0, V)|z — xol}

- 1 ( / V(2)%dz LN / V(2)%dz )
A+ 21 RN \Jrszxolzrp2 12 — X0/ le—xolzr 12— X[ THN
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By Holder inequality and V € RH; we get

/ V(z)%dz
relz—xol=R/2 |2 = X0|*" ™3
2/s r 1/q
S (/ V(Z)sdz) (/ tnlq(2n5)dt>
|z—xo|<r R

2
2n n_ 1
B (_/ V(z)dz)
~ yn—2
|z—xol<r

4-2
7 (5)
~ R\ p ’

2

N

N / V(2)%dz
la—xolzr 12 — Xo[2P75HN
> 1
< rN —/ V(2)%dz
jgl @Iy i vgi<2ir

where n — g(2n — 5) < 0 holds since = > % fors > 5 andn > 5.

e ¢]

1 : 1 2/s
< 5-2n o Y PR i / Vz)Yd
~ 7T Z (2J)2n—5+N( r) ((zjr)n |z7x0\§2_/'r (Z) Z

J=1

ee]

1 , 1 2
Sl S Y p— F P <— / V(z dz)
~ ]2_; (2])2n—5+N( ) (2jr)n—2 l=—xo|<2ir @)
o

1
1—n
STy (27 yn—1+N=2lg

j=1

1 1 (R\*F

]7

Srts 4-2 L —@—2) Rl (_> ’
r s R B r

where we used the fact that » > 4R and n + 27" — 5> 0sincen > 5. Then

1 1 (R\"F
VEI : =\ = .
(1+ 23RN R r

Combining the estimates of /1, I>, I3 and noting (3.2), we have completed the proof of (3.4). O

A

Proof of Theorem 1.1 Suppose V € RH; for some n/2 < s < n. It follows from (3.1), Lemma 3.1 and 3.2 that

1
|T*(f)0)| < C{M (I f17")(x0)} 7T + 2'sup | KOy, x) f(y)dy|.
e>0 [y—x|>€
where 1 < p; < py, ﬁ = % — }l, and % + p—l, = 1. Then, by the standard Calderén-Zygmund theory and
0

boundedness of the Hardy-Littlewood maximal function, we get

IT*(Hller@ey < Cpll fllLe@m

for p;, < p < oo. Therefore,

”T(f)”LI’(R”) = Cp”f”L])(Rn)
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4 The weak type (1, 1) estimates for the Riesz transforms

Let us recall the Calder6n-Zygmund decomposition, it can be found in [9].

Lemma 4.1 Let f € L'(R") and % > 0; there exists a decomposition of f as f = g + b, where b = >k b
and a sequence of balls { B} such that:

(1) |g(x)| < CA forae. x eR";

(2) supp by C By, [ |br(x)ldx < CA|Byl;
(3) fbk(x)dx =0;

(4) Yp 1Bl < § [1f(0)ldx.

To prove Theorem 1.2, we need the following two results.

Lemma 4.2 Letr = p(y). For some constant ¢ > 0, we have
/ IK (x, y)ldx S 1.
|[x—y|>cr

Proof Similar to the proof of (3.3), for any positive integer j, we have

|po 1/po 1 i —n
K(x,y) dx) S ———Q2/r)r .
(/;jlcr<|x—}’|§2jcr | 2J (N=2l)

Then, by Holder inequality and taking N > 2l we get

0 1/po I
f K (x, y)ldx SCZ(f |K<x,y>|”°dx) @/ry" 70
[x—y|>cr 2i=ler<|x—y|<2icr

j=1

1
< — <
~ ZI = ~ b

j:

Lemma 4.3 Letr = p(y). For some constant ¢ > 0, we have
[k - ke s .
lx—yl=cr
Proof Similar to the proof of (3.5), for any negative integer j, we have

1/po . o . ,L,
( / _ , !K<y,xo)—1<0(y,xo)|”°dy> SEH*=V I n.
2i=Yer<|x—y|<2Jcr

By Holder inequality, and noting 4 — 27” > 0, we get

/ IK (x,y) — KCx, y)|dx
lx—yl=cr

0

1/po R
< 2: (/ |K(x,y)—K0(x,y)|p0dx) 7r) 7
2i-ler<|x—y|<2icr

j=—00

0
S Y etFs

j=—0
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Proof of Theorem 1.2 By Lemma 4.1, for any A > 0,

Hx e R" ([T (f)(x) > M} = l{x e R" - [T (9)(x)[ > 1/2}]
+{x € R" 1 [T(B)(x)] > A/2}].

By (1) and (4) in Lemma 4.1, we get

/ lg(x)|Pdx < / lg(x)|Pdx +/ lg(x0)|Pdx
R" (UBg)© UBx

5/\1’*1/ | £(x)|dx + CAP| U By|

(UBy)©

SN F ey

Then, by Theorem 1.1,
| 1
l{x e R" : T (9)(x)| > A/2}| S A_p||g||LP(R)1) < X”f”Ll(]R")'
Now, let us estimate |{x € R" : |T(b)(x)| > A/2}|. Let By = B(xy, r¢), and let B = B(xy, 2r). Then
{x e R" 1 [T (b)(x)| > A/2}| < | U B[| + |{x € (UB))" : |T(b)(x)| > A/2}]|

<

~

£l ey + {x € (UBOS [T (D) (x)| > 1/2}]

1
1 f Lot + / \Thi(0)ldx.
L) /\; .

If rx > p(xx), then by Lemma 2.3, for any y € By we have

<

> ==

k,
ke — ¥\ o
p(y) <C(1+—— p(xr) < Clp(xg) + 1) < Cry.

P (xr)

So,
lx =yl > |x —xxl = |y —xkl = rie > cp(y).
Then
B ={xeR": [x—x| =2} C{x eR": |x —y| = cp(y)).
By Lemma 4.2,
/ IThe () ldx < / 1K (e, )b ldydx
(BY)© [x—xk|>2r¢ J By
< / / 1K Ge, ) ldxlbeldy < el .

By J|x—yl=cp(y)

Therefore,

1
Hx e R* : IT)(x)| > 2/2} S X”f”Ll(R”)'

Let us consider the case of ry < p(xx). By f br(x)dx =0, we get

/ |Thy(x)|dx < / |Thy(x)|dx —i—/ |Thy(x)|dx
[x =Xk |=2rg 2rg <|x—xx[<2p(xx) [x—xk|=2p(xk)

K (x, ) = K°Cx, »)1bi () dydx

<

/ZVkSIX—xk [<2p(xk) J Bi

+ f IKOCx, v) — KOCr, x| 1bx ) |dydx
2re <|x—xi|<2p(xy) J B

+/ |Tbi(x)|dx.
|x—xk|=2p (xx)
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Owing to rp < p(xx), we have p(xx) ~ p(y) for any y € By, and
{x e R": |x —xx| =2 2p(xp)} C{x e R" ¢ |x — y[ > cp(0)}.

By Lemma 4.2,

/ IThe(o)ldx < / / 1K G, ldxlbe Iy S Tbel g,
e —xx =20 (xk) By JIx—y|=ep(y)
Since K°(x, y) is a Calderén-Zygmund kernel, and 2|y — xi| < 2r; < |x — x¢| for any y € By, we get
f / IKO(x, y) — KO (x, xi) | by (v) | dydx
2ry <|x—xg| J By
< / / IKO(x, y) — KO(x, xi)ldx|br(y)|dy < ClibkllLr(py-
By J|x—xp|=2]y—x|
If 2rp < |x — x| <2p(xx) and y € By, we have [x — y| < |x — x| + |y — xk| < 3p(xk) < cp(y). Then
/ / K (e y) — KOCr, y)lbe(y)dydx
2rg <|x—xk|<2p(xx) J By
< / / IK (x,y) — K°(x, y)ldx|be(»)|dy < bkl L1 (By)-
Bi J|x—yl<cp(y)
Thus
f IThe()ldx < Cllbll -
|x—xk|>2r

So, by (2) and (4) in Lemma 4.1 we get

S bl € 3 Wbeluiay S 15 e
PERACION k

Then
1
Hx e R" [T (D)) > 4/2} < PREATATCOS
This completes the proof of Theorem 1.2. O
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