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Abstract In this paper, we consider the Schrödinger type operator L2 = (−�)2 + V 2 on R
n(n ≥ 5), where

the nonnegative potential V belongs to the reverse Hölder class RHs, n/2 ≤ s < n. We establish the L p(Rn)

and weak type (1, 1) estimates for the higher order Riesz transform ∇3L− 3
4

2 associated with Schrödinger type
operators.
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1 Introduction and results

Let V be a nonnegative potential, we consider the the Schrödinger type operator

L2 = (−�)2 + V 2

on R
n(n ≥ 5). Recently, the boundedness of Riesz transforms related to Schrödinger type operator have been

received a great deal of attention. See for example [1–7,10–13].
When V is a nonnegative polynomial, Zhong in [13] obtained the estimates for the fundamental solution of

L2 and showed the L p(Rn) boundedness of the operators V 2− j/2∇ jL−1
2 , where j = 0, 1, 2, 3, 4; Liu et al. in

[3] showed the L p(Rn) boundedness of the operators V 2L−1
2 ,∇4L−1

2 , and ∇2L−1/2
2 .

For 1 < s < ∞, a nonnegative locally Ls-integrable function V is said to belong to the reverse Hölder class
RHs if there exists a constant C > 0 such that the reverse Hölder inequality

(
1

|B|
∫

B
V (y)sdy

)1/s

≤ C

|B|
∫

B
V (y)dy

holds for every ball B ⊂ R
n .

The remarkable feature about the class RHs is its self-improvement [8]; that is, if V ∈ RHs for some s > 1,

then there exists ε > 0 such that V ∈ RHs+ε .

For the potential V which belongs to RHs with s ≥ n/2 and there exists a constant C such that V (x) ≤
Cρ(x)−2, Sugano in [10] established estimates of the fundamental solutions for L2 and showed the L p(Rn)
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boundedness of the operators V 2− j/2∇ jL−1
2 for j = 0, 1, 2, 3, 4. When V belong to RHs with s ≥ n/2, Liu

and Dong in [2] investigated the L p(Rn) and weak type (1, 1) estimates of the transform ∇2L− 1
2

2 , Liu, Huang
and Xie in [4] showed the L p(Rn) boundedness and weak type (1, 1) boundedness for the operator ∇4L−1

2 .

In this paper, we concentrate on the boundedness of the Riesz transform

T ( f )(x) = ∇3L− 3
4

2 ( f )(x)

and its adjoint operator T ∗. The following L p(Rn) and weak type (1, 1) estimates are established.

Theorem 1.1 Suppose V ∈ RHs with n/2 ≤ s < n. Let 1
p0

= 2
s − 1

n and 1
p′

0
+ 1

p0
= 1.

(i) If 1 < p ≤ p0, then

‖T ( f )‖L p(Rn) ≤ C p‖ f ‖L p(Rn);
(ii) If p′

0 ≤ p < ∞, then

‖T ∗( f )‖L p(Rn) ≤ C p‖ f ‖L p(Rn).

Theorem 1.2 Suppose V ∈ RHs with n/2 ≤ s < n. Then

∣∣{x ∈ R
n : |T ( f )(x)| > λ

}∣∣ ≤ C

λ
‖ f ‖L1(Rn) for every λ > 0.

In this paper, we shall use the symbol A � B to indicate that there exists a universal positive constant C,

independent of all important parameters, such that A ≤ C B. A ∼ B means that A � B and B � A. We also
use CN to represent a constant related to a positive integer N .

2 Preliminaries

Throughout this section we always assume V ∈ RHs with s ≥ n/2.

We recall the definition of the auxiliary function (see [8])

ρ(x) = 1

m(x, V )
= sup

{
r > 0 : 1

rn−2

∫
B(x,r)

V (y)dy ≤ 1

}
, x ∈ R

n .

It is well known that 0 < ρ(x) < ∞ for any x ∈ R
n .

By definition, it is easy to see that if V, U ∈ RHs, and V ≤ U, then m(x, V ) ≤ m(x, U ).

Some important properties concerning the auxiliary function ρ(x) had been proved by Shen in [8].

Lemma 2.1 There exists constant l0 > 0 such that

1

rn−2

∫
B(x,r)

V (y)dy �
(

1 + r

ρ(x)

)l0
.

Lemma 2.2 For 0 < r < R < ∞, we have

1

rn−2

∫
B(x,r)

V (y)dy �
(

R

r

)n/s−2 1

Rn−2

∫
B(x,R)

V (y)dy.

Lemma 2.3 There exist k0 ≥ 1 such that

C−1
(

1 + |x − y|
ρ(x)

)−k0

≤ ρ(y)

ρ(x)
≤ C

(
1 + |x − y|

ρ(x)

) k0
1+k0

for all x, y ∈ R
n .

A ball B(x, ρ(x)) is called critical. Assume that Q = B(x0, ρ(x0)), for x ∈ Q, we have ρ(x) ∼ ρ(y), if
|x − y| < Cρ(x).
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Lemma 2.4 There exist k0 ≥ 1 such that

c

(
1 + |x − y|

ρ(y)

)1/(1+k0)

≤ 1 + |x − y|
ρ(x)

≤ C

(
1 + |x − y|

ρ(y)

)1+k0

for all x, y ∈ R
n .

Let �L2(x, y, λ) be the fundamental solution of L2 + λ, where 0 ≤ λ < ∞. When λ = 0, it follows from
Theorem 2 in [10] that for any positive integer N , there exists a positive constant CN such that

0 ≤ �L2(x, y, 0)
.= �L2(x, y) ≤ CN

{1 + m(x, V )|x − y|}N

1

|x − y|n−4 .

By Theorem 3 in [10], if V (x) ≤ Cm(x, V )2, then for any positive integer N , there exists a positive constant
CN such that

∇3
x �L2(x, y) ≤ CN

{1 + m(x, V )|x − y|}N

1

|x − y|n−1 .

When λ �= 0, we have the following estimate.

Lemma 2.5 Assume 0 < λ < ∞. If V ∈ RHs, s ≥ n/2, then for any positive integer N , there exists a positive
constant CN such that

�L2(x, y, λ) ≤ CN

(1 + λ
1
4 |x − y|)N {1 + m(x, V )|x − y|}N

1

|x − y|n−4 .

Proof We use the method of [5] to prove Lemma. Similar to the proof of Proposition 2 and Proposition 3 in [14],

if V ∈ RHs , and λ is a nonnegative constant, then
(
V 2 + λ

) 1
2 ∈ RHs, and m(x, V ) ≤ m(x,

(
V 2 + λ

) 1
2 ). By

�L2(x, y, 0) ≤ CN

{1 + m(x, V )|x − y|}N

1

|x − y|n−4 ,

m(x, λ
1
2 ) ≤ m(x,

(
V 2 + λ

) 1
2 ), and m(x, λ

1
2 ) = Cλ

1
4 , we have

�L2(x, y, λ) ≤ CN

(1 + m(x,
(
V 2 + λ

) 1
2 )|y − x |)N

1

|y − x |n−4

≤ CN

(1 + m(x, λ
1
2 )|y − x |)N

1

|y − x |n−4

= CN

(1 + λ
1
4 |y − x |)N

1

|y − x |n−4 .

By m(x, V ) ≤ m(x,
(
V 2 + λ

) 1
2 ) we get

�L2(x, y, λ) ≤ CN

(1 + m(x, V )|y − x |)N

1

|y − x |n−4 .

Combining the above two estimators, we get the desired result. 
�
In the same way, we can get

Lemma 2.6 If V ∈ RHs, s ≥ n/2, and V (x) ≤ Cm(x, V )2, then there exists a positive constant CN such that

∇3
x �L2(x, y, λ) ≤ CN

(1 + λ
1
4 |x − y|)N {1 + m(x, V )|x − y|}N

1

|x − y|n−1 .

It follows from Lemma 2.4 that Lemma 2.5, 2.6 is also true, if m(x, V ) is replaced by m(y, V ).
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3 The L p estimates for the Riesz transforms

By the functional calculus, we may write

L− 3
4

2 =
√

2

2π

∫ ∞

0
λ− 3

4
(L2 + λ

)−1
dλ.

Let f ∈ C∞
0 (Rn). From

(L2 + λ
)−1

( f )(x) =
∫

Rn
�L2(x, y, λ) f (y)dy,

we have

T ( f )(x) = ∇3L− 3
4

2 ( f )(x) =
∫

Rn
K (x, y) f (y)dy,

where

K (x, y) =
√

2

2π

∫ ∞

0
λ− 3

4 ∇3
x �L2(x, y, λ)dλ.

Let

T ∗( f )(x) =
∫

Rn
K (y, x) f (y)dy.

To show Theorem 1.1, we only need to prove (ii), that is, for p′
0 ≤ p < ∞, we have

‖T ∗( f )‖L p(Rn) � ‖ f ‖L p(Rn),

where p′
0 = p0

p0−1 and 1
p0

= 2
s − 1

n .

Write

T ∗( f )(x) =
∫

|x−y|>r
K (y, x) f (y)dy +

∫
|x−y|≤r

(
K (y, x) − K 0(y, x)) f (y)dy

+
∫

|x−y|≤r
K 0(y, x) f (y)dy, (3.1)

where r = ρ(x) and K 0(x, y) is the kernel of the standard Calderón-Zygmund operator T0 = ∇3(−�)− 3
2 .

Lemma 3.1 Let V ∈ RHs with n/2 ≤ s < n. Then∣∣∣∣
∫

|x0−y|>r
K (y, x0) f (y)dy

∣∣∣∣ � {M(| f |p1)(x0)}
1
p1 ,

where r = ρ(x), 1 < p1 < p′
0,

1
p′

0
+ 1

p0
= 1 and 1

p0
= 2

s − 1
n .

Proof Fix x0, y0 ∈ R
n . Let u(y) = �L2(y, x0, λ) and R = |x0 − y0|/4. It follows from the proof of Lemma 3.1

in [7] and Lemma 2.5, we have

∣∣∇3u(y0)
∣∣ �

∫
B(y0,R)

V (z)2|u(z)|dz

|z − y0|n−1 + 1

Rn+3

∫
B(y0,R)

|u(z)|dz

≤ 1

(1 + λ
1
4 R)N {1 + Rm(x0, V )}N

(
1

Rn−4

∫
B(y0,R)

V (z)2dz

|z − y0|n−1 + 1

Rn−1

)
.

Note that ∫ ∞

0

dλ

λ
3
4 (1 + λ

1
4 R)N

� R−1. (3.2)
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770 Y. Wang

Then

∣∣K (y0, x0)
∣∣ � 1

{1 + Rm(x0, V )}N

(
1

Rn−3

∫
B(y0,R)

V (z)2dz

|z − y0|n−1 + 1

Rn

)
.

For a positive integer j, let y ∈ C j = {y : 2 j−1r < |y − x0| ≤ 2 j r}, where r = ρ(x0), then

∣∣K (y, x0)
∣∣ � 1

2 j N

1

(2 j r)n−3

( ∫
|z−x0|≤2 j+1r

V (z)2dz

|z − y|n−1 + 1

(2 j r)3

)

= 1

2 j N

1

(2 j r)n−3

(
I1(V 2χB(x0,2 j+1r )(y) + 1

(2 j r)3

)
,

where I1( f )(y) = ∫
Rn

f (z)dz
|z−y|n−1 . Note that 1

p0
= 2

s − 1
n , by Hardy-Littlewood-Sobolev inequality and V ∈ RHs

we get
(∫

C j

∣∣K (y, x0
∣∣p0 dy

)1/p0

� 1

2 j N

1

(2 j r)n−3

((∫
C j

∣∣∣I1(V 2χB(x0,2 j+1r )(y)

∣∣∣p0
dy

)1/p0

+ (2 j r)
n
p0

−3

)

� 1

2 j N

1

(2 j r)n−3

(
(2 j r)

2n
s

(
1

(2 j r)n

∫
B(x,2 j+1r)

V (z)sdz

)2/s

+ (2 j r)
n
p0

−3

)

� 1

2 j N

1

(2 j r)n−3

(
(2 j r)

2n
s −4

(
(2 j r)2

(2 j r)n

∫
B(x,2 j r)

V (z)dz

)2

+ (2 j r)
n
p0

−3

)
.

Using Lemma 2.1 we get
( ∫

C j

∣∣K (y, x0)
∣∣p0 dy

)1/p0

� 1

2 j (N−2l0)
(2 j r)

n
p0

−n
. (3.3)

Therefore, taking N > 2l0 we get
∣∣∣∣
∫

|x0−y|>r
K (y, x0) f (y)dy

∣∣∣∣ ≤
∞∑
j=1

∫
C j

∣∣K (y, x0) f (y)
∣∣dy

≤
∞∑
j=1

( ∫
C j

∣∣K (y, x0)
∣∣p0 dy

)1/p0
( ∫

C j

∣∣ f (y)
∣∣p′

0 dy

)1/p′
0

�
∞∑
j=1

1

2 j (N−2l0)

(
1

|B(x0, 2 j r)|
∫

B(x0,2 j r)

∣∣ f (y)
∣∣p′

0 dy

)1/p′
0

� {M(| f |p′
0)(x0)}

1
p′
0 .

By the self-improvement of class RHs we know that there exists some 1 < p1 < p′
0 such that∣∣∣∣

∫
|x0−y|>r

K (y, x0) f (y)dy

∣∣∣∣ � {M(| f |p1)(x0)}
1
p1 .


�
Lemma 3.2 Let V ∈ RHs with n/2 ≤ s < n. Then∣∣∣∣

∫
|x0−y|≤r

{
K (y, x0) − K 0(y, x0)

}
f (y)dy

∣∣∣∣ � {M(| f |p1)(x0)}
1
p1 ,

where r = ρ(x0), 1 < p1 < p′
0 and 1

p0
= 2

s − 1
n .
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Proof We will use the method in [8] to prove Lemma 3.2. Fix x0, y0 ∈ R
n such that |x0 − y0| < ρ(x0) = r. Let

R = |x0 − y0|/4. We claim that

∣∣∣K (y0, x0) − K 0(y0, x0)

∣∣∣ � 1

Rn−3

{∫
|z−y0|<R

V (z)2dz

|z − y0|n−1 + 1

R3

(
R

r

)4− 2n
s
}

. (3.4)

Assume (3.4) for a moment, we give the proof of Lemma 3.2.
For a integer j ≤ 0, let y ∈ C j = {y : 2 j−1r < |y − x0| ≤ 2 j r}. It follows from Hardy-Littlewood-Sobolev

inequality and (3.4) that, for 1
p0

= 2
s − 1

n ,

(∫
C j

∣∣K (y, x0) − K 0(y, x0)
∣∣p0 dy

)1/p0

� 1

(2 j r)n−3

(( ∫
B(x0,2r)

V sdz

)2/s

+ (2 j )4− 2n
s (2 j r)

n
p0

−3

)

� 1

(2 j r)n−3 r
2n
s −4 = (2 j )4− 2n

s (2 j r)
− n

p′
0 .

Hence (∫
C j

∣∣K (y, x0) − K 0(y, x0)
∣∣p0 dy

)1/p0

� (2 j )4− 2n
s (2 j r)

− n
p′
0 . (3.5)

Then ∣∣∣∣
∫

|x0−y|≤r

{
K (y, x0) − K 0(y, x0)

}
f (y)dy

∣∣∣∣

≤
0∑

j=−∞

(∫
C j

∣∣K (y, x0) − K 0(y, x0)
∣∣p0 dy

)1/p0 ( ∫
|y−x0|≤r

∣∣ f (y)
∣∣p′

0 dy

)1/p′
0

� {M(| f |p′
0)(x0)}

1
p′
0

0∑
j=−∞

(
2 j )4− 2n

s � {M(| f |p′
0)(x0)}

1
p′
0 ,

since 4 − 2n
s > 0. By the self-improvement of class RHs we know that there exists some 1 < p1 < p′

0 such that∣∣∣∣
∫

|x0−y|≤r

{
K (y, x0) − K 0(y, x0)

}
f (y)dy

∣∣∣∣ � {M(| f |p1)(x0)}
1
p1 .

Now we come to prove (3.4). Let �0(x, y, λ) be the fundamental solution of (−�)2 +λ for λ ≥ 0. Note that

((−�y)
2 + λ){�L2(y, x0, λ) − �0(y, x0, λ)} = −V (y)2�L2(y, x0, λ),

we have

�L2(y, x0, λ) − �0(y, x0, λ) = −
∫

Rn
�0(y, z, λ)V (z)2�L2(z, x0, λ)dz.

Then, by Lemma 2.6 and Lemma 2.5,∣∣∣∇3
y�L2(y0, x0, λ) − ∇3

y�0(y0, x0, λ)

∣∣∣
≤

∫
Rn

∣∣∣∇3
y�0(y0, z, λ)

∣∣∣ V (z)2|�L2(z, x0, λ)|dz

�
∫

Rn

(1 + λ
1
4 |y0 − z|)−N (1 + λ

1
4 |x0 − z|)−N V (z)2dz

|y0 − z|n−1(1 + m(x0, V )|z − x0|)N |x0 − z|n−4

=
∫

|z−y0|<R/2
+

∫
|z−x0|<R/2

+
∫

|z−y0|≥R/2, |z−x0|≥R/2

= I1 + I2 + I3.
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Clearly,

I1 � 1

(1 + λ
1
4 R)N

1

Rn−4

∫
|z−y0|<R

V (z)2dz

|z − y0|n−1 .

Taking q > 1 such that 2
s + 1

q = 1, we get

∫
|z−x0|<R/2

V (z)2dz

|z − x0|n−4 ≤
(∫

|z−x0|<R

dz

|z − x0|q(n−4)

)1/q (∫
|z−x0|<R

V (z)sdz

)2/s

.

Due to s > n/2, n ≥ 5, we have n > q(n − 4). Then

(∫
|z−x0|<R

dz

|z − x0|q(n−4)

)1/q

� R
n
q −n+4

.

Since 0 < R < r < ∞, by Lemma 2.2 and r = ρ(x0) we have

(∫
|z−x0|<R

V (z)sdz

)2/s

≤ R
2n
s −4

(
1

Rn−2

∫
|z−x0|<R

V (z)dz

)2

≤ R
2n
s −4

(
R

r

)4− 2n
s

.

Hence

I2 � 1

(1 + λ
1
4 R)N

1

Rn−1

∫
|z−x0|<R

V (z)2dz

|z − x0|n−4

� 1

(1 + λ
1
4 R)N

1

Rn−1

(
R

r

)4− 2n
s

.

Finally, let us deal with the last item. Note that m(x0, V ) ∼ m(y0, V ), then

∫
|z−x0|≥|z−y0|≥R/2

(1 + λ
1
4 |y0 − z|)−N (1 + λ

1
4 |x0 − z|)−N V (z)2dz

|y0 − z|n−1(1 + m(x0, V )|z − x0|)N |x0 − z|n−4

� 1

(1 + λ
1
4 R)N

∫
|z−y0|≥R/2

V (z)2dz

|z − y0|2n−5 {1 + m(y0, V )|z − y0|}N
.

Similarly,

∫
|z−y0|≥|z−x0|≥R/2

(1 + λ
1
4 |y0 − z|)−N (1 + λ

1
4 |x0 − z|)−N V (z)2dz

|y0 − z|n−1(1 + m(x0, V )|z − x0|)N |x0 − z|n−4

� 1

(1 + λ
1
4 R)N

∫
|z−x0|≥R/2

V (z)2dz

|z − x0|2n−5 {1 + m(x0, V )|z − x0|}N
.

Then

I3 � 1

(1 + λ
1
4 R)N

∫
|z−x0|≥R/2

V (z)2dz

|z − x0|2n−5 {1 + m(x0, V )|z − x0|}N

� 1

(1 + λ
1
4 R)N

(∫
r>|z−x0|≥R/2

V (z)2dz

|z − x0|2n−5
+ r N

∫
|z−x0|≥r

V (z)2dz

|z − x0|2n−7+N

)
.
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By Hölder inequality and V ∈ RHs we get

∫
r>|z−x0|≥R/2

V (z)2dz

|z − x0|2n−5

≤
(∫

|z−x0|<r
V (z)sdz

)2/s (∫ r

R
tn−1−q(2n−5)dt

)1/q

� r
2n
s −4 R

n
q −2n+5

(
1

rn−2

∫
|z−x0|<r

V (z)dz

)2

� 1

Rn−1

(
R

r

)4− 2n
s

,

where n − q(2n − 5) < 0 holds since 2
s > 5−n

n for s > n
2 and n ≥ 5.

r N
∫

|z−x0|≥r

V (z)2dz

|z − x0|2n−5+N

� r N
∞∑
j=1

1

(2 j r)2n−5+N

∫
|z−x0|≤2 j r

V (z)2dz

� r5−2n
∞∑
j=1

1

(2 j )2n−5+N
(2 j r)n

(
1

(2 j r)n

∫
|z−x0|≤2 j r

V (z)sdz

)2/s

� r5−2n
∞∑
j=1

1

(2 j )2n−5+N
(2 j r)n−4

(
1

(2 j r)n−2

∫
|z−x0|≤2 j r

V (z)dz

)2

� r1−n
∞∑
j=1

1

(2 j )n−1+N−2l0

� r1−n � 1

r4− 2n
s Rn−1−(4− 2n

s )
= 1

Rn−1

(
R

r

)4− 2n
s

,

where we used the fact that r ≥ 4R and n + 2n
s − 5 > 0 since n ≥ 5. Then

I3 � 1

(1 + λ
1
4 R)N

1

Rn−1

(
R

r

)4− 2n
s

.

Combining the estimates of I1, I2, I3 and noting (3.2), we have completed the proof of (3.4). 
�
Proof of Theorem 1.1 Suppose V ∈ RHs for some n/2 ≤ s < n. It follows from (3.1), Lemma 3.1 and 3.2 that

∣∣T ∗( f )(x)
∣∣ ≤ C{M(| f |p1)(x0)}

1
p1 + 2 sup

ε>0

∣∣ ∫
|y−x |≥ε

K 0(y, x) f (y)dy
∣∣,

where 1 < p1 < p′
0,

1
p0

= 2
s − 1

n , and 1
p0

+ 1
p′

0
= 1. Then, by the standard Calderón-Zygmund theory and

boundedness of the Hardy-Littlewood maximal function, we get

‖T ∗( f )‖L p(Rn) ≤ C p‖ f ‖L p(Rn)

for p′
0 ≤ p < ∞. Therefore,

‖T ( f )‖L p(Rn) ≤ C p‖ f ‖L p(Rn)

for 1 < p ≤ p0. 
�
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4 The weak type (1, 1) estimates for the Riesz transforms

Let us recall the Calderón-Zygmund decomposition, it can be found in [9].

Lemma 4.1 Let f ∈ L1(Rn) and λ > 0; there exists a decomposition of f as f = g + b, where b = ∑
k bk,

and a sequence of balls {Bk} such that:

(1) |g(x)| ≤ Cλ for a.e. x ∈ R
n;

(2) supp bk ⊂ Bk,
∫ |bk(x)|dx ≤ Cλ|Bk |;

(3)
∫

bk(x)dx = 0;
(4)

∑
k |Bk | ≤ C

λ

∫ | f (x)|dx .

To prove Theorem 1.2, we need the following two results.

Lemma 4.2 Let r = ρ(y). For some constant c > 0, we have
∫

|x−y|>cr
|K (x, y)|dx � 1.

Proof Similar to the proof of (3.3), for any positive integer j, we have

(∫
2 j−1cr<|x−y|≤2 j cr

∣∣K (x, y)
∣∣p0 dx

)1/p0

� 1

2 j (N−2l0)
(2 j r)

n
p0

−n
.

Then, by Hölder inequality and taking N > 2l0 we get

∫
|x−y|>cr

|K (x, y)|dx ≤ C
∞∑
j=1

( ∫
2 j−1cr<|x−y|≤2 j cr

∣∣K (x, y)
∣∣p0 dx

)1/p0

(2 j r)
n− n

p0

�
∞∑
j=1

1

2 j (N−2l0)
� 1.


�
Lemma 4.3 Let r = ρ(y). For some constant c > 0, we have

∫
|x−y|≤cr

|K (x, y) − K 0(x, y)|dx � 1.

Proof Similar to the proof of (3.5), for any negative integer j, we have

(∫
2 j−1cr<|x−y|≤2 j cr

∣∣K (y, x0) − K 0(y, x0)
∣∣p0 dy

)1/p0

� (2 j )4− 2n
s (2 j r)

− n
p′
0 .

By Hölder inequality, and noting 4 − 2n
s > 0, we get

∫
|x−y|≤cr

|K (x, y) − K 0(x, y)|dx

�
0∑

j=−∞

( ∫
2 j−1cr<|x−y|≤2 j cr

∣∣K (x, y) − K 0(x, y)
∣∣p0 dx

)1/p0

(2 j r)
− n

p′
0

�
0∑

j=−∞
(2 j )4− 2n

s � 1.


�
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Proof of Theorem 1.2 By Lemma 4.1, for any λ > 0,

|{x ∈ R
n : |T ( f )(x) > λ}| ≤ |{x ∈ R

n : |T (g)(x)| > λ/2}|
+ |{x ∈ R

n : |T (b)(x)| > λ/2}|.
By (1) and (4) in Lemma 4.1, we get∫

Rn
|g(x)|pdx ≤

∫
(∪Bk )

c
|g(x)|pdx +

∫
∪Bk

|g(x)|pdx

� λp−1
∫

(∪Bk )
c
| f (x)|dx + Cλp| ∪ Bk |

� λp−1‖ f ‖L1(Rn).

Then, by Theorem 1.1,

|{x ∈ R
n : |T (g)(x)| > λ/2}| � 1

λp
‖g‖p

L p(Rn)
� 1

λ
‖ f ‖L1(Rn).

Now, let us estimate |{x ∈ R
n : |T (b)(x)| > λ/2}|. Let Bk = B(xk, rk), and let B∗

k = B(xk, 2rk). Then

|{x ∈ R
n : |T (b)(x)| > λ/2}| ≤ | ∪ B∗

k | + |{x ∈ (∪B∗
k )c : |T (b)(x)| > λ/2}|

� 1

λ
‖ f ‖L1(Rn) + |{x ∈ (∪B∗

k )c : |T (b)(x)| > λ/2}|

� 1

λ
‖ f ‖L1(Rn) + 1

λ

∑
k

∫
(B∗

k )c
|T bk(x)|dx .

If rk ≥ ρ(xk), then by Lemma 2.3, for any y ∈ Bk we have

ρ(y) ≤ C

(
1 + |xk − y|

ρ(xk)

) k0
1+k0

ρ(xk) ≤ C(ρ(xk) + rk) ≤ Crk .

So,

|x − y| ≥ |x − xk | − |y − xk | ≥ rk ≥ cρ(y).

Then

(B∗
k )c = {x ∈ R

n : |x − xk | ≥ 2rk} ⊂ {x ∈ R
n : |x − y| ≥ cρ(y)}.

By Lemma 4.2, ∫
(B∗

k )c
|T bk(x)|dx ≤

∫
|x−xk |≥2rk

∫
Bk

|K (x, y)bk(y)|dydx

≤
∫

Bk

∫
|x−y|≥cρ(y)

|K (x, y)|dx |bk(y)|dy � ‖bk‖L1(Bk )
.

Therefore,

|{x ∈ R
n : |T (b)(x)| > λ/2}| � 1

λ
‖ f ‖L1(Rn).

Let us consider the case of rk < ρ(xk). By
∫

bk(x)dx = 0, we get∫
|x−xk |≥2rk

|T bk(x)|dx ≤
∫

2rk≤|x−xk |<2ρ(xk)

|T bk(x)|dx +
∫

|x−xk |≥2ρ(xk)

|T bk(x)|dx

≤
∫

2rk≤|x−xk |<2ρ(xk)

∫
Bk

|K (x, y) − K 0(x, y)||bk(y)|dydx

+
∫

2rk≤|x−xk |<2ρ(xk)

∫
Bk

|K 0(x, y) − K 0(x, xk)||bk(y)|dydx

+
∫

|x−xk |≥2ρ(xk)

|T bk(x)|dx .
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Owing to rk < ρ(xk), we have ρ(xk) ∼ ρ(y) for any y ∈ Bk, and

{x ∈ R
n : |x − xk | ≥ 2ρ(xk)} ⊂ {x ∈ R

n : |x − y| ≥ cρ(y)}.
By Lemma 4.2,∫

|x−xk |≥2ρ(xk)

|T bk(x)|dx ≤
∫

Bk

∫
|x−y|≥cρ(y)

|K (x, y)|dx |bk(y)|dy � ‖bk‖L1(Bk )
.

Since K 0(x, y) is a Calderón-Zygmund kernel, and 2|y − xk | ≤ 2rk ≤ |x − xk | for any y ∈ Bk, we get∫
2rk≤|x−xk |

∫
Bk

|K 0(x, y) − K 0(x, xk)||bk(y)|dydx

≤
∫

Bk

∫
|x−xk |≥2|y−xk |

|K 0(x, y) − K 0(x, xk)|dx |bk(y)|dy ≤ C‖bk‖L1(Bk )
.

If 2rk ≤ |x − xk | < 2ρ(xk) and y ∈ Bk, we have |x − y| ≤ |x − xk | + |y − xk | ≤ 3ρ(xk) ≤ cρ(y). Then∫
2rk≤|x−xk |<2ρ(xk)

∫
Bk

|K (x, y) − K 0(x, y)||bk(y)|dydx

≤
∫

Bk

∫
|x−y|≤cρ(y)

|K (x, y) − K 0(x, y)|dx |bk(y)|dy � ‖bk‖L1(Bk )
.

Thus ∫
|x−xk |≥2rk

|T bk(x)|dx ≤ C‖bk‖L1(Bk )
.

So, by (2) and (4) in Lemma 4.1 we get

∑
k

∫
(B∗

k )c
|T bk(x)|dx �

∑
k

‖bk‖L1(Bk )
� ‖ f ‖L1(Rn).

Then

|{x ∈ R
n : |T (b)(x)| > λ/2}| � 1

λ
‖ f ‖L1(Rn).

This completes the proof of Theorem 1.2. 
�
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