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Abstract Let m be a positive integer such that m > 2. In this paper, we define two new classes of rings called
strongly Y -m-clean ring and m-semiboolean ring which are natural generalizations of the concept of strongly
m-clean [13] and semiboolean [11], respectively. We exhibit connections between these rings and other related
classes of rings. We examine the properties of these notions to various context of commutative ring extensions.
The obtained results yield new original families of examples of rings subject to various ring theoretic properties.
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1 Introduction

Throughout the whole paper, m > 2 is an integer, all rings considered are commutative with unity and all
modules are unital. In [13], Purkait, Dutta and Kar introduced the notions of m-clean and strongly m-clean rings
as generalizations of clean and strongly clean rings, respectively. Among other things, they proved that if a ring
R is m-clean then the matrix ring M, (R) is also m-clean. They also provided a characterization of strongly
m-clean ring in terms of quotient ring by its ideal which is contained in its Jacobson radical. In particular, they
showed that a ring is strongly m-clean if and only if its quotient ring by a nil ideal is strongly m-clean under
certain conditions. Recall that an element a of a ring R is said to be m-potent if a™ = a for some positive integer
m. Also, recall from [13] that an element x of a ring R is said to be m-clean if x can be written as x = u + f
where u is a unit and f is an m-potent (thatis f* = f) element of R. R is said to be m-clean if every element
of R is m-clean. An element x of a ring R is said to be strongly m-clean if x can be written as x = u + f, where
u is a unit, f is an m-potent element of R and u. f = f.u. R is said to be strongly m-clean if every element of
R is strongly m-clean. It is worthwhile mentioning that in the case of a commutative ring, the notions m-clean
and strongly m-clean collapse. At this point, we recall the following definitions:

Definition 1.1 [13] Let / be an ideal of aring R. Then m-potents lift modulo 7 if forx € R, x —x™ € I implies
that there exists an m—potent e in R such thate —x € R.
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Let (A, B) be a pair of rings, f : A — B be a ring homomorphism and J be an ideal of B. In this setting,
we can consider the following subring of A x B: A s/ J = {(a, f(a)+ j) | a € A, j € J}, called the
amalgamation of A and B along J with respect to f, introduced and studied by D’Anna, Finocchiaro and
Fontana in [5,6]. The usefulness of amalgamation, as mentioned in [5], comes from the fact that many of the
classical constructions can be studied as a special case of amalgamation, and amalgamation itself can be studied
using pullbacks. In [6], the authors pursued the investigation on the structure of the rings of the form A </ J,
with particular attention to the prime spectrum, to the chain properties and to the Krull dimension. The trivial
ring extension of A by E (also called idealization of E over A) is the ring R := A o E whose underlying
group is A x E with multiplication given by (a, e)(a’, ¢') = (ad’, ae’ + ea’). Trivial ring extensions have been
studied extensively; and considerable work, part of is summarized in Glaz’s book [7] and Huckaba’s book [9],
has been concerned with these extensions. Mainly, trivial ring extensions have been useful for solving many open
problems and conjectures in both commutative and non-commutative ring theory. See for instance [1,9]. In this
paper, we define two new classes of rings called strongly ) -m-clean ring and m-semiboolean ring which are
natural generalizations of the concept of strongly m-clean [13] and semiboolean [11], respectively. We exhibit
connections between these rings and other related classes of rings. We examine the properties of these notions
to various context of commutative ring extensions. The obtained results yield new original families of examples
of rings subject to various ring theoretic properties. For a ring R, we denote respectively by Max(R), Nilp(R),
Idem(R), m — potent(R), Jac(R), U(R) and Char(R), the spectrum of all maximal ideals of R, the ideal of
all nilpotent elements of R, the set of all idempotent elements of R, the set of all m-potent elements of R, the
Jacobson radical of R, the multiplicative group of units of R and the characteristic of R.

2 On strongly ) -m-clean rings

We start this section by introducing the notion of strongly > -m-clean ring.

Definition 2.1 Let m > 2 and R be a commutative ring. An element x of R is said to be strongly ) -m-clean
if there exists a positive integer n > 1 such that x = uy +uy + .... +u, + f with uy, us, ..., u,, € U(R) and
f™ = f € R. Then R is said to be strongly Y -m-clean if each of its elements is strongly > -m-clean.

It worthwhile noting from the definition that every strongly clean ring is strongly > -m-clean ring. However,
a strongly Y _-m-clean ring need not be a strongly m-clean ring, as shown in the following example:

Example 2.2 Let R = Z be the ring of integers and let m be a positive integer such that m > 2. Then:

(1) Z is strongly Y -m-clean.
(2) Z is not strongly m-clean.

Proof (1) Notice firstthat0 = 1 — 1 and 1 = 1 + 0 are strongly > _-m-clean elements of R. Since every element
of n € Z withn > 2, can be writtenasn = 1 + 1 + ... + 1 +1, then R is strongly ) -m-clean.
—
(n—1)times
(2) We claim that Z is not strongly m-clean. Indeed, the element 3 = 1 42 with 1 € U(R) but 2 is not m-potent
(as 2™ # 2 for every m > 2). O

Recall that a ring R is UU (i.e., every unit is unipotent) if every unit # € R is unipotent, that is, u# can be
expressed as u = 1+ w for some nilpotent element w of R. In the next proposition, we show thatin an U U-ring R
containing the field of rational numbers Q, the properties "strongly > "-m-clean" and "strongly m-clean" collapse.

Proposition 2.3 Let R be an UU -ring such that Q C R andm > 2 be an integer. Then R is strongly Y_-m-clean
if and only if R is strongly m-clean.

Proof Assume that R is strongly > -m-clean. Let x € R. Then there exists n > 1 such that x = u; +us + ... +
up + f withu; € U(R) foreveryi = 1,...,nand f™ = f € R. Since R is an UU-ring, then u; = 1 + w; with
w; € Nilp(R)foreveryi =1, ...,n.So,x = 14w+ 14+wr+...+14+w,+ f =n+(wi+wr+...4w,)+ f.
Set W = wi+wy+...+wy. Clearly, W € Nilp(R) andn € R. Therefore,x =n+ W+ f.Since W € Nilp(R)
andn+ W =n(1 +n~'W) is a unit (as n~'W € Nilp(R) and n € U(R)), then it follows thatn + W is a
unit. Therefore, x = v 4+ f with v € U(R) and f™ = f. Hence, R is a strongly m-clean ring. The converse is
straightforward. O
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Our next proposition gives a characterization of strongly Y -m-clean integral domains. Recall that a ring R
is said to be k-good ring if every element of R is a sum of k units of R, with k > 2 is positive integer.

Proposition 2.4 Let R be an integral domain and m > 2 be a positive integer. Then R is strongly _-m-clean if
and only if every element is a k-good element for some positive integer k > 1.

Proof Assume that R be an integral domain. If R is strongly Y -m-clean. Let x € R. Then there existsn > 1 such
thatx = uj+ur+...4u, + f forsomeuy, us, ..., u, € U(R) and f is an m-potent element of R. Since ™ = f,
then f™ — f = f(f™"! — 1) = 0. Two cases are then possible: Case 1 : f = 0, then x = u + us + ... + uy,
which is a sum of n units and so x is a n-good element. Case 2 : f™~! —1 = 0. Then f"~! = ff"2 = 1.
Therefore, f is aunitof R and sox = uj +us + ... + u, + f is a sum of (n + 1) units. Consequently, x is an
(n + 1)-good element. Hence, in all cases, it follows that x is a k-good element for some positive integer k > 1.
The converse is straightforward. O

Proposition 2.5 Let (R, m) be a nonreduced local ring. Then the following assertions hold:

(1) If R is strongly Y -m-clean, then there exists a positive integer k > 1 such that 1g = v + ... + v with
vi e URR) fori =1,.., k.

(2) Assume that R is unit stable range one with 1 = vi + ... 4+ vi for some integer k > 1 with v; € U(R) for
i =1,...,k. Then R is strongly Y -m-clean.

Proof Assume that (R, m) is a nonreduced local ring.

(1) Suppose R is a strongly Y -m-clean. Then there exist uy, uz, ...,u, € U(R) and an m-potent element e
of R such that 1p = uy 4+ uz + ... + u, + e. Two cases are then possible: Case 1: e ¢ m. Then e is a
unit of R and 1 = u; + upy + ... + u, + ¢ + w — w for some nontrivial w € Nilp(R). So, 1 + w =
up +ur + ... +up + e(1 + e 'w). Since w € Nilp(R) € Jac(R), then (1g + w) € U(R) and so
lg=Up+w) lug+Ug+w) us+ ...+ Ug+w) lu, + (g +w) le(lg + e 'w). One can easily
check that (1g + w) " 'u; € U(R) foreveryi = 1,2, ...,nand (I1g + w) le(1g + e 'w) € U(R). Case 2 :
ecm.Thenlgp —e € U(R).So, lg —e =uj +uz + ... + u,. Consequently, 1 g = (1g —e)_lul + (1g —
&) ur + ...+ (1g — )" u,. One can easily check that (1 — e)"lu; € U(R) for everyi = 1,2,...,n.
Hence, in all cases, there exists an integer k > 1 such 1g = v; 4+ vy + ... + v with v; € U(R) for all
i =1,..., k, as desired.

(2) Assume that R is unit stable range one with 1 = v; + ... + v for some integer k > 1 with v; € U(R)
foralli =1, ..., k. We claim that R is strongly Y _-m-clean. Indeed, let a € R. Then there exists u € U(R)
such that a + 1g.u € U(R) (as R is unit stable range one). So, a + (v{ + ... + vp)u = y € U(R). Since
uv; € U(R) foreveryi = 1, ..., k, then it follows that a = (—vju) + ... + (—v,u) + y which is a sum of
(n + 1) units. Hence, R is strongly Y -m-clean. O

Our next proposition studies the strongly Y -m-clean property to homomorphic image and direct product.

Proposition 2.6 (1) Let A be a ring and I be an ideal of A. If A is strongly Y -m-clean, then A/I is strongly
> -m-clean. The converse holds if I C Jac(A) and m-potent lift modulo 1.
(2) If A =[],es Aq is strongly Y _-m-clean, then so is Ay, Yo € I, where I is a finite set of index.

Proof (1) Assume that A is strongly Y -m-clean. Letx = x+1 € A/I. Thenx € A. So, there exists n > 1 such
that x = uy; +uy + ...+ u, + f suchthat u; € U(A) and f™ = f. Therefore, x = uj +us + ... +W+T.
One can easily check that u; € U(A/I) and f = f. Hence, A/I is strongly > -m-clean. Conversely,
assume that A/I is strongly Y -m-clean, I C Jac(A) and m-potent lift modulo /. We claim that A is
strongly ) -m-clean. Indeed, let x € A such that X € A/I. So, there exists a positive integer n > 1 such that
Y=ur+m+t. .t + =+ D+w+D+. U+ D+ f+1 =@ +ur+...+u, + f+1)
with u; € U(A/I) foreveryi = 1,2,..n and f™ = f. Since f* = f, f™ — f € I. The fact that
m-potent lift modulo /, there exists an m-potent element i in A such that h — f € [ with i = h.
Therefore, h — f = Oandsoh = f withh € Asuch W = h.So, X = w1 +ur + ...+, +h =
wm+D++D+ ..+ +D+h+1)=w +ur+...+u, +h+ 1) withu; € U(A/I) for
everyi = 1,2,..n and k"™ = h with k" = h. Consequently, x = u| + u> + ... + u, + h. The fact that
I € Jac(A)and u; € U(A/I) foreveryi = 1,2, ..n give uy, us, ..., u, € U(A). Hence, x is a strongly
> -m-clean element, making A a strongly > -m-clean ring, as desired.

(2) Since Ay is a homomorphic image of A under the canonical projection, then by (1) above, A, is strongly
> -m-clean ring Vo € 1. o
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For the special case of strongly m-clean ring, we obtain the following characterization in the direct product.

Corollary 2.7 A = [],; A« is strongly m-clean if and only if so is Ay, Vo € I, where I is a finite set of index.

ael

Proof =) Similar argument as in Proposition 2.6(2). (<= Let A,, Vo € I, where [ is a finite set of index. Let
(ay)o € A. Then forevery a € I, (ay) = uy + e with uy € U(Ay) and e, is an m-potent element of A. One
can easily check that (uy) € U(A) and (ey)q is an m-potent element of A. Hence, it follows that A is strongly
m-clean, as desired. m]

The next proposition examines the strongly Y -m-clean property in the formal power series R[[X]] and polyno-
mial rings.

Proposition 2.8 Let R be a ring. Then:

1. R[[X]] is strongly > _-m-clean if and only if so is R.
2. R[x]is never strongly Y _-m-clean.

Proof (1) Assume that R[[X]] is strongly Y -m-clean. Then by Proposition 2.6(1), R[[X]]/ < X >~ R
is strongly > -m-clean. Conversely, assume that R is strongly Y -m-clean. Let P € R[[X]]. We need
to show that P is strongly Y -m-clean. We have P = > 2 a; X" sucha; € Rfori = 0,1,2,... and
so ap € R which is strongly > -m-clean ring. So, there exists a positive integer n > 1 such that ap =
uy +uy + ... +u, + f such that u; € U(R) fori = 1,2,...,n and f € R with f™ = f. Therefore,
P=uj+up+...+tuy+YsoqaX + f.Sinceuy +uz+ ... +u, + Y o) a; X" is a sum of n units of
R[[X1]and f € m — potent(R) C m — potent (R[[X]]). Hence, P is strongly Y -m-clean, making R[[X]]
a strongly Y -m-clean ring, as desired.

(2) Assume by the way of contradiction that R[x] is strongly Y -m-clean. Consider the element x of R[x] which
is strongly > "-m-clean. So, there exists a positive integer n > 1 such thatx = pj(x)+ pa(x)+...+ pu (x)+ f,
where p;(x) € U(R[x]) fori = 1,...,n and f € m — potent(R[x]). Observe that foreachi = 1, ..., n,
pi(x) = u; +aijix + ... + a,-j,.xf" for some j; € N, where u; € U(R) and q;1, ..., q;;; € Nilp(R). So,
x = (u +anux + ...+ aljlle) + (up +axix + ... + azjzx-/z) oo+ (up +apix + ... + aljnxj"). By
identification, it follows 1 = a1 + a>1 + ... +an1 € Nil(R), which is a contradiction. Hence, R[x] is never
strongly Y -m-clean. i

Now, we examine the strongly Y -m-clean ring property in amalgamated algebra.

Theorem 2.9 Let (A, B) be a pair of rings, f : A — B be a ring homomorphism and J be an ideal of B. Let
m be positive integer such that m > 2. Then the following statements hold:

(1) If A v<! J is strongly > -m-clean, then so are A and f(A) + J.

(2) Assume thatVa € U(A), f(a)+ j € U(f(A) + J). Then A <! J is strongly > -m-clean if and only if so
is A.

(3) Assume that Char (f(A) + J) = m. Then A v/ J is strongly > -m-clean if and only if so is A and V¥
x € J,x =1+ hforsomeh,l € Jwithh™ =handl € Jac(B).

(4) Assume that J = Ann(f(A)). Then A v</ J is strongly > -m-clean if and only if so is A and ¥ x € J,
x =1+ hfor some h,l € J withh™ = handl € Jac(B).

Proof (1) Assume that A s</ J is strongly > -m-clean. Then by [5, Proposition 5.1], A and f(A) + J are
homomorphic images of A >/ J, and so by Proposition 2.6(1), we have the desired result.

(2) If A 0</ J is strongly Y -m-clean, then by assertion (1) above, so is A. Conversely, suppose A is strongly
> -m-clean and Va € U(A), f(a) + j € U(f(A) + J). Let (a, j) € A x J. Then there exists a positive
integer n > 1 such that a = u; 4+ us + ... + u, + e where ¢ = e and uy, us, ...,u, € U(A) and so
(a, fa) + J) = (ui, fur) + j) + (u2, f(u2)) + ... + (un, f(un)) + (e, f(e)). Clearly, (u;, f(u;)) €
U(As<! J)fori =2,....,nand (e, f(e))™ = (e, f(e)).Since u; € U(A), then f(u1)+j € U(f(A)+J)
andso (uy, f(u)+j) e U(A s/ J). Consequently, (a, f(a)+ j) is strongly Y -m-clean. Hence, A s/ J
is strongly ) -m-clean, as desired.

(3) Assume that Char(f(A) +J) = m. If A 0=/ J is strongly ) -m-clean, then by assertion (1) above, so
is A.Letx € J. Then (0,x) € A s</ J which is strongly > -m-clean. So, there exists n > 1 such that
(0,x) = 30 (i f(ur) + 1) + (e, f(e) + h), with (e, f(e) +h) € A s/ J such that (e, f(e) +h)" =
(e, f(e) + h) and (u;, f(u;) +1;) € U(A b=/ J) for each i = 1,2, ...,n. Therefore, >/, u; +e =
0 and so x = Z;’:I li + h, with h,l; € J foreachi = 1,2,...,n. On the other hand, ¢"” = e and
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m

(f(e) + )™ = f(e) + h. Using Binomial Formula, it follows that (f (e) + k)" = Z (’Z ) f(e)kh’”_k =
k=0
m—1 m—1
hm+k; (’,’;) F@Fn™ k4 £(e™). Since Char (f(A)+J) = m, it follows that /; (’Z) Feynmk = .

Consequently, (f(e) + )™ = f(™) + h™ = f(e) + " = f(e) + h. Therefore, K = h. Since for
eachi = 1,2,..,n, (u;, f(u;) +1;) € UA s/ J), then fi)+1i € U(f(A) + J). So, for each
i =1,2,...,n, there exists f(v;) + a; € f(A) + J such that (f(u;) + ;)(f(v;) + «;) = 1. It follows
that /;(f (vi) + ;) = 1 — fu)(f(vi) + o) and so 1 — ;(f(vi) + i) = fui)(f(vi) + @) € U(B).
Consequently, [; € Jac(B) foreachi = 1,2, ...,n. Setl = Z:'lzl l;. Clearly, [ € Jac(B), asl; € Jac(B)
foreachi = 1,2,...,n. Hence, x =1+ h for some [, h € J with] € Jac(B) and h"™ = h. Conversely,
assume that A is strongly > -m-clean and V x € J, x = [ + h for some [,h € J with A" = h and
[ € Jac(B). Let (a, f(a) +i) € A </ J. Thena € A which is strongly > -m-clean. So, there exists
a positive integer n > 1 such thata = u; +ux + ... + up + e with u; € U(A) foreachi = 1,2,...,n
and ¢ = e. Therefore, f(a) = f(uy +ur + ... +uy) + f(le) = f(ur) + fw) + ... + f(uy) + f(e)
with f(e)" = f(e). Using the fact that i € J, it follows that there exist 4,/ € J such thati = h 4 [ with
h"™ = h and ]l € Jac(B). Consequently, (a, f(a) +i) = (u; +uy + ..uy, +e, f(uy) + f(uy) + ... +
Slun) + fle)+h+1) = (ui, fur) + 1) + (w2, f(u2)) + ... + (un, f(un)) + (e, f(€) + h). One can
easily check that (uy, f(u)) +1) € U(A s</ J)asl € Jac(B) and (u;, f(u;)) € U(A </ J) for each
i =2, ..., n. Itremains to show that (e, f(e) +h)"™ = (e, f(e) +h).Since Char(f(A)+ J) = m, it follows
that (e, f(e) + h)™ = (™, f(e)™ +h™) = (e, f(e) + h),as " = e and h* = h. Hence, (a, f(a) +i)isa
strongly Y -m-clean element of A ></ J, making A </ J a strongly 3 -m-clean ring, as desired.

(4) Assume that J = Ann(f(A)). If A </ J is strongly > -m-clean, then by assertion (1) above, so is A.
Let x € J. Then (0, x) € A </ J which is strongly }_ —m-clean. With similar argument as the proof of
assertion (3) above, it follows that x = [ 4 h such that/, h € J with[ € Jac(B). From assumption, we get
(e, fle) + )™ = (™, f(e)" +h™) = (e, f(e) + h) and so ™ = h. Hence, x =+ h suchthatl,h € J
with [ € Jac(B) and i = h. The converse is similar to the proof of assertion (3) above by using the fact
that J/ = Ann(f(A)) and so we get (e, f(e) +h)™ = (e, f(e) + h). Now the conclusion is straightforward.
O

The next corollary is an immediate consequence of assertion (2) of Theorem 2.9.

Corollary 2.10 Let f : A — B be a ring homomorphism and J be an ideal of B such that J € Jac(B). Then
A <! T is strongly > -m-clean if and only if so is A.

The next corollary is another consequence of Theorem 2.9 on the transfer of strongly m-clean property to
trivial ring extension.

Corollary 2.11 Let A be a ring, E be an A-module and R := A « E be the trivial ring extension of A by E.
Then R is strongly > -m-clean if and only if so is A.

Proof Consider f : A < R the injective ring homomorphism defined by f(a) = (a, 0), for every a € A and
let J := 0 o E be an ideal of R. Clearly, f_l(J) = 0. Therefore, by [5, Proposition 5.1 (3)], f(A)+J = A «
0+0x E=AxE=R~>An/ J. Ontheother hand, J := 0 o« E C Jac(R) and so by application to
Corollary 2.10, we have the desired result. O

Corollary 2.11 allows us to construct a new original example of a strongly > * —3-clean ring which is neither
nil clean nor Noetherian.

Example 2.12 Let A := Z¢ be a strongly » -3-clean ring. Indeed, for every x € {0, 1, 2, 3,4, 5}, x3 = x and
x =14 (x—1).Let Ebe an (A/m)®°-vector space (take for instance E := (Z¢/3Z¢)°°). Consider R := A « E
the trivial ring extension of A by E. Then:

(1) R is strongly Y —3-clean.
(2) R is not nil clean.
(3) R is not Noetherian.

@ Springer



On strongly Y _-m-clean rings 783

Proof (1) Since A is strongly > —3-clean, then by Corollary 2.11, R is strongly ) -3-clean.

(2) It is well known that the nilclean property is stable under factor ring. As 2 — 22 =2 — 4 = 4 ¢ Nilp(A),
then by [8, Theorem 3], A is not nilclean. Since A >~ (A « E)/(0 « E), then it follows R is not nilclean.

(3) R is not Noetherian since E is an (A/m)-vector space which is not finitely generated. O

The next example shows how one may use Theorem 2.9 to construct a new class of strongly Y -4-clean rings
which are not clean. Recall that the homomorphic image of a clean ring is also clean.

Example 2.13 Let A be any strongly 4-clean ring that is not clean ring ( for instance consider My(F) the
ring of N x N infinite matrices over a field F' in which each column has finitely many nonzero entries. Let
Ay = {A = (aij)i,j € MN(F) : there exists ng € N such that a;; = a;41j41 foreveryi > na, j > 11},
with F = F,(X) which is the field fraction of set of all polynomials over I, a fields with two elements. Take
A:={N € A: N*= Nand NC = CN forall C € A1}). Let B := Abearing, f : A[[X]] — B is the
surjective homomorphism and J = Jac(B) is the Jacobson radical of B. Then:

1. A</ Jis strongly Y _-4-clean.
2. A</ Jisnot clean.

Proof (1) From [13, Example 2.4], A is strongly 4-clean and so is strongly Y -4-clean. By Proposition 2.8,
A[[X]] is strongly Y -4-clean. Using the fact that J € Jac(B), then by statement (2) of Theorem 2.9, A sl J
is strongly ) -4-clean.

(2) Since f(A) + J = B is not clean as homomorphic image of A s/ J, then A =</ J is not clean. m|

The next example illustrates the assertion (3) of Theorem 2.9 and provides a new original class of strongly
> -4-clean rings which are neither strongly 4-clean nor 4-good rings for every positive integer k > 2. Recall that
the homomorphic image of a k-good ring is k-good.

Example 2.14 Let A := Z be a strongly > -4-clean ring, B := Z4 be aring, f : A —> B be the canonical
surjection and J := 274 is the maximal of B. Note that Char(f(A) + J) = Char(Z4) = 4. Then:

1. A</ Jis strongly 3 -4-clean.
2. A</ J is not strongly 4-clean.
3. A</ J isnot a 4-good ring.

Proof (1) Since A is strongly Y -4-clean ring, Char(f(A) + J) =4 andVx € J = {0,2}, x = 0 + O since
0 € Jac(B) and 0 is 4-potent and 2=2+0 with 2 € Nilp(B) € Jac(B) and 0 is m-potent. Hence, by assertion
(3) of Theorem 2.9, it follows that A ></ J is strongly Y -4-clean.
(2) Since A which is a homomorphic image of A s</ J is not strongly 4-clean (by example 2.2), then by [13,
Lemma 3.2], it follows that A ></ J is not strongly 4-clean.
(3) A</ J is not a 4-good ring since A is not a 4-good ring (as the element 6 can not be expressed as a sum of
4 units).

O

3 On m-semiboolean rings

Recall from [11] that a ring R is semiboolean if each of its element can be written as a sum of an idempotent and
an element of its radical Jacobson. In this section, we define the notion m-semiboolean, as a natural generalization
of semiboolean ring as follow:

Definition 3.1 Let m be a positive integer such that m > 2 and R be a ring. An element r of R is said to be
m-semiboolean if r is a sum of m-potent and an element of Jac(R) i.e: r = a + f such that f = f and
a € Jac(R). Aring R is m-semiboolean if each of its element is m-semiboolean.

Notice from this previous definition that every semiboolean ring is 2-semiboolean. However, an m-semiboolean
ring need not be semiboolean, as shown in the next example.

Example 3.2 Let R := Zg be the ring of integers modulo 6. Then:
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1. R is 3-semiboolean.
2. R is not semiboolean.

Proof First notice that Jac(Ze) = (0).

(1) Observe that for all x € R, one can easily check that x> = x.So, x = 0 + x which is a 3—semiboolean
element. Therefore, A is 3-semiboolean.

(2) R is not semiboolean since the element 5 can not be written as a sum of an idempotent element and an element
of its Jacobson radical. a

Remark 3.3 Let m > 2 be an integer. Notice that every m-semiboolean ring is strongly Y —m-clean. Indeed,
consider an m-semiboolean ring R. Then for all x € R, x = a + f for some a € Jac(R) and f € R such that
f™ = f.Onecan easily checkthat x = —1+1+a+ f = u;+ur+ f withu; = —1 and up = 1+ a are units
of R. Hence, R is strongly Y —m-clean. However the converse is not true in general. For instance Z is strongly
>~ —m-clean (see Example 2.2 of Section 2 above). However, Z is not m-semiboolean as 2 can not be written as
a sum of an m—potent element and a Jacobson radical element of Z.

Let m be a positive integer such that m > 2. We recall that a ring R is said to be m-boolean if for every x € R,
x™ = x. Our first proposition of this section establishes a characaterization of m-semiboolean rings.

Proposition 3.4 Let R be a ring and m > 2 be an integer. Then the following assertions are equivalent:

1. R is m-semiboolean.
2. R/Jac(R) is m-boolean and m-potents lift modulo Jac(R).
3. Forevery x € R, x — x" € Jac(R) and m-potents lift modulo Jac(R).

The proof of the previous proposition requires the following lemma.
Lemma 3.5 Let R be aring and m > 2 be an integer. If R is m-semiboolean, then m-potents lift modulo Jac(R).

Proof Assume that R is m-semiboolean. We claim that m-potents lift modulo Jac(R). Indeed, let x € R such
that x — x” € Jac(R). Then x = a + f witha € Jac(R) and f™ = f. So, it suffices to take 7 = f m-potent
of Randh —x = f —a — f = a € Jac(R). Therefore, m-potents lift modulo Jac(R). |

Proof of Proposition 3.4. (1) = (2) Suppose R is m-semiboolean. Then by Lemma 3.5, m-potents lift modulo
Jac(R). It remains to show that R/ Jac(R) is m-semiboolean. Indeed, letx € R/Jac(R). Thenx = x+ Jac(R)
with x € R which is m-semiboolean. So, x = a + f with a € Jac(R) and f™ = f. Therefore, X = f.
Consequently, ¥ = 0 + x. Hence, R/Jac(R) is m-boolean. (2) = (1) Suppose R/Jac(R) is m-boolean and
m-potents lift modulo Jac(R). Let x € R. Then X = x + R/Jac(R). Since R/Jac(R) is m-boolean, then
X =x".S0,x —x™ =0 € R/Jac(R) and so x — x™ € Jac(R). Since m-potents lift modulo Jac(R), then
there exists an m-potent element 4 € R such that h — x € Jac(R). Consequently, n —x = a witha € Jac(R).
Therefore, it follows that x = —a + h with —a € Jac(R) and i’ = h. Hence, R is m-semiboolean, as desired.
(1) = (3) Assume that R is m-semiboolean. Then by Lemma 3.5, m-potents lift modulo Jac(R). We claim that
x —x™ € Jac(R). Indeed, let x € R. Then x = a + f for some a € Jac(R) and f € R with f = f. So,
X=x" = (a+f)—(a+ )" =a+ [ =@+ 32 ) = ak f—am =3I ak - f =
a—a" — ’,izrl"_l ak fm=* € Jac(R), as desired. (3) = (1) Assume that for everyx € R, x — x™ € Jac(R)
and m-potents lift modulo Jac(R). Letx € R. Then x —x™ € Jac(R). Using the fact that m-potents lift modulo
Jac(R), it follows that there exists 7 m-potent of R such that x — h € Jac(R). Therefore, x — h = a for some
a € Jac(R). Hence, x = a + h, witha € Jac(R) and h"* = h. Finally, R is m-semiboolean, as desired. O

The next proposition shows that in an m-semiboolean ring, 2 € Jac(R).
Proposition 3.6 Let R be an m-semiboolean ring and m > 2 be a positive integer. Then 2 € Jac(R).

Proof Assume that R is m-semiboolean. Then 2 = a + f for some @ € Jac(R) and f € R such that /™ = f.
So,1 =a— 1+ f.Therefore, 1 — f =a —1 € U(R) since a € Jac(R). It follows that f € Jac(R). Hence,
2 € Jac(R), as desired. O

The next result gives another characterization of m-semiboolean rings and exhibit connections between the
classes of m-semiboolean, strongly m-clean and semiclean rings. Recall that a ring is semiclean if each of its
element can be written as a sum of a unit and periodic element. Also, recall that a ring A is periodic provided
for all element a of a ring A there exist distinct positive integers m, n > 0 such that ™ = a".
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Proposition 3.7 Let R be a ring. Then the following assertions are equivalent:

1. R is an m-semiboolean ring.

2. R s a strongly m-clean ring satisfying each unit u of R can be expressed asu = v+ f, withv € 1 + Jac(R)
and f € m — potent(R).

3. R is a semiclean ring satisfying each unit u of R can be expressed asu = v + f, withv € 1 + Jac(R) and
f € m — potent(R).

Proof (1) = (2) Assume that R is m-semiboolean. Let x € R. Thenx — 1 = a + f witha € Jac(R) and
f € Rsuchthat f" = f.So,x =14 a+ f.Observe that 1 + a € U(R). Therefore, x is a strongly m-clean
element, making R a strongly m-clean ring. Next, let u € U(R). Using similar argument as previously, we
getu—1=>b+ fwithb € Jac(R) and f € R f" = f.Setv = b+ 1. So, v € U(R). It follows that
vel+ Jac(R).
(2) = (3) Trivial.
(3) = (1) Risasemiclean ring satisfying each unit u of R can be expressed asu = v+ f,withv € 14+ Jac(R).
We claim that R is m-semiboolean. Indeed, let x € R. Then x +2 = u + p with u € U(R) and p is a periodic
element. Using the fact that every periodic element is clean, it follows that p = v + e with v € U(R) and e is
an idempotent element. Consequently, x +2 =u+v+e=1+a+1+b+e =2+ a+ b+ e for some
a,b € Jac(R). Therefore, x = a + b + e, which is an m-semiboolean element. Hence, R is m-semiboolean, as
desired.

0

The next proposition studies the m-semiboolean property to homomorphic image and direct product.

Proposition 3.8 Let m > 2 be an integer. (1) Let A be a ring and I be an ideal of A. If A is m-semiboolean,
then so is A/1. The converse holds if I C Jac(A) and m-potents lift modulo Jac(A). (2) A = [],c; Aa is
m-semiboolean if and only if so is Ay, Yo € I, where I is a finite set of index.

ael

Proof (1) Assume that A is m-semiboolean. Letx € A/I. Thenx = x 4+ I with x € A which is m-semiboolean.
So,x = a+ f witha € Jac(A) and f™ = f. Therefore, it follows thata € Jac(A/I) and and 7’" = f. Hence,
A/I is m-semiboolean. Conversely, assume that A/1 is m-semiboolean, I € Jac(A) and m-potents lift modulo
Jac(A).Letx € A. ThenX =x—+1 =a+ f with f = fanda € Jac(A/I) = Jac(A)/I (as I C Jac(A)).
So, it follows that a € Jac(A) and f™ — f = 0 € Jac(A). Using the fact that m-potents lift modulo Jac(A),
then there exists an m-potent element i of A such that h — f € Jac(A). Therefore, f = h + b for some
b € Jac(A). On the other hand, x =a + f = a + b + h. Consequently, x = c+ h withc =a + b € Jac(A)
and 4™ = h. Hence, A is m-semiboolean, as desired. (2) =) Since A, is a homomorphic image of A under
the canonical projection, then by assertion (1) above, Ay is m-semiboolean Vo € I. <) Assume that Vo € 1,
Ay is m-semiboolean and let @ = (aq)q € A. Then for all ay, € Ay, ay = by + Xo, With x]] = x4 and
by € Jac(Ay). it is clear that [(xq)a]" = (Xo)o and (be)o € [[ye; Jac(Ao) = Jac([1,e; Aa) = Jac(A).
Hence, A is m-semiboolean, as desired. O

Proposition 3.9 Let R be an indecomposable ring. If R is m-semiboolean, then every element x of R is unit or
1 — x is unit.

Proof Assume that R is m-semiboolean indecomposable. Let x € R. Then x = a + f witha € Jac(R) and
f™ = f. Since R is indecomposable, f” =0or f" = 1.If f =0,thenx =a +0 =a € Jac(R) and so
l—xeUR).If f"=1,then f =1andsox =a+ 1 € U(R). Therefore, x or 1 — x is unit of R. O

Recall that a commutative ring R is said to be w-regular if for every element x € R, there exist a positive
integer n and y € R such that x” = x"*!y. It is worthwhile noting that the properties “Krull dimension 0" and
“m-regular" are equivalent [9, Theorem 3.1, page 10]. Also, recall from [3, Corollary 3.4] that a commutative
ring R is periodic if and only if R is zero-dimensional and U (R) is torsion. It was proved in [12, Theorem 3(1)],
that a ring A is periodic if and only if each element x of A can be expressed in the form x = p + n where n is
nilpotent element and p* = p for some positive integer k > 2.

Proposition 3.10 Let m > 2 be a positive integer and R be a ring. Then the following assertions are equivalent:

(1) R is an m-boolean ring.
(2) R is an m-semiboolean ring and Jac(R) = 0.
(3) R has a Krull dimension 0 satisfying every unit u of R is m-potent and Jac(R) = 0.
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(4) R is a periodic ring satisfying every unit u of R is m-potent and Jac(R) = 0.

Proof (1) & (2) Assume that R is m-boolean. One can easily check that R is m-semiboolean. Next, let
x € Jac(R). Then x” = x and so x(1 —x™~1) = 0. It follows that x = 0. Hence, Jac(R) = 0. The converse is
straightforward. (2) < (3) Assume that R is m-semiboolean and Jac(R) = 0. Then every element of R is m-
potent. We show that every prime ideal of R is maximal. Let P be a prime ideal of R. We claim that R/ P is a field.
Indeed, leta € R/P suchthata ¢ P.The factthata™ = a, it follows thata™ —a = a(a™ "' —1) = 0 € P which
is prime. So, (@”~! — 1) € P and so a™~! — 1 = 0. Therefore, a™~! = 1. Consequently, a”~! = a.a™~2 = 1.
Hence, a is invertible and so A/ P is a field, making P, a maximal ideal of R. Thus, every prime ideal of R is
maximal, making R, aring of Krull dimension 0. It remains to show that every unit u is m-potent. Letu € U (R).
Using the fact that R is m-semiboolean and Jac(R) = 0, it follows that u is m-potent. Now, observe that
condition Jac(R) = 0 is satisfied from the assumption. Conversely, assume that R has a Krull dimension 0
satisfying every unit u is m-potent and Jac(R) = 0. Then R is w-regular. Let a € R. From [2, Corollary 1],
a = eu + w for some e € Idem(R),u € U(R) and w € Nilp(R). Since u is m-potent and Jac(R) = 0, then
(eu)™ = eu and w = 0. Therefore, R is m-semiboolean and Jac(R) = 0, as desired. (3) < (4) Suppose R
has a Krull dimension O every unit # of R is m-potent and Jac(R) = 0. Then R is rr-regular. Let a € R. From
[2, Corollary 1], a = eu + w for some e € Idem(R),u € U(R) and w € Nilp(R). Since Jac(R) = 0 and u
is m-potent, then a = eu. One can easily check that (eu)™ = eu. Therefore, R is periodic. Conversely, assume
that R is a periodic ring satisfying every unit u is m-potent and Jac(R) = 0. Then it is well known that R is
zero-dimensional. Now the conclusion is straightforward.

i
The next proposition shows that the polynomial ring R[x] is never m-semiboolean.
Proposition 3.11 Let R be a ring. Then R[x] is never m-semiboolean.

Proof First, Observe from Remark 3.3 that every m-semiboolean is strongly Y -m-clean. By assertion (2) of
Proposition 2.8 of Section 2, R[x] is never strongly Y -m-clean. Therefore, R[x] is never m-semiboolean. O

Now, we investigate the m-semiboolean property to amalgamation.

Theorem 3.12 Let (A, B) be a pair of rings, f : A — B be a ring homomorphism and J be an ideal of B. Let
m be positive integer such that m > 2. Then the following statements hold:

1. If A v<! J is m-semiboolean, then so are A and f(A) + J.

2. Assume that J € Jac(A). Then A </ J is m-semiboolean if and only if so is A.

3. Assume that J € m—potent(B) and Char(f(A) + J) = m. Then A <! J is m-semiboolean if and only if
so is A.

The proof of the previous theorem requires the following lemma.

Lemma 3.13 Let f : A — B be a ring homomorphism and J be an ideal of B such that J C Jac(B). Then
Jac(A <t J) = Jac(A) </ J.

Proof Recall that from [6, Proposition 2.6], Max (A s/ J)={P/ J/P € Max(A)}U{af/Q € Max(B)—

V(J)}. Since J C Jac(B), then J is contained in every maximal ideal of B and therefore {@f /Q € Max(B) —
V(J)} is an empty set. Consequently, Max (A bl J) = {P s/ J /P € Max(A)}. Hence, Jac(A sl J) =
NpeMaxa) P bl J = (Npemaxn)P) s/ J = Jac(A) s/ J. O

Proof of Theorem 3.12. (1) Assume that A </ J is m-semiboolean. Using the fact that the m—semiboolean
property is stable by under factor ring from Proposition 3.8(1) and in view of the isomorphism

Aval J
0xJ =A
and
Aval J
<o W

given by [5, Proposition 5.1]. It follows that A and f(A) + J are m-semiboolean. (2) Assume that J C Jac(A).
If A >/ J is m-semiboolean, then by assertion (1) above, so is A. Conversely, assume that A is m-semiboolean.
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Let (a, j) € Ax J.Thena = r + e forsome r € Jac(A) and e € A such that e” = e. So, f(a) = f(r)+ f(e)
and therefore, (a, f(a) + j) = (r +e, f(r) + f(e) + j) = (r, f(r) + j) + (e, f(e)). By Lemma 3.13,
(r, f(r)+ j) € Jac(A) </ J = Jac(A <7 J). On the other hand (e, f(e))™ = (¢, f(e™)) = (e, f(e)) and
so (e, f(e)) is an m-potent element of A >/ J.Hence, (a, f(a)+ j) is an m-semiboolean element of A s/ J.
Finally, A s/ J is m-semiboolean, as desired.

(3) Assume that Char(f(A) + J) = m and J C m — potent(B). If A </ J is m-semiboolean, then by
assertion (1) above, so is A. Conversely, suppose A is m-semiboolean. Let (a, f(a) + j) € A </ J. Then
a € A which is m-semiboolean and so a = r + h with & € R such that A = h and r € Jac(A). So,
(a, f(a)+j) = (r, f(r))+ (h, f(h)+ j).One can easily check that (r, f(r)) € Jac(A s/ J)asr € Jac(A).
Since Char(f(A)+J) = mand J C m— potent (B), thenitfollows that (i, f(h)+j)" = (", f(W")+j") =
(h, f(h)+ j).Hence, (a, f(a) + j) is an m-semiboolean element. Thus, A </ J is m-semiboolean. |

The next result is a consequence of Theorem 3.12 on the transfer of m-semiboolean property to trivial ring
extension.

Corollary 3.14 Let A be a ring, E be an A-module and R := A « E be the trivial ring extension of A by E.
Then, R is m-semiboolean if and only if so is A.

Proof Consider f : A — R the injective ring homomorphism defined by f(a) = (a,0), for every a € A,
J := 0 o« E is the ideal of R. Clearly, f_1 (J) = 0. Therefore, from [6, Proposition 5.1 (3)], f(A) +J = A x
0+0x E=AxE=R2>~Aws/ J.On the other hand, J C Jac(B) and so by Theorem 3.12(2), we have
the desired result. ]

As another application of Theorem 3.12, we give a necessary and sufficient condition for the power series ring
to inherit the m-semiboolean ring property.

Corollary 3.15 Let R be a ring. Then R[[X]] is m-semiboolean if and only if so is R.

Proof Take A := R, B := R[[X]], f : A — B be the canonical injection and J :=< X > is a maximal ideal
of B. Observe that f(A) +J = R+ XR[[X]] = R[[X]] and f(A)NJ = (0) and so by [5, Proposition 5.1(3)],
Al J >~ f(A) + J = R[[X]]. On the other hand, it is well known that Max(B) = {M+ < X > such that
M € Max(A)}.Clearly, J C Jac(B). Hence, by application of Theorem 3.12(2), we obtain the desired result. O

Notice that anil clean ring (that is aring in which every element is a sum of an idempotent and a nilpotent) is m-
semiboolean. However, an m-semiboolean ring need not be nil clean. The next example illustrates Theorem 3.12
by providing new original class of 3-semiboolean rings that are neither semiboolean nor nil clean.

Example 3.16 Let A := Ze[[X]] be the power series ring with coefficient in Zg, E be an A-module and
B := A « E be the trivial ring extension of A by E. Consider the injective ring homomorphism f : A — B
defined by f(P) = (P,0) and J :=< X > E is an ideal of B. Then:

(1) A/ J is 3-semiboolean.
(2) A =/ J is not semiboolean.
(3) A</ J is not nil clean.

Proof (1) By Corollary 3.15, A is 3-semiboolean since Zg is 3-semiboolean. Since J < Jac(B), then by
Theorem 3.12(2), A s</ J is 3-semiboolean.

(2) Since the semiboolean property is stable under factor ring and Zg is not semiboolean, then A is not semi-
boolean. Therefore, A </ J is not semiboolean.

(3) Notice that Zg¢ >~ Ze[[X]]/ < X > is not nil clean since 2 — 22=_2 ¢ Nilp(Ze) [8, Theorem 3]. So, A is
not nil clean (as the homomorphic image of a nil clean ring is nil clean). Hence, it follows that A o</ J is
not nil clean.

0
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