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Abstract We give effective upper bounds for dimensions of the (n − 1)-th cohomology groups of μ-semistable
torsion-free sheaves on a smooth projective variety of dimension n defined over an algebraically closed fieled
of characteristic zero. As a corollary to this result, we obtain bounds for the dimension of the moduli space of
μ-stable vector bundles. We also prove Bogomolov-Gieseker type inequalities for the fourth Chern classes c4(E)

of μ-semistable vector bundles E on a smooth projective fourfold.
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1 Introduction

Let X be a smooth projective variety defined over an algebraically closed field of characteristic 0 and let H be
an ample line bundle on X . The classical Bogomolov-Gieseker inequality states that �H (E) = (2rc2(E)− (r −
1)c1(E)2) · Hn−2 ≥ 0 for any torsion-free sheaf E of rank r and Chern classes ci (E) on X which is μ-semistable
with respect to H . Recently, some conjectures for the third Chern character ch3(E) of μ-stable sheaves E on a
threefold have been proposed ( [1], [2]). We gave explicit bounds for the cohomology groups for μ-semistable
sheaves E on a threefold and applied them to obtain inequalities for ch3(E) in [6], [7]. On the other hand, it seems
that no Bogomolov-Gieseker type inequality has been known for the top Chern class cn(E) for μ-semistable
sheaves E on a variety of dimension n ≥ 4.

In this note we give an effective bound for the dimension of the cohomology group Ext1(E, E1) for μ-
semistable torsion-free sheaves E and E1 on a smooth projective variety of dimension n ≥ 3. As in [7], we prove
this by reducing the problem to the three dimensional case using the restriction theorem due to A.Langer ( [4],
[5]) and a vanishing theorem of H.Sun ( [8]). As a corollary, we obtain upper bounds for the dimension of the
moduli of μ-stable vector bundles. We also obtain explicit upper bounds for c4(E) of μ-semistable bundles E
in terms of r, ci (E) (1 ≤ i ≤ 3), ci (X) and H on a smooth projective fourfold.
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790 T. Nakashima

2 Notations and Preliminaries

In what follows all varieties will be assumed to be defined over an algebraically closed field of characteristic
0. Let X be a smooth projective variety of dimension n ≥ 3 and let H be an ample line bundle on X . Let K X
denote the canonical bundle of X and let Ai (X) denote the codimension i Chow group of X . For a torsion-free
sheaf E on X , the slope μH (E) is defined to be the following number

μH (E) := c1(E) · Hn−1

rk E
.

A torsion-free sheaf E on X is said to beμ-stable(resp.μ-semistable) with respect to H (or simply H -(semi)stable)
if, for any coherent subsheaf F ⊂ E with 0 < rk F < rk E , we have μH (F) < μH (E) (resp.μH (F) ≤ μH (E)).

The discriminant �(E) ∈ A2(X) of E is defined as follows.

�(E) = 2rc2(E) − (r − 1)c1(E)2.

We set �H (E) := �(E) · Hn−2. We recall the following results concerning the restriction of μ-(semi)stable
sheaves to divisors ( [5]).

Proposition 1 Let X be a smooth projective variety X of dimension n ≥ 2 and let H be a very ample line bundle
on X. Let E be an H-semistable torsion-free sheaf of rank r ≥ 2 on X. Let a be an integer with

(
a + n

n

)
>

1

2

(
max{r2 − 1

4
, 1}Hn + 1

)
�H (E) + 1.

Then, for general D ∈ |aH |, the restriction E|D is an HD-semistable torsion-free sheaf.

We also need the following vanishing result due to H.Sun which has been proved by techniques of tilt stability
( [8, Corollary 1.9]).

Proposition 2 Let X be a smooth projective variety X of dimension n ≥ 2 and H an ample line bundle on X.
Let E be an H-semistable torsion-free sheaf of rank r ≥ 2 and Chern classes ci (E) = ci on X. Let

�H (E) : = (c1(E) · Hn−1)2 − 2Hnrch2(E) · Hn−2

= (c1(E) · Hn−1)2 + Hn(�H (E) − c1(E)2 · Hn−2).

Then, for any integer l with

l >
�H (E)

Hn
− μH (E)

Hn
,

we have

Hn−1(X, E(K X + l H)) = 0.

Let X be a smooth projective variety of dimension n ≥ 2. For a coherent sheaf E of rank r and Chern
classes ci and a very ample line bundle H on X , we define the following numbers depending only on r , ci (E)

(i = 1, . . . , n) and H .

a(E, H) := min{a ∈ N |
(

a + n

n

)
>

1

2

(
max{r2 − 1

4
, 1}Hn + 1

)
�H (E) + 1},

c(E, H) := ��H (E)

Hn
− μH (E)

Hn
� + 1.

Here, for a real number x , �x� denotes the largest integer less than or equal to x . Let

a0(E, H) := �{n!
2

(max{r2 − 1

4
, 1}Hn + 1)�H (E) + 1

} 1
n � + 1.
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Cohomology bounds and Chern class inequalities… 791

We see that a0 := a0(E, H) ≥ a(E, H) since(
a0 + n

n

)
>

(a0 + 1)n

n! >
an

0

n! >
1

2
(max{r2 − 1

4
, 1}Hn + 1)�H (E) + 1.

Let X be a smooth projective threefold and let H be a very ample line bundle on X . Let E1 be an H -semistable
vector bundle of rank r1 on X . In the rest of this section, we recall the upper bound of dim Ext1(E, E1) obtained
in [7] for H -semistable torsion-free sheaves E on X . We notice that we gave a bound of different type for sheaves
on a Calabi-Yau threefold in [6].

For an H -semistable torsion-free sheaf E on X of rank r ≥ 2 and Chern classes ci (E) = ci , let χ(E) denote
the Euler characteristic of E . Then Riemann-Roch formula yields

χ(E) = 1

6
(c1(E)3 − 3c1(E) · c2(E) + 3c3(E)) + 1

12
c1(E) · (K 2

X + c2(X))

+ rχ(OX ).

For a line bundle on L on X , we set α(E, L) := χ(E ⊗ L) − χ(E). Then we have (cf. [7]):

α(E, L) = L ·
( L2

6
+ (2c1(E) − r K X ) · L

4
+ c1(E) · (c1(E) − K X )

2

− c2(E) + r(K 2
X + c2(X))

12

)
.

We set E ′ = E ⊗ E∨
1 and l = max{a(E ′, H), c(E ′, H)}. We divide into the following six cases.

Case 1-1 : (K X + l H) · H2 < 0 and μH (E ′) ≥ −(K X + l H) · H2

Case 1-2 : (K X + l H) · H2 < 0 and 0 < μH (E ′) < −(K X + l H) · H2

Case 1-3 : (K X + l H) · H2 < 0 and μH (E ′) ≤ 0

Case 2-1 : (K X + l H) · H2 ≥ 0 and μH (E ′) < −(K X + l H) · H2

Case 2-2 : (K X + l H) · H2 ≥ 0 and − (K X + l H) · H2 ≤ μH (E ′) ≤ 0

Case 2-3 : (K X + l H) · H2 ≥ 0 and μH (E ′) > 0.

Then we have the following bound for dim Ext1(E, E1)( [7, Theorem 3.3]).

Theorem 3 Let X, H, E and E1 be as above and let Bi := Bi (E ′, H, l). Then we have dim Ext1(E, E1) ≤ B
where

B =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B1 + B2 + B3 in Case 2-2

B1 + B3 in Case 1-1 and Case 2-3

B2 + B3 in Case 1-3 and Case 2-1

B3 in Case 1-2.

Here B j are defined as follows.

B1(E, H, l) = r H3
(μH (E)+(K X +l H)·H2

H3 + f (r) + 2

2

)
,

B2(E, H, l) = r H3
(−μH (E)

H3 + f (r) + 2

2

)
,

B3(E, H, l) = −α(E(K X ), l H)

= −l H ·
( l2 H2

6
+ l(2c1(E(K X )) − r K X ) · H

4

+ c1(E(K X )) · (c1(E(K X )) − K X )

2
− c2(E(K X ))

+ r(K 2
X + c2(X))

12

)
.
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792 T. Nakashima

3 Effective bounds in dimension n ≥ 3

We shall adopt the notations introduced in the previous section. The purpose of this section is to give effective
bounds for several invariants of μ-semistable sheaves on smooth projective variety. Let X be a smooth projective
variety of dimension n ≥ 3 and let H be a very ample line bundle on X . For integers 1 ≤ i ≤ n − 2 and
l1, l2, . . . , li , we denote by Yi ∈ |l1 H ∩ · · · ∩ li−1 H | a general smooth complete intersections of divisors
l1 H, l2 H, . . . , li H . Let l1(E, H) := max{a0(E, H), c(E, H)} and for 2 ≤ i ≤ n − 2, define

li = li (E, H) := max{a0(E|Yi−1, HYi−1), c(E|Yi−1 , HYi−1)}.
For 1 ≤ j ≤ 3, let C j = C j (E, H) := B j (E|Y , HY , ln−2) for general smooth threefold Y = Yn−3 ∈ |l1 H ∩
· · · ∩ ln−3 H |.
Proposition 4 Let li and C j be as above. Then

1. For each 1 ≤ i ≤ n − 2, li depends only on r, c1(E), c2(E) and H.
2. For 1 ≤ j ≤ 3, C j depends only on r, c1(E), c2(E), c1(X), c2(X) and H.

Proof For any integer l > 0 and general smooth Y ∈ |l H |, let ι : Y ↪→ X denote the inclusion. Then we have

�HY (E|Y ) = l�H (E),

�HY (E|Y ) = l2�H (E).

Hence we obtain

a0(E|Y , HY ) = �{ (n − 1)!l
2

(max{r2 − 1

4
, 1}Hn + 1)�H (E) + 1

} 1
n−1 � + 1,

c(E|Y , HY ) = � l�H (E)

Hn
− μH (E)

Hn
� + 1.

By induction, the claim (1) follows immediately.
We notice that there exists the following exact sequence of tangent bundles on Y :

0 → TY → ι∗TX → NY/X → 0

where NY/X is the normal bundle of Y in X . Hence the total Chern class of TY is given by

c(TY ) = c(ι∗TX )/c(NY/X )

where

c(NY/X ) =
n−3∏
i=1

(1 + li HY ).

Hence the claim (2) follows. ��
Let E1 be an H -semistable vector bundle of rank r1 on X . We are interested in estimating dim Ext1(E, E1)

from above for any H -semistable torsion-free sheaf E on X . Let E ′ = E ⊗ E∨
1 . Then E ′ is H -semistable by [3,

Theorem 3.1.4]. Let li := li (E ′, H) for 1 ≤ i ≤ n − 2, l := ∑n−2
i=1 li and C j := C j (E ′, H) for 1 ≤ j ≤ 3. As

in the case of threefolds, we consider the following six cases.

Case 1-1 : (K X + l H) · Hn−1 < 0 and μH (E ′) ≥ −(K X + l H) · Hn−1

Case 1-2 : (K X + l H) · Hn−1 < 0 and 0 < μH (E ′) < −(K X + l H) · Hn−1

Case 1-3 : (K X + l H) · Hn−1 < 0 and μH (E ′) ≤ 0

Case 2-1 : (K X + l H) · Hn−1 ≥ 0 and μH (E ′) < −(K X + l H) · Hn−1

Case 2-2 : (K X + l H) · Hn−1 ≥ 0 and − (K X + l H) · Hn−1 ≤ μH (E ′) ≤ 0

Case 2-3 : (K X + l H) · Hn−1 ≥ 0 and μH (E ′) > 0.

123



Cohomology bounds and Chern class inequalities… 793

Theorem 5 Let X, H, E and E1, li and Ci be as above. Then we have dim Ext1(E, E1) ≤ C where

C =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

C1 + C2 + C3 in Case 2-2

C1 + C3 in Case 1-1 and Case 2-3

C2 + C3 in Case 1-3 and Case 2-1

C3 in Case 1-2

Proof For any 1 ≤ i ≤ n − 3 and general smooth Yi+1 ∈ |li+1 HYi |, we have the exact sequence on Yi :

0 → E|Yi (−li+1 HYi ) → E|Yi → E|Yi+1 → 0.

By tensoring the above sequence with E∨
1 (KYi + li+1 H), we obtain the exact sequence

0 → E ′(KYi ) → E ′(KYi + li+1 H) → E ′(KYi + li+1 H)|Yi+1 → 0.

By Proposition 1, E ′|Yi
is an HYi -semistable sheaf on Yi . Hence Proposition 2 yields Hn−i−1(E ′(KYi +li+1 H)) =

0. Then we obtain the surjection

Hn−i−2(E ′(K X + li+1 H)|Yi ) → Hn−i−1(E ′(KYi )).

Therefore we have hn−i−1(E ′(KYi )) ≤ hn−i−2(E ′(KYi + li+1 HYi )|Yi+1). Since Serre duality yields

Hn−i−1(E ′(KYi ))
∼= Ext1(E|Yi , E1|Yi )

∨,

Hn−i−2(E ′(KYi + li+1 HYi )|Yi+1)
∼= Ext1(E|Yi+1, E1|Yi+1)

∨,

we obtain dim Ext1(E|Yi , E1|Yi ) ≤ dim Ext1(E|Yi+1, E1|Yi+1) for all 1 ≤ i ≤ n − 3. It follows that
dim Ext1(E, E1) ≤ dim Ext1(E|Y , E1|Y ) for general smooth Y = Yn−3 ∈ |l1 H ∩ · · · ∩ ln−3 H |. We have

(KY + ln−2 HY ) · H2
Y = l ′(K X + l H) · Hn−1,

μHY (E ′|Y ) = l ′μH (E ′)

where l = ∑n−2
i=1 li and l ′ = ∏n−3

i=1 li . Hence, applying Theorem 3 to the threefold Y and the HY -semistable
sheaf E|Y , we obtain the claim for dim Ext1(E, E1). ��

We notice that the constant C in the theorem above depends only on r, ci , ci (X) and H and not on the choice
of E , Y .

Corollary 6 Let X be a smooth projective variety of dimension n ≥ 3 and let H be a very ample line bundle on
X. Let li = li (E(−K X ), H) and mi = li (E∨, H) for 1 ≤ i ≤ n − 2.

1. For any H-semistable torsion-free sheaf E on X of rank r ≥ 2, ci (E) = ci , we have hn−1(E) ≤ ∑3
j=1 C j

where C j = C j (E(−K X ), H).
2. For any H-semistable vector bundle E on X of rank r ≥ 2, ci (E) = ci , we have h1(E) ≤ ∑3

j=1 D j where
D j = C j (E∨, H).

Proof By Serre duality, we have Hn−1(E) = Extn−1(OX , E) ∼= Ext1(E, K X )∨. Hence, applying Theorem 5 to
the sheaves E , E1 = K X , we obtain (1). If E is a vector bundle, then H1(E) ∼= Ext1(E∨,OX ). Hence we apply
Theorem 3 to E∨ and E1 = OX and obtain (2). ��

Let X be a smooth projective variety of dimension n ≥ 2 and let H be a very ample line bundle on X .
For a coherent sheaf E on X , the Mukai vector v(E) of E is the element of the rational cohomology ring
H∗(X, Q) := ⊕4

i=0 H2i (X, Q) defined as follows.

v(E) := ch(E) · √
td(X)

where td(X) denotes the Todd class of X . For given v ∈ H∗(X, Q), let M(v) denote the moduli space of μ-stable
torsion-free sheaves with Mukai vector v. Let M(v)0 ⊂ M(v) denote the open subscheme of μ-stable locally
free sheaves. Let E1 be a μ-stable rigid vector bundle on X . We define the Brill-Noether locus M(v)i, j of type
(i, j) as follows.

M(v)i, j := {E ∈ M(v) | i = dim Hom(E1, E) and j = dim Ext1(E, E1)}.
We are interested in the higher dimensional Brill-Noether problem concerning the existence of these loci. Theorem
5 yields the following
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794 T. Nakashima

Corollary 7 Let X be a smooth projective variety of dimension n ≥ 3 and let H be a very ample line bundle on
X. Then M(v)i, j is empty if i ≥ 0 and j > C where C is the constant in Theorem 5.

In general, we have the following inequality ( [3, Corollary 4.5.2])

dim M[E](v) ≤ dim Ext1(E, E).

We notice that effective bounds for dim M[E](v) have been investigated for sheaves on a threefold in [7].
Applying Theorem 5 to E1 = E , we obtain the following result in dimension n ≥ 3.

Proposition 8 Let X be a smooth projective variety of dimension n ≥ 3 and let H be a very ample line bundle
on X. For a μ-stable vector bundle E ∈ M(v)0 on X, let li := li (End E, H) (1 ≤ i ≤ n − 2) and let
C j := C j (End E, H). Then we have dim M[E](v) ≤ ∑3

j=1 C j .

4 Chern class inequalities on a fourfold

In this section we obtain an upper bound for the fourth Chern class c4(E) of μ-semistable bundles on a smooth
projective fourfold. First, we recall the following Riemann-Roch formula for sheaves on a fourfold.

Lemma 9 Let X be a smooth projective fourfold. Let E be a coherent sheaf of rank r with Chern classes ci on
X. Then

χ(E) = 1

24
(c1(E)4 − 4c1(E)2 · c2(E) + 4c1(E) · c3(E) + 2c2(E)2 − 4c4(E))

− 1

12
(c1(E)3 − 3c1(E) · c2(E) + 3c3(E)) · K X

+ 1

24
(c1(E)2 − 2c2(E)) · (K 2

X + c2(X)) − 1

24
c1(E) · K X · c2(X) + rχ(OX ).

We make explicit the constants li (E, H) and c j (E, H) introduced in the previous section for sheaves E on
a fourfold.

Lemma 10 Let X be a smooth projective fourfold and let H be a very ample line bundle on X. Let E be a
torsion-free sheaf on X. Let li := li (E, H) for i = 1, 2 and C j := C j (E, H) for 1 ≤ j ≤ 3. Then

l1 = max{�{12(max{r2 − 1

4
, 1}H4 + 1)�H (E)

} 1
4 �, ��H (E)

H4 − μH (E)

H4 �} + 1,

l2 = max{�{3(max{r4 − 1

4
, 1}l1 H4 + 1)l1�H (E)

} 1
3 �, � l1�H (E)

H4 − μH (E)

H4 �} + 1

and

C1 = rl1 H4
(μH (E)+(K X +(l1+l2)H)·H3

H4 + f (r) + 2

2

)
,

C2 = rl1 H4
(−μH (E)

H4 + f (r) + 2

2

)
,

C3 = −l1l2 H2 ·
( l2

2 H2

6
+ l2{2c1(E(K X + l1 H)) − r(K X + l1 H)} · H

4

+ c1(E(K X + l1 H)) · {c1(E(K X + l1 H)) − (K X + l1 H)}
2

− c2(E(K X + l1 H)) + r{(K X + l1 H)2 + c2(X) + l1(K X + l1 H) · H}
12

)
.

Proof Let ι : Y ↪→ X denote the inclusion map. Since we have KY = (K X + l1 H)|Y and c2(Y ) = ι∗(c2(X) +
l1(K X + l1)H) · H), the claim follows immediately. ��

Now we apply Theorem 5 to obtain a bound for the fourth Chern class of μ-semistable bundles on a fourfold.
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Theorem 11 Let X be a smooth projective fourfold and let H be a very ample line bundle on X. Let E be an
H-semistable vector bundle E on X of rank r ≥ 2, ci (E) = ci . Let li = li (E(−K X ), H) and mi = li (E∨, H)

for i = 1, 2. We define

F = 1

4
(c1(E)4 − 4c1(E)2 · c2(E) + 4c1(E) · c3(E) + 2c2(E)2)

− 1

2
(c1(E)3 − 3c1(E) · c2(E) + 3c3(E)) · K X

+ 1

4
(c1(E)2 − 2c2(E)) · (K 2

X + c2(X)) − 1

4
c1(E) · K X · c2(X) + 6rχ(OX ),

C = rl1 H4

{(μH (E(−K X ))+(K X +(l1+l2)H)·H3

H4 + f (r) + 2

2

)
+

(−μH (E(−K X ))

H4 + f (r) + 2

2

)}

− l1l2 H2 ·
( l2

2 H2

6
+ l2{2c1(E(l1 H)) − r(K X + l1 H)} · H

4

+ c1(E(l1 H) · {c1(E(l1 H) − (K X + l1 H)}
2

− c2(E(l1 H) + r{(K X + l1 H)2 + c2(X) + l1(K X + l1 H) · H}
12

)

and

D = rm1 H4

{(μH (E∨)+(K X +(m1+m2)H)·H3

H4 + f (r) + 2

2

)
+

(−μH (E∨)

H4 + f (r) + 2

2

)}

− m1m2 H2 ·
(m2

2 H2

6
+ m2{2c1(E∨(K X + m1 H)) − r(K X + m1 H)} · H

4

+ c1(E∨(K X + m1 H)) · {c1(E∨(K X + m1 H)) − (K X + m1 H)}
2

− c2(E∨(K X + m1 H)) + r{(K X + m1 H)2 + c2(X) + m1(K X + m1 H) · H}
12

)
.

Then we have c4(E) ≤ F + 6(C + D).

Proof By Corollary 6, we have h3(E) ≤ C := ∑3
j=1 C j and h1(E) ≤ D := ∑3

j=1 D j where C j =
C j (E(−K X ), H), D j = C j (E∨, H). Let F = 6χ(E) + c4(E). This yields χ(E) ≥ −(C + D) and hence

c4(E) = F − 6χ(E)

≤ F + 6(C + D).

Therefore the claim follows from Lemma 9 and Lemma 10. ��

We obtain the following bound in the case of abelian fourfolds.

Corollary 12 Let X be an abelian fourfold and let H be a very ample line bundle on X. Let E be an H-
semistable vector bundle on X of rank r ≥ 2 on X. Let li = li (E, H) and mi = li (E∨, H). Then we have
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796 T. Nakashima

c4(E) ≤ F + 6(C + D) where

F = 1

4
(c1(E)4 − 4c1(E)2c2(E) + 4c1(E)c3(E) + 2c2(E)2),

C = rl1 H4

{(μH (E)+(l1+l2)H4

H4 + f (r) + 2

2

)
+

(−μH (E)

H4 + f (r) + 2

2

)}

− l1l2 H2 ·
( l2

2 H2

6
+ l2{2c1(E(l1 H)) − rl1 H} · H

4

+ c1(E(l1 H)) · {c1(E(l1 H)) − l2
1 H}

2
− c2(E(l1 H)) + rl2

1 H2

6

)
,

D = rm1 H4

{(−μH (E)+(m1+m2)H)·H3

H4 + f (r) + 2

2

)
+

(μH (E)

H4 + f (r) + 2

2

)}

− m1m2 H2 ·
(m2

2 H2

6
− m2{2c1(E∨(m1 H)) − rm1 H} · H

4

+ c1(E∨(m1 H)) · {c1(E∨(m1 H)) − m2
1 H}

2
− c2(E∨(m1 H)) + rm2

1 H2}
6

)
.

We notice that there cannot exist an analogous upper bound for c4(E) for H -semistable torsion-free sheaves
E on a smooth projective fourfold X . Indeed, the following result holds in arbitrary dimension.

Proposition 13 Let X be a smooth projective variety of dimension n ≥ 2 and H an ample line bundle on
X. Assume that n is even (resp. odd). Then there does not exist an upper (resp. lower) bound for cn(E) for
H-semistable torsion-free sheaves E on X in terms of r , ci for 1 ≤ i ≤ n − 1, H and ci (X).

Proof Let E be an H -semistable torsion-free sheaf on X of rank r , ci (E) = ci and any point p ∈ X , let E p
denote the kernel of the natural evaluation map E → Op. Then E p is an H -semistable torsion-free sheaf of
rank r , ci (E p) = ci for 1 ≤ i ≤ n − 1 and cn(E p) = cn(E) − (−1)n+1(n − 1)!. Therefore the claim follows by
choosing arbitrarily many points of X . ��

Acknowledgements The author was supported by JSPS KAKENHI Grant Number JP20K03544.

References

1. A.Bayer, E.Macrì and P.Stellari, The space of stability conditions on Abelian threefolds and some Calabi-Yau threefolds, Invent.
Math. 206 (2016), 869–933

2. A.Bayer, E.Macrì and Y.Toda, Bridgeland stability conditions on threefolds I: Bogomolov-Gieseker inequalities, J. Algebraic
Geom. 23 (2014), 117–163

3. D.Huybrechts and M.Lehn, The Geometry of Moduli Spaces of Sheaves, Second ed., Cambridge University Press, 2010
4. A.Langer, Moduli spaces of sheaves and principal G-bundles, Proc. of Sympos. in Pure Math. 80(2010), 273–308
5. A.Langer, A note on restriction theorems for semistable sheaves, Math. Res. Lett. 17(2010), 823–832
6. T.Nakashima, Higher Brill-Noether loci and Bogomolov-Gieseker inequality, Archiv Math.. 109 (2017), 335–340
7. T.Nakashima, Effective bounds for semistable sheaves on a threefold, J. Geom. and Phys. 140(2019), 271-279
8. H.Sun, Tilt-stability, vanishing theorems and Bogomolov-Gieseker type inequalities, Adv. in Math 347(2019), 677–707

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed by the terms of such
publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-08-01T13:04:32+0530
	Preflight Ticket Signature




