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Abstract We give effective upper bounds for dimensions of the (n — 1)-th cohomology groups of p-semistable
torsion-free sheaves on a smooth projective variety of dimension n defined over an algebraically closed fieled
of characteristic zero. As a corollary to this result, we obtain bounds for the dimension of the moduli space of
wu-stable vector bundles. We also prove Bogomolov-Gieseker type inequalities for the fourth Chern classes c4(E)
of p-semistable vector bundles E on a smooth projective fourfold.
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1 Introduction

Let X be a smooth projective variety defined over an algebraically closed field of characteristic 0 and let H be
an ample line bundle on X. The classical Bogomolov-Gieseker inequality states that Ay (E) = (2rca(E) — (r —
Dei(E)2)-H" 2 > 0 for any torsion-free sheaf E of rank r and Chern classes ¢; (E) on X which is p-semistable
with respect to H. Recently, some conjectures for the third Chern character ch3(E) of pu-stable sheaves E on a
threefold have been proposed ( [1], [2]). We gave explicit bounds for the cohomology groups for p-semistable
sheaves E on a threefold and applied them to obtain inequalities for ch3 (E) in [6], [7]. On the other hand, it seems
that no Bogomolov-Gieseker type inequality has been known for the top Chern class ¢, (E) for p-semistable
sheaves E on a variety of dimension n > 4.

In this note we give an effective bound for the dimension of the cohomology group Ext!(E, E) for -
semistable torsion-free sheaves E and £ on a smooth projective variety of dimension n > 3. As in [7], we prove
this by reducing the problem to the three dimensional case using the restriction theorem due to A.Langer ( [4],
[5]) and a vanishing theorem of H.Sun ( [8]). As a corollary, we obtain upper bounds for the dimension of the
moduli of u-stable vector bundles. We also obtain explicit upper bounds for c4(E) of p-semistable bundles E
interms of r, ¢;(E) (1 <i < 3), ¢;(X) and H on a smooth projective fourfold.
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790 T. Nakashima

2 Notations and Preliminaries

In what follows all varieties will be assumed to be defined over an algebraically closed field of characteristic
0. Let X be a smooth projective variety of dimension n > 3 and let H be an ample line bundle on X. Let Ky
denote the canonical bundle of X and let A’(X) denote the codimension i Chow group of X. For a torsion-free
sheaf E on X, the slope ng (E) is defined to be the following number

c1(E) - H" 1

E) =
nH(E) <

A torsion-free sheaf E on X is said to be pu-stable(resp.u-semistable) with respect to H (or simply H -(semi)stable)
if, for any coherent subsheaf ' C E with0 <tk F < tk E, we have ug (F) < nug(E) (resp.ug(F) < ug(E)).
The discriminant A(E) € AZ(X) of E is defined as follows.

A(E) =2rcy(E) — (r — Dey(E)>.

We set Ay(E) := A(E) - H n=2 We recall the following results concerning the restriction of p-(semi)stable
sheaves to divisors ( [5]).

Proposition 1 Let X be a smooth projective variety X of dimension n > 2 and let H be a very ample line bundle
on X. Let E be an H -semistable torsion-free sheaf of rank r > 2 on X. Let a be an integer with

1 21
MY L maxt L B E 1) A (E) + 1.
n 2 4

Then, for general D € |aH|, the restriction E|p is an Hp-semistable torsion-free sheaf.

We also need the following vanishing result due to H.Sun which has been proved by techniques of tilt stability
([8, Corollary 1.9]).

Proposition 2 Let X be a smooth projective variety X of dimension n > 2 and H an ample line bundle on X.
Let E be an H -semistable torsion-free sheaf of rank r > 2 and Chern classes ¢;(E) = c¢; on X. Let

A(E): = (ci(E)- H"™ > —2H"rchy(E) - H"?
= (c1(E)- H" ) + H"(Ay(E) — c|(E)* - H" ™).

Then, for any integer [ with

An(E) pu(E)
Z THr T EHr

l

we have
H" " Y(X,E(Kx +H)) = 0.

Let X be a smooth projective variety of dimension n > 2. For a coherent sheaf E of rank r and Chern
classes ¢; and a very ample line bundle H on X, we define the following numbers depending only on r, ¢; (E)
(i=1,...,n)and H.

. a+n 1 r2—1
a(E, H) := m1n{aeN|< ; ) > E(max{T,l}H”—i-l) Ay (E) + 1},
C(E. H) = |20 ma(E)

H" H"
Here, for a real number x, | x| denotes the largest integer less than or equal to x. Let

r2—1
4

! 1
ag(E, H) := L{%(max{ CH" + DAR(E) + 1) + 1.
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We see that ag := aog(E, H) > a(E, H) since

ap+n (ap+ D" a5 1
> ———— > — > —(max{
n n! n! 2

21
JIH" + DA (E) + 1.

Let X be a smooth projective threefold and let H be a very ample line bundle on X. Let E; be an H-semistable
vector bundle of rank 7 on X. In the rest of this section, we recall the upper bound of dim Ext! (E, E) obtained
in [7] for H-semistable torsion-free sheaves E on X. We notice that we gave a bound of different type for sheaves
on a Calabi-Yau threefold in [6].

For an H-semistable torsion-free sheaf £ on X of rank » > 2 and Chern classes ¢; (E) = ¢;, let x (E) denote
the Euler characteristic of E. Then Riemann-Roch formula yields

1 1
X(E) = E(CI(E)3 —3c1(E) - ca(E) 4+ 3c3(E)) + ECI(E) (K% + (X))
+rx(Ox).

For a line bundle on L on X, we set@(E, L) := x(E ® L) — x(E). Then we have (cf. [7]):

a(E,L) =L - (L_2 n (2c1(E) —rKyx) - L N c1(E) - (c1(E) — Ky)
6 4 2

r(K% + c2(X))

)

Weset E' = E ® E) and | = max{a(E’, H), c(E', H)}. We divide into the following six cases.

—c(E) +

Casel-1: (Kx+IH)-H> <0 and ug(E)>—(Kx +1H)  H?
Casel-2: (Kx+IH)-H> <0 and 0 < ug(E") < —(Kx +1H) - H*
Casel-3: (Kx+IH)-H> <0 and ug(E') <0

Case2-1: (Kx+I1H)-H>>0 and py(E) <—(Kx +1H) H?
Case2-2: (Kx+IH)-H>>0 and — (Kx +[H) -H> < pun(E') <0
Case2-3: (Kx+I1H)-H>>0 and py(E") > 0.

Then we have the following bound for dim Ext!(E, E1)([7, Theorem 3.3]).

Theorem 3 Let X, H, E and E; be as above and let B; := B;(E’, H, ). Then we have dimExtl(E, E)) <B
where

By + B + B3z in Case 2-2

B B + B3 in Case 1-1 and Case 2-3
T B+ B in Case 1-3 and Case 2-1
B3 in Case 1-2.

Here B; are defined as follows.

2
Bi(E, H,I) —rH3<MH(E)+(§§+IH)H +f(r)+2)
’ ’ - 2 ’

_ e (E) )
Bz(E,H,l):rH3< H3 —;f(r)+ )’

By(E, H,l) = —a(E(Kx),lH)
I2H? N 12ci(E(Kx)) —rKx) - H

_IH.(

6 4
L EE) - (@ 2<E<l<x>> —Ko _ (EEx)
r(K% + (X))
* 12 )
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792 T. Nakashima

3 Effective bounds in dimension n > 3

We shall adopt the notations introduced in the previous section. The purpose of this section is to give effective
bounds for several invariants of p-semistable sheaves on smooth projective variety. Let X be a smooth projective
variety of dimension n > 3 and let H be a very ample line bundle on X. For integers 1 < i < n — 2 and
I, I, ..., l;, we denote by ¥; € |I{H N ---NIl;_1H| a general smooth complete intersections of divisors
LWH, bH, ...,[;H.Letl{(E, H) := max{ag(E, H), c(E, H)} and for 2 <i < n — 2, define

li = li(Ev H) = max{ao(E|Yi71, HY,',l)v C(E|Y,',17 HYifl)}'

Forl < j <3,letC; = C;(E, H) :== Bj(Ey, Hy, l,_») for general smooth threefold Y = Y,,_3 € [ H N
---Nl,_3H].

Proposition 4 Let I; and C; be as above. Then

1. Foreach1 <i <n —2,1; depends only onr, c1(E), co(E) and H.
2. For1 < j <3, Cjdepends only onr, c1(E), c2(E), c1(X), c2(X) and H.

Proof For any integer / > 0 and general smooth Y € |[H|, let¢: Y <> X denote the inclusion. Then we have

Ap, (Eyy) =1Ap(E),
Apy (Ely) = PAy(E).

Hence we obtain

(n— Dl r?—1 0 1
ao(Eyy, Hy) = {————(max{——, BH" + DAy (E) + 1} 7| + 1,
IAH(E E
c(Eyy, Hy) = | Z( )—“’;,(n)HL

By induction, the claim (1) follows immediately.
We notice that there exists the following exact sequence of tangent bundles on Y:

0— Ty — *Tx — Ny;x — 0
where Ny, x is the normal bundle of Y in X. Hence the total Chern class of Ty is given by
c(Ty) = c(t*Tx) /c(Ny;x)

where

n—3
c(Ny/x) =[] +liHy).
i=1

Hence the claim (2) follows. |

Let E; be an H-semistable vector bundle of rank r; on X. We are interested in estimating dim Ext! (E, E})
from above for any H-semistable torsion-free sheaf E on X.Let E' = E ® E’. Then E’ is H-semistable by [3,

Theorem 3.1.4). Let/; :=L(E',H)for1 <i <n-—2,1:= Zl'-':_lzli and C; := C;(E',H) for1 < j <3.As
in the case of threefolds, we consider the following six cases.

Casel-1: (Kx+IH) -H" ' <0 and up(E) > —(Kx +1H)-H"!

Casel1-2: (Kx+IH)-H" ' <0 and 0 < uy(E) <—(Kx+1H) - H"!

Casel-3: (Kx+IH)-H" ' <0 and uy(E) <0

Case2-1: (Kx+IH)-H"'>0 and puy(E") < —(Kx +1H) - H"!

Case2-2: (Kx+IH)-H" '>0 and — (Kx+(H)-H" ' <ug(E) <0

Case2-3: (Kx+IH)-H" '>0 and pg(E) > 0.
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Cohomology bounds and Chern class inequalities... 793

Theorem 5 Let X, H, E and E1, l; and C; be as above. Then we have dim Ext' (E, E{) < C where
Ci+ Cr+ C3 inCase 2-2

C1+C;3 in Case 1-1 and Case 2-3
- Cr+ C3 in Case 1-3 and Case 2-1
C3 in Case 1-2

Proof Forany 1 <i < n — 3 and general smooth Y; 1 € |/;41 Hy,|, we have the exact sequence on Y;:
0 — Eyy, (~=liy1Hy,)) > Eyy, > Ey,,, — 0.
By tensoring the above sequence with £ IV(K y; + liy1H), we obtain the exact sequence
0 — E'(Ky,) > E'(Ky, + lix1H) - E'(Ky, + li-1H)y,,, — 0.
By Proposition 1, E’YA isan Hy,-semistable sheaf on Y;. Hence Proposition 2 yields H il (E'(Ky,+li+1H)) =
0. Then we obtain tLé surjection
H"72(E'(Kx +lir H)y) — H'7H(E'(Ky,).
Therefore we have h" = ~1(E'(Ky,)) < h"~=2(E'(Ky, + li+1Hy,)|v,,,)- Since Serre duality yields
H"""Y(E'(Ky,) = Ext' (Eyy;, Eyy,)",
H""2(E'(Ky, + liv1 Hy)|v) = Ext By Enyay) s
we obtain dimExt!(Eyy,, Eyyy,) < dimEBxt!(Eyy,,,, Eyy,,) for all 1 < i < n — 3. It follows that
dimExt'(E, E) < dimExtl(E|y, Eq)y) for general smooth Y =Y, 3 € |[[{HN---Nl,_3H]|. We have
(Ky +ln2Hy) - Hy =U'(Kx +1H) - H"™',
fry (Ely) =1'jen (E)
where [ = Z:l:_lz l; and I! = ]_[:’;]3 l;. Hence, applying Theorem 3 to the threefold Y and the Hy-semistable
sheaf E|y, we obtain the claim for dim Ext!(E, Ey). o

We notice that the constant C in the theorem above depends only on r, ¢;, ¢;(X) and H and not on the choice
of E, Y.

Corollary 6 Let X be a smooth projective variety of dimension n > 3 and let H be a very ample line bundle on

X. Letl; =;(E(—Kx), Hyandm; = ;(EY,H) for1 <i <n—2.

1. For any H-semistable torsion-free sheaf E on X of rank r > 2, ¢;(E) = cj, we have -YE) < Z?:l Cj
where C; = C;(E(—Kx), H).

2. For any H-semistable vector bundle E on X of rankr > 2, ¢;(E) = c;, we have hl(E) < Z;:l D where
D;=C;(EY, H).

Proof By Serre duality, we have H"~!(E) = Ext"~!(Oyx, E) = Ext!(E, Kx)". Hence, applying Theorem 5 to

the sheaves E, E; = Kx, we obtain (1). If E is a vector bundle, then H!(E) = Ext!(EY, Ox). Hence we apply

Theorem 3 to EY and E; = Oy and obtain (2). |

Let X be a smooth projective variety of dimension n > 2 and let H be a very ample line bundle on X.
For a coherent sheaf E on X, the Mukai vector v(E) of E is the element of the rational cohomology ring
H*(X,Q) := @?:OHZ’ (X, Q) defined as follows.

V(E) := ch(E) - Yd(X)

where td(X) denotes the Todd class of X. For given v € H*(X, Q), let M (v) denote the moduli space of j-stable
torsion-free sheaves with Mukai vector v. Let M (v)g C M (v) denote the open subscheme of p-stable locally
free sheaves. Let E| be a pu-stable rigid vector bundle on X. We define the Brill-Noether locus M(v); ; of type
(i, j) as follows.

M) j :={E € M(v)|i =dimHom(E;, E)and j = dimExtl(E, Ep)}.

We are interested in the higher dimensional Brill-Noether problem concerning the existence of these loci. Theorem
5 yields the following
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794 T. Nakashima

Corollary 7 Let X be a smooth projective variety of dimension n > 3 and let H be a very ample line bundle on
X. Then M(v); j is empty ifi > 0 and j > C where C is the constant in Theorem 5.

In general, we have the following inequality ( [3, Corollary 4.5.2])
dim M{g1(v) < dimExt'(E, E).

We notice that effective bounds for dim M|gj(v) have been investigated for sheaves on a threefold in [7].
Applying Theorem 5 to E; = E, we obtain the following result in dimension n > 3.

Proposition 8 Ler X be a smooth projective variety of dimension n > 3 and let H be a very ample line bundle
on X. For a pu-stable vector bundle E € M(v)g on X, let l; := [;(EndE, H) (1 < i < n —2) and let
Cj:=C;j(EndE, H). Then we have dim M[gj(v) < Z?:l C;.

4 Chern class inequalities on a fourfold

In this section we obtain an upper bound for the fourth Chern class c4(E) of p-semistable bundles on a smooth
projective fourfold. First, we recall the following Riemann-Roch formula for sheaves on a fourfold.

Lemma 9 Let X be a smooth projective fourfold. Let E be a coherent sheaf of rank r with Chern classes c; on
X. Then

1
X(E) = ﬂ@l(E)“ —4c1(E)? - ca(E) +4ci(E) - c3(E) + 2c2(E)* — deq(E))
1
- 5 (E)* = 3ci(E) - c2(E) 4 3¢3(E)) - Kx
1 1
+ ﬂ(q(lz)z —2¢2(E)) - (K} + e2(X)) — 3€1E) - Kx - 2(X) + 7 x(Ox).

We make explicit the constants /; (£, H) and c;(E, H) introduced in the previous section for sheaves £ on
a fourfold.

Lemma 10 Let X be a smooth projective fourfold and let H be a very ample line bundle on X. Let E be a
torsion-free sheafon X. Letl; :=l;(E, H) fori =1, 2and C; :== C;(E, H) for 1 < j < 3. Then

21 1 Ay(E E
I = max{|{12(max{——, }H* + DAL (E)} 1, | 2(4)—“’1’1(4)““,
41 1 L Ax(E E
b = max{| {3(max{——, DL H* + DI Ag(E)}* ], |- 54( )—“’;Iﬂ)nﬂ
and
pat (E)+(K x +(l+1p) H) - H 2
C1=rl1H4< H* IO+ )
2
_un(E) 2
C2=rl]H4< H* +f(r)+ )’
2
BH?> L{2ci(E(Kx +11H)) —r(Kx +11H)}- H
C3:_1112H2'(26 n 2{2c1(E(Kx + 11 )21 r(Kx + L1 H)}
+CI(E(KX+11H))'{CI(E(KX+11H))—(KX+11H)}
2
r(Kx + L H)? +cx(X)+ 11 (Kx + 11 H) - H
e (E(Ky + 1 H)) + {(Kx +1H)" + (X)) + L1I(Kx + 11 H) })'
12
Proof Lett : Y < X denote the inclusion map. Since we have Ky = (Kx + {1 H)|y and c2(Y) = t*(c2(X) +
IW(Kx +11)H) - H), the claim follows immediately. O

Now we apply Theorem 5 to obtain a bound for the fourth Chern class of p-semistable bundles on a fourfold.
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Theorem 11 Let X be a smooth projective fourfold and let H be a very ample line bundle on X. Let E be an
H -semistable vector bundle E on X of rank r > 2, ¢;(E) = ¢;. Letl; = [;(E(—Kx), H) and m; = [;(EV, H)
fori =1, 2. We define
1
F = (@) —4c1(E)’ - e2(E) + 4c1 (E) - e3(E) +2e2(E))

1
- §<c1<E>3 —3¢1(E) - c2(E) 4+ 3¢3(E)) - Kx

1 1
+ Z<c1<E>2 —202(E)) - (K} 4 c2(X)) — 261 E) - Kx - e2(X) + 6rx (Ox),

(E(=Kx)+(Kx+(i+b)H)-H? (E(—Kx))
comptl(CT T IO (SR 4 () +2
2 2
I2H?>  L{2c(E(LH)) —r(Kx +LH)}- H
_1112H2'<2 Jr2{61((1 ) —r(Kx +11H)}
6 4
+CI(E(llH)'{Cl(E(llH)—(KX+11H)}
2
r{(Kx+11H)2+02(X)+11(Kx+11H)'H})
12

—a(ELWH) +

and

2 2

m3H?  my{2c1(EV(Kx +mH)) —r(Kx +mH)} - H
6 + 4
+Cl(EV(Kx-i-mlH))~{Cl(Ev(Kx+m1H))—(Kx+m1H)}
2
F{(KX+m1H)2+C2(X)+m1(Kx+m1H)-H}>
12 '

v 3 \
D = rm1H4{ (MH(E )+(KX—1i~_1(4m1+m2)H)'H i f(r) ! 2) + <_ MHF(IE ) N f(r) ’ 2>}

— m1m2H2 . (

—c(EY(Kx +mH)) +

Then we have c4(E) < F + 6(C + D).

Proof By Corollary 6, we have h3(E) < C := Z?:l C; and hW(E) < D = Zi:l D; where C; =
C;i(E(—=Kx),H),D; = Cj(EV, H).Let F = 6x(E) 4+ c4(E). This yields x (E) > —(C + D) and hence

ca(E) = F = 6x(E)
<= F+6(C+ D).

Therefore the claim follows from Lemma 9 and Lemma 10. m]

‘We obtain the following bound in the case of abelian fourfolds.

Corollary 12 Let X be an abelian fourfold and let H be a very ample line bundle on X. Let E be an H-
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796 T. Nakashima

c4(E) < F 4+ 6(C + D) where

1
F=1@ (E)* — 4c1(E)2ca(E) + 4c1(E)e3(E) + 2¢2(E)?),

u (E)+(+) HY e
C =i H PL= 2+ () +2 n —HE ) +2
2 2
12H?  L{2c;(E(1H)) —rliH}-H
—1112H2~<2 n 2{2c1(E(1H)) —rl1 H}
6 4
c(E(LH)) - {ci(E(LH)) —I’H ri>H?
n (E(H)) {1; (LhH)) — I }—cz(E(llH))—i— i )
—pp (E)+(mi+mo)H)-H3 wu(E)
D = rm H* = T + f(r)+2 n e+ fn)+2
2 2
R <m§H2 _ ma{2c1(EY(miH)) —rmiH) - H
6 4
EV(miH)) - {c{(EY(m H)) — m?>H 22
+Cl( (mH)) {01(2 (miH)) —m }—CQ(Ev(mlH))+rm]6 })'

We notice that there cannot exist an analogous upper bound for c4(E) for H-semistable forsion-free sheaves
E on a smooth projective fourfold X. Indeed, the following result holds in arbitrary dimension.

Proposition 13 Let X be a smooth projective variety of dimension n > 2 and H an ample line bundle on
X. Assume that n is even (resp. odd). Then there does not exist an upper (resp. lower) bound for c,(E) for
H-semistable torsion-free sheaves E on X in terms of r, ¢; for | <i <n — 1, H and c;(X).

Proof Let E be an H-semistable torsion-free sheaf on X of rank r, ¢;(E) = ¢; and any point p € X, let E,
denote the kernel of the natural evaluation map £ — O,. Then E, is an H-semistable torsion-free sheaf of
rank 7, ¢;(Ep) =c¢;forl <i <n—1andc,(Ep) = ¢, (E) — (—=1)"*1(n — 1)!. Therefore the claim follows by
choosing arbitrarily many points of X. O
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