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Abstract Let F — X — Y be a fibration, where X, Y and F are simply connected compact manifolds. We
develop a technique to compute the loop homology of X with rational coefficients and its loop bracket, when the
underlying graded vector spaces of the minimal Sullivan models of Y and F are finite dimensional.
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1 Introduction

In this paper the underlying field of algebras that occur is the field QQ of rational numbers. A graded commutative
algebra A = @,z A; equipped with a linear map {, } : (A ® A); — A;+1, called a Lie bracket, satisfying

Q) {a,b) = _(_1)(Ia\+l)(\b|+l){b, a)
(i) {a, {b,c}} = {{a, b}, ¢} + (—=)WalFDUWIFDp 14 )} (Jacobi identity)
(iii) {a, bc} = {a, b}c + (—D)PIUa+Dpi4 ¢} (Poisson identity)

is called a Gerstenhaber algebra. Further if d : A; — A;_1, is a differential on A satisfying,

(iv) d(ab) = d(a)b + (—=1)19ad (b)
(v) d{a, b} = {da, b} + (—1)14+Diq db)

then A is called a differential Gerstenhaber algebra. If (A, {, }, d) is a differential Gerstenhaber algebra, then
the bracket {, } on H.(A) defined by {[a], [P]} := [{a, b}] makes H.(A) into a Gerstenhaber algebra.

For any graded commutative algebra A, the Hochschild cohomology H H*(A, A) of A is a classic example
of a Gerstenhaber algebra [1].

Let V = @;>2V' be a graded vector space and let AV be the free graded commutative algebra on V. For
k € Z,let (Der A V) be the vector space of all linear maps § : (A V) = (A V)i_k that satisfies § (ab) = §(a)b+
(—D)¥lalg§(b), known as derivations, and let Der A V = @z (Der A V). Fori > 2, let Vi# = Hom(V’, Q) and
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798 R. K. Sangma, A. T. Singh

v# = 691-22‘/’.#. Lets~'V# = @54 (s_IV#)l. be the desuspension of V¥, where (s_lV#)l. = Viﬂl. If V is finite

dimensional, i.e., there exists some j > 2 such that Vi=0foralli > J» and each Vi is a finite dimensional

vector space, then with the grading convention (AV); = (AV)™, (AV ® As~IV# {,}) was shown to be a
Gerstenhaber algebra in [2], where {, } is described as follows. For all a, b € AV, and s7'0, 571 € s71V#,

(a®1,b®1}=0, {a®s'0,b®1}=a0b)®1, 1)
(a®s'0,b@s 'n) =ab(b) @ s 'y — (=D)WlpFa) @ 510, )

where 0, 7 are the derivations of AV extended from 6 and 7 respectively.

Let Anys~! Der AV be the exterior algebra obtained as the quotient of the AV -tensor algebra Ty s ! Der AV =
éBkonfvs_l Der AV, by the ideal generated by elements of the form x ® y — (—=1)*Vy ® x, where
vas_l Der AV =57 !'Der AV @y --- @,y s~ Der AV (k-times), and

vas*1 Der AV = AV. Since V is finite dimensional it is isomorphic to V¥, and this gives rise to a AV -
algebra isomorphism

Q@ Anvs I Der AV —> AV @ AsTIVE, 3)

Now if d is a differential on AV that satisfies condition (iv) above, with a differential D on AV ® As~!V#
defined by

D(x) = —{p(s~'d), x}, 4)

forx € AVRAs~! V#? it was shown in [2], that (AV &® As—LVH {, }, D) is adifferential Gerstenhaber algebra. If
(AV,d), V = @;>2 V', isaSullivan model of a simply connected topological space X, with V finite dimensional,
we call (/\V ® As~ LV, {,1, D) a differential Sullivan Gerstenhaber algebra model of X.

Let X be an orientable compact manifold of dimension 7 and let LX = Map(S', X) be the free loop space
of X. The loop homology of X with rational coefficients denoted by Hl. (LX) is - by definition - the ordinary
homology of LX with degrees shifted by m, i.e., Hy (LX) = Hy,, (LX; Q). Chas and Sullivan [3] showed that
H, (LX) is a Gerstenhaber algebra under a product called the “loop product”, and a Lie bracket called the “loop
bracket".

If X is a simply connected compact manifold, and if (AV, d) is a Sullivan model of X, then
H. (LX) = HH*(AV, AV)
as Gerstenhaber algebras [4,5]. Moreover if V = @;>2 V' is finite dimensional, Gatsinzi [2,6] established that
HH*(AV,AV) = Hy(Anys ™' Der AV) = H (AV @ As™ V)

as Gerstenhaber algebras. Combining the above isomorphisms one has the following theorem:

Theorem 1 [2] Let X be a simply connected compact manifold and let (AV,d), V = @;=2V', be a Sullivan
model of X, where V is finite dimensional. Then H, (LX) = Hy(AV ® As~'V#) as Gerstenhaber algebras.

Let F — X — Y beafibration where X, Y, F are simply connected compact manifolds. Let (AU, d;), U =
®i>2U Tand (AV,dp), V = Bi>2 V! be the minimal Sullivan models of ¥ and F respectively. Suppose U and
V are finite dimensional, and let (/\U ® As~ LU, {1 D1) and (/\V ® As~Lv#, {,}, Dz) be the corresponding
differential Sullivan Gerstenhaber algebra models of Y and F respectively. In this paper we construct a differential
Dy on (AU ® As™'U*) ® (AV ® As™!V#), making it a differential Gerstenhaber algebra such that Hi, (LX) =
H*( (/\U ® As~! U#) ® (/\V @ As~! V#) , Do) as Gerstenhaber algebras, and Dy = D1 ® D;, when the fibration
is trivial.
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2 Some results on Gerstenhaber algebras

Let (A, {,}), (B, {,}) be Gerstenhaber algebras. In [7] Pablo et al. showed that A ® B is again a Gerstenhaber
algebra with the Lie bracket defined by

{a®b,a @)= (=)Dl oV @ b + (—D1PIHD 0" @ (b, 1), 5)

We prove the following propositions:

Proposition 2 Let AU, U = @;>2 Ui, and AV, V = ®Bi>2 Vi be free graded commutative algebras, where U
and V are finite dimensional. Then there is a Gerstenhaber algebra isomorphism

D AUBV)RAs (U BV - (/\U ® As—lu#) ® (/\V ® /\s_IV#) . 6)
Proof AsA(U®V) = AU @AV and AsTHU @ VY 2 As~HU* @ As~1V#, we have an algebra isomorphism
O AUS V)R A U BV > (AURAV)® (/\S_IU# ® /\S_IV#) .
Moreover, we have a vector space isomorphism

@ (AU AV)® (As—lU# ® As! v#) N (/\U ® /\s_lU#) ® (/\V ® /\S_IV#)

URV)® <s710 ® siln) [ (—1)'””S_19| (u ® silé) ® (v ® siln)
forallu e U,v e V,s 10 e s1U*, and s~'n € s~ V¥. By composing we get a vector space isomorphism
D=dro®  AUBV)RAs (U BV - (/\U ® As—lu#) ® </\V ® /\s_lv#) .

We show that @ is an algebra morphism. As @ is an algebra morphism, it remains to show that @; is an algebra
morphism. Let uj, u, € U, vi,vp € V, s7loy, 5710, € s~1U*, and s‘lm, S_1772 es~lv#,

5] (((Ml ® i) ® (S_191 ® S_IYIl)) ((Mz Q) ® (S_192 ® flnz)))
— (_1)(|s*101|+|s*‘m|)<\uz|+|vz\>+|v1||uz|+\r1mHs*lez@z( (U112 ® V1v2) @

(S_191S_192 ® 5_17715_1772) )

= (=)™ O™ i) QualHo2D+Hvr ez l+s ™ s~ 02141 [+ |2 (s ™01 1+1s71021)

(uluz ® 5_1915_192> ® (vlvz ® S_lms_l?h)

— (=Dl 021l ((m ®S7191) ® <v1 ® Sflm))

(mesn)e(nesn))

=d; ((ul ®v)® (5_191 ® S_1771>) D) ((uz Q@) ® (S_192 ® S_ln2)> :

Since the elements u, v, s~10, s‘ln generate the algebra (AU @ AV) ® (/\S_lU# ® As~] V#), it follows that
@; is an algebra morphism.

_ To complete the proof we show that @ preserves brackets. From equations (1) and (2) and the fact that
0;(vj) = 0,7 (u;)=0,6;(u;),ni(v;) €Q, where8;, 7; are the derivations extended from 6; and »; respectively
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fori, j = 1,2, it follows that
i) @ {(m +o)® (570 + S_lm) (2 +v2) ® 1}
- {cb ((m Fo)® (s_191 +s‘1m)) L@ (2 +12) ® 1)]
(ii) @ {(m Fu)® (s*lel + s”m) 1 (S”Gz + sflnz)}
- {<p ((u1 +o)® (s—lel +s_1771)> P (1 ® (s_192 +S_1772>)}
i) @ [+ oy @ (s70 +57'm ) w2+ v @ (570 + 57" |
={o (e +we(so+sm)). @ (@+we(s~o+s"n))}.

From (i), (ii), (iii), and by using Poisson identity, one can prove by induction that @ {x, y} = {®@(x), @ (y)},
forallx,y e AU® V) As L (U @ V). O

Proposition 3 Ler (AN(U @ V), d) be a differential graded commutative algebra, where U = @i>2U " and
V = @;>2 V! are finite dimensional. If

Dy(x) = —{® o p(s~'d), x} (7

for all x € (/\U®/\S_1U#) ® (/\V ®/\s_1V#), where ® is the isomorphism given by (6) and ¢ :
/\/\(U@V)s_1 DerAn(U & V) - AUBV)® /\s_l(U &) V)# is the isomorphism defined as in (3), then
(( ANU® /\S_IU#) ® ( AV® /\S_IV#), {,1, Do) is a differential Gerstenhaber algebra.

Proof Letx € (/\U ® /\s_lU#) ® (/\V ® /\s_IV#), then
(Do o Do)(x) = {q) op(s~d), {cp o w(s~\d), x}}
- {{q) op(s~ld), ® o (p(s_]d)] ,x} - {¢> o p(s~ld), {@ o (s~ ld), x}} (By Jacobi identity.)
=1 {p(~' D)o D) | x} = (Do 0 D))
=0 — (Do o Dy)(x) = —(Dg o Do)(x).

This implies (Dg o Do) (x) = 0. Therefore Dy is a differential. That Dy is a derivation, i.e., Dy satisfies condition
(iv), follows from the Poisson identity. The Jacobi identity ensures the compatibility of Dy with the bracket, i.e.,
Dy satisfies condition (v). Hence (( AU ® AsT'U*) ® (A V ® As™'V#), {}, D) is a differential Gerstenhaber

algebra. O
As we discussed in the previous section, (/\(U eVYAs LUV {, ), D) is a differential Gerstenhaber
algebra, where D(x) = —{go(s_ld), x}. From the construction of Dy, it is clear that

D AUSV)RAs (U B VY — (AU ® As*lU#) ® (/\V ® As*lv#) (8)

is a differential Gerstenhaber algebra isomorphism.

3 Loop homology of fibrations

Let F — X — Y be a fibration, where X, Y, F are simply connected compact manifolds. Let (AU, d;), U =
®@i>2U" and (AV,dy), V = @®;>2V' be the minimal Sullivan models of ¥ and F respectively. Then X has
a Sullivan model of the form (AU @ AV,d) = (A(U & V), d) where (AU, dy) is a sub-cochain algebra of
(AU Q AV, d)and (d — dr)(v) € ATU @ AV forallv e V [4].

Suppose that U and V are finite dimensional, andlet (AU ® As~'U*, {,}, Di) and (AV ® As~'V# {,}, D)
be the corresponding differential Sullivan Gerstenhaber algebra models of Y and F respectively. Let @ : A(U &
VI@as (U V) — (/\U ® /\s_lU#) ® (/\V ® As™! V#) be the isomorphism defined as in Proposition 2.
Then we have the following theorem.
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Theorem 4 H, (LX) = H, ((/\U ® /\s_lU#) ® (/\V ® /\S_IV#) , Do) as Gerstenhaber algebras, and for
ae AU As~IU* and B € AV ® AsTIVH,

n
Do@®p)=(D1®@D)@®p) — 1@ | [d—d)w) s | .a@pi. ©)
j=1
where {v1, ..., v} is a homogeneous basis of V and {s~'n1, ..., s 'n,} is the corresponding dual basis of

s~V Thus the loop bracket on H..(LX) is the Lie bracket on H, ((/\U ® /\s_lU#) ® (/\V ® As~! V#)).
Proof By Theorem 1 we have
H, (LX) = H, (/\(U eVIAs U D V)#) .

Also by (8) we have

H, (/\(U eV)®As (U v)#> ~q ((AU % As*IU#) . (AV % /\sflv#>) '
Thus
H, (LX) = H, ((AU ® /\s_lU#> ® (/\V ® /\s—lv#>)

as Gerstenhaber algebras.
To describe Dy, let {uy, ..., u,} be a homogeneous basis of U and let {s’lél, el s’lem} be the corre-
sponding basis of s~!U*. Since 6;, 1; spans Der A (U @ V) we have,

m n
d=Y dw)f;+) dwm;.
i=1 j=1

Letg : Anweav)s ' Der AUUD V) — AU D V) As~ (U @ V)* be the isomorphism defined as in (3). Then
we have

m n
Pop(s ' d)=@ (Y du)®s'0 +) dw) s,
i=1 j=1

(e eso)eaeh+Y 18 he (b)) es )+
j=1

m
1=

—_

=

| d-d)w)®s'n;
j=1

This implies,

(@og(s™'d), e ® B)

= { i (dl (u;) ®s_19i> ®(1e1)+ zn: 1) ® (dz(vj) ® S_lnj)

i=1 j=1

A DGR ICHE-T T I ®ﬂ}
j=1

= {Zdl i) ®s~'6;, a} ®B+ (D@D dbw)es ;B

i=1 j=1
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+io > d—d)wp sy |.a®p
Jj=1

Hence,

Do(a ® B) = — {@ o<p(s*‘d),a®/3}

=Di@ @B+ (D"a@Dyp)— (@D (d—d)wp)@s'n; |, a®p
j=1

=(DI®D) @B —{P|D ([d—d))®s 'n; |, a®p
j=1

Corollary 1 If the fibration F — X — Y is trivial, then Dy = D| ® D;.

Proof Since the fibration is trivial, the minimal Sullivan model of X is the tensor product of the minimal Sullivan
models of Y and F. Hence in this case d|,, = d5 and thus the second term on the right hand-side of (9) vanishes.
O

4 Calculation of the loop homology and the loop bracket of a principal SU (3)-bundle

Consider a fibration G — X — Y, which is a principal G-bundle, where G is a simply connected compact
Lie group, and X, Y are simply connected compact manifolds. Then the minimal Sullivan model of G is of the
form (AV,0), V = @;>2 Vi, where V is finite dimensional. As the differential on AV is zero, it is clear that the
corresponding differential Dy on AV ® As ™! V¥ is also zero. If (AU, d), U = @;>U" is the minimal Sullivan
model of Y, then the minimal Sullivan model of X is of the form (AU ® AV, d), where d(V) C AU ( [4],
§15(a)). Therefore the differential Dg of (9) on (/\U ® /\s_lU#) ® (/\V Q@ As~! V#) reduces to

D@ =Di@ep-Y {(dupele(1es ) aep)], (10)
j=1

Consider the universal SU (3)-bundle psy3) : Esy@) — Bsu)- The minimal Sullivan model of SU (3)
is (A(v1, v2), 0), where |vi| = 3 and |vp| = 5, which implies (A(w1, w2), 0) with |w| = 4, |[wa| = 6 is the
minimal Sullivan model of Bsy(3) ([4], Proposition 15.15). Since Bsyy(3) is simply connected and Hy (Bsy 3y, Q)
has finite type, we have Qgpan{w1, w2} = Homg, (n*(B SUG))s Q) ( [4], Theorem 15.11). Therefore there exists

a continuous map a : S® — B su3) dual to wo. Now we pullback the universal SU (3)-bundle by the map

53 x 83
S3A 83

f:53XS3—> §S6i>BSU(3)

to a principal SU(3)-bundle p : X — S x $3. The total space X is a simply connected compact manifold as
both the base and fiber are so. Now we will calculate the loop homology of X and its loop bracket. In ( [4],
§15(f)), it has been shown that the minimal Sullivan model of X is

(AN, uz, v1,v2),d), lut| =3 = luz|, duy = duy =0,dvy =0,dvy = ujus.

By Theorem 4,
Ho (LX, Q) = H, (A1) @ AGT'601,57'0)) ® (A1, 1) ® AT n1570) ) Do)
By (10) the differential Dy is

Do p)=—fumwene(1es™n) e pl,
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fora € A(ur, ur) ® /\(s_191, K

~165) and B € A(v1, v2) ® AGs™Iny, s7 ).

So for iy, iz, j1, j2 € {0, 1}, and p1, p2,q1,92 = 0,

Do ((unutzz ®S719[’1S719P2) ® (U{lvéz
= =] (pr ('3

®s" 1 th lngz))
®s‘16”1 1 —19172) p2< i1+1 12®S—191171S—102])2*1))

® (vfl véz ®s! in —lngz+1)
o . . B B 1
+ (_1)12+11 2 <ull|+1ulzz+1 Qs 191111s 192172) ® ( {1 éz ®s” 1 LI1 lngz> ]

Therefore
Ker Dy =

Qspan

1®hHe (v{l ® s Inl's

((uz ® S_191p]+1s_19p2+1) -

“E) ((m @s710) — (2@ s7102)) ® (v]'v2 @5~ s

(Ml ®S—10il72) ® vljl véz ®s —1 ql lngz ,
(u2 ®s_191pl) ® v{lvéz ® s_ s_lng2 ,
(u1u2®s_191’”92pz)®(v{‘vf@s 1 q1 177(2]2)5

(1 ®s710) ® (Un ®s~In?'s 7117;12) +
D@D e (v v sl e,

(Mz ®s‘192) ® (v“ ®S—1n(111 —17732) n
(—1)f'(1®1)®( vy @ s~ IpTts~Ind T

(12 @s1087) = (2 +2) (m ® s-lels—‘f);’”‘)) ®
(v{l véz ®S—1 q1 _lﬁgz) ’

P2+1 1,142 —
m(“]@.&‘ 10{”' S 1952))®

( j1 12®S—1 q —1771212)

where 0 < ji, j» < land p1, p2, 491,92 = 0, and

Im Dy =

Qspan

((Pl +1) (uz ®s 'ol's 7191’2“) —(p2+ 1) (Ml ® S7]9f1+15719§2)) ®

1% t] —1.q+1
(M1®S 1022)®(U{1U2j2®s ! l 17’]22 ),
— p q —1.q+1
(uz@s 101|)® (U{Il}zjz@S 1 l 17722 ),
— — — +1
(M]M:Z XS lelpls 1652) [ (U{l 1)2]2 X s -1 ?I 17’}32 ) s

(u1u2 ®s—191pls—192pz) ® ( Jj1 ® 5! q1> 7

1.0
o

—1ydig—1 (12+1>

J1 ]2
(Ul vy @S5, Uk

where 0 < ji, jo <1, and p1, p2,491,4q1 = 0. Thus

).
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H.(LX,Q) =
[aene (o @s s )] [(mes o) @ (vl @s7tf) ],
[(uz ® s—lef") ® (v{l véz ® s‘ln(1“>] ,
[(uluz ® silelpls’lefz) ® (v{I vy ® s%,ﬁh)] ’
[((”1 ®s710) — (u2®s57'0,)) ® (v{'vz ®s_1n‘1“s—1ngz)] ,
[(“1 ®s7101) ® (v{' ®S‘ln§’ls_ln§“) +
Qspan “hiaene (ofues s gt ],
[((ees7'6) @ (v @s ') + D/ @D & (v es s~ n)].
(s 05768%) - n 3 {58 o (ot 05701

1
((u2 ®s—191171+ls—19il72+1) _ & (ul R s—191P1+2S_10éyz>> ®
p1+2

(v{d Ué'z ®s1n1111>i|

where 0 < ji, jo» < 1, and p1, p2, 41,491 > 0.

Next we calculate the loop bracket on H, (L X, Q). The brackets on AU & AsTIU* and AV @ As~1VH are
given by

{u’llu;2 ® s7191’71s7192"2, uius @ s719f3s7192"4}
1) [ » tis—1 i ppiapi—] 1 apat
= (=1)@=D (13p1 + (—1)'1111)3) <u111+13 u122+:4 ® s 191171 pa=l 10572 P4) 4

(—1)i32=D (i4p2 n (_1)i2i2p4> (ut‘11+i3ué2+i4—l ®s—101171+l73s—192172+174—1)

and
{v.l/l 1)42/'2 ®s71ni11s71n§12’ v{svélt ®S71n1113s71nt214}
= (=1)20s=D <j3q1 + (=) j1q3> <v{1+j3*1vé'2+j4 ®S—1n§11+qsfls—lngz+q4> n
(—1)B02=D <j4q2 + (—l)jzj2q4> (v{1+j3vé'2+j4—1 ® s—1n¢111+q3s—1ngz+q4—l)
respectively, where 0 < iy, ...,i4, j1,..., ja < 1,and py,..., psa,q1,...,q4 > 0. So by (5) the brackets on

(AU @ AsTIUH) @ (AV @ AsTIVH) are

iy 2 —1yP1 —1yP2 J1,J2 -1.q1 —1_q2
{<u1u2®s 0;s 92>®(v1v2 Qs mys n2>,
i3 Q4 —1ypP3 —1,p4 J3 Ja —1.493 —1_4q4
(u1u2®s 0;"s 92)®<v1v ®s ns 772)}
— (_1)(11+12)(13+t4+1)+]213 {”111"‘122 ® 5_191[715_192[727 u’fulz“ ® S—lelpss—l@zm} ®
J1+73, jatJ4 —1_qi+g93 —1_g2+q4
(vl 123 ®s ny s M, )
+ (_1)(jl+j2+1)(i3+i4)+izi3 <u111+13ul22+l4 ® s—19f1+l73s—192172+174> Q

JtoJ2 -1 q1 —1 g2  j3 Jj4 —1.q3 —1 g4
{Ulvz Qs mps My vpvy @s S ’72}

= (= 1)Ut iatiat D+ 3 ((_l)iz(is—l) (i3p1 + (—1)"1i1p3>

@ Springer




On rational loop... 805

(ul‘11+i3—luéz+i4 Q s_19f1+p3_ls_192pz+p4> + (_l)is(iz—l) (i4p2 + (—1)i2i2p4)

i1+i3  ir+ig—1 —1yP1+p3 —1p2+pa—1 S+, j2ti4 —1_ q1+q3 —1_q2+q4
(”1 Uy ®s 0 s70, ® vy v, ®s M ST,

+ (_1)(jl+jz+1)(i3+i4)+izi3 (uill+i3u;2+i4 ® s—19f1+p3s—192pz+p4> ®
1 ot _ -1 _
(( 1)/2(13 b} (13611 + (= 1)11]1%)( Jitj3— éz+}4 ®s lnii1+q3 s lnngrth)_’_
(—1)302=D <j4q2+( 1)]2]2q4)( Jit3 éz+14 ®S—1 q1+43 _17732+q4_1))~ (11)

Now if (u u2 ®s'ol"s 719172) ® (v{lvgz ®s’1n‘1“s’lngz) (ul3u124 ®s’191’73s*19;4>

® ( s J4 ® s InPs ’117;4) € KerDy, passing to the quotient , the expression (11) gives the loop

bracket on Hl, (L X, Q). For example

[[os-o0)o (st 057 (o) o (et 5]
= (_1)1'21'3[ (pz (u1 ®s—19{n3s7192pz—1) N (u2 ® sflelpg—lsf]ezpz)) ®
(v{1+j3vé'2+j4 Qs 1nizn+q3)] 4 (= 1)Jiiistl (j3q1 T+ (= j1q3>

- - i1+j3—1_jo+j _1_qi+qz—1
[(u1u2®s 10f3s 19§Z)®(v{1 73 véz & s 177(11] 93 )]
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