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Abstract Let F → X → Y be a fibration, where X, Y and F are simply connected compact manifolds. We
develop a technique to compute the loop homology of X with rational coefficients and its loop bracket, when the
underlying graded vector spaces of the minimal Sullivan models of Y and F are finite dimensional.
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1 Introduction

In this paper the underlying field of algebras that occur is the field Q of rational numbers. A graded commutative
algebra A = ⊕i∈Z Ai equipped with a linear map {, } : (A ⊗ A)i → Ai+1, called a Lie bracket, satisfying

(i) {a, b} = −(−1)(|a|+1)(|b|+1){b, a}
(ii) {a, {b, c}} = {{a, b}, c} + (−1)(|a|+1)(|b|+1){b, {a, c}} (Jacobi identity)

(iii) {a, bc} = {a, b}c + (−1)|b|(|a|+1)b{a, c} (Poisson identity)

is called a Gerstenhaber algebra. Further if d : Ai → Ai−1, is a differential on A satisfying,

(iv) d(ab) = d(a)b + (−1)|a|ad(b)

(v) d{a, b} = {da, b} + (−1)(|a|+1){a, db}
then A is called a differential Gerstenhaber algebra. If (A, {, }, d) is a differential Gerstenhaber algebra, then
the bracket {, } on H∗(A) defined by {[a], [b]} := [{a, b}] makes H∗(A) into a Gerstenhaber algebra.

For any graded commutative algebra A, the Hochschild cohomology H H∗(A, A) of A is a classic example
of a Gerstenhaber algebra [1].

Let V = ⊕i≥2V i be a graded vector space and let ∧V be the free graded commutative algebra on V . For
k ∈ Z, let (Der∧V )k be the vector space of all linear maps δ : (∧V )i → (∧V )i−k that satisfies δ(ab) = δ(a)b+
(−1)k|a|aδ(b), known as derivations, and let Der ∧ V = ⊕k∈Z(Der ∧ V )k . For i ≥ 2, let V #

i = Hom(V i , Q) and
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V # = ⊕i≥2V #
i . Let s−1V # = ⊕i≥1

(
s−1V #

)
i be the desuspension of V #, where

(
s−1V #

)
i = V #

i+1. If V is finite
dimensional, i.e., there exists some j ≥ 2 such that V i = 0 for all i ≥ j , and each V i is a finite dimensional
vector space, then with the grading convention (∧V )i = (∧V )−i , (∧V ⊗ ∧s−1V #, {, }) was shown to be a
Gerstenhaber algebra in [2], where {, } is described as follows. For all a, b ∈ ∧V , and s−1θ, s−1η ∈ s−1V #,

{a ⊗ 1, b ⊗ 1} = 0, {a ⊗ s−1θ, b ⊗ 1} = aθ̃ (b) ⊗ 1, (1)

{a ⊗ s−1θ, b ⊗ s−1η} = aθ̃ (b) ⊗ s−1η − (−1)|aθ̃ ||bη̃|bη̃(a) ⊗ s−1θ, (2)

where θ̃ , η̃ are the derivations of ∧V extended from θ and η respectively.
Let∧∧V s−1 Der ∧V be the exterior algebra obtained as the quotient of the∧V -tensor algebra T∧V s−1 Der ∧V =

⊕k≥0T k
∧V s−1 Der ∧V, by the ideal generated by elements of the form x ⊗ y − (−1)|x ||y|y ⊗ x , where

T k
∧V s−1 Der ∧V = s−1 Der ∧V ⊗∧V · · · ⊗∧V s−1 Der ∧V (k-times), and

T 0∧V s−1 Der ∧V = ∧V . Since V is finite dimensional it is isomorphic to V #, and this gives rise to a ∧V -
algebra isomorphism

ϕ : ∧∧V s−1 Der ∧V → ∧V ⊗ ∧s−1V #. (3)

Now if d is a differential on ∧V that satisfies condition (iv) above, with a differential D on ∧V ⊗ ∧s−1V #

defined by

D(x) = −{ϕ(s−1d), x}, (4)

for x ∈ ∧V ⊗∧s−1V #, it was shown in [2], that (∧V ⊗∧s−1V #, {, }, D) is a differential Gerstenhaber algebra. If
(∧V, d), V = ⊕i≥2V i , is a Sullivan model of a simply connected topological space X , with V finite dimensional,
we call

(∧V ⊗ ∧s−1V #, {, }, D
)

a differential Sullivan Gerstenhaber algebra model of X.

Let X be an orientable compact manifold of dimension m and let L X = Map(S1, X) be the free loop space
of X . The loop homology of X with rational coefficients denoted by H∗(L X) is - by definition - the ordinary
homology of L X with degrees shifted by m, i.e., H∗(L X) = H∗+m(L X; Q). Chas and Sullivan [3] showed that
H∗(L X) is a Gerstenhaber algebra under a product called the “loop product", and a Lie bracket called the “loop
bracket".

If X is a simply connected compact manifold, and if (∧V, d) is a Sullivan model of X , then

H∗(L X) ∼= H H∗(∧V,∧V )

as Gerstenhaber algebras [4,5]. Moreover if V = ⊕i≥2V i is finite dimensional, Gatsinzi [2,6] established that

H H∗(∧V,∧V ) ∼= H∗(∧∧V s−1 Der ∧V ) ∼= H∗(∧V ⊗ ∧s−1V #)

as Gerstenhaber algebras. Combining the above isomorphisms one has the following theorem:

Theorem 1 [2] Let X be a simply connected compact manifold and let (∧V, d), V = ⊕i≥2V i , be a Sullivan
model of X, where V is finite dimensional. Then H∗(L X) ∼= H∗(∧V ⊗ ∧s−1V #) as Gerstenhaber algebras.

Let F → X → Y be a fibration where X, Y, F are simply connected compact manifolds. Let (∧U, d1) , U =
⊕i≥2Ui and (∧V, d2), V = ⊕i≥2V i be the minimal Sullivan models of Y and F respectively. Suppose U and
V are finite dimensional, and let

(∧U ⊗ ∧s−1U #, {, }, D1
)

and
(∧V ⊗ ∧s−1V #, {, }, D2

)
be the corresponding

differential Sullivan Gerstenhaber algebra models of Y and F respectively. In this paper we construct a differential
D0 on

(∧U ⊗ ∧s−1U #
)⊗ (∧V ⊗ ∧s−1V #

)
, making it a differential Gerstenhaber algebra such that H∗(L X) ∼=

H∗
( (∧U ⊗ ∧s−1U #

)⊗(∧V ⊗ ∧s−1V #
)
, D0

)
as Gerstenhaber algebras, and D0 = D1⊗D2, when the fibration

is trivial.
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2 Some results on Gerstenhaber algebras

Let (A, {, }), (B, {, }) be Gerstenhaber algebras. In [7] Pablo et al. showed that A ⊗ B is again a Gerstenhaber
algebra with the Lie bracket defined by

{a ⊗ b, a′ ⊗ b′} = (−1)(|a′|+1)|b|{a, a′} ⊗ bb′ + (−1)|a′|(|b|+1)aa′ ⊗ {b, b′}. (5)

We prove the following propositions:

Proposition 2 Let ∧U, U = ⊕i≥2Ui , and ∧V, V = ⊕i≥2V i , be free graded commutative algebras, where U
and V are finite dimensional. Then there is a Gerstenhaber algebra isomorphism

Φ : ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )# →
(
∧U ⊗ ∧s−1U #

)
⊗

(
∧V ⊗ ∧s−1V #

)
. (6)

Proof As ∧(U ⊕ V ) ∼= ∧U ⊗∧V and ∧s−1(U ⊕ V )# ∼= ∧s−1U # ⊗∧s−1V #, we have an algebra isomorphism

Φ1 : ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )# → (∧U ⊗ ∧V ) ⊗
(
∧s−1U # ⊗ ∧s−1V #

)
.

Moreover, we have a vector space isomorphism

Φ2 : (∧U ⊗ ∧V ) ⊗
(
∧s−1U # ⊗ ∧s−1V #

)
→

(
∧U ⊗ ∧s−1U #

)
⊗

(
∧V ⊗ ∧s−1V #

)

(u ⊗ v) ⊗
(

s−1θ ⊗ s−1η
)

�→ (−1)|v||s−1θ | (u ⊗ s−1θ
)

⊗
(
v ⊗ s−1η

)

for all u ∈ U , v ∈ V , s−1θ ∈ s−1U #, and s−1η ∈ s−1V #. By composing we get a vector space isomorphism

Φ = Φ2 ◦ Φ1 : ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )# →
(
∧U ⊗ ∧s−1U #

)
⊗

(
∧V ⊗ ∧s−1V #

)
.

We show that Φ is an algebra morphism. As Φ1 is an algebra morphism, it remains to show that Φ2 is an algebra
morphism. Let u1, u2 ∈ U , v1, v2 ∈ V , s−1θ1, s−1θ2 ∈ s−1U #, and s−1η1, s−1η2 ∈ s−1V #,

Φ2

((
(u1 ⊗ v1) ⊗

(
s−1θ1 ⊗ s−1η1

)) (
(u2 ⊗ v2) ⊗

(
s−1θ2 ⊗ s−1η2

)))

= (−1)
(|s−1θ1|+|s−1η1|

)
(|u2|+|v2|)+|v1||u2|+|s−1η1||s−1θ2|Φ2

(
(u1u2 ⊗ v1v2)⊗

(
s−1θ1s−1θ2 ⊗ s−1η1s−1η2

) )

= (−1)
(|s−1θ1|+|s−1η1|

)
(|u2|+|v2|)+|v1||u2|+|s−1η1||s−1θ2|+(|v1|+|v2|)

(|s−1θ1|+|s−1θ2|
)

(
u1u2 ⊗ s−1θ1s−1θ2

)
⊗

(
v1v2 ⊗ s−1η1s−1η2

)

= (−1)|s−1θ1||v1|+|s−1θ2||v2|
((

u1 ⊗ s−1θ1

)
⊗

(
v1 ⊗ s−1η1

))

((
u2 ⊗ s−1θ2

)
⊗

(
v2 ⊗ s−1η2

))

= Φ2

(
(u1 ⊗ v1) ⊗

(
s−1θ1 ⊗ s−1η1

))
Φ2

(
(u2 ⊗ v2) ⊗

(
s−1θ2 ⊗ s−1η2

))
.

Since the elements u, v, s−1θ, s−1η generate the algebra (∧U ⊗ ∧V ) ⊗ (∧s−1U # ⊗ ∧s−1V #
)
, it follows that

Φ2 is an algebra morphism.
To complete the proof we show that Φ preserves brackets. From equations (1) and (2) and the fact that

θ̃i (v j ) = 0, η̃i (u j ) = 0, θi (u j ), ηi (v j ) ∈ Q, where θ̃i , η̃i are the derivations extended from θi and ηi respectively
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for i, j = 1, 2, it follows that

(i) Φ
{
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

)
, (u2 + v2) ⊗ 1

}

=
{
Φ

(
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

))
, Φ ((u2 + v2) ⊗ 1)

}

(i i) Φ
{
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

)
, 1 ⊗

(
s−1θ2 + s−1η2

)}

=
{
Φ

(
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

))
, Φ

(
1 ⊗

(
s−1θ2 + s−1η2

))}

(i i i) Φ
{
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

)
, (u2 + v2) ⊗

(
s−1θ2 + s−1η2

)}

=
{
Φ

(
(u1 + v1) ⊗

(
s−1θ1 + s−1η1

))
, Φ

(
(u2 + v2) ⊗

(
s−1θ2 + s−1η2

))}
.

From (i), (i i), (i i i), and by using Poisson identity, one can prove by induction that Φ {x, y} = {Φ(x),Φ(y)},
for all x, y ∈ ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V ). 
�
Proposition 3 Let (∧(U ⊕ V ), d) be a differential graded commutative algebra, where U = ⊕i≥2Ui and
V = ⊕i≥2V i are finite dimensional. If

D0(x) = −{Φ ◦ ϕ(s−1d), x} (7)

for all x ∈ (∧U ⊗ ∧s−1U #
) ⊗ (∧V ⊗ ∧s−1V #

)
, where Φ is the isomorphism given by (6) and ϕ :

∧∧(U⊕V )s−1 Der ∧(U ⊕ V ) → ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )# is the isomorphism defined as in (3), then(( ∧ U ⊗ ∧s−1U #
) ⊗ ( ∧ V ⊗ ∧s−1V #

)
, {, }, D0

)
is a differential Gerstenhaber algebra.

Proof Let x ∈ (∧U ⊗ ∧s−1U #
) ⊗ (∧V ⊗ ∧s−1V #

)
, then

(D0 ◦ D0)(x) =
{
Φ ◦ ϕ(s−1d),

{
Φ ◦ ϕ(s−1d), x

}}

=
{{

Φ ◦ ϕ(s−1d),Φ ◦ ϕ(s−1d)
}

, x
}

−
{
Φ ◦ ϕ(s−1d),

{
Φ ◦ ϕ(s−1d), x

}} (
By Jacobi identity.

)

= {Φ
{
ϕ(s−1d), ϕ(s−1d)

}
, x} − (D0 ◦ D0)(x)

= 0 − (D0 ◦ D0)(x) = −(D0 ◦ D0)(x).

This implies (D0 ◦ D0)(x) = 0. Therefore D0 is a differential. That D0 is a derivation, i.e., D0 satisfies condition
(iv), follows from the Poisson identity. The Jacobi identity ensures the compatibility of D0 with the bracket, i.e.,
D0 satisfies condition (v). Hence

(( ∧ U ⊗ ∧s−1U #
) ⊗ ( ∧ V ⊗ ∧s−1V #

)
, {}, D0

)
is a differential Gerstenhaber

algebra. 
�
As we discussed in the previous section,

(∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )#, {, }, D
)

is a differential Gerstenhaber
algebra, where D(x) = −{ϕ(s−1d), x}. From the construction of D0, it is clear that

Φ : ∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )# →
(
∧U ⊗ ∧s−1U #

)
⊗

(
∧V ⊗ ∧s−1V #

)
(8)

is a differential Gerstenhaber algebra isomorphism.

3 Loop homology of fibrations

Let F → X → Y be a fibration, where X, Y, F are simply connected compact manifolds. Let (∧U, d1) , U =
⊕i≥2Ui and (∧V, d2) , V = ⊕i≥2V i be the minimal Sullivan models of Y and F respectively. Then X has
a Sullivan model of the form (∧U ⊗ ∧V, d) ∼= (∧(U ⊕ V ), d) where (∧U, d1) is a sub-cochain algebra of
(∧U ⊗ ∧V, d) and (d − d2)(v) ∈ ∧+U ⊗ ∧V for all v ∈ V [4].

Suppose that U and V are finite dimensional, and let
(∧U ⊗ ∧s−1U #, {, }, D1

)
and

(∧V ⊗ ∧s−1V #, {, }, D2
)

be the corresponding differential Sullivan Gerstenhaber algebra models of Y and F respectively. Let Φ : ∧(U ⊕
V ) ⊗ ∧s−1(U ⊕ V )# → (∧U ⊗ ∧s−1U #

) ⊗ (∧V ⊗ ∧s−1V #
)

be the isomorphism defined as in Proposition 2.
Then we have the following theorem.
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Theorem 4 H∗(L X) ∼= H∗
((∧U ⊗ ∧s−1U #

) ⊗ (∧V ⊗ ∧s−1V #
)
, D0

)
as Gerstenhaber algebras, and for

α ∈ ∧U ⊗ ∧s−1U # and β ∈ ∧V ⊗ ∧s−1V #,

D0(α ⊗ β) = (D1 ⊗ D2) (α ⊗ β) −
⎧
⎨

⎩
Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ , α ⊗ β

⎫
⎬

⎭
, (9)

where {v1, . . . , vn} is a homogeneous basis of V and {s−1η1, . . . , s−1ηn} is the corresponding dual basis of
s−1V #. Thus the loop bracket on H∗(L X) is the Lie bracket on H∗

((∧U ⊗ ∧s−1U #
) ⊗ (∧V ⊗ ∧s−1V #

))
.

Proof By Theorem 1 we have

H∗ (L X) ∼= H∗
(
∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )#

)
.

Also by (8) we have

H∗
(
∧(U ⊕ V ) ⊗ ∧s−1(U ⊕ V )#

) ∼= H∗
((

∧U ⊗ ∧s−1U #
)

⊗
(
∧V ⊗ ∧s−1V #

))
.

Thus

H∗(L X) ∼= H∗
((

∧U ⊗ ∧s−1U #
)

⊗
(
∧V ⊗ ∧s−1V #

))

as Gerstenhaber algebras.
To describe D0, let {u1, . . . , um} be a homogeneous basis of U and let {s−1θ1, . . . , s−1θm} be the corre-

sponding basis of s−1U #. Since θ̃i , η̃ j spans Der ∧ (U ⊕ V ) we have,

d =
m∑

i=1

d(ui )θ̃i +
n∑

j=1

d(v j )η̃ j .

Let ϕ : ∧∧(U⊕V )s−1 Der ∧(U ⊕ V ) → ∧(U ⊕ V )⊗∧s−1(U ⊕ V )# be the isomorphism defined as in (3). Then
we have

Φ ◦ ϕ(s−1d) = Φ

⎛

⎝
m∑

i=1

d(ui ) ⊗ s−1θi +
n∑

j=1

d(v j ) ⊗ s−1η j

⎞

⎠

=
m∑

i=1

(
d1(ui ) ⊗ s−1θi

)
⊗ (1 ⊗ 1) +

n∑

j=1

(1 ⊗ 1) ⊗
(

d2(v j ) ⊗ s−1η j

)
+

Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ .

This implies,

{Φ ◦ ϕ(s−1d), α ⊗ β}

=
{ m∑

i=1

(
d1(ui ) ⊗ s−1θi

)
⊗ (1 ⊗ 1) +

n∑

j=1

(1 ⊗ 1) ⊗
(

d2(v j ) ⊗ s−1η j

)

+ Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ , α ⊗ β

}

=
{

m∑

i=1

d1(ui ) ⊗ s−1θi , α

}

⊗ β + (−1)|α|α ⊗
⎧
⎨

⎩

n∑

j=1

d2(vi ) ⊗ s−1η j , β

⎫
⎬

⎭
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+
⎧
⎨

⎩
Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ , α ⊗ β

⎫
⎬

⎭

Hence,

D0(α ⊗ β) = −
{
Φ ◦ ϕ(s−1d), α ⊗ β

}

= D1(α) ⊗ β + (−1)|α|α ⊗ D2(β) −
⎧
⎨

⎩
Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ , α ⊗ β

⎫
⎬

⎭

= (D1 ⊗ D2) (α ⊗ β) −
⎧
⎨

⎩
Φ

⎛

⎝
n∑

j=1

(d − d2)(v j ) ⊗ s−1η j

⎞

⎠ , α ⊗ β

⎫
⎬

⎭
.


�
Corollary 1 If the fibration F → X → Y is trivial, then D0 = D1 ⊗ D2.

Proof Since the fibration is trivial, the minimal Sullivan model of X is the tensor product of the minimal Sullivan
models of Y and F . Hence in this case d|V = d2 and thus the second term on the right hand-side of (9) vanishes.

�

4 Calculation of the loop homology and the loop bracket of a principal SU(3)-bundle

Consider a fibration G → X → Y , which is a principal G-bundle, where G is a simply connected compact
Lie group, and X, Y are simply connected compact manifolds. Then the minimal Sullivan model of G is of the
form (∧V, 0), V = ⊕i≥2V i , where V is finite dimensional. As the differential on ∧V is zero, it is clear that the
corresponding differential D2 on ∧V ⊗ ∧s−1V # is also zero. If (∧U, d1), U = ⊕i≥2Ui is the minimal Sullivan
model of Y , then the minimal Sullivan model of X is of the form (∧U ⊗ ∧V, d), where d(V ) ⊂ ∧U ( [4],
§15(a)). Therefore the differential D0 of (9) on

(∧U ⊗ ∧s−1U #
) ⊗ (∧V ⊗ ∧s−1V #

)
reduces to

D0(α ⊗ β) = D1(α) ⊗ β −
n∑

j=1

{(
d(v j ) ⊗ 1

) ⊗
(

1 ⊗ s−1η j

)
, α ⊗ β

}
. (10)

Consider the universal SU (3)-bundle pSU (3) : ESU (3) → BSU (3). The minimal Sullivan model of SU (3)

is (∧(v1, v2), 0), where |v1| = 3 and |v2| = 5, which implies (∧(w1, w2), 0) with |w1| = 4, |w2| = 6 is the
minimal Sullivan model of BSU (3) ( [4], Proposition 15.15). Since BSU (3) is simply connected and H∗(BSU (3), Q)

has finite type, we have Qspan{w1, w2} ∼= HomZ

(
π∗(BSU (3)), Q

)
( [4], Theorem 15.11). Therefore there exists

a continuous map a : S6 → BSU (3) dual to w2. Now we pullback the universal SU (3)-bundle by the map

f : S3 × S3 → S3 × S3

S3 ∧ S3
∼= S6 a−→ BSU (3)

to a principal SU (3)-bundle p : X → S3 × S3. The total space X is a simply connected compact manifold as
both the base and fiber are so. Now we will calculate the loop homology of X and its loop bracket. In ( [4],
§15( f )), it has been shown that the minimal Sullivan model of X is

(∧(u1, u2, v1, v2), d) , |u1| = 3 = |u2|, du1 = du2 = 0, dv1 = 0, dv2 = u1u2.

By Theorem 4,

H∗ (L X, Q) ∼= H∗
((

∧(u1, u2) ⊗ ∧(s−1θ1, s−1θ2)
)

⊗
(
∧(v1, v2) ⊗ ∧(s−1η1, s−1η2)

)
, D0

)
.

By (10) the differential D0 is

D0(α ⊗ β) = −
{
(u1u2 ⊗ 1) ⊗

(
1 ⊗ s−1η2

)
, α ⊗ β

}
,
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for α ∈ ∧(u1, u2) ⊗ ∧(s−1θ1, s−1θ2) and β ∈ ∧(v1, v2) ⊗ ∧(s−1η1, s−1η2).

So for i1, i2, j1, j2 ∈ {0, 1}, and p1, p2, q1, q2 ≥ 0,

D0

((
ui1

1 ui2
2 ⊗ s−1θ

p1
1 s−1θ

p2
2

)
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

))

= −(−1)i1
[ (

p1

(
ui1

1 ui2+1
2 ⊗ s−1θ

p1−1
1 s−1θ

p2
2

)
− p2

(
ui1+1

1 ui2
2 ⊗ s−1θ

p1
1 s−1θ

p2−1
2

))

⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)

+ (−1)i2+ j1 j2
(

ui1+1
1 ui2+1

2 ⊗ s−1θ
p1
1 s−1θ

p2
2

)
⊗

(
v

j1
1 v

j2−1
2 ⊗ s−1η

q1
1 s−1η

q2
2

) ]
.

Therefore

Ker D0 =

Qspan

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1 ⊗ 1) ⊗
(
v

j1
1 ⊗ s−1η

q1
1 s−1η

q2
2

)
,
((

u1 ⊗ s−1θ1
) − (

u2 ⊗ s−1θ2
)) ⊗

(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

(
u1 ⊗ s−1θ

p2
2

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

(
u2 ⊗ s−1θ

p1
1

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

(
u1u2 ⊗ s−1θ

p1
1 θ

p2
2

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

(
u1 ⊗ s−1θ1

) ⊗
(
v

j1
1 ⊗ s−1η

q1
1 s−1η

q2
2

)
+

(−1) j1(1 ⊗ 1) ⊗
(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)
,

(
u2 ⊗ s−1θ2

) ⊗
(
v

j1
1 ⊗ s−1η

q1
1 s−1η

q2
2

)
+

(−1) j1(1 ⊗ 1) ⊗
(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)
,

((
u2 ⊗ s−1θ

p2+2
2

)
− (p2 + 2)

(
u1 ⊗ s−1θ1s−1θ

p2+1
2

))
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

((
u2 ⊗ s−1θ

p1+1
1 s−1θ

p2+1
2

)
− p2 + 1

p1 + 2

(
u1 ⊗ s−1θ

p1+2
1 s−1θ

p2
2

))
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where 0 ≤ j1, j2 ≤ 1 and p1, p2, q1, q2 ≥ 0, and

Im D0 =

Qspan

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
u1 ⊗ s−1θ

p2
2

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)
,

(
u2 ⊗ s−1θ

p1
1

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)
,

(
u1u2 ⊗ s−1θ

p1
1 s−1θ

p2
2

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)
,

(
u1u2 ⊗ s−1θ

p1
1 s−1θ

p2
2

) ⊗
(
v

j1
1 ⊗ s−1η

q1
1

)
,

(
(p1 + 1)

(
u2 ⊗ s−1θ

p1
1 s−1θ

p2+1
2

)
− (p2 + 1)

(
u1 ⊗ s−1θ

p1+1
1 s−1θ

p2
2

))
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2+1
2

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where 0 ≤ j1, j2 ≤ 1, and p1, p2, q1, q1 ≥ 0. Thus
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H∗(L X, Q) =

Qspan

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
(1 ⊗ 1) ⊗

(
v

j1
1 ⊗ s−1η

q1
1 s−1η

q2
2

)]
,
[(

u1 ⊗ s−1θ
p2
2

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1

)]
,

[(
u2 ⊗ s−1θ

p1
1

) ⊗
(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1

)]
,

[(
u1u2 ⊗ s−1θ

p1
1 s−1θ

p2
2

) ⊗
(
v

j1
1 v2 ⊗ s−1η

q1
1

)]
,

[((
u1 ⊗ s−1θ1

) − (
u2 ⊗ s−1θ2

)) ⊗
(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η

q2
2

)]
,

[ (
u1 ⊗ s−1θ1

) ⊗
(
v

j1
1 ⊗ s−1η

q1
1 s−1η

q2
2

)
+

(−1) j (1 ⊗ 1) ⊗
(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η

q2+1
2

) ]
,

[(
u2 ⊗ s−1θ2

) ⊗
(
v

j1
1 ⊗ s−1η

q1
1

)
+ (−1) j (1 ⊗ 1) ⊗

(
v

j1
1 v2 ⊗ s−1η

q1
1 s−1η2

)]
,

[((
u2 ⊗ s−1θ

p2+2
2

)
− (p2 + 2)

(
u1 ⊗ s−1θ1s−1θ

p2+1
2

))
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1

)]
,

[ ((
u2 ⊗ s−1θ

p1+1
1 s−1θ

p2+1
2

)
− p2 + 1

p1 + 2

(
u1 ⊗ s−1θ

p1+2
1 s−1θ

p2
2

))
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1

) ]

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

where 0 ≤ j1, j2 ≤ 1, and p1, p2, q1, q1 ≥ 0.

Next we calculate the loop bracket on H∗ (L X, Q). The brackets on ∧U ⊗ ∧s−1U # and ∧V ⊗ ∧s−1V # are
given by

{
ui1

1 ui2
2 ⊗ s−1θ

p1
1 s−1θ

p2
2 , ui3

1 ui4
2 ⊗ s−1θ

p3
1 s−1θ

p4
2

}

= (−1)i2(i3−1)
(

i3 p1 + (−1)i1 i1 p3

) (
ui1+i3−1

1 ui2+i4
2 ⊗ s−1θ

p1+p3−1
1 s−1θ

p2+p4
2

)
+

(−1)i3(i2−1)
(

i4 p2 + (−1)i2 i2 p4

) (
ui1+i3

1 ui2+i4−1
2 ⊗ s−1θ

p1+p3
1 s−1θ

p2+p4−1
2

)

and
{
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2 , v

j3
1 v

j4
2 ⊗ s−1η

q3
1 s−1η

q4
2

}

= (−1) j2( j3−1)
(

j3q1 + (−1) j1 j1q3

) (
v

j1+ j3−1
1 v

j2+ j4
2 ⊗ s−1η

q1+q3−1
1 s−1η

q2+q4
2

)
+

(−1) j3( j2−1)
(

j4q2 + (−1) j2 j2q4

) (
v

j1+ j3
1 v

j2+ j4−1
2 ⊗ s−1η

q1+q3
1 s−1η

q2+q4−1
2

)

respectively, where 0 ≤ i1, . . . , i4, j1, . . . , j4 ≤ 1, and p1, . . . , p4, q1, . . . , q4 ≥ 0. So by (5) the brackets on(∧U ⊗ ∧s−1U #
) ⊗ (∧V ⊗ ∧s−1V #

)
are

{(
ui1

1 ui2
2 ⊗ s−1θ

p1
1 s−1θ

p2
2

)
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,

(
ui3

1 ui4
2 ⊗ s−1θ

p3
1 s−1θ

p4
2

)
⊗

(
v

j3
1 v

j4
2 ⊗ s−1η

q3
1 s−1η

q4
2

)}

= (−1)( j1+ j2)(i3+i4+1)+ j2 j3
{

ui1
1 ui2

2 ⊗ s−1θ
p1
1 s−1θ

p2
2 , ui3

1 ui4
2 ⊗ s−1θ

p3
1 s−1θ

p4
2

}
⊗

(
v

j1+ j3
1 v

j2+ j4
2 ⊗ s−1η

q1+q3
1 s−1η

q2+q4
2

)

+ (−1)( j1+ j2+1)(i3+i4)+i2i3
(

ui1+i3
1 ui2+i4

2 ⊗ s−1θ
p1+p3
1 s−1θ

p2+p4
2

)
⊗

{
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2 , v

j3
1 v

j4
2 ⊗ s−1η

q3
1 s−1η

q4
2

}

= (−1)( j1+ j2)(i3+i4+1)+ j2 j3

(
(−1)i2(i3−1)

(
i3 p1 + (−1)i1 i1 p3

)
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(
ui1+i3−1

1 ui2+i4
2 ⊗ s−1θ

p1+p3−1
1 s−1θ

p2+p4
2

)
+ (−1)i3(i2−1)

(
i4 p2 + (−1)i2 i2 p4

)

(
ui1+i3

1 ui2+i4−1
2 ⊗ s−1θ

p1+p3
1 s−1θ

p2+p4−1
2

) )
⊗

(
v

j1+ j3
1 v

j2+ j4
2 ⊗ s−1η

q1+q3
1 s−1η

q2+q4
2

)

+ (−1)( j1+ j2+1)(i3+i4)+i2i3
(

ui1+i3
1 ui2+i4

2 ⊗ s−1θ
p1+p3
1 s−1θ

p2+p4
2

)
⊗

(
(−1) j2( j3−1)

(
j3q1 + (−1) j1 j1q3

) (
v

j1+ j3−1
1 v

j2+ j4
2 ⊗ s−1η

q1+q3−1
1 s−1η

q2+q4
2

)
+

(−1) j3( j2−1)
(

j4q2 + (−1) j2 j2q4

) (
v

j1+ j3
1 v

j2+ j4−1
2 ⊗ s−1η

q1+q3
1 s−1η

q2+q4−1
2

))
. (11)

Now if
(

ui1
1 ui2

2 ⊗ s−1θ
p1
1 s−1θ

p2
2

)
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

)
,
(

ui3
1 ui4

2 ⊗ s−1θ
p3
1 s−1θ

p4
2

)

⊗
(
v

j3
1 v

j4
2 ⊗ s−1η

q3
1 s−1η

q4
2

)
∈ KerD0, passing to the quotient

KerD0

ImD0
, the expression (11) gives the loop

bracket on H∗(L X, Q). For example
{ [(

u1 ⊗ s−1θ
p2
2

)
⊗

(
v

j1
1 v

j2
2 ⊗ s−1η

q1
1

)]
,
[(

u2 ⊗ s−1θ
p3
1

)
⊗

(
v

j3
1 v

j4
2 ⊗ s−1η

q3
1

)] }

= (−1) j2 j3
[ (

p2

(
u1 ⊗ s−1θ

p3
1 s−1θ

p2−1
2

)
− p3

(
u2 ⊗ s−1θ

p3−1
1 s−1θ

p2
2

))
⊗

(
v

j1+ j3
1 v

j2+ j4
2 ⊗ s−1η

q1+q3
1

) ]
+ (−1) j1+ j2 j3+1

(
j3q1 + (−1) j1 j1q3

)

[(
u1u2 ⊗ s−1θ

p3
1 s−1θ

p2
2

)
⊗

(
v

j1+ j3−1
1 v

j2+ j4
2 ⊗ s−1η

q1+q3−1
1

)]
.
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