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Abstract In this paper, we use elementary methods to transform sums involving cubic residues into expressions
involving Gauss sums. Following this, we use properties of third-order characters and the product formula for
the classical Gauss sums to study problems on the computation of cubic residues on some special integer sets.
We give some exact formulae for the corresponding counting functions.
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1 Introduction

For any integer a with (a, p) = 1 in which p as an odd prime and 1 < k < p as a fixed integer, if there exists an
integer x such that the congruence equation xk ≡ a mod p, we call a as a k-th residue modulo p. If the equation
xk ≡ a mod p has no solution, we call a as a k-th non-residue modulo p. Normally, if k = 2, we call a as a
quadratic residue or quadratic non-residue modulo p. Legendre first introduced the characteristic function of the

quadratic residues
(

a
p

)
, which was later called the Legendre’s symbol as follows:

(
a

p

)
=
⎧⎨
⎩

1, if a is a quadratic residue modulo p;
−1, if a is a quadratic non − residue modulo p;
0 ifp | a.

About its basic properties, one can find them in any elementary number theory books, such as [1,2] and

[3]. Sometimes we write
(

a
p

)
= χ2(a) for convenience. Many scholars have paid attention to the Legendre’s

symbol because of importance, and a series of important results have been obtained, some of which can be found
in references [4–15]. For example T. T. Wang and X. X. Lv [4] studied the distribution properties of a certain
quadratic residues and non-residues modulo p, and obtained the following two conclusions:
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1. For any prime p with p ≡ 3 mod 4, it has the identities

N (p, 1) =
{ 1

8 (p − 3) , ifp ≡ 3 mod 8;
1
8 (p − 7) , ifp ≡ 7 mod 8

and

N (p,−1) =
{ 1

8 (p − 3) , ifp ≡ 3 mod 8;
1
8 (p + 1) , ifp ≡ 7 mod 8.

where N (p, 1) denotes the number of all integers 1 ≤ a ≤ p − 1 such that a, a + a and a − a are all quadratic
residues modulo p, N (p,−1) denotes the number of all integers 1 ≤ a ≤ p − 1 such that a is a quadratic
non-residue modulo p, a + a and a − a are quadratic residues modulo p, in which a denotes the multiplicative
inverse of a modulo p. That is, a · a ≡ 1 mod p.

2. For any prime p with p ≡ 1 mod 4, it has the asymptotic formulas

N (p, 1) =
{ 1

8 (p − 3) + E(p, 1), ifp ≡ 5 mod 8;
1
8 (p − 17) + E1(p, 1), ifp ≡ 1 mod 8

and

N (p,−1) =
{ 1

8 (p + 3) + E(p,−1), ifp ≡ 5 mod 8;
1
8 (p + 3) + E1(p,−1), ifp ≡ 1 mod 8,

where we have the estimates |E(p, 1)| ≤ 3
4 ·√p, |E1(p, 1)| ≤ 5

4 ·√p, |E(p,−1)| ≤ 3
4 ·√p and |E1(p,−1)| ≤

5
4 · √

p.
J. Y. Hu and Z. Y. Chen [16] studied a similar problem for cubic residue modulo p. That is, let p be a prime

with p ≡ 1 mod 3, S3(p) denotes the number of all integers 1 < a < p − 1 such that a + a and a − a are cubic
residues modulo p, on base of which they proved the following two results:

3. Let p be an odd prime with p ≡ 7 mod 12, if 2 is a cubic residue modulo p, it has the identity

S3(p) = 1

9
· (p + 4d − 11) ,

where d and b are uniquely determined by 4p = d2 + 27b2, d ≡ 1 mod 3 and b > 0.
4. Let p be an odd prime with p ≡ 1 mod 3, it has the asymptotic formula

S3(p) = 1

9
· p + O

(
p

1
2

)
,

where big-O constant is computable.
Some other related results can be found in references [17–21], which will not be listed in here.
A synthesis of these research, we know that the distribution of cubic residue is very irregular, and there is

no rule to follow. In this paper, we find the regularity of cubic residue distribution in some special integer sets,
and give the accurate calculation formula. In detail, we try to give an exact formula for S3(p) in the other cases
p ≡ 1 mod 12 and 2 not a cubic residue modulo p. That is, we will prove the following two Theorems:

Theorem 1.1 Let p be a prime with p ≡ 1 mod 12, if 2 is a cubic residue modulo p, then we have

S3(p) = 1

9
· (p + 10d − 17) ,

where the integers d and b are uniquely determined by 4p = d2 + 27b2, d ≡ 1 mod 3 and b > 0.

Theorem 1.2 Let p be a prime with p ≡ 1 mod 3, if 2 is not a cubic residue modulo p, then we have

S3(p) = 1

18
· (2p + 5d + 9b − 10) or

1

18
· (2p + 5d − 9b − 10) ,

where the integers d and b are the same as defined in Theorem 1.1
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808 X. Yuan, W. Zhang

Some notes: Obviously, Theorem 1.1 improves the corresponding result in [16]. In Theorem 1.2, there are
two possibilities for the results we give. How to determine its exact value is an interesting problem, which needs
to be further studied.

On the other hand, if p ≡ 1 mod 3, then 2 is a cubic residue modulo p if and only if d is an even number
(see Corollary 1 in [22]). Through numerical checking, we also put forward the following two Conjectures:

Conjecture 1.3 Let p be a prime with p ≡ 7 mod 12, if 2 is not a cubic residue modulo p, then we have

S3(p) = 1

18
· (2p + 5d − 9b − 10) .

Conjecture 1.4 Let p be a prime with p ≡ 1 mod 12, if 2 is not a cubic residue modulo p, then we have

S3(p) = 1

18
· (2p + 5d + 9b − 10) .

2 Some Lemmas

In this section, we will give some Lemmas, which are necessary in the proofs of all Theorems. In addition, we
also need some properties of the classical Gauss sums and character sums, all of which can be found in many
number theory books, such as [1,2] or [3]. First, we have the following:

Lemma 2.1 Let p be a prime with p ≡ 1 mod 3, then for any third-order character λ modulo p, we have the
identity

τ 3(λ) + τ 3 (λ) = dp,

in which τ(χ) =
p−1∑
a=1

χ(a)e

(
a

p

)
denotes the classical Gauss sums, where e(y) = e2π iy and i2 = −1, and d is

the same as defined in Theorem 1.1

Proof See [23] or [24], and some related results can also be found in [25–30].

Lemma 2.2 Let p be an odd prime, then for any non-principal character χ modulo p, we have the identity

τ
(
χ2
)

= χ2(2) · χ2(−1) · χ(−1) · τ(χ2) · τ (χχ2)

τ (χ)
.

Proof From the properties of the classical Gauss sums (see [1] Theorem 8.9)

χ(a) = 1

τ (χ)

p−1∑
b=1

χ(b)e

(
ab

p

)

we have

p−1∑
a=0

χ
(

a2 − 1
)

=
p−1∑
a=0

χ
(
(a + 1)2 − 1

)
=

p−1∑
a=1

χ(a)χ (a + 2)

= 1

τ (χ)

p−1∑
b=1

χ(b)

p−1∑
a=1

χ(a)e

(
b(a + 2)

p

)
= τ (χ)

τ (χ)

p−1∑
b=1

χ(b)χ(b)e

(
2b

p

)

= τ (χ)

τ (χ)

p−1∑
b=1

χ2(b)e

(
2b

p

)
= χ2(2) · τ (χ) · τ

(
χ2
)

τ (χ)
. (1)

123



On cubic residues and related problems 809

On the other hand, for any integer b with (b, p) = 1, from the identity

p−1∑
a=0

e

(
ba2

p

)
= 1 +

p−1∑
a=1

(1 + χ2(a)) e

(
ba

p

)

=
p−1∑
a=1

χ2(a)e

(
ba

p

)
= χ2(b) · τ(χ2)

we also have

p−1∑
a=0

χ
(

a2 − 1
)

= 1

τ (χ)

p−1∑
a=0

p−1∑
b=1

χ(b)e

(
b(a2 − 1)

p

)

= 1

τ (χ)

p−1∑
b=1

χ(b)e

(−b

p

) p−1∑
a=0

e

(
ba2

p

)
= τ(χ2)

τ (χ)

p−1∑
b=1

χ(b)χ2(b)e

(−b

p

)

= χ2(−1)χ(−1)τ (χ2) · τ (χχ2)

τ (χ)
. (2)

From (1) and (2) we have the identity

τ
(
χ2
)

= χ2(2) · χ2(−1)χ(−1) · τ(χ2) · τ (χχ2)

τ (χ)
.

This proves Lemma 2.2

Lemma 2.3 Let p be a prime p with p ≡ 1 mod 4, χ4 denote any four-order character modulo p, then for any
character χ mod p, we have the identity

τ
(
χ4
)

= (−1)
p2−1

8 · χ8(2) · τ(χ) · τ (χχ4) · τ
(
χχ2

4

) · τ
(
χχ3

4

)

p
3
2

.

Proof From Lemma 2.2 and the properties of the classical Gauss sums we have

τ
(
χ2
)

= χ(4) · χ2(−1) · τ(χ2) · τ (χ) · τ (χχ2)

p
. (3)

Substitute χχ4 for χ in (3), note that the identities χ2
4 = χ2

4 = χ2, χ(−1) = χ(−1) and τ (χχ4) · τ
(
χχ4

) =
χ(−1)χ4(−1) · p, we have

τ
(
χ2χ2

4

)
= χ2(2) · χ2(−2) · χ(−1) · χ4(−1) · τ(χ2) · τ (χχ4)

τ (χχ4)

or

τ
(
χ2χ2

)
= χ(4) · χ2(−2) · τ(χ2) · τ (χχ4) · τ

(
χχ4

)

p
. (4)

Note that p ≡ 1 mod 4, χ2(2) = (−1)
p2−1

8 and τ(χ2) = √
p, from (3), (4) and Lemma 2.2 we have the identity

χ4(2)χ2(2)τ (χχ4) τ
(
χχ3

4

)
τ (χ) τ

(
χχ2

4

)

p
= τ

(
χ2
)

τ
(
χ2χ2

)
= χ4(2) · √p · τ

(
χ4
)

or

τ
(
χ4
)

= (−1)
p2−1

8 · χ8(2) · τ(χ) · τ (χχ4) · τ
(
χχ2

4

) · τ
(
χχ3

4

)

p
3
2

.

This proves Lemma 2.3
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Lemma 2.4 Let p be any odd prime with p ≡ 1 mod 3, λ be a third-order character modulo p, then we have
the identities

p−1∑
a=1

(
λ (a + a) + λ (a + a)

) = d + χ2(−1)

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)

and

p−1∑
a=1

(
λ (a − a) + λ (a − a)

) = d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)
,

where d is the same as defined in Theorem 1.1

Proof They are Lemma 3 and Lemma 4 in [16].

Lemma 2.5 Let p be any odd prime with p ≡ 1 mod 12, λ be a third-order character modulo p and χ4 be a
four-order character modulo p, then we have

p−1∑
a=1

(
λ
(

a2 − a2
)

+ λ
(

a2 − a2
))

= 3d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)
.

Proof Since p ≡ 1 mod 12, then χ2(−1) = 1, and we have

p−1∑
a=1

λ
(

a2 − a2
)

=
p−1∑
a=1

λ4(a)λ
(

a4 − 1
)

=
p−1∑
a=1

(
1 + χ4(a) + χ2(a) + χ4(a)

)
λ(a)λ (a − 1)

= χ4(−1)

p−1∑
a=1

χ4(a)λ(a)λ(a + 1) + χ4(−1)

p−1∑
a=1

χ4(a)λ(a)λ(a + 1)

+
p−1∑
a=1

λ(a)λ(a + 1) +
p−1∑
a=1

χ2(a)λ(a)λ(a + 1). (5)

It is clear that λ(−1) = 1 and τ(λ)τ
(
λ
) = τ(λ)λ(−1)τ (λ) = p, so that

p−1∑
a=1

λ(a)λ(a + 1) = 1

τ
(
λ
)

p−1∑
a=1

λ(a)

p−1∑
b=1

λ(b)e

(
b(a + 1)

p

)

= 1

τ
(
λ
)

p−1∑
a=1

λ(b)

p−1∑
b=1

λ(a)e

(
ba

p

)
e

(
b

p

)
= τ(λ)

τ
(
λ
)

p−1∑
b=1

λ(b)λ(b)e

(
b

p

)

= τ 2(λ)

τ
(
λ
) = τ 3(λ)

τ (λ)τ
(
λ
) = τ 3(λ)

p
. (6)

p−1∑
a=1

χ2(a)λ(a)λ(a + 1) = τ 2(χ2λ)

τ
(
λ
) = τ 2(χ2λ)τ(λ)

τ
(
λ
)
τ(λ)

= τ(λ) · τ 2 (χ2λ)

p
. (7)

From Lemma 2.2, we have

τ 2 (λ) = λ(2) · √
p · τ (χ2λ) . (8)
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From (7) and (8) we have

p−1∑
a=1

χ2(a)λ(a)λ(a + 1) = τ(λ) · τ 2 (χ2λ)

p
= λ(2)

p
· τ 3 (λ) . (9)

p−1∑
a=1

χ4(a)λ(a)λ(a + 1) = 1

τ
(
λ
)

p−1∑
b=1

λ(b)

p−1∑
a=1

χ4(a)λ(a)e

(
b(a + 1)

p

)

= τ (χ4λ) τ
(
χ4λ

)

τ
(
λ
) = τ(λ)τ (χ4λ) τ

(
χ4λ

)

τ(λ)τ
(
λ
)

= 1

p
· τ(λ)τ (χ4λ) τ

(
χ4λ

)
. (10)

From Lemma 2.3 with χ = λ, we have

τ(λ)τ
(
χ2λ

) = χ2(2) · λ(2)√
p

· τ(λ) · τ (χ4λ) · τ
(
χ4λ

)
. (11)

From (8), (10) and (11) we have

p−1∑
a=1

χ4(a)λ(a)λ(a + 1) = χ2(2) · τ 3 (λ)

p
. (12)

Note that the identities χ4(−1) = χ4(−1), χ2(2) · χ4(−1) = 1 and

p−1∑
a=1

χ4(a)λ(a)λ(a + 1) =
p−1∑
a=1

χ4(a)λ (a) λ (a + 1)

=
p−1∑
a=1

χ4(a)λ(a)λ(a + 1). (13)

Combining (5), (6), (9), (12), (13) and Lemma 2.1, we have

p−1∑
a=1

(
λ
(

a2 − a2
)

+ λ
(

a2 − a2
))

= 2

(
τ 3(λ)

p
+ τ 3

(
λ
)

p

)
+ d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)

= 3d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)
.

This proves Lemma 2.5.

Lemma 2.6 Let p be any odd prime with p ≡ 1 mod 12, then we have

p−1∑
a=1

(
λ (a + a) λ (a − a) + λ (a + a) λ (a − a)

)

= −4 + 2

p

(
λ(2)τ 3(λ) + λ(2)τ 3 (λ)

)
.
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Proof From the properties of the complete residue system modulo p, we have

p−1∑
a=1

λ(a + 1)λ(a − 1) = −1 +
p−1∑
a=1

λ(a + 2)λ(a)

= −1 +
p−1∑
a=1

λ (1 + 2a) = −2 +
p−1∑
a=0

λ (1 + 2a)

= −2 +
p−1∑
a=1

λ(a) = −2. (14)

p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) =
p−1∑
a=0

χ2(a)λ(a + 1)λ(a − 1)

=
p−1∑
a=1

χ2(a + 1)λ(a + 2)λ(a) =
p−1∑
a=1

χ2(a + 1)λ (1 + 2a)

=
p−1∑
a=1

χ2 (2a + 1) λ (1 + a) =
p−1∑
a=1

χ2

(
2a + a2

)
λ (1 + a)

=
p−1∑
a=1

χ2

(
a2 − 1

)
λ (a) =

p−1∑
a=1

χ2

(
a2 − 1

)
λ
(

a2
)

=
p−1∑
a=1

(1 + χ2(a)) λ(a)χ2(a − 1)

= τ
(
λ
) · τ (χ2λ)√

p
+ τ (λ) · τ

(
χ2λ

)
√

p
. (15)

From (8) and (15) we have the identity

p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) = 1

p

(
λ(2)τ 3(λ) + λ(2)τ 3 (λ)

)
. (16)

Note that the identity

p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1) =
p−1∑
a=1

χ2(a)λ(a − 1)λ(a + 1), (17)

from (14), (16) and (17) we have the identity

p−1∑
a=1

(
λ (a + a) λ (a − a) + λ (a + a) λ (a − a)

)

=
p−1∑
a=1

λ
(

a2 + 1
)

λ
(

a2 − 1
)

+
p−1∑
a=1

λ
(

a2 + 1
)

λ
(

a2 − 1
)

= 2
p−1∑
a=1

λ(a + 1)λ(a − 1) + 2
p−1∑
a=1

χ2(a)λ(a + 1)λ(a − 1)

= −4 + 2

p

(
λ(2)τ 3(λ) + λ(2)τ 3 (λ)

)
.

This proves Lemma 2.6.
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3 Proofs of the Theorems

In this section, we will complete the proofs of all Theorems. First we prove Theorem 1.1 If p ≡ 1 mod 12, then
for any integer a with (a, p) = 1, from the characteristic function of the cubic residue modulo p, we have

1

3
· (1 + λ(a) + λ(a)

) =
{

1 if a is a cubic residue modulo p;
0 otherwise. (18)

Note that a2 ≡ −1 mod p has two integer solutions, then from (18), Lemma 2.4, Lemma 2.5, Lemma 2.6, the
definition of S3(p) and the properties of the third-order character modulo p, we have

S3(p) = 1

9

p−2∑
a=2

(a2+1,p)=1

(
1 + λ (a + a) + λ (a + a)

) (
1 + λ (a − a) + λ (a − a)

)

= p − 5

9
− 4λ(2) + 4λ(2)

9
+ 1

9

p−1∑
a=1

(
λ (a + a) + λ (a + a)

)

+1

9

p−1∑
a=1

(
λ (a − a) + λ (a − a)

)+ 1

9

p−1∑
a=1

(
λ
(

a2 − a2
)

+ λ
(

a2 − a2
))

+1

9

p−1∑
a=1

(
λ (a + a) λ (a − a) + λ (a + a) λ (a − a)

)

= p − 5

9
− 4λ(2) + 4λ(2)

9
+ 2

9

(
d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

))

+1

9

(
−4 + 2

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

))

+1

9

(
3d + 1

p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

))

= p − 9

9
− 4λ(2) + 4λ(2)

9
+ 1

3p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)

+5d

9
+ 2

9p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)
. (19)

If 2 is a cubic residue modulo p, then λ(2) = 1, from (19) and Lemma 2.1 we have

S3(p) = 1

9
· (p − 17 + 10d) .

This proves Theorem 1.1.
If p ≡ 1 mod 12 and 2 not a cubic residue modulo p, note that

λ(2) + λ(2) + 1 = λ2(2) + λ(2) + 1 = 0,

then we have

λ(2) = −1

2
±

√
3

2
i, i2 = −1. (20)

From Lemma 2.1 and 4p = d2 + 27b2, we also have
(
τ 3(λ) − τ 3 (λ)

)2 =
(
τ 3(λ) + τ 3 (λ)

)2 − 4p3 = d2 p2 − 4p3 = −27p2b2

or

τ 3(λ) − τ 3 (λ) = ±3
√

3 · b · p · i. (21)
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From (20), (21) and Lemma 2.1, we have

λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

= −1

2

(
τ 3(λ) + τ 3 (λ)

)
±

√
3

2
i
(
τ 3(λ) − τ 3 (λ)

)

= −1

2
· dp ∓ 9

2
· bp. (22)

Combining (19), (22) and Lemma 2.1, we have

S3(p) = p − 5

9
− 2

9p
·
(
τ 3 (λ)+ τ 3 (λ)

)
+ 5d

9

+ 1

9p
·
(
λ(2)τ 3 (λ)+ λ(2)τ 3 (λ)

)

= 1

18
[2p − 10 + 5d ∓ 9b] . (23)

If p ≡ 7 mod 12, then we can easily deduce (see formula (3.1) in [16])

S3(p) = 1

9

p−2∑
a=2

(
1 + λ (a + a) + λ (a + a)

) (
1 + λ (a − a) + λ (a − a)

)

= p − 7 + 3d

9
− 2λ(2) + 2λ(2)

9
+ 1

9p
·
(
λ(2) · τ 3 (λ)+ λ(2) · τ 3 (λ)

)
. (24)

If 2 is a cubic residue modulo p, then λ(2) = 1, from (24) and Lemma 2.1 we have

S3(p) = p − 7 + 3d

9
− 4

9
+ d

9
= 1

9
· (p − 11 + 4d) .

This is the Theorem 1.1 in reference [16].
If p ≡ 7 mod 12 and 2 not a cubic residue modulo p, from (22), (24) and Lemma 2.1 we also have

S3(p) = 1

18
· (2p + 5d + 9b − 10) or

1

18
· (2p + 5d − 9b − 10) . (25)

Now Theorem 1.2 follows (23) and (25).
This completes the proofs of all Theorems.
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