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Abstract In this article, we generalise the factorization of the Tribonacci sequence established by Tan and Wen
to the k-bonacci case. Besides, we have introduced the kernel words of the k-bonacci sequence and studied its
properties.
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1 Introduction

The k-bonacci substitution over k letters Ay = {1,2,...,k}, where k € N is a positive integer, the Pisot
substitution take the form

i LG +1) Vie A\ (k)
%k Nk 1.

This substitution, was extensively studied by many authors, see [1-5,8—11]. The fixed point of the k-bonacci
sequence is a generalization of the Fibonacci sequence and the Tribonacci sequence to the k-letters alphabet. It
has a unique fixed point 7. In the case of k = 3, the sequence is known as Tribonacci sequence. Gérard Rauzy
[9] was the first who studied the symbolic dynamical system over Tribonacci sequence and associated to the set,
known as Rauzy fractals.

A class of factors of the Fibonacci sequence was defined and studied by X. Wen and Y. Wen in [13]. The
authors found that for any factor w of this sequence, there exists a unique word sk(w) called a singular kernel
of w, such that sk(w) occurs only once in w. The role of this property is still very important especially in the
research on gap sequence of the Fibonacci sequence.

The above result was generalized by Tan and Wen [12] to the Tribonacci sequence. These authors studied its
factorial properties; defined its singular words; then given its singular factorization.
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Huang and Wen [7] defined the gap sequence for a factor w of the Fibonacci sequence. By using results on
singular words of the Fibonacci sequence, these authors determined the structure of gap sequence.

In [6] Huang and Wen generalized these results to the Tribonacci sequence. They used a new property named
kernel words of the Tribonacci sequence in order to study its gap sequence since the technique of singular words
that has been established is inadequated.

Therefore, the main objectives of this article are:

First, to generalize the factorization of the Tribonacci sequence in the Theorem 3.1 in [12]. Second, to generalize
the kernel words from Tribonacci sequence to the k-bonacci sequence and determine its properties.

The structure of this paper is as follows:

In section 2, we introduce some basic notions. In section 3, we determine some properties of the k-bonacci
sequence. In section 4, we determine the factorization of the k-boancci sequence. In section 5, we study the
kernel words of the k-boancci sequence as well as its properties.

2 Preliminaries

Let us recall the definition and the basic notions that are necessary of our article.
Let Ay = {1, 2, ..., k} be a k-letter alphabet, where k is a positive integer. A word is a finite strong of elements
in Ag. The concatenation of two words u = ujus ... u, and v = viva ... v, isthe word ujus ... u,VIV2 . .. Uy

We define A} = UizoAf{ to be free monoide generated by Ay equipped with the operation of concatenation.
The elements of Aj, which are of the form u = ujuy ...u, withn € Nand u; € Ay fori € {1,2,...,n}, will
be referred to as words.

We denote Y the free group generated by A, and we denote the set of infinite sequences on Ay by .A,I?I.

A substitution is a morphism o : Ay — A7, such that for any letter u and o («) is a non-empty word.
The substitution o is extended to A,’: by concatenation, i.e. 0(¢) = ¢ and o (uv) = o (u)o (v), for all words
u,v € Af. A substitution o naturally extends to the set AkN of infinite sequences with value in A, by defining
o(Wiuiuzua...) = o(uy)o(uz)o(uz)o(ug)--- . A fixed point of o is an infinite word u in AE such that
o(u) =u.

For any word u = wujuz...u, in A}, let |u| denotes the length of u, namely the number of its letters.
We denote the empty word by e, it is the word of length 0. For any integer n > 1, the word u” denotes the
concatenation of n copies of u. The i-th conjugation of u is the word C;(u) = uj41...uuuy ...u; where
0<i<n-—1.Foru,v e .AZ, |ul]y is the number of letters of v occurring in u. A finite word w is a factor of a
word u, written w < u if u = viwv; for some vy, v; € A}. w is called a prefix (resp. suffix) of a word u and
written w < u (resp. w > u) if v = € (resp. vo = €).

Let u = wujuy...u, be a finite word or u = wujuy... be a sequence. For any i < j < n, we define
uli, j1 := ujuiyy...uju;. That means uli, j] is the factor of u of length j — i + 1, starting from the i-th
letter and ending to the j-th letter. By convention, we note u[i] := u[i,i] = u; and u[i,i — 1] ;== €.

For a finite word u = uqus - - - u,, the mirror of u is the word u = uyu,_1---uj. A finite word u is said to
be a Palindrome if u = u.

For any word u = ujuj...u, with u; € A, we denote by u~! the inverse word of u, that is, u~! =
lul_l. This only makes sense in Y. But if x is a prefix (resp.y is a suffix) of u, we can write x 'u = y
1 — x), withu = xy.

—1 —
U, ...u,

(resp. uy™

3 Some properties of the k-bonacci sequence

In this section we established some properties of the k-bonacci sequence which are very useful to the rest of the
paper.

Let Ay = {1, 2, ..., k} be a k-letter alphabet. The k-bonacci sequence T is the fixed point beginning with 1 of
the k-bonacci substitution oy : A7 — Aj defined over A} by:

i 1G+1) Vie A\ k),
%k N ks 1

where

Too = 1213121412131215121312141213121612131214121312151213121412131217 ... ..
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818 H. Ammar , T. Sellami

As we know, 03 (1234567 ...) = or(1)or(2)or (3)or (d)or (5) o (6)or (7). . ..
The m-th iteration of oy is 0" (1) = 0,:”_1(01((1)), m > 2 and we denote T;, = o} (1).
We define

(D) =1,0012)=2,003) =3,004) =4,00(5) =5,00(6) =6,00(T) =17, ....

The positive integer t,, := |T,,| is called the m-th k-bonacci number. Obviously,
Tp =1,
T =12,
T, = 1213,

T3 = 12131214,

Ty = 1213121412131215,

Ts = 12131214121312151213121412131216,

Te = 1213121412131215121312141213121612131214121312151213121412131217,

]

T =T 1Tn-2Tn—3Tn—4.. . Tn—c—2) T—c—=1) Tn—k  for m > k.

By convention, 7_; = k and also oy (T,—1) = Tp,-
fo=1,
n=2,
=4,
3 =8,
o 4= 16,
ts = 32,

te = 64,

)

tn =tm—1+tm—2+tw—3+ ... +ln—k—1) + tm—k for m > k.
Now, we study the properties of 7},,.

Lemmal Forl <n<k-—1,

0
Tn=<]"[ n)(n+1).

i=n—1

Proof We prove the following Lemma by induction on 7. It is easy to check that the statement is true forn = 1.
Suppose the Lemma 1 is true for all i with 1 <n < k — 1. We prove it forn + 1,

Thy1 = or(Ty)

0
=or( [[ Tim+1))

i=n—1
0

= [] a@oxn+1)

i=n—1

1
=1_[Ti1(n—|—2) since n+1 <k and opr(n+1)=1n+2)

0
=[[r¢+2.

i=n

Corollary 1 Forl <n <k —1,

1, = n—lTn—ln_l(n + D).
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Proof By Lemma 1, we get

T, =T, 1Ty 2T—3... To(n + 1)
= Tyo1Tuoin™ (0 + 1),

Lemma 2 Forn > k,

n—k+1
T, = ( I1 T,-> T

i=n—1
Proof We use induction on n. If n = k, the statement is true since

Ty = ox(Tx—1)

0
=a( [] T
i=k—2
0
= [ a@at)
i=k—2
1
= l_[ T:1
i=k—1
1

- ]_[ T: To.

i=k—1
Now, suppose Lemma 2 holds for all n with k < n < j, we prove it below forn = j + 1.

Tjy1 = ox(T))
j—k+1
= ox( l_[ TiTj—k)
i=j—1
j—k+1
[ oxTonT;o
i=j—1
j—k+2
Tjt1 = l—[ TiTj—j+1.
i=j

Proposition 1 For any n, m, T, T,, is a factor of the k-bonacci sequence.

Proof First, since the image of eachi € A = {1,2, ..., k} start with 1, then 7},1 is a factor of the k-bonacci
sequence T, and thus 7,7, for n > m is also a factor of T, in fact 7,,7,, = a,:”(T,,_ml) and oy, fixes Too.

Second, to see that forn < m, T, T, is a factor of T, we only need to notice the following fact: 7;, Ty, is a suffix
of Tynai Ty = Tnsk—1Tnsk—2 - TnTpy. m|

4 Factorizations of the k-bonacci sequence
Tan and Wen [12] in Theorem 3.1, gave a factorization of the Tribonacci sequence. In this section, we can

generalize this result for the k-bonacci sequence and give a factorization of T, associated with it.
The following definitions and Lemma will be presented to show the result of the generalization:
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Definition 1 We define forn > 1, let
Dy =Ty 1Th2Ty—3... ToT1 Tp.
By convention, Dy = €.
Proposition 2 Forn > 1, D, is a palindrome.
Proof The proof is shown by the following Lemma and the fact that D,, = o3 (D,,—1)1 forn > 1. O
Lemma 3 If w is a palindrome, oy (w)1 and 1~ Log (w) are palindromes.

Proof 1f is clear to see that for any word u, oy (1) = 1Yo )1.
If w is a palindrome, ox(w)l = lox(w) = or(w) = ox(w)l, and thus o (w)1 is a palindrome. Similarly,
1oy (w) is also a palindrome. ]

More information will be given about the structure of the palindrome factors of 7.
Lemma 4 If w is a palindrome factor of the k-bonacci sequence, we have

(1) If 1 <w, then there exists a unique palindrome u factor of T such that w = oy (u)1.
(2) Otherwise, 1 is not the prefix of w; then there exists a unique palindrome u factor of Too such that w =
1 Yo (u).

Proof Mathematical induction on the length of w. O

Theorem 4.1 Forn >k —land 1 <i < k — 1, The longest common prefix of]_[;f;fl_(iﬂ) T;Ty—1 ]_[?;;_2 T;
and T, is D,,_;.

Proof We use induction on n to show that forn > k — 1, ]_[?;ﬁ_(i +1) T;T,—_1 is not a prefix of T, and their

longest common prefix is D,,_;. It is easy to check that the statement is true for n = k — 1, since
0

=t TiT, =[] TiTi o= T, T\ T dby L 1,weh
j=n—(Gi+1) 1 "—1_1_[j=k7]7(i+1) jlk=2= 1_[ j £-1 ix—2 and by Lemma 1, we have
j=k—i—2
——

T, =T =[]° Tix(k—i)*[]° Tix(k—i+1 0 TixGk—i+2)«[[°L, . T;
n=To1 =[ljoiaTj*x k=D x[[jy 2 Tixk—i+ D[ Tjx k=i +2)x [0 Tj *

(k—i43)s-- %[0 3 Tj % (k).
0

——

So, 1_[ T; T_y Ty is not a prefix of Tx_y since T_; = k # k — i and the longest common prefix of
j=k—i—2
— —

H?’:k—i—Z T;T_1Tjy—» and T is

0
l_[ Tj = Dg—1-i.
j=k—i—2

Ifn>k—1,
Suppose the longest common prefix of H'};ﬁ_(iﬂ) T;T,—1and T, is D, _; is true foralln withk — 1 <n < m,
we prove below forn =m + 1.

We have ]_[’j’.’:,ijrli_(iﬂ) TiTni1-1 = ]'[’J":ﬂll:f TiTy and T, = Ty
since
T}’I‘lfl < Tma
Tin < Tinta
by induction hypothesis, the longest common prefix of ]_[T:_n]j_(i +1) TjTin—1 and Ty, is Dpp—;
and we have
m—k m-+1—k
[T <]l ™
Jj=m—(i+1) Jj=m—i
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then, the longest common prefix of ]_[']":”11:]; T;T,, and Ty 11 is
m+1—k
1_[ TiDpy—i = Dpy—i+1.
Jj=m—i

The induction on n has proved to be valid, then, The longest common prefix of ]_[’};ﬁ_(i 41y TjTh— ]_[’};51_2 T;
and T, is D, _;. |

Theorem 4.2
o0
Tow=[[Tli=T0T T
i=0

Proof The proof of Theorem 4.2 is shown by Proposition 2, definition of D, and Theorem 4.1, as follows:
By Proposition 2 and the definition of D,,,

Dy, ZTOTITZ"'Tn—l-

By Theorem 4.1, for any n, D, is a prefix of 7,11, and T, is a prefix of T, and thus D, is also a prefix of
T, and the theorem is valid. O

5 Kernel Word of the k-bonacci sequence

In this section, we can generalize the definition of the kernel word of the k-bonacci sequence and study some
properties.
kernel number and kernel word will be defined as follows:

Definition 2 Kernel number Let {q,,}m>1 be the sequence of positive integers with
0=0g1=@=¢="=q-1=q =1,
qm = qm-1+qm-2+ qm-3+ -+ qm-k —(k =2) for m = k.

The number g, is called the m-th kernel number.

Remark 5.1 1t is clear that g = fo and gx4+1 = 1 = 2. By induction, we have gx+,, < t,,, form > 2.

We denote by §,, the last letter of the factor 7, then §,, = 1 (rep. 2,3,4,5,6,7,...,k) form =
0(rep.1,2,3,4,5,6,...,k— 1) mod k.

Definition 3 (Kernel Word)
Let {OQm}m>1 be the sequence of factors with

01=1,0=2,03=3,---, 0k =k,
Om =m-1Tm-ill,gn — 11 for m > (k+1).
We call Q,, the kernel word with order m.

Remark 5.2 We notice that T, _¢[1, g, — 1] is the prefix of T,,_k—1) with length g, — 1, §,,—1 is the last letter
of T),—1, and
T = Tn-1Tm—2Tu—3Tm—4... Tn—k—2) Tn—k—1) Tn—k» SO

Om =0m—-1Tm—kll, gn — 11 < Tn—1Tn2Tn—3Tn-4 ... Tn—e—2) Tn—e—)[1, gm — 11 < Ty < To

that is for any m € N, the word Q,, is a factor of T.

Definition 4 Kernel set Define Q := {Q}m>1 € A*.
The set Q is called the kernel set of the k-bonacci sequence.

Proposition 3 Basic Properties Properties of Kernel word will be presented as follows:
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822 H. Ammar , T. Sellami

(1) Om =m-1Tn—t+1)Om—il2, gm—kl, for m>k+1;

(2) Om = m-1Tm—tk+ ) Tn—+2)[1, gm—r — 11, for m >k +2;
(3) gm = Gm—k + tm—k+1y for m >k +1;

(4) Gm = qm—1 + tm—+2) for m >k +2.

These are the first few values of these sequences:
k
—
e (Omlm=1=1,1,1,1,...,1,11,212,31213,412131214, 51213121412131215, .. . ;
k

—
o {guim=1=1,1,1,1,....1,2,3,5,917, ...

Kernel word of T, of the k-bonacci sequence is a palindrome like in the case of the Fibonacci sequence [13]
and the Tribonacci sequence [6]

Proposition 4 Each kernel word Q,, is a palindrome.

Proof It is easy to identify the property form = 1,2,3, ... k.

Now the conclusion for m > (k + 1) will be proved as follows:

First Claim Q,;,—x < Q;;, and Qi > Q.

By Definitions of 6, and Q,,, we have T,,,_x+1)[tm—k+1)] = Sm—1 = Om—k[1]. So

Om =8m1Tu—k+1)Om—rl2, gm—1] = (Sm—le—(k+l)6n_11_1 Om—k -
——
Notice that Ty, 2k < Tin—ks Om—k = Sm—k+1) Tm—2k[1, gm—r — 11 and 8, —(k+1) = dm—1, then

Om = 8m-1Tn—kll, gn — 11 = S—k+ 1y Tn—2k[1, G-k — 1) T—ilqm—k> gm — 11
mek

Second Claim

ok (Qm+112, g1 — 1) = Qmi2[2, gmia — 11171

We can easily prove the second Claim by induction and relation (1) of Proposition 4. Third Claim Q,,+1 =

by Om Oyl Omby L (8m for m > (k+1).
From the first Claim and by induction, we have that the first and last letter of Q,, are both §,,_1.
‘We have thus

8 Om 0, Omd | = Oml2. g — 110k (2. gt — 117" Ql2. g — 11.
So the third Claim is equivalent to
Qm—H [2, dm+1 — 11 = Ounl2, qm — 110m—kl2, qm—k — 1]_1 Oml2, qm — 1].

When m = (k + 1), the property holds. By induction, assume the property holds for m > (k 4 1). By second
Claim we have that

0% (Qm41[2. Gms1 — 1) = Omi2[2, gz — 11171
Consequently,
01 (Qnl2. an = 110412, gk = 117 Qul2, g — 11)
—1
= O, gt = N [ Q2. Gty = 1] @t [2, g — 1117

= O +112, g1 — 110m——1)[2, gm—k—1) — 17 Qs 1[2, gyt — 11171

This means the property holds of m + 1.
By using the third Claim, the proof of Proposition 4 immediately ends. O
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Definition 5 We define a sequence of word f;; on the infinite alphabet N, for k > 2 and for 0 < j <k —2
with the following relation

i
Jr—j = l_[ Tn—@k—j) for 0<i<k-2,
j=k—2

and the length of fo;—; is

i
|fok—jl = Y tmeu—jy for 0<i<k—2.
j=k—2

Remark 5.3 For j = 0, the last letter of fo; is 8, and for 1 < j < k — 2, the last letter of for—; iS 6, —x—j)-
Proposition 5 Form > 2k and0 < j <k =2, Qp € p—1 fok—j Tn—k+1)-

Proof Since Q,, is a palindrome, Q,[gm] = Sm—1.
For j = 0, the letter(8,,—1 forx Tin—k+1))[qm] 18,

0

To—ernlam — C Y tme@—j) = 11 = Tu—esnlgm—g—1) — 1]
j=k=2

= Om—t—)gm—-1]

= Sm,

$0 Om A fokTin—(ka1)-
For 1 < j <k — 2, the letter(8,,—1 fok— j Tin—k+-1)[gm] is, for 1 <i <k —2,

1
Tn—e+1)lgm — ( Z tm—k—j) — 11 = Tu—@a+lgm——j—1 — 11
j=k—2

= Om—(k—j—Dlgm—@—j-1]
= Om—(k—)

50 Qm A fok—j Tn—(k+1), since 8p—1 # Sm—k—j)- O
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