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Abstract In this paper, we introduce the generalized dual hyperbolic Jacobsthal numbers. As special cases,
we deal with dual hyperbolic Jacobsthal and dual hyperbolic Jacobsthal-Lucas numbers. We present Binet’s
formulas, generating functions and the summation formulas for these numbers. Moreover, we give Catalan’s,
Cassini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s identities and present matrices related with these sequences.
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1 Introduction

A generalized Jacobsthal sequence {V, },>0 = {V,.(Vo, V1)}n>0 is defined by the second-order recurrence rela-
tions

Vo =Va1 +2Vp2; Vo=a, Vi=b, (n=2) ey

with the initial values Vp, V| not all being zero. The sequence {V,},>0 can be extended to negative subscripts by
defining

1 1
Vou = _EV—(n—l) + EV—(n—Z)
forn =1, 2,3, .... Therefore, recurrence (1) holds for all integer 7.
The first few generalized Jacobsthal numbers with positive subscript and negative subscript are given in the
following Table 1.

Communicated by B. Sury.

Y. Soykan
Department of Mathematics Art and Science Faculty, Zonguldak Biilent Ecevit University, 67100 Zonguldak, Turkey
E-mail: yuksel_soykan@hotmail.com

E. Tasdemir (B<)
Pinarhisar Vocational School, Kirklareli University, 39300 Kirklareli, Turkey
E-mail: erkantasdemir @hotmail.com

I. Okumug
Department of Engineering, Faculty of Engineering, Istanbul University-Cerrahpasa, 34100 Istanbul, Turkey
E-mail: inci_okumus_90@hotmail.com

@ Springer



On dual hyperbolic numbers 825

Table 1 A few generalized Jacobsthal numbers

n Va V_n

0 Vo

1 Vi —%Vo-&-%Vl
2 2Vo + Vi Vo— 1V

3 2V 43V, —3Vo+ 3V
4 6Vo +5Vi %VO—I—SEVl
5 10Vo + 11V} -2+ 1w
6 22Vp + 21V, By - v

If we set Vyp = 0, Vi = 1 then {V,,} is the well-known Jacobsthal sequence and if we set Vo = 2, V] =1
then {V,} is the well-known Jacobsthal-Lucas sequence. In other words, Jacobsthal sequence {J,},>0 (OEIS:
A001045, [25]) and Jacobsthal-Lucas sequence {K },>0 (OEIS: A014551, [25]) are defined by the second-order
recurrence relations

Jn = Jn—l + 2Jn—2’ JO = 0’ Ji= 1 (2)
and
Ky=Ky1+2Ky 2, Ko=2,K =1 3

The sequences {J, },>0 and {K, },>0 can be extended to negative subscripts by defining

1 1
Jon = —§L<n71) + EJf(n72)

and

1 1
K_, = _EK_(n_l) + EK_(H_Z)

forn =1, 2,3, ... respectively. Therefore, recurrences (2) and (3) hold for all integer n.

Jacobsthal sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example, [2,3,6-8,12,13,15,17,18,21-23,32].

We can list some important properties of generalized Jacobsthal numbers that are needed.

— Binet formula of generalized Jacobsthal sequence can be calculated using its characteristic equation which
is given as

2—t—2=0.

The roots of characteristic equation are

and the roots satisfy the following
a+p=1lLaf=-2,0a—p8=3.
Using these roots and the recurrence relation, Binet formula can be given as

Ad" — BE"  A2" — B(—1)"

Vo = =
n a—B 3

“)

where A=V, — Vo=V +Vyp and B=V| — Vo = V| —2V).
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826 Y. Soykan et al.

— Binet formula of Jacobsthal and Jacobsthal-Lucas sequences are
an_ﬁn 2n_(_1)n
Jn = =
oa—p 3

and
Kn Zan +'Bn =2n +(_1)l’l

respectively.
— The generating function for generalized Jacobsthal numbers is

Vo+ (Vi =WVt

1) = 5

g() = = 5)
— The Cassini identity for generalized Jacobsthal numbers is

Vit Va1 = Vi = 271 (Vi = Vi = 2V) (©)

Ad" =aV, + V1, @)

Bﬂ” =BV + Vp-1. 3

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [16] as an extension to the
complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848, [11]. H.
H. Cheng and S. Thompson [9] introduced dual numbers with complex coefficients and called complex dual
numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

The algebras C (complex numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real algebras
obtained from the real numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling
process can be extended beyond the sedenions to form what are known as the 2" -ions (see for example [5,19,24]).

The hypercomplex numbers systems, [20], are extensions of real numbers. Some non-commutative examples
of hypercomplex number systems are quaternions, [16],

Hg = {g = ap +iai + jar +kaz : ap, a1, a2, a3 € R, i? = j> = k* = ijk = —1},

octonions [4] and sedenions [27]. Some commutative examples of hypercomplex number systems are complex
numbers,

C={z=a+ib:abeR,i’>=—1},
hyperbolic (double, split-complex) numbers, [26],
H={h=a+jb:a,beR,j>=1,j+#=*l},
and dual numbers, [14],
D={d=a+eb:a,beR, e =0,¢+#0}.
A dual hyperbolic number is a hyper-complex number and is defined by
q = (ap+ jar) +e(az + jaz) = ao + jai + €ar + €ja3
where ag, a1, ap and a3 are real numbers. The set of all dual hyperbolic numbers are denoted by
Hp = {ao + jai + €as + €jas : ap, a1, az,a3 € R, j> =1, j # £1,6> =0, ¢ # 0}.

The base elements {1, j, €, ¢j} of dual hyperbolic numbers satisfy the following properties (commutative mul-
tiplications):

e.j = jee(e]) =(e))e=0,jj)=())j=¢,
1.828,1.jZj,82=8.8=(j8)2=0,j2Zj.j=1,
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where ¢ denotes the pure dual unit (s> = 0, & # 0), j denotes the hyperbolic unit (j> = 1), and & denotes the
dual hyperbolic unit ((j £)2=0).
The product of two dual hyperbolic numbers g = ag + ja; +¢eax + jeaz and p = bo+ jby +¢eby+ jebs is

qp = apby + ai1by + j(aoby + a1bg) + e(aoba + axby + a1bs + azby)
+je(aobs + arby + axby + boas)

and addition of dual hyperbolic numbers is defined as componentwise.
The dual hyperbolic numbers form:

— a commutative ring
— areal vector space
— an algebra.

For more information on the dual hyperbolic numbers, see [1].
In this paper, we define the dual hyperbolic generalized Jacobsthal numbers in the next section and give some
properties of them.

2 Dual hyperbolic generalized Jacobsthal numbers and their generating functions and Binet’s formulas

In this section, we define dual hyperbolic generalized Jacobsthal numbers and present generating functions and
Binet formulas for them.

In [10], the authors defined dual hyperbolic Jacobsthal and Jacobsthal-Lucas numbers, in [30] , the author
introduced dual hyperbolic generalized Fibonacci numbers, and in [31], the authors introduced dual hyperbolic
generalized Pell numbers.

We now define dual hyperbolic generalized Jacobsthal numbers over Hp. The nth dual hyperbolic generalized
Jacobsthal number is

Vo= Vit jVost + Viio + jeVays. ©9)

As special cases, the nth dual hyperbolic Jacobsthal numbers and the nth dual hyperbolic Jacobsthal-Lucas
numbers are given as

To = dn+ jdn1 + ednsa + jednss

and

~

Ky =K+ jKni1 +eKpio+ jeKng3
respectively. It can be easily shown that
Vi = Voot +2V,0. (10)
The sequence {Vn }n>0 can be extended to negative subscripts by defining

~ 1~ 1~
Vo = 5 V-1 + EV—(n—Z)-

forn = 1,2, 3, ... respectively. Therefore, recurrence (10) holds for all integer 7.

The first few dual hyperbolic generalized Jacobsthal numbers with positive subscript and negative subscript
are given in the following Table 2.

Note that

Vo=Vo+jVi+eVa+jeVs=Vo+ jVi+eQVo+ Vi) + je@Vo +3V)),
Vi=Vi+jVo+eVa+jeVu=Vi+jRVo+ Vi) +eRVy+3V)) + je(6Vy+5V)).

For dual hyperbolic Jacobsthal numbers (taking V,, = J,,, Jo =0, J1 = 1) we get

-~

Jo=j+e+3je,
Ji=1+j+3e+5je.
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and for dual hyperbolic Jacobsthal-Lucas numbers (taking V,, = K,,, Ko = 2, K1 = 1) we get

Ko =2+ j+5¢+7je.
Ki=1+5j+7¢+17je.

A few dual hyperbolic Jacobsthal numbers and dual hyperbolic Jacobsthal-Lucas numbers with positive
subscript and negative subscript are given in the following Table 3 and Table 4.

Now, we will state Binet’s formula for the dual hyperbolic generalized Jacobsthal numbers and in the rest of
the paper, we fix the following notations:

@ =1+ joa+ea®+ jea® = 142j +4e + 8,
B=1+jp+ep*+jep’ =1—j+e— je
Note that we have the following identities:

a=1+2j+4e+8je,

B=1—j+e—je

@2 =544j + 40 + 32,
B> =2—2j—4je+4e,
@B =—1+j—5e+5je,
@B =1—j+9 —9je,
GB> = —2+42j — 126 + 12j,

@° =13+ 14j + 156s + 168 je,

B =4—4j+12¢ — 12je,
@B =—14j— 13+ 13je,
B> = —4+4j —28s + 28je,
@B =2—12j +20e —20je.

Table 2 A few dual hyperbolic generalized Jacobsthal numbers

n f/;, V—n
0 Vo
! i —Vo+ 1
2 2Vo+ Vi %VOA— %Vl/\
3 2Vo + 3V AL +§Y\1
4 6Vo +5Vi wVo— Vi
5 10V + 11V, —SVo+ 5V
6 22V + 21V, sV -4V
Table 3 Dual hyperbolic Jacobsthal numbers
n ‘7:1 ‘T—n

jt+e+3je

1+j+3e+5je I+e+je

143/ +5e+11je —1+3i+je

. . 3 1 1
3455+ 1le+21je g — a1+ 3¢

AN N RWN =0

S+ 11j+21e +43j¢
11 +21j+43e +85j¢
21 443j + 85 + 171 e

5 3. 1 1
Tie T8/ mast e
2y Elj1+§85_ st%
—atx)—igEtgiE
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Theorem 1 (Binet’s Formula) For any integer n, the n th dual hyperbolic generalized Jacobsthal number is

5 _ AGa" — BBB"  A@2" — BB(—1)"

= 11
g = : (11)
where
A=V —=WB=V+ W,
B =V, —Voa =V —2W.
Proof Using Binet’s formula
Ao — Bp"  A2" — B(—1)"
Vn = =
oa—pf 3
we obtain
vn =Vi+ jVar1 + &Vt + jeViya
A2" — B(—1)" .A2n+l _ B(_l)n-‘rl An+2 _ B(_l)n+2
= +J +e
3 3 3
A2n+3 _ B(_l)n+3
+ je 3
A +2j+4e+8je)2" — B(l1—j+e— je)(=1)"
= 3 .
This proves (11). |
As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Jacobsthal number is
~ Qo' —pp" @2 —B(-1)"
oa—p 3
and the Binet’s Formula of nth dual hyperbolic Jacobsthal-Lucas number is
K, =aa" + Bp" =a2" + B(—1)". (13)
Next, we present generating function.
Theorem 2 The generating function for the dual hyperbolic generalized Jacobsthal numbers is
00 ~ ~  ~
~ Vi Vi —V
ZVnX"z o+ W o)x. (14)
~ 1 —x —2x2

Table 4 Dual hyperbolic Jacobsthal-Lucas numbers

=

K,

IN)

24 j+5+Tje
1+5j +7e+17je J+2j+e+5)e

547) +17e +31je $ 21 e 4 je

7+ 17j +3le +65j¢ —T4+32j—te+2je
17+ 31j + 65¢ + 127 je T _lj+3e—1je
31+ 65) + 1276 + 257 je RETRNYE R P
65+ 127) +257¢ + 511 je ST N
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Proof Let
oo
g) =Y Vx"
n=0

be generating function of the dual hyperbolic generalized Jacobsthal numbers. Then, using the definition of the
dual hyperbolic generalized Jacobsthal numbers, and substracting xg (x) and 2x2g(x) from g (x), we obtain (note
the shift in the index 7 in the third line)

o o oo
(1—x— 2x2)g(x) = Z \7nx" - X Z Anxn — ZxZZ Anxn

n=0 n=0 n=0
00 00 00
n=0 n=0 n=0
00 00 00
n=0 n=1 n=2

o0

= Vo +Vix) = Vox + )_(Vy = Voo = 2V, 2)x”
n=2

= Vo+Vix) — Vox = Vo + (V1 — Vp)x.

Note that we used the recurrence relation 17,, = 17,,_1 + ZV,,_Z. Rearranging above equation, we get

_ Vo+ (Vi — Vo)x
T l—x—2x2

g(x)
O

As special cases, the generating functions for the dual hyperbolic Jacobsthal and dual hyperbolic Jacobsthal-
Lucas numbers are

ifx"— (j+e+3je)+ (1 +2e+2je)x
X =
n=0

1 —x —2x2
and
i’? o Q+j+5e+7je)+ (—14+4j+2e+10je)x
" 1 —x —2x2
n=0
respectively.

3 Obtaining Binet formula from generating function

We next find Binet formula of dual hyperbolic generalized Jacobsthal number {f/\n} by the use of generating
function for V,,.

Theorem 3 (Binet formula of dual hyperbolic generalized Jacobsthal numbers)

o did"  dp"
"TT3 3

5)

where

di = Voa + (Vi = W),
dr = VopB + (VI — V).
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Proof Let
h(x)=1—x —2x2.
Then for o« = 2 and 8 = —1 we write
h(x) = (1 —ax)(1 —px)
i.e.,
l—x—=2x>=(1—ax)(l — Bx) (16)
Hence é = % ve % = —1 are the roots of & (x). This gives o and § as the roots of
ey =1-2-2 20
X X X

This implies x2—x —2=0.Now, by (14) and ( 16), it follows that

S Vo + (Vi — Vo)x
Z Vux" = .
e (1 —ax)(1— Bx)

Then we write

Vo+ (Vi — Vo)x A A
ot V1 —Vo)x _ L 2 (17
(I—ax)(I=4x) (A —ax) (1—pBx)
So
Vo+ (Vi — Vo)x = A1(1 — Bx) + Aa(1 — ax).
If we consider x = é, we get 170 + (Vl — Vo)é =A(1-— ,Bé). This gives
4 Voo + (Vi = Vo) d
== —.
(@ —B) 3
Similarly, we obtain
Vo+ (Vi — VO)E = Ax(l —OlE) = W+ (Vi —W) =A208—0a)
and so
VoB + (Vi — Vo) dr
A= ————————— = ——,
(@ —=B) 3
Thus (17) can be written as
o0
Z Vox" = A1 (1 —ax)™' + Ay(1 — Bx)~ .
n=0
This gives
o0 o o0 o
DoVax" =AY &"x" Ay Y B = (Ara” + ApBh)x".
n=0 n=0 n=0 n=0
Therefore, comparing coefficients on both sides of the above equality, we obtain
V., = A" + A"
and then we get (15).
O
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Note that from (11) and (15) we have

(V1 = VoB)@ = Vo + (Vi — V),
(Vi — Vo) B = VoB + (Vi — Vo),

ie.,

V1 + Voya = 2Vo + (Vi — V),
(Vi =2Vo)B = —Vo + (Vi — V).

Next, using Theorem 3, we present the Binet formulas of dual hyperbolic Jacobsthal and dual hyperbolic
Jacobsthal-Lucas numbers.

Corollary 1 Binet formulas of dual hyperbolic Jacobsthal and dual hyperbolic Jacobsthal-Lucas numbers are
~ a2t — B(=1)"
7@ -BCD
3
and
Ky =a@2" +B(-1)"

respectively.

4 Some identities

We now present a few special identities for the dual hyperbolic generalized Jacobsthal sequence {Vn}. The
following theorem presents the Catalan’s identity for the dual hyperbolic generalized Jacobsthal numbers.

Theorem 4 (Catalan’s identity) For all integers n and m, the following identity holds
o~ —~~ A 1
Voatm V—m — Vn2 = §ABZ”_”’ (—1r—mtl ((—1)’” — 2’”)2 (=1+j—5e+5j¢).

Proof Using the Binet formula

. AG2" — BR(—1)"
o _ A@ B(-1)

w = 3 (18)
where
A=V +W,
B =V -2V,
we get
~ ~,  AG2"HM — BB(—1)"tm Ag2n—™ — BB(—1)"™m
Vatm Vn-m — Vnz =
3 3
AG2" — BB(—1)"\*
3
1 _
= gABY"" (=" (=™ = 2" @B
1
= GAB2"" (=1 (=1 = 2") (=1 4 j — 56 + 5je).
O

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Jacobsthal and dual
hyperbolic Jacobsthal-Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Jacobsthal num-
bers.
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Corollary 2 (Catalan’s identity for the dual hyperbolic Jacobsthal numbers) For all integers n and m, the
following identity holds

~ o~ 1
Bm B = T3 = 2" (1 ()" = 27) (<1 4 = Se £ Sje).

Proof Taking V,, = J, in Theorem 4 we get the required result. O
Secondly, we give Catalan’s identity of dual hyperbolic Jacobsthal-Lucas numbers.

Corollary 3 (Catalan’s identity for the dual hyperbolic Jacobsthal-Lucas numbers) For all integers n and m,
the following identity holds

~

Rom K — K2 = 277" (= 1) (= 1)" = 2")* (=1 4 j — 56 + 5 je).
Proof Taking V,, = K,, in Theorem 4, we get the required result. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized
Jacobsthal sequence.

Corollary 4 (Cassini’s identity) For all integers n, the following identity holds
Var1Vao1 = Vi = AB2 ! (=1)" (=1 + j — 56 + 5 je).
As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic Jacobsthal and dual hyper-
bolic Jacobsthal-Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Jacobsthal numbers.

Corollary 5 (Cassini’s identity of dual hyperbolic Jacobsthal numbers) For all integers n, the following identity
holds

Togrdnoy = I3 =21 (=1)" (=1 4 j — 5e + 5 je).
Secondly, we give Cassini’s identity of dual hyperbolic Jacobsthal-Lucas numbers.

Corollary 6 (Cassini’s identity of dual hyperbolic Jacobsthal-Lucas numbers) For all integers n, the following
identity holds
Ko1Ky1 — K2 =9 x 2" (=)™ (=1 + j — 5¢ + 5 je).
The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula of
the dual hyperbolic generalized Jacobsthal sequence:
~  A@2" — BB(—1)"
p _ AG2 = BEC1"
3
The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the dual hyperbolic gener-
alized Jacobsthal sequence {V,,}.

Theorem 5 Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity) Vi1 Vo — Vi Vi1t = LAB (=1)" 2" — (=1)"2") (=1 + j — 5¢ + 5je).

(b) (Gelin-Cesaro’s identity) Vpsao Vo1 Va1 Va—z — Vit = Z AB2" (=1)" 2" AX (=1 + j — 13e + 13je) +
4(=1)* BX(—1+ j —Te +7je) — 13(=1)"2"AB(1 — j + 10e — 10¢)).

(c) (Melham’s identity) Vai1Vas2Vuse — Vg = 3AB(=D)"T12"2@0 1AL — j + 9¢ — 9je) +
5(=1)"B(—1+j—6c+6j¢)).

Proof (a) Using the Binet formula, we get

A@2mt — BB(—1)"t! Aq2" — BR(—1)"

Vm+1 Vn - Vm Vn+l =

3 3
AQ2m — BB\(_l)m A(’x‘2n+l _ BB\(_I)H+1
3 3

o~

1 .
7AB (—D)™2" — (=1)"2M)@

1
§AB ((=D™"2" = (=1D)"2") (=1 4 j — 5¢ + 5 je).
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834 Y. Soykan et al.

(b) Using the identities
@B = (—1+j — 13 + 13j¢)
Gp° = (—4+4j —28¢ +28j¢)
@2B% = (2 —2j +20e —20j¢)
we obtain

PN R AG2nt2 — BB(_I)n—i-Z Aa2n+1 BE(—I)”JF]
Vis2Vug 1 Vo1 Vg =V = 3 3

A@2"! — BB(—=1)"! A@2" 2 — BR(-1)"? <A622" — BB‘(—l)">4

3 3 3
1 -
= iA32" (-1)" (22"+1A2a3/3 +2(=1)*" B%@B> —13(-1)" 2”AB&2,§2)

= %ABZ" (=D 2*" A% (=14 j — 13¢ + 13je)
+4(=D)* B> (=14 j —Te +7je) — 13(=1)"2"AB(1 — j + 10s — 10/¢)).
(c) Taking account of the identity
@’B=1—j+9 —9je,
GB> = —2+2j — 12¢ + 12je,

and Binet formula of V,, we get

PN R Aaont! BE(—])”JF] Aaant2 _ BE(—])"JFZ
Vat1Vat2 Vs — Vn3+3 =

3 3
AG2nt6 — BE(_l)n+6
3
(Aa2n+3 _ Bﬁ(_l)n+3>3
3

1 _
= —SAB (-1 2! (2”+2Ab?2,3 +5(=1)" B&B?)

1
= §AB (=Dl 2 ol A1 — j 4+ 96 — 9je)
+5(=D"B(—1+ j — 6c + 6j¢)).
O

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesa ro’s and Melham’ identities of
dual hyperbolic Jacobsthal and dual hyperbolic Jacobsthal-Lucas numbers. Firstly, we present the d’Ocagne’s,
Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Jacobsthal numbers.

Corollary 7 Let n and m be any integers. Then, for the dual hyperbolic Jacobsthal numbers, the following
identities are true:

(a) (d’Ocagne’s identity) Jy41Jy — Iy Jns1 = L (=D 2" — (=1)" 2") (=1 + j — 5e + 5 je).

(b) (Gelin-Cesaro’s identity) JuyoJps1dn-1du—a — T = &2 (=1)" Q¥ (=1 + j — 13e + 13je) +
4(=D)¥ (=14 j—Te+Tje) —13(=D"2"(1 — j + 10e — 10j¢)).

(c) (Melham’s identity) Jui1Jus2dnse — J2p3 = % (=D)"T120+2@20+ (1 — j 4+ 92 — 9je) + 5 (=D (—1 +
j—6s+6j¢)).
Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Jacobsthal-

Lucas numbers.

Corollary 8 Letn and m be any integers. Then, for the dual hyperbolic Jacobsthal-Lucas numbers, the following
identities are true:
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On dual hyperbolic numbers 835

(a) (d’Ocagne’s identity) Km_HK — K K,,_H =3 (( nr2m — (=" 2") (=1+j—5¢+5j¢).

(b) (Gelin-Cesaro’s identity) K12 Kpy1Kn_1Ky_2 — K2 =9 x 2772 (=11 220 (—1 + j — 13e + 13 &) +
4= (—=1+j—Te+Tje) + 13 (=D)"2"(1 — j + 10e — 10¢)).

(c) (Melham’s identity) Kyi1 Kny2Knio — K3y = 9 (=1)" 2"+22" (1 — j + 98 — 9je) + 5 (—1)" 1 (=1 +
j—6s+6j¢)).

5 Linear sums

In this section, we give the summation formulas of the dual hyperbolic generalized Jacobsthal numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Jacobsthal numbers.

Proposition 1 For the generalized Jacobsthal numbers, for n > 0 we have the following formulas:

(@) Yioo Vi =3Vasa — V).
(D) Yo Vak = $2Vang2 — 2Vaps1 — Vo + (=V1 +2Vo)n).
(€) 3h_o Vaks1 = £(=Vanga + 10Vaugy — 3Vy +2Vo + 2V) — 4Vp) n).

Proof For the proof, see Soykan [28]. O

Note that we can write (c) of the above proposition as
- 1
> Vo = 3@Vani3 = 2Vanga = Vi 4 (Vi = 2Vo)m)

by using (a) and (b) of Proposition 1 and the identities
n 2n+1
Z Va1 = Z Vi = Z Vak,
k=0
Vont3z = 2Vopyo = V1 - 2V0.

Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Jacobsthal
numbers.

Theorem 6 Forn > 0, dual hyperbolic generalized Jacobsthal numbers have the following formulas:.

(@) Yieo Vi = 5 (Vo2 = V).

(b) Yi—o Vak = $2Vanga — 2Vang1 — Vo + (Vi + 2Vo)n).
(¢) Ykeo Va1 = 32Vanss = 2Vania = Vi + (Vi = 2Vo)m).
Proof Note that using Proposition 1 (a) we get

n
1
Z Vir1 = E(Vn+3 — Vi —2Vp),
. 1
Z Vita = §(Vn+4 —3V; —2Vp),

n
1
Z Vi3 = E(Vn-i-S -5V —6Vp).

Then it follows that

[
=
I

n n n n
D VitiY Viri+e) Visa+ije) Vina
k=0 k=0 k=0 k=0

1 1 1
E(Vn+2 -V + jE(VrH»S - Vi=2W) + 8E(Vn+4 —3Vi —=2Vp)
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1
+j5§(Vn+5 -5V —6Vp)

1

= z((Vn+2 + JVits +eViupa + jeViys) — (Vi + j (Vi +2Vp)
+e@BV1 +2Vy) + je(5V1 + 6Vy))
1 ~

= Q(Vn+2 —(Vi+ jVa+eV3+ jeVy))

] ~ o~
E(Vn+2 - V.

This proves (a).
(b) Note that using Proposition 1 (b) and (c) we get

n
1
Z Vokyo = 5(2V2n+4 —2Vopg3 = Vi = 2Vp + (=V1 +2Vp)n),
k=0

n
1
D Vags = 3@Vanss = 2Vanga = @Vo +3V) + (Vi = 2Vo)n).
k=0

Then it follows that

n
Vak
k=0

1 . .
= 5(2(V2n+2 + jVonsz + eVopia+ jeVouys)

=2(Vans1 + jVonto + €Vony3 + j€Vanta)
—(Vo+jVi+e@Vo+ Vi) + je(RVo+3V)))
+((=V1 +2Vo) + j (V1 = 2Vp)

+e(2Vo — Vi) + je(Vi = 2Vp))n)

1 o~ - P

= 3(2V2n+2 —2Vont1 — Vo
+H((=V1+2WV) + j(=V2 +2V)) + e(=V3 +2V3) + je(=V4 +2V3))n)
1 —~ - -~

= §(2V2n+2 —2Vont1 — Vo
+(—WV+jVa+eVa+jeVa) +2(Vo+ jVi +eVa + jeVa))n)
1 ~ —~ —~ —~ —~

= §(2V2n+2 —2Vopt1 — Vo + (= V1 + 2Vp)n).

(c) Note that using Proposition 1 (b) and (c) we get

- 1
Z Vokta = 5(2V2n+6 —2Vonts — BVo +5V1) + (=Vi +2Vp)n).

k=0

Then it follows that

n
> Vagr = 3QV2ni3 + jVanta + €Vangs + jeVanse)
k=0

—2(Vopg2 + jVonss + €Vouga + jeVonis)
-+ j(Vi4+2Vy) +e@Vo+3V1) + jeBVo+5V))) + (Vi —2Vp)
+j(=Vi+2Vp) +e(V1 —2Vo) + je(=Vi +2Vp))n)
1 —~~ -~
= 3(2V2n+3 —2Voppo — (Vi+ jVa + eV + jeVa)
+(@2VI —4Vo) + j2Va —4V)) +e2V3 —4Va) + je(2Vy — 4V3))n)
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1 ~ ~ —~ —~ —~
= §(2V2n+3 —2Vopio — Vi + (V1 = 2Vo)n)
o

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal numbers:

Corollary 9 Forn > 0, dual hyperbolic Jacobsthal numbers have the following properties:
(@ Yiod =32 —T0.

(b) Yo Tk = $QJans2 — 2Dous1 — Jo + (=1 + 2Jo)n).

(€) =ieo P+t = 52Jon43 = 202012 = J1 + (J1 = 2Jo)n).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal-Lucas numbers:

Corollary 10 Forn > 0, dual hyperbolic Jacobsthal-Lucas numbers have the following properties.

(@) Yr_o Kk = L(Kpi2 — K1).
(b) Sh_o Kok = 2(2Kons2 — 2Kapi1 — Ko + (=K1 + 2Ko)n).
(¢) Yi—o Kaks1 = 32Kons3 — 2Kou2 — K1 + (K1 — 2Ko)n).

Now, we present a proposition which gives the summation formulas of the generalized Jacobsthal numbers
with negative subscripts.

Proposition 2 For n > 1 we have the following formulas:

(@) Yhoy Vek = 5(=3V_uo1 =2V a + V).
(b) S h_y Vork = $Q2V_2y — 6V_gu1 + BVi — 5V0) + (= V1 + 2Vo)n).
(¢) Y4y Veokst = $2Voguit — 6Vogy + (=2Vi + 6V0) + (Vi — 2Vp)n).

Proof This is given in Soykan [29]. O

Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Jacobsthal
numbers with negative subscripts

Theorem 7 Forn > 1, dual hyperbolic generalized Jacobsthal numbers have the following formulas:

(@) iy Ve = 5(=3Vouy =2Vt V.
(b) Yioy Voak = 32V2n = 6Vt + (Vi = 5V0) + (= V1 +2Vo)n).
(¢) Yhoy Vookst = $@Vooui1 — 6Vog, + (=2V) + 6V0) + (Vi — 2Vp)n).

Proof We prove (a). Note that using Proposition 1 (a) we get

n
1
D Vektt = 5(=3Voy =2Vt + Vi +2V0),
k=1

n
1
D Vekir = S(=3Vonpn = 2V +3Vi +2Vp),
k=1
- 1
Z Vo3 = E(_3V—n+2 —2V_1 + 5V +6W)).
k=1
Then it follows that
n n n n n
Z Vo = Z Ve +J Z Voiy1 +¢ Z Voksa + je Z V_i43
k=1 k=1 k=1 k=1 k=1

1 1
= E(_3V7n71 -2V, 20+ V) + jz(—3an =2V, + Vi +2W)
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1
+8§(—3V,n+1 —2V_,+3Vi +2Vp)

1
+j8§(_3V—n+2 —2V_pt1 + 5V + 6Vp)

1

= 5(3(‘/—11—1 + iV, +eVo + ng—rH-Z)
—(Vopa+jVopa+eVo, +jeVo,t1)
+Vi+j(Vi +2Vo) + BV +2Vp) + je(5Vi + 6Vp))

1 = = . .

= 5(_3V—n—1 —2Voy+ (Vi+ jVa+eVa+ jeVa))
1 —~ —~~ —~

= 5(_3‘/—}1—1 =2V 2+ V).

This proves (a). (b) and (c) can be proved similarly. ]

As a first special case of above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal numbers:

Corollary 11 Forn > 1, dual hyperbolic Jacobsthal numbers have the following properties:
(@) Yooy Tk =537 =200z + T0).

(b) Y4y Jak = $QJ 20 — 67251 + B3y = 5Jo) + (=T + 2Jo)n).

(c) Zzzl J kvl = %(ZJ—2n+1 —6J_2, + (—2J1 +6Jy) + (J1 —2Jo)n).

As a second special case of above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal-Lucas numbers:

Corollary 12 Forn > 1, dual hyperbolic Jacobsthal-Lucas numbers have the following properties.
(@) Yo Kok =3(=3K_ 1 = 2K 0+ K. L

(b) Yioi K2k = 32K 20 = 6K 251 + 3K1 — 5Ko) + (=K1 +2Ko)n).

(c) Yoy K-ok41 = 32K _op41 — 6K 2, + (—2K; + 6Ko) + (K| — 2Ko)n).

6 Matrices related with dual hyperbolic generalized Jacobsthal numbers

(i)

such that det N = —2. Induction proof may be used to establish

n_ [ a1 2Jn
N —< 5 20 (19)

v, 12\" (Vv
()=o) (W)

We define the square matrix N of order 2 as:

and (the matrix formulation of V)
Now, we define the matrices Ny as

The matrix Ny is called dual hyperbolic generalized Jacobsthal matrix. As special cases, dual hyperbolic Jacob-
sthal matrix and dual hyperbolic Jacobsthal-Lucas matrix are

_(2h
N]_<J22J1) and
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_ (K32K,
Nk = <K2 2K1>

respectively.

Theorem 8 Forn > 0, the following is valid:
12 Viis 2V,
n n+3 n+2
—( X MY . 21
NV (1 O) (Vn+2 2Vn+l) @b

Proof We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it is true for
n =k, that is

Vits 2{7k+2>
NyNk = [ +3 =4 .
v (Vk+2 2Vit1

If we use (9), then we have f/\k+2 = ‘7k+1 + 2f/\k. Then, by induction hypothesis, we obtain

Vies Vi 12
No N = (N NkN=<Ak+3 Ak+2>< )
v (NvNT) Virz Vi 10

_ <Yk+3 + 22k+2 2Yk+3>
Vit2 + 2Vig1 2Vigo
_ < Zk+4 2:V:k+3)
Vi3 2V

Thus, (21) holds for all non-negative integers 7. O
Remark 1 The above theorem is true for n < —1. It can also be proved by induction.
Corollary 13 For all integers n, the following holds:
Vito = Vaduit +2Vi .
Proof The proof can be seen by the coefficient of the matrix Ny and (19). O
Taking V,, = J, and V,, = K,,, respectively, in the above corollary, we obtain the following results.

Corollary 14 For all integers n, the followings are true:

(a) ~E+2 = j:2\~]n+l + 2-/]\1;\111
(b) Kny2 = KoJpt1 + 2K Jy.
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