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Abstract In this paper, we present a new reciprocity formula for certain Hardy sums and study a computational
problem of one type mean value containing certain Hardy sums and the two-term exponential sum with the help
of the properties of Gauss sums and Dirichlet L —function.
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1 Introduction

For positive integer ¢ and integer & the classical Dedekind sum s(%, ¢) is revealed in the theory of Dedekind

n-function as
o= 2(E) ()

a=1
where

x —[x]—1/2, ifx e R\Z;

() = {0, ifx € Z:

with [x] being the largest integer < x. The most noteworthy property of Dedekind sums is the following
reciprocity formula

() +s@h) = — 4= (2 gy ] (1
S DTS = T o\ T T hg )

when (4, ¢) = 1. The well-known reference for Dedekind sums is Rademacher and Grosswald [15].
For the logarithms of the classical theta functions 0;(z), j = 2, 3, 4 defined by

o0 o0 oo
05 (z) = Z Dz g ) Z ¢TI and 0 (7) = Z (L 1yt iz

n=—0oo n=—oo n=—0oo
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for I'm (z) > 0, Berndt [1] and Goldberg [9] derived transformation formulas. In these formulas six different
arithmetic sums arise that are known as Berndt’s arithmetic sums or Hardy sums and that are defined by

S(h q) Z( 1)a+1+ ha/q] S](h,q) Z( 1)[ha/q]

)
o= £ (). o= E ()

il g) =% (s, s5(h.q) = 3 (1) HHiera <<5>> :
a=1 a=1

Analogously to Dedekind sums, Hardy sums also obey a reciprocity (or reciprocity-like) relation [1,9].
Sitaramachandrarao [16] expressed these sums in terms of classical Dedekind sums. We give two of them which
we need in the sequel.

s3(h, q) = 2s (h, q) — 4s (2h, q), if ¢ is odd, 2)
sa(h, q) = —4s (h,q) + 8s (h,2q), if his odd. 3)

In arecent paper [8], by using analytic method and some features of Dirichlet L —function, a new reciprocity
formula for Dedekind sums has been achieved as follows:

Theorem 1 Let h and q are two positive odd numbers with (h, q) = 1. Then,

P +qg>+4 1

s(2g,h)+s (2%, q) = >ahg 1

“

where § and h satisfy the congruence gg = 1 (mod h) and hh = 1 (mod q).

The reciprocity formulas in this concept are also discovered by aid of the various methods such as transfor-
mation formulas, residue theory, Franel integral and arithmetic methods.

The first aim of this paper is to give a new reciprocity formula involving Hardy sums s3 (4, ¢) and s4 (h, q)
by employing fairly simple method. Concretely, we shall prove the following formula:

Theorem 2 Let h and q are two positive odd numbers with (h, q) = 1. Then,

- h? + q*
283 (2h, q) — 54 2G. 1) =1 — ,
53 (2h,q) — 542G, h) = 2( ha )

where q and h satisfy the congruence qg = 1 (mod h) and hh = 1 (mod q).

Note that similar reciprocity formula for another Hardy sum s5(%, ¢) was offered by the author in [7].

On the other hand, Walum [17] presented the following remarkable relation between the fourth power mean
of Dirichlet L—function and the square power mean of Dedekind sum for prime p > 3 while studying an average
of L—series

s_m =Dy >
2. Lol =——5—=) st pP.

d h=1
x)((—r?;):—pl

Later, Conrey et al. [5] dealt with the mean value distribution of Dedekind sums and achieved an important
asymptotic formula

3 v P = 1) (B)" 0 (55 + 7154 ). .

where 25:1/ denotes the summation over all 1 < h < p such that (h, p) = 1 and

Z () _ 8% @m) & (s +4m — 1)

w2 dm etam
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¢ (s) is the Riemann zeta function. In [12], Jia improved the error term in (5) to O(c?m1 provided m > 2.
Zhang [23] improved the error term in (5) for m = 1 and obtained an asymptotic formula. Also, Zhang [22]
established a close contact between Dedekind sum s(/, ¢) and the mean square value of Dirichlet L—function
(see Lemma 1, below).

Motivated by the studies aforementioned above, several types of mean value formulas (called as hybrid
mean value) including Dedekind sums (or Hardy sums) and some famous sums such as Kloosterman sum,
Ramanujan sum, and exponential sum have been interested by many scholars. For the relevant literature, see
[6,10-12,18,21,23].

For instance, the authors of [19] considered the following mean value problem for Dedekind sum and
exponential sum:

p—1p—1

YD 1S m,n,3, 1 p)Ps (mit, p)

m=1n=1

where S (m, n, k, h; q) is two-term exponential sum, defined by

q h k
S(m,n,h,k;q)=ze<w>,
q

a=1

e(y) = €271y and a denotes the multiplicative inverse of a mod ¢. For further properties of S (m, n, h, k; q) , the
reader may consult to [2—4].

As second aim of this paper, we deal with a computational problem of the mean values involving Hardy sums
and two-term exponential sum. More precisely, helped by the fascinating Gauss sums and Dirichlet L —function,
we derive the following relations:

Theorem 3 Let p > 3 be prime. Then, for any odd number h and any positive integer k with (hk, p — 1) =1
and integer m with (m, p) = 1, we have

p—1p—1
YD S@.m bk p) S (v.m, bk p)ss (ub, p) =

u=1 v=1

pp—1)
—

Theorem 4 For odd prime p, any odd number h and any positive integer k with (hk, p — 1) = 1 and integer m
with (m, p) = 1, we have

p—1p—1
> > S @.m. b ki p)S(v.m. h.k; p)ss b, p) = p*(p—1).

u=1 v=1

Theorem 5 Let p be an odd prime. Then, for any positive integers h and k > 1 with (hk, p — 1) = 1 and any
integer m, we have

p—1p—1 )

0 =1 d4);
Z ZS(M,m,h,k; p)S@,m h k;p)SQuv,p)=1_", l.fp (mod 4)
u=1v=1 2p=, if p =3 (mod4).

2 Auxiliary theorems

In this section, we list several lemmas to reach the proofs of our formulas.

Lemma 1 ([22, Lemma 2])Let g > 2 be an integer, then for any integer h with (h, q) = 1,

1 d? )
s(h,q)—%%m > xWILA 0P,

x modd
x(=DH=-1

where L (1, x) is the Dirichlet L—function with the character x modd and ¢ (q) is the Euler function.
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Lemma 2 For odd prime p and any odd number h with (h, p) = 1, we have the identity
sa(h, p) =205 (h, p) — 85 (2h, p) — 85 (2h. p).
Proof This is [13, Eq. 1.3] in the special case of the prime 2. O

Lemma 3 ([21, Lemma 1])Let p be an odd prime and x any non-principal character mod p. Then, for any
positive integers h and k > 1 with (hk, p — 1) = 1 and any integer m, we have

p—1 _ _
DK@ S @m bk p) = x™ omy 7 07 (7)),

u=1

p—1
wheret (x) = Y. x(a)e (£> is the Gauss sum.
4

a=1

Lemma 4 ([20, Lemma 5])Let p be an odd prime. Then, we have

72 (p—1*(p—2)

L1 LA A" A 6

Zd L 0P =15 = : 6)
mo

X)((—l):fl

7 (p—1*(p =5

Y x@ILA 0P =2 . (7
x mod p p
x(=DH=-1
and
2 (p=1*(p—17) #p =1 (modd):
S ox@iLaor={% o2, . ’ ®)
’ 2 (p-1(p*—6p+17)
x mod p — 3 s lfp = 3 (mod 4).
x(—=D=—1 48 P
3 Proofs

3.1 Proof of Theorem 2

In view of the facts if k is positive integer then s (kh, kq) = s (h, g) and if positive integers n and g satisfying
(n,q) = 1, then s (n, g) = s (n, g) , where n satisfies the congruence nn = 1 (mod ¢g) , equations (2) and (3)
can be written as

253 (2h, q) = 4s (2h, q) — 8s (h, q) )

and
54 (2q,h) = —4s (2q, h) +8s (g, h), (10)

respectively.
Subtracting (10) from (9), then applying reciprocity formulas (1) and (4) give the desired result.

3.2 Proof of Theorem 3

Notice that if x is non-principal character mod p, then, |t (x)| = \/pandt (x) T (x) = x (—1) p. From Lemma
1, one can write
I p
sthop) =537 > xmILA 0P, (11

1
x mod p

x(=DH=-1
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From this formula and the relation [14, Lemma 2.3]

ss(h, p) = 2s (h, p) — 45 (2h, p),
which is valid for an odd prime p and any odd number / with (A, p) = 1, we have

p—1p—1
D> S, m b k; p)S (v, m, h,k; p)ss (ui, p)
u=1 v=l1

p—1p-1

=ZZS(u,m,h,k; p)S (v, m, h,k; p)

u=1 v=1
X {25 (uv, p) —4s (im_), p)}
p—1p—1

Z% Yo 2D Smihkip)S@.m bk p)

x mod p u=lv=l1
x(=)=-1

x x (ud) |L (1, x)I?
p—1p—1

—% Z ZZS(u,m,h,k;p)S(v,m,h,k;p)

x mod p u=1v=I
x(=DH=-1

X X (2) x o) |L (1, x)I*. (12)

Using Lemma 3, the right hand side of (12) becomes

2p - kh 2 5
2(p—1) —1 —p*|L,
72 (p—1) X%}%p X (=D x™ (=D p7 L1, )l
x(=H=-1
—4p 7 (— kh 2 )
T2 (p—1) Yo XXM ED PP @IL AL )

72 (p—1)
x mod p
x(=D=-
4p? _
p= Y. X@ILA, 0P (13)
p x mod p

Now, apply the identities (6) and (7) to first and second term on the right hand side of (13), respectively, to
complete the proof.

3.3 Proof of Theorem 4

Using (11), Lemmas 2 and 3, one obtains that

p—1p—1

Z ZS(u,m,h,k; p)S (v,m, h,k; p)sa (ud, p)
u=1 v=1
p—1p—1
= ZZS(u,m,h,k; p)S (v, m, h,k; p)
u=1 v=1

x {20s (uv, p) — 8s Quv, p) — 8s (2uv, p)}
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20p p—1p-—1
:m ZZS(u,m,h,k;p)S(v,m,h,k;p)

x mod p u=1v=l
x(=DH=-1

x x (ud) |L (1, x)I?
p—1p—1

_% Z ZZS(u,m,h,k;P)S(”am’h’k;p)

x modp u=lv=l
x(=DH=-1

x x (2) x o) |L (1, 0)?
p—1p—1

_% Z ZZS(u,m,h,k;P)S(Uvm’h’k;p)

x mod p u=lv=l1
x(=H=-1

X ¥ (2) x wv)|L (1, )

20p3
P S LappP

T x2(p-1)
x mod p
K(=D=-1
8p’ 8p° _
“ A, X XOILA0P- e 3 T@ILa P
P x mod p p x mod p
x(=DH=-1 x(=H=—1
=p*(p—1).

where we have used the facts (6), (7) and

Y x@ILUoP= Y X@ILA 0.

x mod p x mod p
x(=DH=-1 x(=DH=-1

3.4 Proof of Theorem 5

Employing the following equality given in [20, Lemma 4] for an odd prime p with0 < h < p,
S(2h, p) = —20s (2h, p) + 8s (4h, p) +8s (h, p),

and proceeding as in the proofs of theorems above yield that

p—1p—1
Z ZS(u,m,h,k; p)S (v,m, h,k; p)S Qub, p)
u=1 v=1
—20p* 2
=——= 2)|IL (1,
" > x@IL 0l
x mod p
X(=H==1
8p° 2
+ = x @ IL A1, 0l
2 (p—1 Z
x mod p
x(=DH=-1
8p3 2
+ [L (1, )l
n2 (p _ 1) Z

x mod p
x(=H=-1

_ 0, if p =1 (mod4);
| 2p2, if p=3(mod4),’
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where we investigate the term in (14) according to the cases p = 1 (mod4) and p = 3 (mod4) and use the
identities (7), (8) and (6). So, the proof is completed.
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