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Abstract Let [ -] be the floor function and ||x|| denotes the distance from x to the nearest integer. In this paper
we show that whenever « is irrational and f is real then for any fixed 1 < ¢ < 12/11 there exist infinitely many
prime numbers p satisfying the inequality

11c—12 6
llep + BIl < p~ 2 log” p

and such that p = [n€].

Keywords Distribution modulo one - Piatetski-Shapiro primes

1 Introduction and statement of the result

In 1947 Vinogradov [9] proved that if & = 1/5 — ¢ then there are infinitely many primes p such that

lap + Bl < p~?. (1)

Subsequently the upper bound for 8 was improved by several authors and strongest result up to now is due
Matoméki [3] with6 = 1/3 — e and 8 = 0.
On the other hand in 1953 Piatetski-Shapiro [4] showed that for any fixed y € (11/12, 1) the sequence

(12"71) e

contains infinitely many prime numbers. The prime numbers of the form p = [n'/?] are called Piatetski-Shapiro
primes of type y. Afterwards the interval for y was sharpened many times and the best result up to now belongs
to Rivat and Wu [5] for y € (205/243, 1). More precisely they proved that for any fixed 205/243 < y < 1 the
lower bound

XV

Z 1> log X 2

p<X
p=lnl/7]

holds.
In order to establish our result we solve Vinogradov’s inequality (1) with Piatetski-Shapiro primes. Thus we
prove the following theorem.
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On the distribution of «p modulo one over Piatetski-Shapiro primes 859

Theorem 1 Let y be fixed with 11/12 < y < 1, «a is irrational and B is real. Then there exist infinitely many
Piatetski-Shapiro prime numbers p of type y such that

11—

12
lap+ Bl < p~ = logp.

2 Notations

Let C is a sufficiently large positive constant. The letter p will always denote prime number. The notation
x ~ X means that x runs through a subinterval of (X, 2X], which endpoints are not necessary the same in the
different formulas and may depend on the outer summation variables. By [x], {x} and ||x || we denote the integer
part of x, the fractional part of x and the distance from x to the nearest integer. Moreover e(t)=exp(27it) and
Y(t) = {t} — 1/2. As usual A(n) is von Mangoldt’s function and 7 (n) denotes the number of positive divisors
of n. Let y be a real constant such that 11/12 < y < 1. Since « is irrational, there are infinitely many different
convergents a/q to its continued fraction, with

1
a— <=, @e=1, a#0 3)
q
and g is arbitrary large.
Denote
13
N =qm @)
11-12y 6
A=CN % log’N; ®)
H=[q"?]: ©)
15— 14y
M=N 2% : (7
298y
v=N 32 . (8)

3 Preliminary lemmas

Lemma 1 Suppose that X, Y > 1,

o — ;—‘| < ﬁ (a,q) = 1. Then

1 XY

Z min <Y, —) LK —+Y+ (X +q)log2gq.

= len+B1) ™ g
Proof See ([7], Lemma 1). O
Lemma 2 Suppose thata € R, a € Z, q € N, ioc — ;—’| < ql—z, (a,q)=1.1If

S(X)= ) elap)logp )
p<X
then
S(X) < (Xq—l/z + XA/5 +X1/2q1/2> log* X .

Proof See ([1], Theorem 13.6). |

Lemma 3 Forany M > 2, we have

i O(”’i“ (1’ M|1|r||>) |
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Lemma 4 Suppose that " (1) exists, is continuous on [a, b] and satisfies
ff&)y=x (A>0) for tela,b].

Then

<L (b—a)\\? 4712,

D e(f ()

a<n<b

Proof See ([2], Ch.1, Th.5).

Lemma 5 For any complex numbers a(n) we have

2
> at)| = <1+l%) 3 (1—%) S T Dam,

a<n<b lgl<Q a<n,n+q<b

where Q > 1.

Proof See ([1], Lemma 8.17).

4 Proof of the theorem
4.1 Outline of the proof

Our method goes back to Vaughan [7].
We take a periodic with period 1 function such that

0 if —3<6<-A,
Fa(0) =131 if —A <0 <A,
0 ifA<6<3.

On the basis of (5) and (10) we have that non-trivial lower bound for the sum

Y Falap+B)logp

p<N
p=Inl/7]

implies Theorem 1. For this purpose we define

= Z (FA(otp +B) — ZA) logp.
p:p[ilA;V]

4.2 Upper bound for I

We shall prove the following fundamental lemma.
Lemma 6 For the sum I defined by (11) the upper bound

14y
2

+11 5
<N % log’ N

holds.
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On the distribution of p modulo one over Piatetski-Shapiro primes 861
Proof From (11) we write
=Y (I=p"1=[=(p+ 1"])(Falep + p) —2A)logp =T + T2, (13)
p<N
where
Fi=Y ((p+1)7 —p")(Falap + B) —2A)log p. (14)
p=<N
Ty= Y (Y(=(p+ 1) =¥ (=p"))(Falap + ) —24) log p. (15)
P=N
Upper bound for I'y
The function Fa(6) — 2A is well known to have the expansion
3 sin2mh A (h9)+0< i (1 ! )+ i (1 ! )) (16)
—e min|1, —— min |1, ——
» wh H|6+ A H|6 — A
<lhl=H
We also have
(p+ 17 = p" =yp’ 40 (p7 7). (17)
Using (14), (16) and (17) we obtain
=y Z p” log p Z sin27hA e(h(ap +B)) + (’)((E + N]/z) log N) (18)
h ’
p=N I<|n|<H
where
al 1 1
Y= mn|{l, ———— |+ min|l, —— . 19
X_}( < Hllan+ﬂ+All) < Hllan+ﬂ—AII)> o
By (3), (4), (6), (19) and Lemma 1 we get
N
< Ng '+ 2 10g N« Ng 2 log N < N5 Tog N . (20)
Now (18) and give us (20)
H 1 6y+14
I} < Y min <A, E) > p’le(@hp)logp|+ N2 log’ N Q21
h=1 P<N
Denote
Sw) =) | p’ e(ahp)logp| . (22)
h<u |p<N
Then
1 1 S(H) ‘ S(u)
. 1 _ u
me (A, Z) Z p? le(ahp)log p| = H + / 2 du
h=1 P=N A1
(23)
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On the other hand

N

D ' lel@hp)logp = N"7'S(N) + (1 - ) / Sy’ dy, (24)
P=N 2

where
S =) elahp)logp. (25)
P=y
From Dirichlet’s approximation theorem it follows the existence of integers a;, and g such that
-
o

1
ol = gz @ean =1, 1<qr<q*. (26)

qnq
Bearing in mind (25), (26) and Lemma 2 we find

S(y) < (th_l/z +y"7 4+ yl/zqi/z) log*y. 27
Using (22), (24) and (27) we deduce
S(u) < uN?™! (quh‘”2 LN Nl/zq,ﬁ/z) log* N . (28)
Suppose that
an<q'”. (29)
By (6) and (29) we obtain
hgy < Hq'? <g*° < ¢q.

From (3), (26) and the last inequality it follows that

a ay

- % —. 30)
q " hqn
On the one hand from (6), (29) and (30) we have
a_n|_lahgn—qal 1 T 1 (31)
q  hqn hqgn ~ ~ hqqn ~ Hqq'/? ~ ql1/6
On the other hand by (3) and (26) we get
a _an | _ ’ a ‘ +) an | _ 1 N 1 - 1
- — — o— — o— — — —,
q han|~ q han| — q*  hang® ~ 24*

which contradicts (31). This rejects the supposition (29). Therefore
an € (4", 4°]. (32)

Taking into account (4), (28) and (32) we find

Su) < uN"~"2glog* N « uN "5 log* N . 33)
Summarizing (21), (23) and (33) we deduce
14y +11 4
' K N" % log"N. (34
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On the distribution of p modulo one over Piatetski-Shapiro primes 863
Upper bound for I"y
Using (15) and arguing as in ' we obtain
" 1 6y+14
ry <Y min (A, g) 3 (W (—(p+ 1Y) = y(=p"))e(@hp)log p| + N % log? N.  (35)
h=1 P<N
Denote
Q) =) | > (W(=(p+ 1)) =Y (=p"))e(ahp)log p| . (36)
h<u |p<N
Then
u 1
> " min (A, E) Y (W= + DY) = y(=p"))e(@hp) log p
h=1 P<N
Q(H) [ Q(u)
u
=g +/ 2 du. (37
Al
The estimation (35) and formula (37) imply
1 6y+14 5
<« — max |Q@)|+ N 26 log"N. (38)
H a-'<u<H
We will estimate 2 («). From (36) and Lemma 3 with M defined by (7) it follows
Qu) < (Q@) +uE)log’ N +uN'/?, (39)
where
1
- _ —mn?) — e — Y
Qi) = Z Z - Z A(n)e(ahn)(e( mn ) e( m(n+ 1) )) ) (40)
h<u m~M, n~N
1
£= 3" min (1, —) | (41)
= M| |
1
My <M/2, Ny <N/2. (42)
Proceeding as in ( [6], Th. 12.1.1) from (41) and (42) we get
E < (NM—l L NY2MY2 4 Nl—V/ZM—l/Z) log M . 43)
Bearing in mind (7) and (43) we find
14y+11
EKN % logN. (44)

Next we estimate €21 (u). Replacing
o)=1—em@’ — @+ 1))
we deduce

Z A(n)e(othn)(e( - mn”) - e( —m(n + 1)”))

n~Ni

=w2Ny) Z A(n)e(ahn - mn”)
n~Nj
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2N

—/ Z A(n)e(ahn —mn”) | o' (t) dt
N Ni<n<t
<mN!'™" max  |O(Ny, Ny)|, (45)
N>€[N1,2N1]
where
O(Ny, Np) = Z Am)e(ahn —mn?). (46)
Ni<n<N>
Now (40) and (45) give us
Q Nyt O(N1, No)| . 47
1) < N hz D max [OWL N 47)
<u m~M,
Let
14y —2
Ny <N 157 . (48)

Taking into account (7), (42), (46), (47) and (48) we obtain

l4y+11
Q(u) K HN 2% logN . (49)
Hence fort we assume that
14y -2
N By < Ny <2N. (50)
We shall find the upper bound of the sum ® (N7, N>). Our argument is a modification of (Tolev [6], Th. 12.1.1)
argument.
Denote

£, 1) = ahdl —md"1" . 1)

Using (46), (51) and Vaughan’s identity (see [8]) we get

O(N1, N2) =U; — Uy — Uz — Us, (52)
where
Uy=) uwd Y (oghe(f(d,1D), (53)
d<v Ni/d<I<N>/d
Up=) cld Y  e(fdD), (54)
d<v Ni/d<I<N»/d
Us= Y cd Y elfdD), (55)
v<d<v? Ni/d<I<Ny/d
Us= Y > adADe(fd, 1), (56)
Ni<dI<N>
d>v,[>v
and where
le(d)] < logd, la(d)| < t(d) (57)

and v is defined by (8).
Consider first U defined by (54). Bearing in mind (51) we find

-2
£}, D] = md*N] ™.
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On the distribution of p modulo one over Piatetski-Shapiro primes 865

Now (58) and Lemma 4 give us

S e(fd. D) < mANYE g 2am N2 (59)
Ny/d<I<Ny/d

From (7), (8), (50), (54), (57) and (59) it follows
Up < (N"?m'?v + m™ V2NV ) log? N < NY2m'Pvlog? N « N log? N . (60)

In order to estimate U; defined by (53) we apply Abel’s summation formula. Then arguing as in the estimation
of U, we obtain

y+11 2
U <K N 13 log”N. 61)

Next we consider Uz and Uy defined by (55) and (56). We have

Us < |Ujllog N, (62)
where
U= Y cd Y e(f@dD) (©3)
D<d<2D L<i<2L
N|<dl<Ny
and where
Ni/4 <DL <2N;, v/2<D <. (64)
Also
Uy < |Uyllog N, (65)
where
Upy= Y ad Y Ae(fd.D) (66)
D<d<2D L<I<2L
N|<dl<Ny
and where
Ni/4 < DL <2N;, v/2<D <2N;i/v. (67)

By (8), (50), (64) and (67) it follows that the conditions for the sum Uy are more restrictive than the conditions
for the sum Uj. Bearing in mind this consideration and the coefficients of U5 and U, we make a conclusion that
it’s enough to estimate the sum U, with the conditions

1
Ni/4 < DL <2N;, N;/2<D <v*. (68)

From (57), (66), (68) and Cauchy’s inequality we deduce

< Y @ )

2

> AWDe(fd. 1)

D<d<2D D<d<2D ' Li<I<L)
2
< DUogN) D" | Y Ae(fd.D)| . (69)
D<d=<2D ' Ly<I<Ly
where
N N
L =max{L,7l}, L2=min{2L,72}. (70)
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866 S. Dimitrov

Using (68) — (70) and Lemma 5 with Q < L/2 we find

L
U4* < D(logN)* > ) > (1 —%> Y AU+ QADe(fd.D — fd.1+q))

D<d<2D lgl<0 Ly<I<Ly
Ly<l+q=<L,p
LD
<|\5 Yoo Al+AD| Y e(sqg@)
0<lgl<Q  Lei=at Dy<d<D)
(LD)? 3
+ logN ) log’ N, (71)
where
N N N W%
Dy =max{D, R } D, =min{2D, =2 —2} (72)
I I+g¢g I l4+gq
and
gd) =g qd)=fd.])—fd,l+q). (73)
It is easy to see that the sum over negative ¢ in formula (71) is equal to the sum over positive ¢g. Therefore
/2 LD
Ui < (5 YD AHQAD| D elgg(@)
1<¢g<Q L<I<2L Di<d<D»>
LD)?
+ (LD) log N) log’ N . (74)
Consider the function g(d). From (51) and (73) we obtain
()] < mD"|q|L7 . (75)
Taking into account (72), (75) and Lemma 4 we get
Z e(g(d)) << m1/2q1/2Dy/2Ly/271/2+m71/2q71/2D17y/2L1/27y/2 (76)
Di<d<D;
We choose
00 = m~\3D23vBL13~v/3 7
Here (7), (42), (50), (68) and the direct verification assure us that
Qo > N£ .
By (74), (76) and (77) we deduce
/2 2721 1/2 7 1/2 14y /27 3/2+y/2 —1/2 4—1/2 42—y /27 5/2—y /2 4
|UsI” < (D°L*Q~ ' +m!'/20"*D L +m~/“Q7/"D L )log* N
<« <D2L2L_1 + DszQal +ml/2 Q(l)/2D1+V/2L3/2+V/2
+ m—1/2D2—y/2L5/2—y/2(L—1/2 + Q61/2)) log4 N
< (DZL + m B335y 4 =12 p2—y/2] 2=y /2
+m ™ VBDIBYBLIBY B j0gt N (78)

From (7), (8), (50), (68) and (78) it follows

11
U < (N2 + MYSNY47/6) 1082 N « N'T5 Tog? N .
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On the distribution of p modulo one over Piatetski-Shapiro primes 867

Now (65) and (79) imply
v+l 3
Uy < N3 log’ N. (80)
Arguing as in the estimation of U we find
11
U < N'T5 1o N . 81)
The estimates (62) and (81) give us
v+ 3
U3 K N 13 log” N. (82)

Summarizing (52), (60), (61), (80) and (82) we get

O(N1, N2) K N log® N . (83)
By (7), (47), (50) and (83) it follows
dysin g
Q(u) <K HN 2 log’ N. (84)

From (38), (39), (44), (49) and (84) we deduce

14y+11
26

M« N log’ N . (85)

Using (13), (34) and (85) we establish the upper bound (12).
The lemma is proved. O

4.3 The end of the proof

Bearing in mind (2), (5), (11) and Lemma 6 we obtain

14y+11 5
Z Fa(ap +pB)logp > N"% log’ N.
p=N
p=In!/v]

This completes the proof of theorem.
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