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Abstract We study regularity criteria of weak solutions to the three dimensional (3d) incompressible Navier–
Stokes equations, and provide several Prodi-Serrin type regularity criteria involving only partial components of
the velocity or its gradient on framework of the anisotropic Lebesgue spaces.
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1 Introduction

The 3d incompressible Navier–Stokes equations in R
3 × [0, T ) with T > 0 read as

⎧
⎪⎨

⎪⎩

∂t u − �u + (u · ∇)u + ∇π = 0,

∇ · u = 0,

u|t=0 = u0(x),

(1.1)

where u = (u1, u2, u3) stands for the flow velocity, the scalar function π represents the pressure, and the initial
velocity u0 is the prescribed initial data satisfying divergence free condition ∇ · u0 = 0.

For u0 ∈ L2(R3), the existence of a weak solution

u ∈ L∞(0, T ; L2(R3)) ∩ L2(0, T ; H1(R3)),

of the equations (1.1) has been established in the pioneer works of Leray [13] and Hopf [10]. Moreover, the weak
solution u satisfies the following energy inequality

‖u(·, t)‖2
L2 + 2

∫ t

s
‖∇u(·, τ )‖2

L2 dτ ≤ ‖u(·, s)‖2
L2 ∀ 0 ≤ s < t ≤ T . (1.2)
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Remarks on regularity criteria for the 3d Navier–Stokes equations 869

However, the issue of regularity and uniqueness of such a weak solution remains an outstanding open problem
up to now. Usually, we say a weak solution u to (1.1) is regular if it is smooth on R

3 × (0, T ]. In the past several
decades, many important regularity criteria for the global regularity of the weak solution u have been established,
see, e.g., [1,6,15,16,19,20,22,23] and the related references therein. The well-known Prodi-Serrin conditions
(see, e.g., [6,15,16]) state that if

∫ T

0
‖u(·, t)‖q

L p dx < ∞ with
2

q
+ 3

p
= 1, 3 ≤ p ≤ ∞, (1.3)

then the weak solution u is smooth on (0, T ]. Regularity criterion (1.3) was later extended in [1] to

∫ T

0
‖∇u(·, t)‖q

L p dx < ∞ with
2

q
+ 3

p
= 2,

3

2
≤ p ≤ ∞. (1.4)

Interested readers can also locate in [19,24] for the refined versions of (1.3) and (1.4) in the homogeneous Besov
spaces or in the Multiplier space.

Notice that the divergence free condition ∇ · u = 0, it is natural and important to consider components
reduction improvements of (1.3) and (1.4), that is, whether or not additional assumptions on partial components
of the velocity or velocity gradient could still ensure the regularity of the weak solution. In the last two decades,
there are many studies devoted to this refinement, see for example [2–5,25] and the references cited therein.
Here, we mention that Zhou and Pokorný [25] showed that the weak solution u to the 3D equations (1.1) is
regular on (0, T ] if u3 satify

u3 ∈ Lt (0, T ; Ls(R3)) with
2

t
+ 3

s
≤ 3

4
+ 1

2s
,

10

3
< s < ∞.

Kukavica and Ziane [11] established that if the horizontal convective terms

∂3u ∈ Lt (0, T ; Ls(R3)) with
2

t
+ 3

s
= 2,

9

4
≤ s ≤ 3. (1.5)

yields the smoothness of the solution u on (0, T ]. Later, Cao [2] employed the following two multiplicative
Sobolev inequalities

‖ f ‖L3q ≤ C‖∂1 f ‖
1
3
L2‖∂2 f ‖

1
3
L2‖∂3 f ‖

1
3
Lq for 1 < q < ∞;

‖ f ‖L5q ≤ C‖∂1( f 2)‖
1
5
L2‖∂2( f 2)‖

1
5
L2‖∂3 f ‖

1
5
Lq for 1 < q < ∞,

and refined the condition (1.5) as

∂3u ∈ Lt (0, T ; Ls(R3)) with
2

t
+ 3

s
= 2,

27

16
≤ s ≤ 5

2
. (1.6)

Zhang et al. [21] established that that the weak solution u is regular on (0, T ] if one non-diagonal entry of the
velocity gradient, i.e. ∂i u j (with 1 ≤ i, j ≤ 3 and i 	= j), satisfies

∂i u j ∈ Lt (0, T ; Ls(R3)) with
2

t
+ 3

s
≤ 3

4
+ 5

4s
,

7

3
< s < ∞.

We also recall that in papers [8,9,18], arguing by some additional integrability conditions imposed on one item
of the velocity vector gradient in the framework the anisotropic Lebesgue spaces. In [8], Guo, Kuc̆era and Skalák
established that the condition

∂3u3 ∈ Lβ(0, T ; Lq1(Rx1; Lq2(Rx2; Lq3(Rx3))) with
2

β
+ 1

q1
+ 1

q2
+ 1

q3
<

3

4
+ 1

q1
+ 1

4q2
+ 1

4q3
,

1 < q2, q3 < ∞, q2 + q3 < q2q3, and max

{
2q2q3

2q2q3 + q2 − q3
,

2q2q3

2q2q3 − q2 + q3

}

< q1,
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or

∂1u3 ∈ Lβ(0, T ; Lq3(Rx1; Lq2(Rx2; Lq1(Rx3))) with
2

β
+ 1

q1
+ 1

q2
+ 1

q3
< 1 + 3

4q1
+ 1

4q3
,

q3 > 2, q1 ∈ (1, q3)q2 ∈
(

q3

q3 − 1
,

q1

q1 − 1

)

and
1

q1
+ 4

q2
+ 3

q3
< 4,

2

q1
+ 1

q2
< 2 + 1

q3
,

yields that the weak solutions u is regular on (0, T ]. Inspired by the papers cited above, in the present paper
we will further study some improvement of Prodi-Serrin type (1.3), (1.4) regularity criteria in the framework
of the anisotropic Lebesgue spaces. Before stating the main result, let us recall the following definition of the
anisotropic Lebesgue spaces.

Definition 1.1 Let 1 ≤ p1, p2, p3 < ∞.
We say a function f belongs to L p1(Rx1; L p2(Rx2; L p3(Rx3))) if f is measurable on R

3 and the following
norm is finite

∥
∥
∥
∥
∥‖ f ‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

:�
( ∫

R

( ∫

R

( ∫

R

| f (x1, x2, x3)|p1 dx1

) p2
p1 dx2

) p3
p2 dx3

) 1
p3 .

The main result of the paper is as follows.

Theorem 1.1 Let T > 0. Assume that u(x, t) is a weak solution to the 3d Navier–Stokes equations (1.1),
corresponding to the initial data u0 ∈ W1,2

σ (R3)1, on R
3 × (0, T ). If

∫ T

0

(∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

α

L
p3
x3

+
∥
∥
∥
∥
∥‖u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

β

L
q3
x3

)
dt < ∞ (1.7)

with α, β, pi , qi ∈ (2,∞) for i = 1, 2, 3, and 2
α

+ 1
p1

+ 1
p2

+ 1
p3

= 2
β

+ 1
q1

+ 1
q2

+ 1
q3

= 1, or

∫ T

0

(∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

α

L
p3
x3

+
∥
∥
∥
∥
∥‖∇u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

β

L
q3
x3

)
dt < ∞ (1.8)

with α, β, pi , qi ∈ (2,∞) for i = 1, 2, 3, and 2
α

+ 1
p1

+ 1
p2

+ 1
p3

= 2
β

+ 1
q1

+ 1
q2

+ 1
q3

= 2, or

∫ T

0

∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

α

L
p3
x3

dt < ∞ (1.9)

with α, pi ∈ (2,∞) for i = 1, 2, 3, and 2
α

+ 1
p1

+ 1
p2

+ 1
p3

= 1. Then u(x, t) is regular up to time T .

Remark 1.1 Let u be a solution of (1.1) on (0, T ). Introduce the scaling uλ(x, t) = λu(λx, λ2t) with λ > 0.
Then uλ is aslo a solution of (1.1) on (0, T/λ2). From this scaling point of view, the conditions (1.3) and (1.4)
are important in the sense that for solution u to (1.1) is scaling invariant, i.e.,

∫ T
λ2

0
‖uλ‖q

L p dt =
∫ T

0
‖u‖q

L p dt with
2

q
+ 3

p
= 1, 3 ≤ p ≤ ∞,

or

∫ T
λ2

0
‖∇uλ‖q

L p dt =
∫ T

0
‖∇u‖q

L p dt with
2

q
+ 3

p
= 2,

3

2
≤ p ≤ ∞.

We notice that the results of [8,9,18] in the framework the anisotropic Lebesgue spaces, are not optimal from
the scaling point of view as above at least some range of the space parameter. Criteria (1.7) and (1.8) are also
satisfying scaling invariance property as above, but not for (1.8). Moreover, in (1.7) and (1.8), we only add
additional assumptions on the horizontal components u1, u2 of the velocity u.

1 W1,2
σ (R3) denotes the solenoidal functions space from the standard Sobolev space W1,2(R3).
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By comparing that with (1.5) and (1.6), the condition (1.9) is not optimal in the sense of scaling invariance.
In the author’s opinion, it is really a challenging problem to show the regularity of Leray- Hopf weak solutions
by adding the condition

∫ T

0

∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

α

L
p3
x3

dt < ∞ with
2

α
+ 1

p1
+ 1

p2
+ 1

p3
= 2 and some α, pi ∈ (2,∞),

i = 1, 2, 3. We hope we can overcome this problem in the near future.

The rest of the paper is devoted to the proof of Theorem 1.1. Throughout the paper, we assume that C is the
generic positive constant which may depend on the norms of the initial data and may change from line to line.
The Lp-norm is denoted by ‖ · ‖L p , the Hs-norm by ‖ · ‖Hs , and the directional derivatives of a function φ are
denoted by ∂iφ = ∂φ

∂xi
with i = 1, 2, 3.

2 Proof of Theorem 1.1

Before providing the proof of our main result, let us recall the following lemma, which has been obtained by Liu
and Wang [14] and can be viewed as the generalization of the Sobolev and Ladyzhenskaya inequality. We also
refer the readers to see [8,9,18] for more refined inequalities based on the anisotropic Lebesgue spaces.

Lemma 2.1 Let 2 ≤ p1, p2, p3 ≤ ∞ and 1 − 1
p1

+ 1
p2

+ 1
p3

≥ 0. Then there exists a positive constant C such

that for every f ∈ C∞(R3)

∥
∥
∥
∥
∥‖ f ‖

L

2p1
p1−2

x1

∥
∥

L

2p2
p2−2

x2

∥
∥
∥

L

2p3
p3−2

x3

≤ C ‖∂1 f ‖
1
p1
L2 ‖∂2 f ‖

1
p2
L2 ‖∂3 f ‖

1
p3
L2 ‖ f ‖1−

(
1
p1

+ 1
p2

+ 1
p3

)

L2 . (2.1)

Here, 2p
p−2 = ∞ if p = 2.

Remark 2.1 By setting p1 = p2 = p3 = 6, then (2.1) becomes the following interpolation inequality

‖ f ‖L3 ≤ C ‖∂1 f ‖
1
6
L2 ‖∂2 f ‖

1
6
L2 ‖∂3 f ‖

1
6
L2 ‖ f ‖

1
2
L2 .

Now, let us turn to prove Theorem 1.1. Since u0 ∈ W1,2
σ (R3), there exists ũ ∈ C([0, T

′
); H1(R3)), where

[0, T
′
) is the life span of the unique strong solution ũ, see [7,12] for the local unique solvability. Moreover,

ũ is regular on (0, T
′
), i.e., ũ ∈ C∞(R3 × (0, T

′
)). According to the uniqueness results of solutions to the

Navier–Stokes equations (1.1), see, e.g., [17], it holds that ũ ≡ u on [0, T
′
), where u is the global Leray-Hopf

weak solution to (1.1). Let

T ∗ = sup{T ′
> 0; u(x, t) is regular on (0, T

′
)}.

Then T ∗ is either equal to infinity or it is a positive number. To prove Theorem 1.1, it is sufficient to prove that
T ∗ > T . In what follows, we shall proceed by contradiction and suppose that T ∗ ≤ T , and our strategy is to
show that

u ∈ L∞(0, T ∗; H1(R3)). (2.2)

Then the standard continuation argument based on [12] yields that (0, T ∗) is not the maximal and regular interval
of the solution u. This contradicts the definition of T ∗.

Multiplying the momentum equations (1.1)1 by �u, then integrating over R
3, we obtain

1

2

d

dt
‖∇u(·, t)‖2

L2 + ‖�u‖2
L2 =

∫

R3
(u · ∇)u�udx, (2.3)
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where we have

∫

R3
(u · ∇)u�udx =

3∑

i, j,k=1

∫

R3
ui∂i u j∂kku j dx

= −
3∑

i,k=1

2∑

j=1

∫

R3
∂kui∂i u j∂ku j dx −

3∑

k=1

2∑

i=1

∫

R3
∂kui∂i u3∂ku3dx −

3∑

k=1

∫

R3
∂ku3∂3u3∂ku3dx

=
3∑

i,k=1

2∑

j=1

∫

R3
(∂i∂kui u j∂ku j + ∂kui u j∂i∂ku j )dx +

3∑

k=1

2∑

i=1

∫

R3
(ui∂k∂i u3∂ku3 + ui∂i u3∂kku3)dx

− 1

2

3∑

k=1

2∑

i=1

∫

R3
ui∂i (∂ku3)

2dx ≤ C
∫

R3
(|u1| + |u2|)|∇u||�u|dx := I1 + I2. (2.4)

Here, we have used the divergence free condition (1.1)2.
1. Under the assumption that (1.7) holds. By using the Hölder’s inequality, Lemma 2.1 and the Young’s

inequality, it holds that

I1 ≤ C
∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

∥
∥
∥
∥
∥‖∇u‖

L

2p1
p1−2

x1

∥
∥

L

2p2
p2−2

x2

∥
∥
∥

L

2p3
p3−2

x3

‖�u‖L2

≤ C
∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∇u‖1−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖∂1∇u‖
1
p1
L2 ‖∂2∇u‖

1
p2
L2 ‖∂3∇u‖

1
p3
L2 ‖�u‖L2

≤ C
∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∇u‖1−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖�u‖1+ 1
p1

+ 1
p2

+ 1
p3

L2

≤ 1

4
‖�u‖2

L2 + C

(
∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∇u‖1−
(

1
p1

+ 1
p2

+ 1
p3

)

L2

) 2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

= 1

4
‖�u‖2

L2 + C
∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

‖∇u‖2
L2 ,

where pi ∈ [2,∞), i = 1, 2, 3. Similarly

I2 ≤1

4
‖�u‖2

L2 + C
∥
∥
∥
∥
∥‖u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

2
1−( 1

q1
+ 1

q2
+ 1

q3
)

L
q3
x3

‖∇u‖2
L2 ,

with qi ∈ [2,∞), i = 1, 2, 3. Inserting the estimates of I1 and I2 into (2.3), and then applying the Gronwall’s
inequality, we obtain

sup
0≤t≤T ∗

‖∇u(·, t)‖2
L2 +

∫ T ∗

0
‖�u‖2

L2 dt

≤ ‖∇u0‖2
L2 exp

{
C
∫ T ∗

0

(∥
∥
∥
∥
∥‖u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

+
∥
∥
∥
∥
∥‖u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

2

1−
(

1
q1

+ 1
q2

+ 1
q3

)

L
q3
x3

)
dt
}
,

which together with (1.7) yields that (2.2) holds. Thus we complete the proof of Theorem 1.1 under the assumption
(1.7).

2. Under the assumption that (1.8) holds. From (2.4), one also obtains that

∫

R3
(u · ∇)u�udx ≤

∫

R3
(|∇u1| + |∇u2|)|∇u|2dx := I3 + I4.
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By using the Hölder’s inequality, Lemma 2.1 and the Young’s inequality again, it holds that

I3 ≤ C
∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

∥
∥
∥
∥
∥‖∇u‖

L

2p1
p1−2

x1

∥
∥

L

2p2
p2−2

x2

∥
∥
∥

L

2p3
p3−2

x3

‖∇u‖L2

≤ C
∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∇u‖2−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖∂1∇u‖
1
p1
L2 ‖∂2∇u‖

1
p2
L2 ‖∂3∇u‖

1
p3
L2

≤ C
∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∇u‖2−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖�u‖
1
p1

+ 1
p2

+ 1
p3

L2

≤ 1

4
‖�u‖2

L2 + C
∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

2−
(

1
p1

+ 1
p2

+ 1
p2

)

L
p3
x3

‖∇u‖2
L2 ,

where pi ∈ [2,∞), i = 1, 2, 3. Similarly

I4 ≤ 1

4
‖�u‖2

L2 + C
∥
∥
∥
∥
∥‖∇u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

2

2−
(

1
q1

+ 1
q2

+ 1
q2

)

L
q3
x3

‖∇u‖2
L2 ,

with qi ∈ [2,∞), i = 1, 2, 3. Inserting the estimates of I3 and I4 into (2.3), and then applying the Gronwall’s
inequality, we obtain

sup
0≤t≤T ∗

‖∇u(·, t)‖2
L2 +

∫ T ∗

0
‖�u‖2

L2 dt

≤ ‖∇u0‖2
L2 exp

{
C
∫ T ∗

0

(∥
∥
∥
∥
∥‖∇u1‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

2−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

+
∥
∥
∥
∥
∥‖∇u2‖L

q1
x1

∥
∥

L
q2
x2

∥
∥
∥

2

2−
(

1
q1

+ 1
q2

+ 1
q3

)

L
q3
x3

)
dt
}
,

which together with (1.8) yields that (2.2) holds. Thus we complete the proof of Theorem 1.1 under the assumption
(1.7).

3. Under the assumption that (1.9) holds. Differentiating the momentum equations (1.1)1 about the space
variable x3, then the multiplying the resulting equations by ∂3u and integrating by parts, one obtains that

1

2

d

dt
‖∂3u‖2

L2 + ‖∇∂3u‖2
L2 = −

∫

R3
(∂3u · ∇)u · ∂3udx := I, (2.5)

where we have used
∫

R3 ∂3∇π · ∂3udx = − ∫
R3 ∂3π∂3(∇ · u)dx = 0 due to the divergence free condition (1.1)2.

By using the standard multiplicative inequality and Lemma 2.3, it follows that

I ≤ C
∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

∥
∥
∥
∥
∥‖∂3u‖

L

2p1
p1−2

x1

∥
∥

L

2p2
p2−2

x2

∥
∥
∥

L

2p3
p3−2

x3

‖∇u‖L2

≤ C
∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∂3u‖1−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖∇∂3u‖
1
p1

+ 1
p2

+ 1
p3

L2 ‖∇u‖L2

≤ 1

4
‖∇∂3u‖2

L2 + C
(∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

L
p3
x3

‖∂3u‖1−
(

1
p1

+ 1
p2

+ 1
p3

)

L2 ‖∇u‖L2

) 2

2−
(

1
p1

+ 1
p2

+ 1
p3

)

≤ 1

4
‖∇∂3u‖2

L2 + C
(
‖∇u‖2

L2 +
∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

‖∂3u‖2
L2

)
, (2.6)

where we have used the Hölder’s inequality in the last inequality above. Inserting (2.6) into (2.5), one deduces
that

d

dt
‖∂3u‖2

L2 + ‖∇∂3u‖2
L2 ≤ C

(
‖∇u‖2

L2 +
∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

‖∂3u‖2
L2

)
,
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which together with the Gronwall’s inequality, (1.9) and the energy inequality (1.2) yields that

sup
0≤t≤T ∗

‖∂3u(·, t)‖2
L2 +

∫ T ∗

0
‖∇∂3u‖2

L2 dt

≤ ‖∂3u0‖2
L2 exp

{
C
∫ T ∗

0

(
‖∇u‖2

L2 +
∥
∥
∥
∥
∥‖∂3u‖L

p1
x1

∥
∥

L
p2
x2

∥
∥
∥

2

1−
(

1
p1

+ 1
p2

+ 1
p3

)

L
p3
x3

)
dt
}

< ∞. (2.7)

Next, multiplying (1.1)1 by �u and the integrating by parts, after by using Remark 2.1 and the Young’s
inequality, it follows that

1

2

d

dt
‖∇u‖2

L2 + ‖�u‖2
L2 =

∫

R3
(u · ∇)u · �udx ≤ C

∫

R3
|∇u|3dx

≤ C‖∇u‖3
L3 ≤ C‖∇u‖

3
2
L2‖∇∂1u‖

1
2
L2‖∇∂2u‖

1
2
L2‖∇∂3u‖

1
2
L2 ≤ C‖∇u‖

3
2
L2‖∇2u‖L2‖∇∂3u‖

1
2
L2

≤ 1

4
‖∇2u‖2

L2 + C‖∇u‖2
L2(‖∇u‖2

L2 + ‖∇∂3u‖2
L2),

which together the identity ‖∇2u‖2
L2 = ‖�u‖2

L2
2 yields that

d

dt
‖∇u‖2

L2 + ‖�u‖2
L2 ≤ C‖∇u‖2

L2(‖∇u‖2
L2 + ‖∇∂3u‖2

L2).

Then by using the Gronwall’s inequality, it follows that

sup
0≤t≤T ∗

‖∇u(·, t)‖2
L2 +

∫ T ∗

0
‖�u‖2

L2 dt ≤ C‖∇u0‖2
L2 exp

{ ∫ T ∗

0
(‖∇u‖2

L2 + ‖∇∂3u‖2
L2)dt

}
,

which together with (2.7) and the energy inequality (1.2) yields that (2.2) holds. Thus we complete the proof of
Theorem 1.1 under the assumption of (1.9). ��
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