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Abstract In this paper, we will study the W7 convergence rate for homogenization problems of solutions for
both oscillating operator and Neumann boundary data. By introducing the auxiliary periodic problems as well
as Neumann correctors, we reduce the setting of both oscillating operator and Neumann boundary data to a fixed
operator, which utilize mostly the fact that the Neumann function as well as its gradient pointwise convergence
results, respectively. Boundary layer phenomena in periodic homogenization is also considered.
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1 Introduction

In this paper, we shall continue our study, initiated in [3], of boundary layers in periodic homogenization problems.
The main motivation for this paper is to study a possible setting when our methods as well as results in [3] can
be applied directly to both oscillating operators and boundary data. Our approach is inspired by the recent work
due to Aleksanyan, Shahgolian and Sj6lin [1], which deal with the boundary layers in periodic homogenization
of Dirichlet problem.

More precisely, we are interested in the following problem,

d d
Lette = —div(A(x/e) 7 1te) = =2 (@i (x/e)55) = 0 in 2,
i j

s (1.1)
—— = fe(x) = f(x/e) on 9%,
AV
oug ol g L . . .
where rnl nia;j Py denotes the conormal derivative with L, and n(x) is the outward unit normal to 02 at
Ve Xj

the point x.
Throughout this paper, the summation convention is used. We assume that the matrix A(y) = (a;;(y)) with
1 < i, j < nisreal symmetric and satisfies the ellipticity condition, i.e.,

1
aij(y) = aji(y), and 1 |& ’<a;j(y)&é&; < & %, foryeR" and & = (&) e R", (1.2)
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where A > 0, the periodicity condition
Aly+h)=A@Y), fO+h)=f() foryeR" and h € 7". (1.3)
We impose the smoothness, compactness and convexity conditions
f(), A(y) € C®@R"), and Q is compact and uni formly convex smooth domain in R". (1.4)

Without loss of generality, we also assume the compatibility condition

/ us(x)do (x) = / fe(x)do(x) = 0. (1.5)
a0 a0
Associated with (1.1) is the homogenized problem

Loug = 8( 8”0)_0 inQ
uy=——@ij—) =0 ing2,
0%0 8xi q”ax,-

Bu (1.6)

E

/Tn fdo(y) = fo onoS,

where T" is the unit torus of R" , ¢;; is the constant coefficient matrix of the homogenized operator Lg, and %
denotes the cormal derivate associated with the homogenized operator L.
The following are the main results of this paper.

Theorem 1.1 (L?-convergence) Under the assumptions (1.1)—(1.5), there exists a constant C such that for any
1 <p<oo

lue — uollLri@y < Ce'?PlIn(e™ M) + 217 || fe Lo,
where M = diam(S2).

Theorem 1.2 (Gradient of solutions) Under the assumptions (1.1)—(1.5), if div(A) = 0 in 2, then there exists
a constant C such that forany 1 < p <ocoand1 <8 < 1/p,

| v (ue —up)llLro) < Cce1=2p lzr o) -

Theorem 1.3 (Concentration near the boundary) Under the assumptions (1.1)—(1.5), then for any x € <,
y € 02, there exists a constant C, and § > 0 which is small enough, provided |x — y| < C§, one has

lue(x) = fe( = CG + [ fellLe@)-

Remark 1.4 The main idea in the proof of Theorem 1.1 and Theorem 1.2 are quite simple. By introducing the
auxiliary periodic problems as well as Neumann correctors, in conjunction with the Neumann function for L,
pointwise convergence results, one may reduce the problem of both rapidly oscillating operators and boundary
data to two problems, fixed operator or fixed boundary data, that all we need to do is to study the convergence
rates for two homogenization problems respectively. The gradient error estimate of solutions (Theorem 1.2)
is real challenge for the Neumann problems. The main reason why it is more difficult to deal with is that the
pointwise convergence result about gradient of Neumann function is not exact like pointwise estimate, which
causes new difficulties in the estimation of the boundary data. We have overcome this difficulty, thanks to the
auxiliary Neumann correctors. But to stay fair, one may loss some rates of convergence for the methodology
presented here. We have to stress that our method may give the another way for further deepening into this
challenge homogenization problems for both oscillating operator and boundary data. Theorem 1.3 shows that
the solutions to homogenization problems should exhibit concentration near the boundary of domain, which is
so-called boundary layer phenomenon in periodic homogenization.

The rest of the paper is organized as follows. Section 2 contains some basic formulas and useful propositions
which play important roles to get convergence rates. In section 3, we show that the solution u, of partial
differential equation with periodic Neumann boundary data W7 (Q) convergence, for any I < p < oo, to
the solutions of the corresponding homogenized problems based on Neumann function as well as its derivative
pointwise convergence results. The boundary layer for Neumann problems with oscilllating boundary data in
homogenization is also considered. Finally, we summarize our results and discuss possible further development
in section 4.
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2 Preliminaries

We begin by specifying our notations.

Let N¢(x, y) be Neumann function of operator L, in (1.1). B,(x) = {y € R" :| y — x |< r} denotes an
open ball with center x and radius r. We will also use C to denote positive constant which may vary in different
formulas.

Recall that Neumann function N, (x, y) in a bounded C1! domain Q such that

sijg(', y) = 8},(x1) in 2,
6‘('7 )’) - _ on 39,
Ve | 0€2 |

/ N¢(x,y)do =0,
02

where §, (x) denotes the Dirac delta function with pole at y.
To study the derivative for solutions of Neumann problem, the major technical breakthrough of this paper is
introduction and estimates of the correctors. The Neumann correctors W, ; for L, in €2, defined by

LW, ;=0 in Q,
AW, ; )

L= —(P)) ondQ, @1
Ve avg

where Pj(y) =y;(0,...,1,...,0),forany 1 < j < n. Note that by the boundary Holder estimate, W, ;(x) —
x;j uniformly in 2 as ¢ — 0, and the following Lipschitz estimate for W, ;,

| VW llLo@=< C. (2.2)

These estimate were proved in [4] under the assumption to operator with symmetry condition. As the author
know, the result continue to hold without this assumption in [2].

It follows from [4] and [3] (also see [2]) that if €2 is a bounded C%" domain for some 5 € (0, 1) and n > 3,
then for any x, y € Q and x # y,

C
| Ne(x, y) |=< r =y 2

|Vst(xa)’)|+|VyNs(x’y) |S |x_ |n—l’
Celn[e™ ! | x —y | 4+2] 23)

3

| Ne(x,y) = No(x, y) |=< -
lx =y

9 a )
| 3_)C,'{N8(x’ = a_xi{“ys,j(x)} : E{No(x, n<c

l—0o

lx =y =’
where Ny(x, y) is the Neumann function of operaotr L in (1.6), and o € (0, 1).

For the n = 2, one may obtain the similar type of estimates after replaced n — 2 in the above term by y,
where y could be taken to be any positive number. The estimation for Neumann function in R? is not optimal
in the literatures. One should expect the logarithmic estimate, but we can not find a reference about Neumann
function which estimates better than C.E.Kenig, FH.Lin and Z.W.Shen’s in [4].

The next two Lemmas had been proved by the author in [3].

oh
Lemma 2.1 Assume that A(y) and 2 satisfy assumptions (1.2)-(1.5). Let Loh, = 0 in Q and 3 £ = fe on L2,
v
Then forany 1 < p < oo, )
| he — uo |lLry< Ce'/?P,
where uy is the corresponding homogenized solution.
oh
Lemma 2.2 Assume that A(y) and 2 satisfy assumptions (1.2)-(1.5). Let Loh, = 0 in Q and 3 £ = fe on L2,
Ve

Then forany 1 < p <ooand 1 <§ < 1/p,
| 9(he = o) llLriey< Ce1=P,

ou
where Loug = 0 in Q 8_0 = Fy on 02, with the homogenized boundary data is Fy.
Vo
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3 Proof of Theorems

The goal of this section is to establish W!-? convergence rates as well as concentrate phenomenon near the
boundary of solutions.

Proof of Theorem 1.1 The LP-convergence is well handled by the Neumann function N.(x,y) for L, in @
converges pointwise to No(x, y). We divide the proof into two steps.

Step 1. Introduce auxiliary periodic problems

With the asymptotic estimate for the Neumann functions at our disposal, we may approximate the solution
of the L” Neumann problem: L.u, = 0 in € and g‘—‘ii = f on 92 by the solution of the homogenized equation
with Neumann boundary data f,. Indeed, we introduce the auxiliary periodic problems of /. (x), which satisfies

Lohe =0 in Q,

oh
£ = f. ondQ. (3.1)
dVg

Then, we will establish the estimate about || us — he ||1r(Q)-
In fact, we use the Neumann function representation

ue(x) — he(x) = /aQ[Na(x, y) — No(x, M1 fe(ydo(y).
It follows that
| ue(x) —he(x) |< C/89 | Re(x, ¥) Il fe(y) [ do(y),

where R (x, y) = N¢(x,y) — No(x, y).
In view of the third estimate in (2.3), we have

Celn[e™! | x —y | 4+2]
|x —y[*1 '

| Re(x,y) |=

C
Now, by the first estimate | R (x, y) |< |—_2 in (2.3), we obtain
X =y

|n

d Infe~! _ 2
/ |Ra(x’y)|dst/ —x_2+Cs[ nfe™! | x y_|1+ ]dx
& QnB.(y) | ¥ =y I" QB lx—ylI

< Ce? +Ce’In[e™'M + 2]
< Ce’ln[e”'M +2],

where M = diam(L2).
Using Holder inequality, we find that

p

| ue(x) — he@) |P < C ‘/m | ReCeuy) |- | £o3) | dor(y)
)4
e '/m | ReCeoy) 171 £o0) | - | ReCxy) |77 dor(y)

p—1
=C </ | ReCe, ) I fe) 17 dU(y)) : (/ | Re(x,y) | dU(y))
a2 Q2

< cfm | ReGeu ) 1] o) 1P do (),

where, we have used the estimate | R, (x, y) |< | =R
X =y

This, together with Fubini’s theorem, gives

I e — he llLr< Ce¥Pline ™ M + 217 || fe lLroe -
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Step 2. L”-convergence
It follows from Lemma 2.1 and by Minkowski’s inequality that

e —uo llr@y< Ce'Plne™" M) + 217 || fo llLr o -
This completes the proof of theorem 1.1. O

Proof of Theorem 1.2 Following the same line of research, we divide the proof into three steps.
Step 1. Introduce auxiliary periodic problems and Neumann correctors
We start with some preliminaries. Set n(y) = (n1(y), ..., n,(y)) to be the unit putward normal to d€2 at the
point y. For y € 9%, set w.(y) = %(y){‘ys,k(y)} - ng(y), where W, ; satisfies problem (2.1) is the Neumann
correctors.
Following the same strategy as proof Theorem 1.1, we are interested in using the asymptotic behavior of
v Ne(x, y), which could approximate the gradient of solutions for the Neumann problem: L.u, = 0 in €2 and
‘;"‘f = f, on K2 by the solution of the homogenized equation with Neumann boundary data wf,. The main
reason why we introduce the boundary correctors w; is that the pointwise convergence result about gradient of
Neumann functions (the fourth estimate in (2.3)) is not exact compared with the asymptotic estimate for the
Neumann functions. Then, we introduce the auxiliary periodic problems of /., with the Neumann correctors
\I"s, J»
Lohe =0 in Q,
E)hg =w.fe ond. (3-2)
31)8
This effiectively reduces the asymptotic problem (1.1) to the study of convergence properties of w; f: on the 9<2,
under various geometric conditions on the €2.
First, we shall establish the convergence estimate about || 7 (us — hg) |l 1r ().
Note that by the Neumann function representation

e (x) = /a N D)0e) ().

This implies that

! (x) 8h()
—Uug(x) — —ng(x)| =
8xi5 8xi£

It follows that

f [a—{N (x, )} = —{No(x y)}ws(y)} fa(y)do(y)‘
IQ X 8)(?

d d
— ——h
‘ 9x; e (x) 9% e(x)

- c/ | ReGeoy) 1| £oy) | do(y),
02

where R (x, y) = B_{N e(x, )} — a—{No(x Mo (y).
In view of the fourth estimate in (2. 3) we have
1—0o
| Re(x, y) = Cm,
where o € (0, 1).
Now, using the estimate (2.2) for | v W, (x) | and the fact that | R (x, y) |< # and , we obtain

|n

d 1
/ IRs(x,y)ldxfcf _X_1+C81_0/ R
¢ ang) | ¥ =y \B) | ¥ =y "™
<Ce+Ce

< Cg,

Using Holder inequality, we obtain

| v (ue (x) — he(x)) |P < Cfm | Re(x, ») I fe) |7 do(y).
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This, together with Fubini’s theorem, yields that

| Ve —he) llLr@< CeP || fe lLroe) -

Step 2. Homogenized boundary data

To get the homogenization of problem (3.2), it is enough to homogenize boundary data w, f,. Recall that
Pi(y) =y;0,...,1,...,0), with 1 in the j-th position. Under the condition of the theorem div(A) = 0, we
have that L. (P;) = 0in €2, from which we get that W ; = P;, forany 1 < j < n. We now set that C,,(f) to be
the n-th Fourier coefficient of the periodic function f(y/¢). Since the function f(y) is periodic and sufficiently
smooth, we have the Fourier expansion

fO) = Ca(fexpQrin - y),

nezn

and hence
i
FOo/e) =Y Calf)exp [%n : y} .
neZ

Note that n(y)n(y) =| n(y) |*= 1, forall y € 9%,

0
we fe = —{\ye,k(.V)} ne(y) - f(y/e)
on(y)

ng(y) -nk(y) - f(y/e)
f/e)

2mi
=Y Culflexp [T” : y]

nezn

Due to the smoothness conditions on the boundary data f;, hence their Fourier series converge absolutely. Setting
/¢ to be the first term in the Fourier expansion term, we claim that £} is the homogenized boundary data.

Step 3. W!-P-convergence
We define u( as the solution to the following problem
Loug=0 in Q,

9
" _ oo, (3.3)

Vg
Combining with the equations satisfied by &, and ug respectively, it follows from Lemma 2.2 that
| v (he = uo) llr@y< Cet' 2P,
where ] < p <oocand1 <é < 1/p.
This, together with Minkowski’s inequality, yields that
I v e —uo) lr@y= Ce" P22 fo llras) -
This completes the proof of theorem 1.2. O

Proof of Theorem 1.3 By the Neumann function representation, we have

ug(x) = /m Ne(x, ) fe(y)do(y), x € Q.

Now, fixing x € Q and y € €2, for any small enough § > 0, we obtain
e @) = o)l = € ’ | N~ 0l

scfl N DI ~ 0o @)
—=y|I<

+C IN(x, DI fe(2) = fe(¥)ldo(2)
lz—y|=8
< CE+ | fellLe o)),
where we have used the estimates (2.3).
This completes the proof of Theorem 1.3. O
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4 Conclusions and perspectives

In this paper, we study the convergence rates in W17 for homogenization problem of partial differential equations
with periodic oscillating coefficients and Neumann boundary data. By introducing the auxiliary periodic problems
as well as Neumann correctors, we reduce the setting of both oscillating operator and Neumann boundary data.
The pointwise convergence results of the Neumann function as well as its gradient estimates are used by us.
More precisely, we use homogenization tools to provide some information on a diffusion problem which can
be encountered in various physical frameworks. As a consequence, for any 1 < p < oo, we obtain the W' ?
convergence rates estimates, as well as explanation the boundary layer phenomenon in periodic homogenization.

The astute reader may have alreadly noticed that the condition of divergence free for coefficient matrix A in
the Theorem 1.2 is not a natural condition. Clearly, it is indispensable for our analysis in the proofs. Indeed, it is
expected that one could get rid of this restriction on the operator. There is a possibility that one could get a better
gradient asymptotic estimates of Neumann functions. This line of research will be developed in a forthcoming
paper.

It should be noted that the convergence rate in W -7 that is not optimal in this present paper. This is due to the
fact that it introduces auxiliary periodic problems which losses some convergence rate. Hence, how to establish
the sharp rate of convergence for this homogenization problem with both oscillating operators and Neumann
boundary data, which is an interesting problem that is one further possible direction to be developed.

Although the current work is purely theoretical, it is hoped that the results of this research may contribute to
a better understanding of the boundary layer phenomenon in homogenization theory.
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