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Abstract In this study, we show that all non-trivial solutions of f” + A(z) f' + B(z)f = 0 have infinite
order, provided that the entire coefficient A(z) has certain restrictions and B(z) has multiply-connected Fatou
component. We also extend these results to higher order linear differential equations.
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1 Introduction

In this paper, we discuss the growth of solutions of
"+ AQf +B@f =0, ey

where A(z) and B(z) are entire functions. We use the notations A(f), po(f) and w(f) for the exponent of
convergence, order of growth and lower order of growth of the entire function f(z) respectively. Since the
coefficients are entire functions, all the solutions are also entire functions. If at least one of the coefficients is a
transcendental entire, then almost all the non-trivial solutions are of infinite order. The main focus of this study
is to find restrictions on A(z) and B(z) so that all non-trivial solutions of equation (1) have infinite order. We
collate some well-known results in the following theorem.

Theorem 1 Suppose that A(z) and B(z) are non-constant entire functions. Then, all non-trivial solutions of
equation (1) are of infinite order, if one of the following holds:
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(i) [7] p(A) < p(B);
(ii) [7] A(2) is a polynomial and B(z) is transcendental;
(iii) [9] p(B) < p(A) < 3.

Example 1 The differential equation f” + (ze > —z—1)f" 4+ zf =0, p(ze™* — z — 1) > p(z) has a solution
f(z) = e* — 1 of order 1.

Example 2 The order of growth of coefficients of the differential equation f” — ze™% ' 4+ e¢~% f = 0 is equal to
1 and it has a solution f(z) = z of order 0.

In the above two examples we observe that p(B) < p(A) and the differential equation (1) has a non-trivial
solution of finite order. Here, we are trying to find the conditions on coefficients A(z) and B(z) such that all
non-trivial solutions of equation (1) are of infinite order. Before stating our main results, we invoke the definition
of Fatou set for the meromorphic function f.

Definition 1 Suppose that f be a transcendental entire function and the set of iterates of f is denoted by
{f" : n € N}. Then the set

F(f)y={ze C:y{ f"}is well defined and normal in some neighbourhood of z}

is called Fatou set of f. The complement of Fatou set is known as Julia set, that is, 7 (f) = o \ F(f).
In this paper, we prove the following results.

Theorem A Let A(z) satisfy M(A) < p(A) and B(z) be a transcendental entire function with a multiply-
connected Fatou component. Then, all non-trivial solutions of equation (1) have infinite order of growth.

We illustrate our first result with an example.

Example 3 Consider the function

b =c2[] (1+5). @
n=1 n

where C = (4e)’1, and a, satisfies 1 < a; < ap < ... and grows rapidly such that a,+1 < B(a,) < 2ap+1.
This function was constructed by Baker [1]. Here, B(z) has a multiply-connected Fatou component. Let A(z) =

sin ze* . Then using Theorem A, all non-trivial solutions of equation (1) are of infinite order.

Theorem B Let A(z) be an entire function having a finite deficient value and B(z) be a transcendental entire
Sfunction with a multiply-connected Fatou component. Then, all non-trivial solutions f of equation (1) are of
infinite order.

Let A(z) be an entire function of finite genus p > 1 and all of its zeros lie in the sector

{z:largzl < L}
2(p+1)

T. Kobayashi [10] proved that such a function has zero as a deficient value. Note that the genus of an entire
function f(z) having the representation

f(2) = P(2)e9@,

where
po= T (1 2o (S L (2Y)
=1 <n Zn P \Zn
such that
=

converges. Here, p is anintegral and z,,’s are roots of P (z) and root of multiplicity m atpointOanddeg(Q(z)) = q.
Then, the genus is max(p, q).
We state a consequence of Theorem B, which is as follows:
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Corollary 1 Let A(z) be an entire function of finite genus p > 1, and let all of its zeros lie in the sector

{z:largzl < L}
2(p+1)

Suppose that B(z) is a transcendental entire function with a multiply-connected Fatou component. Then, every
non-trivial solution of equation (1) has infinite order of growth.

Example 4 We illustrate Theorem B by an example. The differential equation
"=+ B f =0,
where —e? has zero as a finite deficient value and B(z) is a transcendental entire function satisfying equation (2).
Before stating our final result, we would like to recall the following definition.

Definition 2 For an entire function A(z) of order p with respect to the proximate order p(r), the indicator 2 (0)
is defined by

log |A(re'?)|

h(9) = lim sup —=705

where p(r) — p as r — oo. The function A(z) is said to have a completely regular growth if there exist disks
D(ag, sx) satisfying

Y s= o),
lak|<r
such that
log |A(re®)| = h(@)r"®) + o(rP™),
re' ¢ UpD(ag, si)
as r — oo, uniformly in 0. The set formed by the union of disks Uy D (ay, si) is called Cop-set.

More details can be obtained from the book by B. Ja. Levin [15]. Our final result is as follows:

Theorem C Let A(z) be a completely regular growth entire function. The set F = {0 € [0, 2w) : h(8) = 0} is of
zero Lebesgue measure. Let B(z) be a transcendental entire function with a multiply-connected Fatou component
and p(A) # p(B). Then, every non-trivial solution of equation (1) is of infinite order.

Consider an exponential polynomial of order n:
AR = Pi2)e?'® + -+ Pr(2)e @, 3)

where P; and Q; are polynomials withi = 0, 1, ..., n. Heittokangas et al. [8] (see Lemma 1.3) proved that an
exponential polynomial of the form (3) has a completely regular growth.

Corollary 2 Let A(z) be an exponential polynomial of the form (3) of order n and B(z) be a transcendental
entire function with a multiply-connected Fatou component. Then, every solution f (£ 0) of equation (1) satisfies

p(f) = oo.

In our first result, namely Theorem A, we consider A(z) to be an entire function with A(A) < p(A). This
implies that we can write A(z) = h (2)ef @ where h(z) is a transcendental entire function such that p(h) < p(A)
and P(z) = anz" + ay_12"~' + - - 4 ag is a non-constant polynomial of degree 1. Some results have already
been proved by considering A(z) to be an entire function satisfying A(A) < p(A) and B(z) to be an entire
function with certain restrictions. We summarize some of the these results in the following theorem.

Theorem 2 Ler A(z) = h(z)ef'@ satisfy M(A) < p(A) and B(z) satisfy any of the following conditions:

(i) [16] B(z) = bpz™ + byy_12""' + - - - + bg is a polynomial of degree m such that
(a) m+2 < 2n, or
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(b) m 42 > 2n and m + 2 # 2kn for all integers k, or
2

(c) m+2=2nand % is not real and negative.
(it) [12] p(B) # p(A);
(iii) [12] has Fabry gap.
Then, all non-trivial solution of (1) have infinite order.
Some researchers have studied the growth of non-trivial solutions of equation (1), when A(z) is an entire
function having a finite deficient value and B(z) satisfies any of the conditions given in the following theorem.
Theorem B is inspired by this result.

Theorem 3 Let A(z) be an entire function having a finite deficient value and B(z) satisfy any of the following
conditions:

(i) [14] p(B) < 5 and p(A) # p(B);

(i) [18] w(B) < 5;
(iii) [18] there exist two constants o« > 0, > 0, for any given € > 0, two finite sets of real numbers {¢;} and
{0k} that satisfy 1 <601 < ¢pp < < -+ < Py <O < d+1(DPm+1 = ¢1 + 2m) and

Y (1 —0) <,

k=1
such that
|B(2)| = exp{(1 + o(1)er|z|"}
asz > ooingy <argz <Ok =1,2,---,m);
(iv) [18] for any k > 0
1B _

lzl=r—oc0 7k

holds outside a set G of r-values with m;(G) < oo.
Then, all non-trivial solutions of equation (1) are of infinite order.

Our last result is motivated by the following result, which is a combination of the results proved by G. Zhang
[20]. He considered A(z) to be an entire function of completely regular growth and the indicator #(0) = O in a
set of zero Lebesgue measure and B(z) with some restrictions as given in the next result.

Theorem 4 [20] Let A(z) be an entire function with completely regular growth and the set F = {6 € [0, 2x) :
h(0) = 0} be of zero Lebesgue measure. Let B(z) be a transcendental entire function satisfying p(A) # p(B)
and satisfy any of the following conditions:
(i) W(B) < 3;

(ii) has Fabry gaps;

(iii) T(r, B) ~logaM (r, B) asr — oo, where 0 < a < 1, outside a set of finite logarithmic measure.
Then, all non-trivial solutions of equation (1) are of infinite order:

In the previous result, notation 7 (r, B) is the characteristic function of the entire function B(z) and M (r, B) =
max|; = |B(z)|. T (r, B) ~ logaM(r, B) is

T(r, B)
m — =
r—o0 aM(r, B)

oo
A
for 0 < ¢ < 1 and r — oo. Recall that, if an entire function f(z) = Z aj, it 22 diverges to oo, it has a
n
n=0
Fabry gap.
If the hypothesis of the theorems are relaxed, the results will not hold. This is illustrated through the following
examples.

Example 5 (a) The differential equation f”(z) —e® f'(z) +¢* f = 0 has a finite order solution f(z) = e* — 1.
Here, A(z) = —e° satisfies the conditions of Theorems A and C. However, B(z) = ¢ has no multiply-
connected Fatou component.

@ Springer



Growth of solutions of complex differential equations with... 899

2 Auxiliary results

To make this article self-contained, we include some important results that are used in the proof of our theorems.
Before stating these lemmas, we recall the definition of some terms that are used in our results. The linear measure
ofaset G C [0, c0) is

m(G) = / dt.
G
The logarithmic measure of a set H C [1, 00) is
dt
my(F) = —.
E

The lower logarithmic density and upper logarithmic density of a set H C [1, co) are

HNII,
logdens(H) = lim inf,awu
logr
and
G HNII,
logdens(H) = lim sup,_)oou
logr

respectively. M (r, f) and L(r, f) are the maximum modulus and minimum modulus of f(z) respectively on
lz| =r.

The following lemma is used extensively to prove results in complex differential equations. It gives an
estimate of the logarithmic derivative of the finite order transcendental meromorphic function.

Lemma 1 [6] Let f be a transcendental meromorphic function with finite order and (k, j) be a finite pair of
integers that satisfies k > j > 0. Let € > 0 be a given constant. Then, the following three statements hold:

(i) there exists a set E1 C [0, 2m) that has linear measure zero, such that: if o € [0, 2m) — Ej, there is a
constant Ry = Ro(Yo) > 0 such that for all z satisfying arg z = Yo and |z| > Ry and for all (k, j) € T,

P
f(j)(z)

< |z|k=io=1+e) @

(ii) there exists a set Eo» C (1, 00) that has finite logarithmic measure, such that for all z with |z| ¢ E> U0, 1]
and for all (k, j) € T, the inequality (4) holds.

(iii) there exists a set E3 C [0, 00) that has finite linear measure, such that for all z with |z| ¢ E3 and for all
(k,j)eTl,

< |Z|(k—j)(p+6)_ ®)

O
9@

If a transcendental meromorphic function f has a Baker wandering domain, then 7 has only bounded com-
ponents [21]. Baker [2] showed that for a transcendental meromorphic function, every multiply-connected Fatou
component has a Baker wandering domain. Thus, every multiply-connected Fatou component of a transcendental
meromorphic function f has only bounded components. So, the following lemma, proved by Zheng [21], can
be applied for a transcendental meromorphic function having a multiply-connected Fatou component.

Lemma 2 [2]] Suppose f is a transcendental meromorphic function having at most finite poles. If J (f) has
only bounded components, then for any complex number, there exists a constant 0 < B < 1 and two sequences
of positive numbers {r,} and {R,} with r, — 0o and R,/r, — oco(n — 00) such that

M(r, f)? < L(r, f) for r€H,

where H = U2 ({r :r, <r < Ry}
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The following lemma is given by Bank, Laine and Langley [3]. It provides an estimate for an entire function
with integral order except a set E of zero linear measure, that is, m(E) = f 5 dt = 0.

Lemma 3 /3] Assume A(z) = h(z)e?@ is an entire function satisfying A(A) < p(A) = n, where P(2) is a
polynomial of degree n. Then, for every € > 0, there exists E C [0, 21) of linear measure zero satisfying

(i) for0 € [0,2m) \ E with §(P, 0) > 0, there exists R > 1 such that
exp((1 = €)8(P, O)r") < |A(re”))|
forr > R,
(ii) for 6 € [0,2m) \ E with §(P,0) < 0, there exists R > 1 such that
|A(re”)| < exp((1 — €)8(P, 0)r")
forr > R.

The next lemma provides an estimate of the integral of the logarithmic derivative of the finite order meromorphic
function.

Lemma 4 [5] Let f(z) be a meromorphic function with p < 0o. For given € > 0 and o, 0 < o < 1/2, there
exists K(p, &) such that for all r € F C [0, 00) of lower logarithmic density greater than 1 — & and for every
interval J C [0, 2m) of length «,

/ f're”)
,
fire?)
J
The following lemma gives the bounds of non-trivial solutions of equation (1) and its derivatives in some sector,

under certain conditions on A(z) and B(z).

Lemma 5 [7] Assume A(z) and B(z)(£ 0) to be entire functions such that for « > 0, B > 0, 01, 6> where
01 < 6,

1
d9 < K(p.&)(alog )T (r. f).

|Az)| = exp{(1 + o(D|z|?)},
|B(z)| < exp{(1 + o(1)|z]")}

asz — oo and 6 € [01,0]. Let S(O1 +€,6, —€) ={z: 01 +€ < argz < 6, — €} fora given small ¢ > 0,
assume that f is a non-trivial solution of equation (1) of finite order. Then, the following conclusions hold:

(i) there exists a constant b(# 0) such that f(z) — b as |z| =r — oo in S(01 + €, 6 — €). Furthermore,
| f(2) = bl < exp{—(1 + o(1))er|z|F} (6)

asz — ooin S(01 +¢€,6, — €).
(ii) For each integer k > 1,

1F® ()] < exp{—(1 +o(1))el|z|F} 7
as |zl =r — ocoin S(O) +¢€,6, —e€).

In the successive lemma, we get the modulus of angular sectors in which the zeros of a non-integral entire
function lie.

Lemma 6 [13] Assume f(z) to be an entire function of non-integral order p < oo and of genus p > 1. For any
given € > 0, let all the zeros of f(z) have their arguments in the following subset of real numbers:

T
S(p,e)=1{0:10] < m—e},

if p is odd, and

T 3
R
2p 2(p+1)

if p is even. Then, for any a > 1, there exists a real number R > 0 such that

| f(=r)| < exp(—ar?)

S(p,e)=1{0: €},

forallr > R.
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3 Proof of theorems
Proof of Theorem A

Let f be a finite order non-trivial solution of equation (1). Using Lemma 1(ii),
fOwe
fre?)

forr ¢ E1 U0, 1], where E is a set with a finite logarithmic measure. Since L(A) < p(A), we have A(z) =
h(z) P(z), where P(z) isapolynomial of degree n.Using Lemma 3, forevery € > 0, thereexistsaset E2 C [0, 27)
of linear measure zero such that for 6 € [0, 27)/E, with 6(P,0) < Oand Ry > 1,

|A(re”)] < exp((1 — €)8(P, O)r™) (€]

<, ®)

for r > R; . From Lemma 2,
M(r, B)? <|B(re")| (10)
forO<p <landre H=UY {r:r, <r <R}
From equations (1), (8), (9) and (10),

f//(rete) f/(retg)
|B(Z)| =< W f(relg)
M(r, BYf < |BQ)| < (14 o0(1))r*))

M(r, B) < (1 + o(1))r**)

+ |A®)|

forlarger € H\ E1 U[0, 1]and 0 € [0, 2m) \ E». This is a contradiction for a transcendental entire function.

Proof of Theorem B

Suppose f is a non-trivial solution of equation (1) of finite order. Let A(z) has a deficiency é(a, f) =26 > 0
at a € C. Then, from the definition of deficiency,

1
, >6T(r, A
m(rA_a>_ (r, A)

for all sufficiently large r. Hence, there exists a point z; such that |z,| = r and

log [A(zy) —a| < —=8T(r, A) (11)
o

for any sufficiently large r. We first assume that A(z) has a zero deficient value thatis a = 0. Now, fix z, = re*
and let ¢ > 0 be a sufficiently small number. Choose ¢ such that 6 € [0, — ¢, 6, + ¢], where |6, — ¢| < «. Using
Lemma 4, for sufficiently small o, § = €/3 and r € F, where the lower logarithmic density of F is greater than

1=
/ ‘A’(re‘g)
,
A(re')
J

where K (p, &)(a log é) < ¢. Combining equations (11) and (12), for 6 € [0, — ¢, 0, + ¢l andr € F,

do < cT(r, f), (12)

0
log |A(re”)| = log |A(re%)| + / % log |A(re'")|dt
0,
; Al(re')
< —=8T(r, A) ~|—r/ ‘M |dt|
0,
<(=64+0c)T(r, A) <O0.
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If A(z) has a finite deficient value a € C, we can consider zero as a deficient value for the function A(z) — a.
Hence, there exist real numbers ¢ > 0, 6, and a set F' C [0, co) of lower logarithmic density greater than 1 — ¢
such that for given r € F and 6 € [0, — ¢, 6, + @],

log |A(re?) —al <0,

which implies that

|A(re?)| < |a] + 1. (13)
Using equation (1),
f//(ré,L@) f/(rete)
|B(2)| < ‘W + [A(2)] W .

Using equations (8), (10) and (13) in the above equation,
M(r, B) < r** D@2+ ),

forr e FUH\ (E1 U0, 1]), and 6 € [0, — ¢, 6, + ¢]. This is a contradiction for the transcendental entire
function B(z).

Proof of Theorem C
Gundersen [7] proved the desired result when p(A) < p(B). So, we only need to prove the case when p(A) >
p(B). Suppose that f is a non-trivial solution of equation (1) such that p(f) < co. Consider the set

F*=1{6 €[0,2m) : h(®) < 0).

There are two cases depending on the Lebesgue measure of the set F*.
Case 1: If m(F*) = 0, then the indicator of A(z) satisfies 1(0) > O for every 60 € [0,27) \ F*. From the
definition of completely regular growth of A(z),

log [A(re“)| = h(©)r* " + 0" "), (14)
for0 € [0,27) \ F*and z ¢ Cy.
Then, for any given § € (0, Jm) and n € (0, w),

|A(2)| = exp{(1 + o(1)a |z D71}, (15)

|B(z)| < exp{|z|”BFT)
< exp{|z|p(A)_2'7
< expfo(1)|z|PA7

as z ¢ Co, |z] = r — oo satisfying 6 € [0, 27) \ F*. Here, « is a positive constant depending on §. Then by
Lemma 5, for z ¢ Co, |z] =r — oo and 6 € [0, 27) \ F*,

|£(2) = bj| < exp{—(1 + o())erlz|}. (16)

Therefore, f is bounded in the whole complex plane by the Phragmén—Lindelof principle. So, f is a non-zero
constant in the whole complex plane by Liouville’s theorem. But f cannot be a non-zero constant. This gives
rise to a contradiction.

Case 2. If m(F*) > 0, then from equation (1),

f//(reté‘) f/(reLG)
f(re?) f(re?)
Using equations (8), (10) and the fact that #(6) < O for & € F* in equation (14),

|B(z)| = + |A(2)]

. A7)

M, BY? < (1+0)r*P),

forlarge r € H \ (E1 U0, 1]) and z ¢ Cy. This is a contradiction for a transcendental entire function.
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4 Extension of results to higher order

th

Consider the m'" order differential equation

F™ 4 A1 @D F "D 4 Ay @ " 4+ Al + Ao f =0, (18)

where A,,—1(2), ..., Ap(z) are entire functions. All the solutions of equation (18) are of finite order, if all the
coefficients are polynomials. There are at most j linearly independent solutions of finite order, if A; is the last
transcendental entire function.

Many researchers have worked on higher order linear differential equations, one may refer to [4,19]. In this
section, we extend our second order differential equations results to higher order differential equations. In the
higher order results, we consider p(A;) < p(Ag), j =0,1,2,--- ,k—1,k+1,--- ,m.

In the next result we assume Ay (z) to be an entire function satisfying L(Ax) < p(Ag) and Ag(z) to be an
entire function having a multiply-connected Fatou component.

Theorem D Suppose that Ay (z) satisfies AM(Ag) < p(Ax) and Ao(z) is a transcendental entire function with
a multiply-connected Fatou component satisfying p(A;) < p(Ag), where j =0,1,.... k-1, k+1,...,m.
Then, all non-trivial solutions of equation (18) have infinite order of growth.

Proof Let f be a finite order non-trivial solution of equation (18). We have A(Ax) < p(Ag). Thus, A(zx) =
h(z)eP®, where P(z) is a polynomial of degree n. Using Lemma 3, for every € > 0, there exists a set £y C

[0, 27r) of linear measure zero such that for 6 € [0, 27)/E> with §(P,0) < 0 and Ry > 1,
|Ak(re®)| < exp((1 — €)8(P, 0)r") (19)
forr > Ry and 1 < k < n. From the definition of order of growth for j =0, 1,2, ..., k—1,k+1,...,m—1,
|Aj(re”9)| < exprPAte < exp rrAdte, (20)

where p(A;) = max{p(A;) : 1 < j <m; j # k}. From Lemma 2,

M(r, A)P < [Ag(re'”)] (€3}

forO<p<landre H=U {r:r, <r <Ry}
From equations (8), (18), (19), (20) and (21), we have

f(m) (retﬁ) f(m—l)(retﬁ) f(k) (I’ete) f/(relg)
A < |— A, _ - - . A L — . A L 7
40(2)] < ‘ e | AR 1@ e AR | T e A0 |
M(r, Ap)? < |Ao()| < (1 + (m — 1) exp r?A0Fe 4 o(1))m0 )
forlarger € H\ E{ U[0, 1] and 6 € [0, 27) \ E». This is not possible. |
Theorem E Let Ay (z) be an entire function having a finite deficient value and A (z) be a transcendental entire
function with a multiply-connected Fatou component satisfying p(A;) < p(Ao), where j =0,1,..., k—1,k+
1, ..., m. Then, all non-trivial solutions of equation (18) have infinite order of growth.

Proof Suppose f is a non-trivial solution of equation (18) of finite order. Let Ay (z) have a deficiency é(a, f) =
2§ > 0 ata € C. Then, from the definition of deficiency,

1
) >6T(r, A
(o) 2 o7

for all sufficiently large r. Hence, there exists a point z; such that |z.| = r. Using similar arguments as in the
proof of Theorem B for r € F, where the lower logarithmic density of F is greater than 1 — & and choosing ¢
such that 6 € [0, — ¢, 6, + ¢], where |0, — ¢| < «,

|Ax(re®)| < lal + 1. (22)
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Using equations (8), (20), (21) and (22) in equation (18),

f(m)( et@) f(m—l)(rele)
fr Le) f(reté)
M(r, A))? < ™D 2+ |a] + (m — 1) exp rPA0+e),

FOce|
Fre®

fre?)

+ |Am-1(2)| )

+ -+ Ak (2)] +--+ |A1(2)]

|[Ao(2)] < ‘

forr e FUH\ E{U[0,1],and 6 € [6, — ¢, 6, + ¢]. This is a contradiction for the transcendental entire
function Ag(z). O

Theorem F Let Ay (z) be a completely regular growth entire function, the set F = {6 € [0,2m) : h(6) > 0}
be of zero Lebesgue measure and Ao (z) be a transcendental entire function with a multiply-connected Fatou
component satisfying p(A;) < p(Ag), where j =0,1,..., k—1,k+1, ..., m. Then, every non-trivial solution
of equation (18) is of infinite order.

Proof Suppose that f is a non-trivial solution of equation (18) such that p(f) < oo. Since m(F) = 0, we have
h(@) < 0for6 € [0, 2) \ F. By definition of completely regular growth of A(z),

log |Ax(re")| = h(@)r°") + o(rP ") (23)

for 6 € [0,27) \ F and z ¢ Cy. Then, from equation (18),

l40(2)] < | f;n()( 5)9) 141 % o A ’f;k()(rij) Lo AL ’}(("e;))
Using equations (8) and (21) and the fact that 2(0) < 0 for 6 € [0, 27r) \ F in equation (23),

M@, Ap)? < |Ao(2)] < (1 + (m — 1) exp rPADTe L o(1))rme ()
forlarge r € H \ (E1 U [0, 1]) and z ¢ Cy. This is not possible. O

In his paper [13], Kwon considered A(z) to be an entire function having non-integral order p(A) > 1, with all
its zeros fixed in a sector and B(z) to be an entire function with 0 < p(B) < 1/2. Kumar et al. [11] replaced the
0 < p(B) < 1/2 condition in Kwon’s result by Fabry gaps on B(z).

Theorem 5 Let A(z) be an entire function of finite non-integral order with p(A) > 1 such that all the zeros of
A(2) lie in the angular sector 61 < argz < 0, satisfying

T
0 — 60 < ——
2T ST

if p is odd, and

Q2p—-

0 — 01 < ;
2p(p+1)
if p is even. Here, p is the genus of A(z). Let B(z2) be an entire function satisfying the following condition:

(i) [13]0 < p(B) < 5;
(ii) [11] has Fabry gaps.

Then, all non-trivial solutions f(z) of equation (1) are of infinite order.

Recently, Mehra and Pande [17] replaced condition on B(z) in Theorem 5 with multiply-connected Fatou
component. Next result is it’s extension to higher dimension differential equation.
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Theorem G Let Ay (z) be an entire function of finite non-integral order with p(Ay) > 1, and let all the zeros of
Ay (z) lie in the angular sector 01 < argz < 0, satisfying

b — 0 < —
— < —
b =01 FENR
if p is odd, and
Q2p—Dr
1< 5>
2p(p+ 1)

if p is even. Here, p is the genus of Ax(z). Suppose Ao (z) is a transcendental entire function with a multiply-
connected Fatou component satisfying p(A;) < p(Aog), where j = 0,1,...,k —1,k+1,...,m. Then, all
non-trivial solutions of equation (18) are of infinite order.

60, —

Proof Suppose that f is a non-trivial solution of equation (18) and p(f) < oo. Let us rotate the axes of the
complex plane and assume that for some € > 0, all the zeros of Ay (z) have their arguments in the set S(p, €).
Thus from Lemma 6, there exists a positive real number R; such that for all » > Ry and o > 1,

lnlli_n |Ak(2)| < |Ak(=r)| < exp(—ar?) < 1. 24
From equation (18),
f(m) (reLQ) f(mfl)(relg) f(k) (reLQ) f/(re‘e)
[Ao(2)] < W + [An—1(2)| W + -+ [AR(D)] W + -+ A1(D)] W .

Using equations (8), (20), (21) and (24),
M(r, Ag)? < |Ao(2)| < (1 + (m — 1) exprP @+ 4 o(1))rmP )

for large r € H \ (E1 U[0,1]) and 6 € {6 : min; = |Ax(z)| = |Ax(z)|}. But, we have p(A;) < p(Aop),

j=012,--k—1,k+1,---,m. O
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