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Abstract In this paper, it is proved that the distinguishing number for the action of E,) on the set [2n] =
{1,2,...,2n} is one more than the nth term of the sequence “1, 2, 2, 3, 3, 3,4, ... (n appears n times)”. Further,

the cycle decomposition of the elements of E,: is completely characterized. Also, the correspondence between
the distinguishing labelling for the action of a group G on a G-set X and a partition of g-invariant subsets of X for

every g € G\ Stabg(X), is established. In the sequel, we obtain the minimum possible elements of S,, affecting
the invariance of the partitioning components in a partition of the set X under the action of non identity elements

of En) and as a consequence of this, it is observed that finding the distinguishing number for the action of §n) on
the set [2n] is equivalent to answering a combinatorial problem which states that “what is the minimum number
of boxes required to arrange n distinct pair of identical balls in such a way that neither a pair of identical balls is
contained in the same box nor any two boxes contain two pairs of identical balls completely”. We also provide
an optimal algorithm to establish a formula to compute a distinguishing labelling of [2n] under the natural action

%
of S,.

Keywords Cycle decomposition - Distinguishing number - Distinguishing group actions - Distinguishing
labelling of sets

Mathematics Subject Classification  20D60 - 05C25 - 20B35

1 Introduction

In 1996, Albertson and Collins [1] introduced the concept of distinguishing labelling of a graph to distinguish
the vertices of a graph from one another, by labelling the vertices of the graph with labels {1, 2, ..., k} in such
a way that no non-trivial automorphism of the graph preserves the vertex labels and called this labelling as a
k-distinguishing labelling. Also, the distinguishing number of a graph is the minimum k for which the graph
has a k-distinguishing labelling. In addition, distinguishing graphs and distinguishing groups are algebraically
different in the sense that the automorphism group of a graph always has trivial stabilizer; however, there exist
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many groups which do not act faithfully (i.e, stabilizer is non-trivial). This motivated Tymoczko [11] to extend
the concept of distinguishing labelling and distinguishing numbers of a graph to an arbitrary group action of a
group on a set defined as:

A labelling for the action of a groupon aset X,isamap¢ : X — {1, 2, ..., k} and ¢ is a k-distinguishing
labelling, if the only group elements that preserves the labelling are those elements which fixes every element
of the set X (i.e., Stabg(X)). The distinguishing number for the action of a group G on a set X, Dg(X) is the
minimum k for which there is a k-distinguishing labelling for the action of G on a G-set X.

In this paper, we compute the distinguishing number for the natural action of a special class of signed Brauer
diagrams (i.e., the class of signed Brauer diagrams which do not have any horizontal edge) on the set of its

vertices. In 1998, Parvathi and Kamaraj [5], introduced the concept of signed Brauer algebras E)”(x) over the
field of complex numbers and this algebra has a basis consisting of signed diagrams. For a deep study of Brauer
and signed Brauer algebras one can refer to [6,9,10]. A signed Brauer diagram without any horizontal edge, is

a signed graph d , which consists of two rows containing n vertices (dots) in each row, with each vertex in the
first row joined to precisely one vertex in the second row with a directed edge. The n vertices in the first row are

labelled as {1, 2, ..., n} while in the second row as {n + 1,n + 2, ..., 2n}. An edge in a signed diagram 7 is
positive ({), if it points towards a vertex in the second row originating from a vertex in the first row, while an

edge in d 1is a negative edge (1), if it points towards a vertex in the first row originating from a vertex in the
second row. A signed Brauer diagram without any horizontal edge is graphically represented as follows:

1 2 3 4 3

6 7 8 9 10

The set of signed Brauer diagrams without any horizontal edge forms a group, denoted by 5,1) and this group 5,:

corresponds to the wreath product of the groups Z; by S, (see [3]). We recall from [7] that E; can be identified
as a subgroup of the symmetric group Sy, . For this, first divide the set [2n] into two equal parts i.e., the elements
(numbers) < n and > n. To distinguish elements less than or equal to n and greater than n, fix the notation
r1,r2, ...,y for the elements less than or equal to n and sy, 52, . . ., s, for the elements greater than n. Also, fix
another notation for each i € {1, 2, ..., 2n}, the element i* is given by

i+n1<i<n,

-k

l =

i—n,n<i<2n.

Thus ri* >n; i =1,2,...,nand s;f <n; j=1,2,...,n. For convenience, we write J to denote the set of
elementsry, ro, ..., r, and J* to denote the set of elements s1, 53, . . ., 5,,. Throughout this paper, n| ®n, ®- - -Bn;
denotes the set of all possible [-partitions of the set X where ny, ns, ..., n; are the cardinalities of the /-partitioning

subsets not necessarily in the same order.
Further, an element o € S, has a negative edge between r; and s if and only if the elements r; — s and

r¥ + s{ under o in Sp,. On the other hand, an element o € S, has a positive edge between r; and s if and
only if r; + s; and r/ > s under o in Sy,. In this way, the signed Brauer diagram discussed above can be
identified as a permutation in S19, which is given by

(12345678910)
9 6 7 8 10 4 1 2 3 5
with the cycle decomposition (1 9 3 7)(6 4 8 2)(5 10).

Sharma et al. [8] had already provided the complete set of distinguishing numbers for the action of 5,,) on
some arbitrary set X, for n = 2. They had also computed a distinguishing labelling for the action of 3 on
[6] = {1,2,...,6}. But the problem of finding a distinguishing labelling for the action of 5,1) on the set [2n] for
arbitrary n, still remained unsolved. This motivates us to answer the following questions:

1. Since §n) C S2,, so one of the most relevant problem is the question of finding the cycle decomposition of
—
the elements of S,,.
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2. How the distinguishing labelling of the action of a group G on a set X is related to the partition of the
underlying set?
—
3. What is the structure of the minimum possible elements in S, which guarantees the invariance of each

partitioning component in a partition of X under the action of non identity elements of S, provided each
partitioning component is invariant under the action of these elements?

4. Whether one can provide a closed formula for a distinguishing labelling for the action of EZ on [2n], for
arbitrary n?

The main objective of this paper is to answer the aforementioned questions. In the present paper, we are not
only providing a closed formula to find the distinguishing number for the action of S, on [2n], for arbitrary n
using a different approach (i.e., by studying the cycle decomposition of the elements of S,,), but also providing

a distinguishing labelling for the action of S, on [2n] and an optimal algorithm to do the same. Also, if zn is a
positive integer, we use [n] to denote the set of first n positive integers i.e., {1, 2, ..., n}.
Section 2 of this paper describes the structure of disjoint cycles in the cycle decomposition of the elements

of §,,) which plays a significant role for its complete understanding. In the beginning of section 3 we prove an
equivalent criterion for the existence of a k-distinguishing labelling for the action of an arbitrary group G ona G-
set by partitioning the underlying set. This result provides a new vision for the computation of the distinguishing
number for group actions. Further, the invariance of the partitioning components in a partition of the set [2x]

under the action of the elements in S, is studied. It is also observed that if all the partitioning subsets are invariant
under the action of some special type of elements in S, then they are also invariant under the action of every

element in S,,. In the end of this section, we completely compute the distinguishing number as well as provide an
optimal iterative algorithm to obtain a distinguishing labelling using the minimum possible labels for the action

of E,,) on the set [2n] for arbitrary n. In fact, we give a closed formula to obtain a distinguishing labelling for the
—
natural action of S,, on the set [2n] for arbitrary n.

2 Cycle decomposition of the elements in §,,

The main objective of this section is to gather some significant results concerning the cycle decomposition of

the elements of E: that plays a vital role in the development of this paper.

Recall that for distinct elements ag, az, . .., a, inthe set {1, 2, ..., n}, the cycle (aas . . . a,) is the permuta-
tiono € S, witho(q;) =a;jy fori € {l,...,r—1},0(a,) =ayando(j) = j,forall j ¢ {aj,az,...,a;}. In
this case, r is called the length of the cycle o = (ajaz . .. a;). A cycle of length r is called an r-cycle and a 1-cycle
is the identity element, while a 2-cycle is known as a transposition. The support of an r-cycle (aja; . ..a,) is
the set {ay, az, ..., a,}. It is also important to go through the cycle decomposition theorem: Any permutation
o € §, is a product of pairwise disjoint cycles. This cycle decomposition is unique except the order in which
the cycles are written and the inclusion or omission of cycles of length 1. In this paper, we follow the convention
of omitting cycles of length 1 in the cycle decomposition of permutations in a symmetric group. Further, the
support of a permutation o is supp(c) = U;_supp(oy) ={1,...,n}\ {i : 0 (i) =i}, where 0 = 0102...0;
is the cycle decomposition of o. Also, two permutations are said to be disjoint if and only if their respective
supports are disjoint sets. Moreover, it is easy to see that Stabsj (X) = {e}.

It is clear from the identification of the elements of S, in S», that when we identify an element g € S, in Sa,,,
the elements r;’s and rl.*/s occurs in a pair with one element from each set J and J* in the cycle decomposition
of the element g. With this observation, we have

%
Proposition 1 Let g € Sy, be anidentification of an element in S, and g = o103 . . . oy be its cycle decomposition
in S2y,. Then the following statements hold:

() ri € supp(g) if and only if r} € supp(g);
(i) r; € X8 ifand only ifr} € X&, where X8 = {x € X : x8 = x} and x¥ denotes the action of g € G on x i.e.,
X = x8;

(iii) 2 divides |supp(g)|. In fact, |supp(g) N J|= |supp(g) N J*|= m.
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Proof (i) It is enough to show that, if x € supp(g), for x € {1,2,...,2n}, then x* € supp(g). Assume that
x € supp(g) for some x € X. If possible, let x* ¢ supp(g), this means x* does not appear in any disjoint cycle
in the cycle decomposition of the element g and so (x*) is a 1-cycle (i.e., under the permutation g, x* > x™).

Now, since the element g is an identification of some element in §n) Therefore, x* > x* is possible only if there
is a positive edge between x and x*. But in this case, the permutation g maps the element x to itself. This forces
(x) to be a 1-cycle, which is a contradiction, as x € supp(g). Thus, x* € supp(g).

(i) Straightforward.

(iii) Follows immediately by using (i) and the observation that if x < n, then x* > n, while if x > n, then
x* <n,forallx € {1,2,...,2n}. O

The next theorem describes the structure of the cycle decomposition of the elements in S, .

Theorem 2 Let g € E:, N Sz, and 0107 . . . o5 be its cycle decomposition. Then the following statements hold:

(i) a® = b if and only if (a*)¢ = b*;

@@i) If x,x* € supp(oy) for some x € supp(g) and k € {1,2,...,s}, then x* € supp(oy), for all
x € supp(ox). Moreover, the length of the cycle oy is even;

(iii) If x € supp(oy) but x* ¢ supp(oy) for some x € supp(g) and k € {1,2,...,s}, then for all
x € supp(oy), x* ¢ supp(oy). Moreover, there exists a disjoint cycle oy for some kK e {1,2,...,s}, k # K,
satisfying the condition that x € supp(oy) if and only if x* € supp(o,/) and the cycles oy and o, are of equal
length.

Proof (i) The result follows immediately, if we prove that a8 = b fora, b € {1, ..., 2n}, then (a*)8 = b*. For
this, let a, b € {1, ..., 2n} such that a8 = b. Now, if both a and b neither simultaneously belongs to the set J
—> —

nor J*, then by the identification of the elements of S, in Sy,, a8 = b if and only if the element g € S, has a
negative edge between a and b. Consequently, (a*)$ = b*.

On the other hand, if both a and b either simultaneously belongs to the set J or J*, then again, by the same

%

argument, a8 = b is possible only if the element g € S, has a positive edge between a and b*. This infers that
(a*)8 = b*.

(ii) Let oy be an m-cycle in the cycle decomposition of o such that x, x* € supp (o), for some x € supp(g).
Without loss of generality, the cycle oy can be written as oy = (xay .. .ay) with x = a; and x* = g; for some
i €{2,...,m}. Now, since oy is a disjoint cycle in the cycle decomposition of g, therefore the element g maps

X a>a> > a4 =X o a1 > Gy > X

Further, applying part (i) to the above sequence, we have

* * * k k * k

e a e ade s al=x- o al e oan = Xt
Combining the above two sequences, we conclude that x = a1 = af,a2 = af,..., ai-1 = a
and af = a;,a; = aj41,...,X = a’ = apu41. This implies that the cycle o will be of the form

(aray ...a;1ajay ...a’ ). Thus, x* € supp(oy), for all x € supp(oy). Hence the length of the cycle oy
is even.

@@ii) Let g € §n) N Sz, and 0707 ... 05 be its cycle decomposition. Suppose that x € supp(oy) and x* ¢
supp(oy), for some k € {1,2,...,s}and x € supp(g). We claim that for all x € supp(oy), x* ¢ supp (o).
If possible, let for some y € supp(g), y and y* both lie in the support of (o%), then by (i), we have x* €
supp(oy), for all x € supp(ox), which is a contradiction to the given hypothesis. Hence, for all x € supp(oy),
x* ¢ supp(o).

Further, without loss of generality, we can assume that the cycle oy is an m-cycle of the form o =
(aray ...ap) such thatal # aj foralli, j € {1, ..., m}. Clearly, the cycle o; maps

aj—> o> ayb> - > a > > G > ay > ay.
But then by using part (i), we also have

* * k * k * k

aj—>ay > a3t > al b bap B a, > oap.

The above sequence gives an m-cycle (aja; ...a,,) = o, disjoint from the cycle oy in the cycle decomposition
of the permutation g. The m-cycles oy and o,/ are disjoint this follow from the fact that their respective supports
are disjoint from each other, as a;k #ajfori, je(l,...,m}. m]

@ Springer



924 M. Dadhwal, Pankaj

—
Theorem 3 Let g € S, N Sz, andl < n be an odd positive integer. Then the cycle decomposition of g cannot be
a product of an odd number of I-cycles. Moreover, the number of cycles of odd length in the cycle decomposition
of g must be even.

Proof Assume that g € §,,> N Sz, and the cycle decomposition of g is a product of an odd number of /-cycles,
where [ is an odd positive integer. Then |supp(g)| is odd, as the support of the permutation g is the union of
supports of disjoint cycles in its cycle decomposition. But by Proposition 1, [supp(g)| must be even. Thus, the
cycle decomposition of g cannot be a product of an odd number of /-cycles. Moreover, if 0 = (ajaz...q;) is
an [-cycle in the cycle decomposition of the permutation g with / = |supp(o)] is an odd integer, then obviously
we can find at least one j € {1,2,...,I} such thata; € supp(c), while aj.‘ ¢ supp(o) because i* # i for all
i €{l,2,...,2n}. Now, by Theorem 2 (iii), we conclude that a;“ ¢ supp(o), foralli € {1,2,...,1} and there

exists another /-cycle o’ of the form (afa; ...ay,) disjoint from o in the cycle decomposition of the permutation
g. Thus, the number of cycles of an odd length is always even in the cycle decomposition of a permutation in

S2, which is an identification of an element in S,, and this completes the proof. O

An important result as an immediate consequence of the above theorem is contained in

Corollary 4 EZ does not contain those elements of Sz, which are cycles of odd length or a product of an odd
number of cycles of odd length.

—
Theorem 5 If the cycle decomposition of g € S, N S2y, is a product of | disjoint transpositions, where | is an
odd integer, then either all or k number of transpositions for some odd integer k, 0 < k < I, are of the form
(r,'ri*)for somei €{l,2,...,n}.

Proof Assumethat g € E; N Sy, and the cycle decomposition of g is a product of / (/ odd) disjoint transpositions.
If all of these [ disjoint transpositions are of the form (r; rl.*), for some i € {1,2,...,n}, then we are done.
Otherwise, if (ab) is a transposition in the cycle decomposition of the permutation g such that a* # b. Then
by Theorem 2 (iii), there exists another transposition (a*b*) in the cycle decomposition of g, which is again
not of the form (riri* ), for some i € {1,2,...,n}. This infers that the transpositions that are not of the form

(ri rl.*), forsomei € {1, 2, ..., n}, always occur in a pair in the cycle decomposition of an element g € §; N Sy,.
Thus, the number of transpositions in the cycle decomposition of g which are not of the form (r;r}*) for some
i €{l,2,...,n}, must be even. Hence, an odd number of transpositions in the cycle decomposition of g are of
the form (r;r}"), for some i € {1,2, ..., n}, as g is a product of an odd number of disjoint transpositions. O

Next, we study the diagram composition of signed Brauer diagrams without horizontal edges as follows:

Consider the set EL) of all signed Brauer diagrams without any horizontal edge and the set of vertices [2n].
Then we define a relation ~ on the set of vertices X as a ~ b for a, b € X if and only if there exists a closed
loop (path) containing both the vertices a and b with the convention that the directions of the original edges
are ignored and an extra edge between r;, r;* is imagined, for all i € {1,2,...,n}. Clearly, the relation ~ is
an equivalence relation. Hence, the equivalence classes form a partition of the set X and have very interesting
properties:

(i) The order of each equivalence class is even;

(i) In any equivalence class the elements r; and r;* always occur in a pair;

An equivalence class containing 2k vertices is called a k-loop. The part of a signed Brauer diagram corre-

sponding to a k-loop (ignoring the extra edges that are imagined to identify closed path) is called a k-component
or a component corresponding to an equivalence class of order 2k.

Example 6 Consider the following signed Brauer diagram without any horizontal edge:

1 2 3 4 3 6

7 8 9 10 11 12
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This signed Brauer diagram for the above discussed relation can be viewed as

Clearly, the equivalence classes are {1, 2, 7, 8}, {3, 9}, {4, 5, 6, 10, 11, 12} and their corresponding components
are as follows:

1 2 3 5
7 8 9 10 11 12
2-component  1-component 3-component

We summarize the above discussion in

Proposition 7 Every signed Brauer diagram without any horizontal edge is composed of its components that
correspond to the equivalence classes under the above relation on its set of vertices.

As a direct consequence of the fact that an equivalence relation partitions the underlying set as a disjoint
union of equivalence classes, so we have

—
Theorem 8 The cycle decomposition of an element o € S, is the product of cycle decompositions of all of its
components.

Remark 9 If we assign a negative edge to each pair of vertices (r;, r*) which are outside a proper component

of a signed Brauer diagram in S,,, then these negative edges contribute nothing to its cycle decomposition, as a
negative edge between r; and rl.* give rise to 1-cycles namely; (r;) and (ri*).

With this observation, we have

— —
Theorem 10 For every k-component of any element in the group S,,, there exists an element T € S,, satisfying
the property that the cycle decomposition of the element t coincides with that of the k-component.

Theorem 11 The cycle decomposition of a k-component o of a signed Brauer diagram without any horizontal
edge is either a 2k-cycle or a product of two k-cycles.

Proof 1t is obvious that a k-component corresponds to a closed loop in a signed Brauer diagram containing 2k
vertices in such a way that it contains k number of vertices from each set J and J*. After renaming the suffixes
of the vertices in a closed loop, let the order in which the vertices occur in the said closed loop be 7, , r;.‘z, T r;’.;,
gy oens r}‘kil, Fiet> Ties r;‘l . In this case, we have either a positive edge or a negative edge between each pair of
vertices (rj,, r;‘.‘z), (), r;.;), e (Pjys r;‘k) and (7}, r;‘l) in the given signed Brauer diagram. Now, if the edge
between the first pair of vertices, (7}, r;‘z) is positive, then o maps rj, +> (r;’.;)* =rj, and r;.‘l — r;’fz. On the
other hand, if the edge between the pair of vertices (r;,, r;’.‘z) is negative, then o maps rj, > r;.‘z
Further, if the edge between the next pair of vertices (r},, r;.;) is positive or negative, then we have rj, — rj,
and r}kz — r*.; orrj, - r;‘.‘} and r;’.‘z > rj, respectively. Continuing in this way up to the last pair of vertices and
combining tl']ie mappings, we recognize two sequences of numbers as follows:

* .
and r = rj,.

rjl (ad rjz [ e d rjkfl = rjk
and
>i.< *

* *
A N e e N e

with the understanding that if the edge between the pair of vertices (r;,_,, rZ) is positive, then the elements at
tth

place in each of the sequence get interchanged, while if the edge between the pair of vertices (r;,_,, r;k.z)
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is negative, then the elements at "

2<t<k-1.

Finally, if the edge between the last pair of vertices (7}, r}kl) is positive, then 7, > (r;fl)* = rj, and
r;‘.‘k — r.’;l. This implies that the two sequences combine together and give rise to two disjoint k-cycles of the
form (ajaz ...ay) and (ajaj ... a;), where g;’s are distinct vertices in the given k-component such that aj # a;,
for 1 < s,t < k. On the other hand, if the edge between the last pair of vertices (7}, r;‘l) is negative, then
Tj > r;‘l and r;?k > rj,. In this case, the two sequences combine together and give a single 2k-cycle of the
form (ajaz .. .arafa; ... af) containing all the vertices in the k-component. Note that the cycles obtained so far
are disjoint and contain all the vertices in it. This concludes that the cycle decomposition of a k-component of a
signed Brauer diagram without any horizontal edge is either a 2k-cycle or a product of two k-cycles. O

place in each of the sequence remains the same, for every ¢ satisfying

. _ =~ .
Next, we attempt to provide the complete description of the elements in S, which are specifically a product
of disjoint transpositions.

Clearly, it follows from the above theorem that any k-component of an element g € E,), with k > 3, cannot
contain a transposition in its cycle decomposition. Thus, if the element g is precisely a product of disjoint
transpositions, then the element g cannot contain any k-component with k > 3. Further, the cycle decomposition
of a 1-component having vertices r; and r* is a transposition of the form (r;r;*) if and only if there is a positive
edge between r; and r, while the cycle decomposition of a 2-component with vertices r;, 7, r; and r}* isa
product of two transpositions of the form (r; rj)(ri*r;.k) or (r; r;.‘)(ri* r;) if and only if both the edges between the
pairs of vertices (r;, r}*) and (7, r;) have the same direction either positive or negative (note that if the direction
of edges in a 2-component is of opposite parity, then its cycle decomposition is a 4-cycle). Hence, if an element
g€ E,: is a product of disjoint transpositions, then the components of g are precisely of the type:

(i) a I-component with a positive edge between its vertices;

(ii) a 2-component in which both the edges are of the same parity.

We summarize the above discussion in

Theorem 12 [fe # g € E,: N Sap, is a product of disjoint transpositions, then the cycle decomposition of g is
particularly one of the following three types:

(i) (rir})

(ii) (riry)(riry) or (rir)(rf'rj)

(iii) a finite product of the cycles of the type (i) or (ii) or both.

3 Distinguishing labelling for the action of §,, on [2n]

In this section, we first confine our attention to provide a characterization for the existence of a k-distinguishing
labelling for the action of an arbitrary group on a G-set X. We begin with the following definitions:

Definition 13 Let G be a group acting on a set X. A subset Y C X is called G-invariant, if the subset {gy : g €
G,y € Y} C Y, under the action of G restricted to Y.

It is easy to see that the orbits for the action of a group G on a set X are G-invariant subsets of X. Moreover,
a G-invariant subset of a G-set X is a union of orbits.

Definition 14 Let G be a group acting on a set X and g be an arbitrary element of G. Then a subset Y C X is
called g-invariant, if the subset {gy : g € G,y € Y} C Y, under the action of G restricted to Y.

Definition 15 A k-partition of a G-set X is a partition of the set X as a disjoint union of k subsets and these
partitioning subsets are called partitioning components of X.

The next theorem provides an equivalent condition for the existence of a k-distinguishing labelling for
the action of a group G on a G-set.

Theorem 16 Let G be a group acting on a set X. Then there exists a k-distinguishing labelling for the action of
G on the set X if and only if the set X has a k-partition, say X = '—'5'6:1 X; such that for every g € G\ Stabg(X),
at least one partitioning component of X is not g-invariant.
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Proof Assume that the given G-set X can be partitioned into a disjoint union of k subsets, say X = I_If.‘le i
such that for every g € G \ Stabg (X), there exists a partitioning component X ; which is not invariant under the
action of g. Define a labelling ¢, for the given action of the group G on the set X by ¢ (x) =i, if x € X;. We
claim that the labelling ¢ : X — {1, 2, ..., k}, is a k-distinguishing labelling. For this, it suffices to prove that
{geG:ipog(x)=¢()forall x € X} C Stabg(X). This is equivalent to show that if g € G \ Stabg(X),
then the element g can not be a member of the set {g € G : p o g (x) = ¢(x), forall x € X}. If possible, let
there exist some g € G \ Stabg(X) satisfying the condition ¢ (gx) = ¢ (x), for all x € X. Then clearly, by the
definition of ¢ and the fact that X is a disjoint union of the subsets X ;s; i e{l,2,...,k}, it follows that for
everyi € {1,2,...,k},if x € X;, then gx € X;, for g € G\ Stabg(X). Therefore, there exists an element
g € G\ Stabg (X) such that every partitioning component of X is invariant under g, which is a contradiction.
Thus,{g € G:pog (x) =¢(x), forall x € X} C Stabg(X) and ¢ is a k-distinguishing labelling.
Conversely, assume that there is a k-distinguishing labelling for the given action of G on the set X and
define a partition of X, as X = I_I{.‘ZIXI-, where X; = {x € X : ¢(x) = i}. Now, we will show that for every
g € G\ Stabg(X), at least one partitioning component is not g-invariant. On the contrary, assume that for some
g € G\ Stabg(X), each partitioning component is g-invariant. This concludes that if x € X;, then gx € X; for
alli € {1, 2, ..., k}. This infers that there exists an element g ¢ Stabg (X) which preserves the labelling, which
is not possible, as ¢ is a k-distinguishing labelling. O

The upcoming corollaries are direct consequences of the above theorem.

Corollary 17 If G is a group acting on a set X and each partitioning component in any k-partition of X is a
disjoint union of the orbits under the non-trivial action of the group G, then the action of G on the set X can not
be k-distinguishable.

Corollary 18 The distinguishing number for the action of the symmetric group Sy, on the set [n] is n.

Proof It follows from the fact that if a partitioning component of the set X = [r] contains at least two numbers,
say i, j, then there exists a transposition T = (ij) € S, such that each partitioning component is t-invariant. O

Next, we investigate some conditions on the cardinality of partitioning components for the existence of a
non-identity element such that each partitioning component stays invariant under the action of this element.

Now, onwards in the forthcoming results of this section X represents the set [2n] = {1, 2, ..., 2n}, where
n e N.

sy % .. .. .
Proposition 19 Let S, acts on the set X and X = UI;ZIXJ- be a partition of X. If one of the partitioning
components contains a pair of elements r;, r;*, for some i € {1,2,...,n}, then there exists a transposition t of

the form (rir;*) in S, such that each partitioning component in the given partition is t-invariant.

Proof Let 5; acts on the set X and X = I_J];.:1 X ; be a partition of X. Assume that the partitioning component
X for some j € {1, 2, ...k}, contains a pair of elements r; and r;*, forsomei € {1, 2, ..., n}. Now, examine a
signed Brauer diagram without any horizontal edge which involves only vertical edges, exactly a negative edge
between r;, r;* and a positive edge between r;, r;* for all j € {1,2,...,n}\ {i}, which can be represented
graphically as follows:

ry r ri re ry
rn* r* ri* re* r7*

The above diagram is identified as a transposition t = (r;;*) in Sp,. Clearly, the transposition 7 interchanges
the elements r; with r;* and fixes every other element in the set X. Hence, it follows that each partitioning
component in the given partition of X is r-invariant. O

ﬁ
Theorem 20 If S, acts on the set X and X = Ll;lej is a partition of X such that |Xy|> n + 1, for some

%
k € {1,2,...,r}, then there exists a transposition T € S, such that each partitioning component in the given
partition is T-invariant.
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—

Proof Assume that the group S, acts on the set X and X = I_I;ZIX ;j 1s a partition of X such that [Xy|>n + 1,
for some k € {1,2,...,r}. We claim that the subset X} contains a pair of elements r;, s; = r;*, for some
i €{1,2,...,n}.Ifnot, then forevery x € X, wehave x* ¢ Xy. Therefore, forevery x € X, x* € I_J;.:1 j#ka,

this implies that ZLLI.# |X;|> n+1.Butin this case, | X|= [ X |+ Zf-‘zl’i# | Xi|>= (n+1D)+m+1) =2n+2,
which is absurd. Thus, the subset X contains at least one pair of elements r;, (s; =)r;* forsomei € {1, 2, ..., n}.
Hence, the result follows by using Proposition 19. O

Proposition 21 Let E)l acts on the set X and X = |_|;.=1X j be a partition of X satisfying, for some i, j €
{1,2,...,n}ands,t € {1,2,...,r} either
@) ri,rj € Xsandri*, ri* € X;
or
@iy ri,rj* e Xsandri*,rj € X;.
Then there exists an element T which is a product of two transpositions of the form (rir;)(r;*r;*) or

ﬁ
(rirj*)(ri*rj) € Sy respectively, such that each partitioning component in the given partition of X is t-invariant.

Proof Let En) acts on the set X and X = |_|§=1X,‘ be a partition of X such that for some i, j € {1,2,...,n}and
s,t €{1,2,...,r} either condition (i) or (ii) is satisfied.

If the condition (i) is satisfied, then we can consider a signed Brauer diagram having no horizontal edges
which comprise of only positive edges, just between the pair of vertices (r;, r;*), (r;, r;*) and (r¢, ™) for all
ke{l,2,...,n}\{i, j}, as shown in the following signed Brauer diagram:

r ri—1 i Tigl ri—1 Fj Tj+1 Tn

ri ri—1- ri Ti4l ri—1" rj Fj+1 T'n

This signed Brauer diagram is identified as an element 7 of the form (r;r;)(r;* 7;*) in S2,. Obviously, the
element 7 interchanges the pairs of elements (r;, r;), (r;*, r;*) and fixes every other element in the set X. Hence,
it follows that each partitioning component in the given partition of X is invariant under the action of 7.

On the other hand, if the condition (ii) is satisfied, then we recognise a signed Brauer diagram without any
horizontal edge which consists of a negative edge between the pairs of vertices (r;, 7;*), (rj, r;*) and a positive
edge between each pair of vertices (rg, ri*) fork € {1,2,...,n}\ {i, j} as follows:

r ri1 ri Trixl ri—1 Frj TIj+i1 n

* * * * e * * * *
r i1 T Tigl Fj—1" Fj" Tj+1 Tn

The above signed diagram is identified as an element t € S,,, which is a product of two disjoint transpositions
of the form (r;r;*)(r;*r;). Clearly, the element T interchanges the pairs of elements (r;, r;*), (r;*, rj), while
fixes every other element in X. Again, it is easy to see that each partitioning component in the given partition of
X is t-invariant. O

Next, we turn our attention to confer the readers with some important results about the invariant subsets of

the set X under the action of elements in the group §,,)
The following proposition is required for the proof of Theorem 23.

o e % . . . ..
Proposition 22 If S, is acting on the set X = ufz | Xi and 0105 . .. o is the cycle decomposition of an element

o€ 5;, then the following statements are equivalent:
(i) Each partitioning component of X is o -invariant;
(ii) Each partitioning component of X is o j-invariant, forall j € {1,2,...,s};
(iii) Forevery j € {1,2,...,s}, supp(o;) C X;, for some i.
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Proof (i) = (ii) Let each partitioning component of the set X be o-invariant. If possible, assume that there
exists a partitioning component which is not o ;-invariant, for some j € {1,2, ..., s}. So, there exists an element
a € X, such that

oj(a)=b e X,, forsomeu,v € ({1,2,...,k},u #v. (D)

This infers that a, b € supp(o;). Since, the cycles in the cycle decomposition of o are disjoint, therefore,
crj/(a) = a and crj/(b) = b, for all j/ € {1,2,...,s}\ {j}. Now, applying 01, ...,0;-1,0}41, ..., 05 on both
sides of equation (1), we get

010j-10j1105(0j(a)) = 010j_10j4105(b).

Further, by using the fact that disjoint cycles commute with each other, we have o (a) = b. This concludes that
the partitioning component X, is not o -invariant, which is a contradiction. Hence, each partitioning component
is oj-invariant, forall j € {1, 2, ..., s}.

(i1) = (i) Straightforward.

(ii) = (iii) Assume that each partitioning component X is o-invariant for all j € {1,2,...,s}. On the
contrary, if supp (o) has non empty intersection with at least two partitioning components of X, then there exist
elements a, b € supp(o;) such thata € X, and b € X, for some u,v € {1,2,...,k} withu # v. As o; is
a cycle, so there exists a positive integer m less than the length of the cycle o; such that 0" (a) = b. But this
holds provided the partitioning component X, is not o j-invariant, which is a contradiction. ’lfhis concludes that
if each partitioning component of X is o;-invariant for all j € {1, 2, ..., s}, then for every j € {1,2,...,s},
supp(o;j) € X; for some i.

(iii) = (ii) Suppose thatsupp(o;) C X;,forevery j € {1, 2, ..., s}. Clearly, acycle is a permutation which
permutes the elements in its support while it fixes every other element which is outside its support. This infers
that every cycle in the cycle decomposition of o maps the elements of each partitioning component of X within
the same partitioning component. Hence, each partitioning component is o j-invariant, for all j € {1,2, ..., s}.
O

The next theorem allow us to confine our attention to check the invariance of each partitioning component

—
under the action of only those elements of S, that are exactly of the form (rir") or (rirj)(rir}) or (rir})(r{'rj)

instead of checking the invariance under the action of each non-identity element in S,,.

— —
Theorem 23 If S, acts on the set X, with X = I_If.‘:1 X;and e # o € S, such that each partitioning component

—
X; is invariant under o, then there exists an element T € S, of the form (rir}) or (rir;)(rfr?) or (r; r;’.‘)(ri”‘rj)

j
such that each X; is t-invariant.

Proof Let S, acts on the set X = I_If.‘:lX ;. Assume that e # o is an element in S, such that each partitioning
component X; is invariant under o and 0107 . . . 0, is the cycle decomposition of o in Sy,. By Proposition 22, we

conclude that for every j € {1, 2, ..., r}, supp(o;) is entirely contained in exactly one partitioning component
of X.
Now, if the cycle decomposition of o contains a transposition of the form t = (r;7]), then certainly,

each partitioning component in the given partition of X is invariant under t = (r;7). Further, if the cycle
decomposition of o has a transposition of the form (r;r;) or (r; r;‘) with i # j, then by Theorem 2 (iii), the
cycle decomposition of ¢ also contains a transposition of the form (rl.*r;.‘) or (rl.*r j) respectively. In this case,

every partitioning component of X is invariant under t = (r;r j)(rl?“r;‘f) or (r; r}* )(rl.’k rj) in S,, as the support of
the transpositions in t is completely contained in exactly one partitioning component of X.
On the other hand, if the cycle decomposition of the permutation o does not contain any transposition, then

clearly, o has at least one disjoint cycle o; = (a1az ...ay), where a; € {1,2,...,2n} of length m > 3 inits

cycle decomposition, as o is a non identity element of §n)

Thus, the following two possibilities arise.

Possibility 1: If m is an odd integer, then Theorem 2 (iii) gives the existence of another m-cycle of the form
(afaj ...ay) in the cycle decomposition of . Choose i, j € {1,2,...,m},i # j, corresponding to our choice,

we have an element 7 = (a,-aj)(a;"a;‘.‘) € S,. The element T = (aiaj)(al?"a;f) is indeed an element in S, is
immediate by using Proposition 21.
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Furthermore, by the fact that the support of two transpositions (a;a;) and (a;"a;’.‘) are disjoint and each of them
is completely contained in exactly one partitioning component of X, it follows that each partitioning component
of X is t-invariant.

Possibility 2: If m = 2gq is even, then according to Theorem 2 (ii), (iii), the cycle o; is either of the form

(araz . ..aqaja; .. .a;‘) oraj ¢ supp(oj), foralll € {1,2,...,m}.
Casg 1 L?t oj=(may...aq4ajaj ... q;). Then by ProposiFion 2.2, su'pp(a ) is entirely contained in exactly
one partitioning component, as each partitioning component is o-invariant. Choose an i € {1,2,..., g} and

corresponding to this choice, we have a transposition T = (g;a;) such that each partitioning component is
invariant under 7, as supp(t) is entirely contained in exactly one partitioning component of X.

Case 2 If the m-cycle 0 = (ajaz .. . ay,) satisfies the property that al* ¢ supp(oj),foralll € {1,2,..., m},
then by using Theorem 2 (iii), we conclude that the permutation o contains another m-cycle o of the form

(afa; ...a}) for some j/ €{1,2,...,m}with j' # j. Now, similar as in possibility 1, if we choose two distinct
—

numbers i, j in {1, 2, ..., m}, then correspondingly there exists an element T = (a;a j)(a;‘ a;’.‘) € S, with the

property that each partitioning component of X is t-invariant. This completes the proof. O

—
Theorem 24 The distinguishing number for the action of Sy, on the set X is at mostn + 1 i.e., D? X)<n+1.

Proof In order to prove that D§> (X) < n+ 1, itis sufficient to show that there exists an (n 4 1)-distinguishing

—
labelling for the action of S, on the set X. Further, in view of Theorem 16 and 23, it is enough to produce an
(n + 1)-partition of the set X satisfying the condition that each partitioning component is not invariant under the

%
action of those elements of §,, which are precisely of the form (r;r) or (r;r;)(r} r;‘.‘) or (r; r;‘.‘)(rl.*r 1), for some

ri,rj €{1,2,...,n}. Consider an (n + 1)-partition of the set X with partitioning components {1, 2, ..., n}, {n+
1}, {n +2}, ..., and {2n}. Clearly, each partitioning component in the above partition of X satisfies the required
property and hence the result. O

ﬁ
Now, we proceed to compute the distinguishing number for the action of S4 on the set [8] by checking the
invariance of partitioning components in every possible partition of the set. For this we need Theorem 25 which
is a generalization of Theorem 24 for two partitioning components.

—

Theorem 25 If S, acts on the set X and the number of elements in a pair of partitioning components in a

partition of X is at least n + 2, then each partitioning component in that partition of X is t-invariant, for some
— —

T € Sy. In particular, the element T € S, is either a transposition or a product of two disjoint transpositions in
Son.

Proof Suppose E,) actson the set X and X = U?:l X j is a partition of X satisfying the condition that the number
of elements in a pair of partitioning components is at least n + 2. Without loss of generality, we can assume
that the partitioning components X and X, satisfy the property that | X|+|X2|> n + 2. Set A = X1 U X3,
B = X \ A and obviously, X = AU B.

Similar to the proof of Theorem 20, we will show that there exist at least two elements «, 8 € A such that
a*, B* € A.On the contrary, if not, then either the set A contain a unique elementa € X such thatbotha, a* € A
or foreverya € A, a* ¢ A.

In the first case, for all (a #) b € A, we have b* ¢ A. Therefore, b* € B and so |B| > (n +2) — 2 = n.
Now, | X|= |A|+|B|= |A\ {a, a*}|+|{a, a*}|+|B|> n + 2 + n = 2n + 2, which is not possible. On the other
hand, in the second case, if a € A, then a* ¢ A. Therefore, for alla € A, a* € B and so |B|> n + 2. Again,
in this case | X|= |A|+|B|> (n + 2) + (n + 2) = 2n + 4, which is not possible. Thus, we conclude that there
exists a pair of distinct elements «, 8 € A such that o*, 8* € A.

Further, since the subset A = XU X, and the elements «, 8, o™, B* € A, therefore, the elements «, 8, a™*, B*
must lie in one of the subsets X or X;. Now, without loss of generality, we can assume that the elements ¢, 8 € J
and so a*, B* € J*. Furthermore, if at least one pair of elements «, «* or 8, 8* is contained in at least one
partitioning component X or X7, then the result follows by using Proposition 19. Otherwise, we left with one
of the following four cases:

(i) a,B € Xy and o™, B* € X or

({i)a*, p* e Xjand o, B € X, or

({ii)a™, B € Xy and «a, B* € X, or

(iv) a, B* € X and ™, B € X>.

@ Springer



On distinguishing labelling of sets... 931

However, in any of these cases, it follows from Proposition 21 that each partitioning component in the given
partition of X is t-invariant, for some t € S,,. O

Next, we prove that the distinguishing number for the action of E) on the set [8] is 4.
Theorem 26 If 3 acts on the set X = [8], then the distinguishing number Dz (X)is4.

Proof By Theorem 16, we need to show that for 1 < r < 4, partitioning components in any r-partition of X
are invariant under the action of at least one element ¢ # g of EA), and there exists a 4-partition of the set X
such that at least one partitioning component of X is not r-invariant for every e # t € 3: of the form (r;r}*) or
(rirj)(rfry) or (rir7)(rir;) for some rj, rj € J.

First, we will show that for any 2-partition of X there exists an element t in the set 3: such that each
partitioning component is t-invariant. The possible 2-partitions of X correspondsto 1 7,2 @ 6,3 & 5 and
4 @ 4. Clearly, by Theorem 25, the existence of an element is established for any partition of X corresponding
tol@7,206,3b5and4 4. N

Therefore, we conclude that the action of S4 on the set X is not 2-distinguishing. Thus, D§ (X) > 3. Next,
we proceed to check for a 3-distinguishing labelling.

The possible 3-partitions of the set X correspondsto 1 1P 6,1 P2HS5,1H63P4,202P4and2H3E3.

Again, by Theorem 25, it follows that there exists an element T € S4 such that each partitioning component in
any partition of X corresponding to a partition type discussed above is T-invariant, as the number of elements in
a pair of partitioning components are at least 6. Thus, D§ (X) = 4.

Finally, consider a 4-partition of the set X is given by

X = {1,4)u{1%,2°} U {2, 3"} L (3, 4*).

It is easy to see that at least one partitioning component is not invariant under z, for any element 7 € Sy

which is exactly, of the form (r;r}) or (r;r j)(rl.*r;‘) or (r,'r;‘.‘)(rl.*r ;) for some r;,r; € J. Thus, a labelling

is a 4-distinguishing labelling. Hence, DE); (X) =4 O

The sequence “n appears n times" is a sequence of integers given by 1, 2,2,3,3,3,4,4,4,4,5, ... For
a fixed 2, we denote the n’" term of this sequence by y and is given by y = {—VS"ZM—‘ = L\/ 2n 4+ %J (see

[4]).
It is easy to see that y = n if and only if n = 1, 2. This follows from the fact thatn > y if n > 2.

The upshot of the next theorem is to relate the order of a partitioning component with the number of partitioning
components in a partition of X corresponding to a distinguishing labelling for the action of S, on X.

Theorem 27 Ifa partitioning component in a partition of the set X corresponding to a k-distinguishing labelling

—
for the action of S, on the set X contains p elements, then the number of partitioning components in a partition
of X isatleast p+1,ie,k > p+ 1.

Proof Let X = l_ll;le ;j be a partition of X corresponding to a k-distinguishing labelling for the action of 5;
on X and the order of a partitioning component say |X1|= p, with X1 = {ay, az, ..., ap}. By Theorem 16, at
least one partitioning component of X is not g-invariant, for every e # g € S,. Further, by Proposition 19,
we conclude that a;‘ ¢ Xy, forall j € {1,2,..., p} and Proposition 21 infers that a partitioning component
other than X cannot contain both the elements a;‘ and a;?, for some i, j € {1,2,..., p}. Thus, the elements
af,a;y, ..., a;'; must lie in the distinct partitioning components other than X. Hence, the partition of the set X
has at least p + 1 partitioning components. O

Remark 28 The above theorem describes that if we increase the number of elements in a partitioning component
by 1, it may also increase the distinguishing number by 1. This suggests that the number of elements in each
partitioning component must be close enough, i.e., the difference between the number of elements in any two
partitioning components should not be very large.
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Definition 29 The floor function f(x) = |x| : R — Z is a map defined as the greatest integer less than or
equal to x, for x € R. The floor function satisfies the property:

x—1<|x] <x, forx € R.
—
Now, we have all the necessary information to provide a lower bound for the action of S,on X.

—
Theorem 30 The distinguishing number for the action of S, on the set X is at least y + 1, i.e., D> X)=y+1

Proof If possible, assume that the distinguishing number for the action of 5,: on the set X is y. Then by definition
—
there exists a y-distinguishing labelling for the action of S, on the set X. Further, by Theorem 16, the set X can

be partitioned as a disjoint union of y number of subsets such that for every e # o € S, at least one partitioning
component is not o -invariant. Since, D—> (X) = y, therefore, by Theorem 27 each partitioning component cannot

contain more than y — 1 elements. Thus the order of any partitioning component of X can not exceed y — 1.
However, if all the y partitioning components have their maximum possible order (i.e., | X;|= y — 1, for all i),
then

IX| = X1+ Xa+ -+ X, |
=y-D+@y-D+---+@x -1
=y(y—1

which is not possible, because | X|= 2n and we claim that 2n # y(y — 1).
Clearly, forn = 1,|X|= 2 # 0 = y(y —1). To be more specific, we can assert that, forn > 2,2n—y(y —1) > 2,
ie,2n—-2—y(y —1=0.

For this, by Definition 29, x — 1 < |x] < x, for any x € R. This implies that

@—%<y§«/ﬂ+%,a5y=L«/ﬂ+%J. 2)
Multiplying equation (2) by y, we have
VZS(«/EJr%)% asy > L.
This leads to the inequality,
—y? > —(V2n+ %)V-
Adding y on both sides, we have
—y>+y z—(@+%)y+y

= (NI D)

=y(—v2n+ %)
> (V2n — %)(—«/ﬂJr %), (using (2))

= (=21 — ‘1—1 ++/2n)
Furthermore,
m—y(y—D=2n—y>+y
>2n+(—2n—%+«/§)
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Thus, we have 2n — y(y — 1) > %. Note that the left side of this inequation is always an integer. Therefore, we
conclude that 2n — y(y — 1) > 2, forn > 2. O

Note that in view of Theorem 16, if we try to partition the set X = {1, 1*} to get a distinguishing labelling

—
under the action of S;, then by Proposition 19, the elements 1 and 1* can not lie in the same partitioning com-
ponent. With this observation, the set X can only be partitioned in two partitioning components X; = {1} and

—>
X, = {1*}. Clearly, these partitioning components are not o -invariant for every e # o € S;. Thus, the partition
X = X1 U X, gives rise to a 2-distinguishing labelling and also, 2 is the minimum possible number for which
there exists a distinguishing labelling.

Next, we provide a recursive algorithm to construct a (y + 1)-partition of the set X in such a way that the
partitioning subsets does not satisfy the hypothesis in Proposition 19 and 21.

Construction 31 1. Initialize i = 1, so that X = {1, 1*}. Set X| = {1} and X, = {1*}.
2. Whilei < n, do

(a) Incrementi by 1,sothat X ={I,..., G+ 1), 1*, ..., (G + D)*}L

(b) If all the partitioning components in the previous stage have the same cardinality, then generate a new
partitioning component, adjoin (i + 1)* toitandi + 1 to X;.

(c) If all the partitioning components in the previous stage do not have the same cardinality, then collect those
partitioning components of X which have cardinality strictly less than the cardinality of X{. Now, arrange
these partitioning components in the increasing order of their cardinality in such a way that in case two
partitioning components have the same cardinality, then the partitioning component with larger suffix will
come first. Next, adjoin (i + 1)* to the first and (i + 1) to the last partitioning component in the above
specified arrangement.

3. Go back to 2.

Next, we step by step illustrate the above algorithm for n = 5. In this case, the algorithm terminates after four
iterations.

{1y {1,2}  {1,2} {1,2, 4}{1, 2, 4}
ey =y {17 3 (1%, 31 {17, 3, 5}
{27y {2737 {2%,3"} {2%,3%)
{4%} {4%,5%}
Initial First Second Third Fourth
Stage Iteration Iteration Iteration Iteration

The upcoming proposition is a direct consequence of the above construction.

Proposition 32 Construction 31 terminates after (n — 1) iterations and at that stage there are y elements in the
partitioning component X1.

Proof Initially, there are two partitioning subsets containing one element in each partitioning component and
after this, with each iteration the order of the set X is decreased by 2. The total number of elements in the set X
is 2n, so for a given n, the construction stops after (n — 1) iterations.

By construction 31, the elements in the first partitioning component X forms a finite sequence of numbers
whose n'" term is given by X{(n) = @ + 1. This follows from the fact that a new element is added to

the subset X1, if an (m — 1) x m grid is completely filled with m(m — 1) elements namely, 1,2, ..., M,

1%, 2%, ..., W* and the next element added to X is W + 1. From this we observe that the order of the

subset X is the integer k = max(A); where A ={k € Z: @ +1 < n}.

Next, we claim that k = y. For this, it is enough to show that the integer y € A, while y + 1 ¢ A.
Obviously, y € A,as2n —2 > y(y — 1), so it remains to show that y + 1 ¢ A. Now, by Definition 29, we have
x —1 < |x] < x,forall x € R. Therefore, —x + 1 > — [x| > —x. This implies that

y>ﬁ—%,asy={@+%J- (3)
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Adding one on both sides, we get

1
y+1>+2n+ ok
On multiplying both sides by y, we have
1
yiy+1 > 2n+ 5)% asy =1
1 1
> (V2n + E)(\/Zn — E) (using (3))
2 1)
= (2n— -).
4
Now, adding (—2n + 2) on both sides, we get

1
y(y+1)—2n+2>2n—z—2n+2

Therefore, y(y +1) —2n +2 > %. Thus, we conclude that y(y +1) —2n +2 > 0. Hence, y + 1 ¢ A, as
required. o

Proposition 33 Ar any instant, during the Construction 31, the number of partitioning components is always
| X1]+1.

Proof Recall that in any iteration of the Construction 31 a new partitioning component is generated if and only
if a new element is introduced in the partitioning component X;. While initially, there are two partitioning
components and only one element is present in the subset X|. Hence, at any stage during the Construction 31,
the number of partitioning components is always | X |+1. O

The next proposition is a consequence of Construction 31 that guarantees the existence of a (y + 1)-
—
distinguishing labelling for the action of S,, on X.

Proposition 34 Construction 31 produces a (y + 1)-distinguishing labelling for the action of E,: on X.

Proof Let ?,: acts on the set X. Clearly, by Proposition 32 and 33, at the end of the construction there are y + 1
number of partitioning components, say X1, X, ..., X, 1. Define a labelling ¢ : X — {1,2,..., (y + 1)} by
¢(x)=1i,ifx € X;,fori =1,2,..., (y +1). Now, in view of Theorem 16, for ¢ to be a (y + 1)-distinguishing

labelling we need to show that for every o € §,,, at least one partitioning component is not o -invariant. Further,
by using Theorem 23, it is enough to show that at least one partitioning component of X is not o -invariant, for

all o € S, which are literally of the form (r;r}") or (r;r j)(rl.*r;‘) or (r; r;.‘)(rl.*r )in S,.

Clearly, by the Construction 31, neither a partitioning component contains a pair of elements r;, r;* for
some i € {1,2,...,n} nor any two partitioning components completely contain the set {r;, 7;, rl.*, r;.‘} for some
i,je{l,2,...,n} O

Remark 35 Theorem 30 and Proposition 34 confirms the optimality of the above algorithm for the construction
of a minimal distinguishing labelling.

—
Remark 36 Let S, acts on the set X. If X = Ule X; be a partition of X such that each X; is invariant under o,

for all e # o € §,, then the number of elements in any y number of partitioning components can not exceed
(n + V(V;l))'

By combining Theorem 30 and Proposition 34, we obtain a closed formula to calculate the distinguishing
—
number for the action of S,, on the set X, for arbitrary n.

Theorem 37 D§> X) =y + 1, wherey = La/zn + %J
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Note that by using a different approach, the aforementioned closed formula for the distinguishing number

under the action of g,)l on the set X is in concordance with the formula proved in Corollary 2.4 of [2] which
further confirms our result.

Finally, Construction 31 and Proposition 34 provide a closed formula to obtain a (y + 1)-distinguishing
—
labelling for the action of S, on the set X.

Theorem 38 If?,: acts on the set X, then the map ¢ : X —> {1,2, ...,y + 1} defined by

n—w—f—l; ifl<x<n

POI=0 4 ifn+1<x<2n,

where p = L(—VSx-ZH—DJ and g = (—W—‘ is a (y + 1)-distinguishing labelling of X under the action
of E,)
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