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Abstract In this paper, we establish some generalizations of the upper bound estimates for the modulus of
the derivative of a polynomial on the unit disk while accounting for the positioning of the zeros and extremal
coefficients of the underlying polynomial. We shall also extend the obtained results to the polar derivative
of a polynomial. The estimates obtained sharpen as well as generalize some recently proved Erdos-Lax type
inequalities.
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1 Introduction

Let P(z) := Y _,byz" be a polynomial of degree n with complex coefficients b, and in the variable z. Set
| Pl := max;—1 | P(z)], the uniform-norm of P(z) on |z| = 1. Various inequalities in both directions relating
the norm of the derivative and the underlying polynomial play a key role in the literature for proving the inverse
theorems in approximation theory and, of course have their own intrinsic value. The Bernstein-type inequalities
are seminal in the field of classical analysis, and over a period, these inequalities have been generalized in
different domains, in different norms, and for different classes of functions. A classical majorization result in the
uniform-norm on the unit circle due to Bernstein [5] is that if P(z) is a polynomial of degree n, then

| P|| < nl|lP]. (1.1)

Equality holds in (1.1) if and only if P(z) has all its zeros at the origin. If we limit ourselves to the class of
polynomials not vanishing in the unit disk, the above inequality (1.1) can then be emphasised. In fact, Erdos
conjectured and later Lax [13] proved that, if P(z) # Oin |z| < 1, then

n
[ = S IPI- (1.2)
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The inequality (1.2) was further sharpened by Aziz and Dawood [3] in the following form:
l n .
[Pl = Sy IPIl — min [P(2)] ¢, (1.3)
2 lz|=1

where P (z) has all its zeros in |z| > 1. Equality holds in (1.2) and (1.3) if P(z) has all its zeros on |z]| = 1.
Very recently, Ahangar and Shah [1] generalized (1.2) by proving that if P(z) is a polynomial of degree n having
no zeros in |z| < k, k > 1, then for |z| = 1,

|P'(2)] <

_ 2
n||P||{1_k 1 |P(2)| } (1.4)

2 k+1 |P|?

Equality in (1.4) holds for P(z) = (z + k)", evaluated at z=1.
In the meantime, Milovanovié et al. ([16], Theorem 2.1) strengthened the inequality (1.4) while taking into account

the extremal coefficients of the underlying polynomial. In fact, they proved thatif P(z) = bo+biz+-- -+ b,7"
and P(z) #0in |z| < k, k > 1, then for |z| = 1,

||P||{ [k—l 2 (Ibol—knlbnl>]|P(z)|2}
P’ <—In—1|n + . 1.5
IP@I== K1 T3k \Jbol ¥ K5l ) | TP (1)

Equality in (1.5) holds for P(z) = (z + k)", evaluated at 7z = 1.

Itis topical in the geometric function theory to study the extremal problems of functions of a complex variable and
generalizing the classical polynomial inequalities in various directions. The one such generalization is moving
from the domain of ordinary derivative to the polar derivative of polynomials. If P(z) is a polynomial of degree
n, then the polar derivative of P(z) with respect to point « is defined as

Dy P(z) : =nP(z) + (@ — 2) P'(2).

The polynomial Dy P(z) is of degree at most n — 1 and it generalizes the ordinary derivative in the sense that

o—>00 o

lim {D"P(Z)} = P'(2),

uniformly with respect to z for |z] < R, R > 0.

The extension of inequalities from ordinary derivative to polar derivative of complex polynomials is a widely
studied topic and, over the years, many different authors have produced various versions and generalizations of
the above inequalities by introducing restrictions on the multiplicity of zero at z = 0, the modulus of largest root
of P(z), restrictions on coefficients etc. Many of these generalisations involve the comparison of polar derivative
Dy P(z) with various choices of P(z), o and other parameters. For more information on the polar derivatives
of polynomials one can consult the comprehensive books Marden [15], Milovanovi¢ et al. [18] or Rahman and
Schmeisser [22].

In 1988, Aziz [2] extended the inequality (1.2) to the polar derivative of a polynomial and proved that if P(z) is
a polynomial of degree n having no zeros in |z| < 1, then for any complex number o with || > 1, we have

n
1Do Pl = = (el + DI P (1.6)

For further and the latest papers in this direction, we refer the reader to the recently published book chapters by
Gardner et al. [6] and Govil and Kumar [9] (see also [8], [11], [12], [17], [19-21]). The goal of this work is to
prove various extensions and refinements of the above inequalities and related conclusions, while accounting for
the positioning of the zeros and extremal coefficients of the underlying polynomial.
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2 Main results

In this section, we state our main results. Their proofs are given in the next section. We begin by presenting the
following generalization of (1.5) and related inequalities.

Theorem 1 If P(z) = z°(bo + b1z + - - - + by—s2"~°) is a polynomial of degree n having all its zeros in |z| > k,
k > 1, except a zero of order s > 0 at the origin, then for |z| = 1,

|P'(2)]
P k—1 2k 1 |bo| — K"~ |by— P(2)|?
| ||{n_[n - (s__| ol = K" Iby s|)}| Gl } o
2 k+1 14k k 1bo| + k"=S|by | Pl
Equality in (2.1) holds for P(z) = z°(z + k)" %, evaluated at 7 = 1.

Remark 1 We get the inequality (1.5) from (2.1) by taking s = 0 in Theorem 1. Letting k = 1 in Theorem 1,
we get the following result.

Corollary 1 If P(z) = 2°(bo+ b1z + - - -+ by—s7" %) is a polynomial of degree n having all its zeros in |z| > 1,
except a zero of order s > 0 at the origin, then for |z| = 1,

ey 1bol — s\ PP
_ - . 2.2
PEI=7 {"+(s |bo|+|bn_s|> ||P||2} 22

Equality in (2.2) holds for P(z) = z°(z"~* + 1), evaluated at z = 1. Taking s = 0 in (2.2), we get the following
refinement of (1.2).

Corollary 2 If P(z) = bg + b1z + - - - + b, 7" is a polynomial of degree n having all its zeros in |z| > 1, then

for|z| =1,
_ 2
P < 12 {n_(lbol |bn|>|P<z>| } 23)

2 lbol + [bnl ) IIPl
Equality in (2.3) holds for P(z) = 7"* + 1, evaluated at 7 = 1.

Remark 2 The bound achieved in (2.3) is always sharper than the bound obtained in (1.2), except in the case
when all the zeros of P(z) lie on the unit disc.
Next, we prove the following extension of Theorem 1.

Theorem 2 If P(z) = z°(bo+ b1z + - - -+ b,—s2" %) is a polynomial of degree n having all its zeros in |z| > k,
k > 1, except a zero of order s > 0 at the origin, then for 0 <t < 1, and |z| = 1,

|p/(z)|<w n— ,,E_i s—lA (k, 1)
- 2kS k+1 14k kKo

K |P(2)| — tm\? 25t
o (KIP@IZtmAT] - 2stm ) (2.4)
S|Pl = tm S|P = tm

where m = min|;— | P(z)| and

k*|bo| — tm — k" |by—s|
kS|bo| — tm + k" |by—s]| ‘

Equality in (2.4) holds for P(z) = z°(z+k)" ™%, evaluated at 7 = 1. Setting k = 1, in Theorem 2 we get following
result.

Corollary 3 If P(z) = z°(bo+ b1z + - - -+ by—s7" %) is a polynomial of degree n having all its zeros in |z| > 1,
except a zero of order s > 0 at the origin, then for 0 <t < 1, and |z| = 1,

| Pll —tm’ [{ ( lbo| — tm' — |bns|>
PR <——|in+|s—
| ( )| - 2 |b0| —tm' + |bn—s|

|P(2)] — tm"\? 2stm’
s 2.5
X( ||P||—tm/> T (23)

where m' = min|; =1 | P(z)|. Equality in (2.5) holds for P(z) = z°(Z"~* + 1), evaluated at z = 1.
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Remark 3 For t=0, (2.4) reduces to (2.1) and (2.5) reduces to (2.2). For s = 0, inequality (2.5) reduces to the
following result which is a refinement (1.3).

Corollary 4 If P(z) = by + b1z + - - - + bp7" is a polynomial of degree n having all its zeros in |z| > 1, then
for0 <t <1,and|z| =1,

Pl —tm' bo| — tm’ — |b P(2)| — tm'\?
o < L0 (o 10l oy 6
2 |bo| — tm’ + |by| P —tm

where m' = min|;=1 | P(z)|. Equality in (2.6) holds for P(z) = z"" + 1, evaluated at z = 1. Finally, we establish
the following polar derivative generalization of Theorem 2.

Theorem 3 If P(z) = z°(bo + b1z + - - - + by—sz" %) is a polynomial of degree n having all its zeros in |z| > k,
k > 1, except a zero of order s > 0 at the origin, then for any complex a with || > 1, and 0 <t < 1,

1DaPll < nl| Pl + (o — Hy* 12T 1m kol
aFl =1 “ 2% R

2k 1 kS P(2)| — tm\? 2stm
1+k<s_ g ”))( K[ P| — tm ) }+ksnp|| —rm}’ @7

where m = min|;— | P(z)| and

kS |bo| — tm — k" [by_s|

Ak, 1) = .
) = S o = tm K by

Equality in (2.7) holds for P(z) = z°(z + k)"™°, evaluated at z = 1. Taking t = O in Theorem 3, we get the
following polar derivative generalization of Theorem 1.

Corollary 5 If P(z) = z°(bo+ b1z + - - -+ by—s7" %) is a polynomial of degree n having all its zeros in |z| > k,
k > 1, except a zero of order s > 0 at the origin, then for any complex a with |o| > 1,

Pl k—1
I1Do Pl = nll Pl + (o = D)=~y =

T+ 1
2k 1 |bo| — kK" =5|b,— P2
_ (S——l 0| | n s|))| (Z)2| } (2.8)
14k k |bo| 4+ k"5 |by—s| I P

Equality in (2.8) holds for P(z) = z°(z + k)" 5, evaluated at z = 1. If we divide both sides of (2.7) and (2.8)
by || and let |o| — o0, we get the inequalities (2.4) and (2.1) respectively. Taking k = 1 and s = 0 in (2.8), we
get the following refinement of (1.6).

Corollary 6 If P(z) = bo + b1z + - - + b, 7" is a polynomial of degree n having all its zeros in |z| > 1, then
for any complex o with |o| > 1,

1P| lbo| = [bal \ P
P < 1 _ , 2.
1D Pl < nll Pl + (o = D=5 {n (|b0|+|bn|> T } (2.9)

Equality in (2.9) holds for P(z) = 7" + 1, evaluated at z = 1.

Remark 4 Except the case when all the zeros of P(z) lie on |z| = 1 and |¢| # 1, the bound obtained in the
inequality (2.9) is always sharper than the bound obtained in (1.6). As an illustration we consider the following
example to compare the bounds.

Example 1 Let P(z) = z> + 5z + 6. Then P(z) is a polynomial of degree 2 having zeros -3 and -2. Taking
|a| = 2, then by inequality (1.6), we obtain

|m|a>§ Dy P(2)| < 36,
Z:

while as Corollary 6 gives

max | Dy P(z)| < 31.71.

lz1=1

@ Springer



940 A. Mir, T. Fayaz

3 Auxiliary results

We need the following lemmas to prove our theorems. The following lemma is due to Milovanovi¢ et al. ( [16],
Lemma 3.2).

Lemmal If P(z) = bg+ b1z + - -+ b, 7" is a polynomial of degree n having no zeros in |z| < k, k > 1, then
for each point z on |z| = 1 for which P(z) # 0, we have

(zP’(z)) 1 { (Ibol —k"lbn|>}

Re[m—2) < —n— [ —— )L

P(2) 1+k |bo| 4 k" |b,, |

Lemma 2 If P(z) = z°(bo + b1z + - - - 4+ by—s2" %) is a polynomial of degree n having all its zeros in |z| > k,
k > 1, except a zero of order s > 0 at the origin, then for each point z on |z| = 1 for which P(z) # 0, we have

/ _ n—s
Re(zP (z))S no ok {s_1<|bo| k |bns|)}.
P(2) 1+k 1+k k \ |bo| + k"=5|b;—s|
Proof Let P(z) = z°H(z), where H(z) = by + b1z---+ by—s7" %, s > 0,thenon |z] =1,
P’ H'
Re(Z (Z)> =s+Re<Z (Z)). 3.1)
P(2) H(z)

Since H (z) is a polynomial of degree n — s having no zero in |z| < k, k > 1, therefore, on applying Lemma 1
to H(z) in (3.1), we get for all z on |z| = 1 for which P(z) # 0,

Re(zP’(z)>§S+ 1 {(n_s)_(|bo|—k"—8|bn_s|)},
P@) I+k [bol + k"~ [by |

which is equivalent to

/ _ phn—s
Re(zP (Z)) U k {S_l<|bo| k Ibn—s|)}'
P(z) 1+k 1+k k \ |bo| + k"=5|b;—s|
This completes the proof of Lemma 2. O

Lemma 3 If P(z) is a polynomial of degree n having all its zeros in |z| < k, k < 1, then for |z] = 1and R > 1,

n

kn

|P(Rz) — P(2)| = < )Hllizl}clP(Z)L (3.2)

The above lemma is due to Aziz and Rather [4].
If we divide both sides of (3.2) by R — 1 and make R — 1, we immediately get the following result.

Lemma 4 If P(z) is a polynomial of degree n having all its zeros in |z| < k, k < 1, then for |z] = 1, we have
2P'(@)] = —-min |P(2)|
Pz = min 2)|.

Lemma S If P(z) is a polynomial of degree n, then for |z| = 1, we have

1P’ +10" @) < nllP@)I,

where Q(z) = z”@.

The above lemma is due to Govil and Rahman [10].
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4 Proofs of the main results

Proof of Theorem 1. Recall that the polynomial P (z) have all its zeros in |z| > k, kK > 1, except a zero of order
s > 0 at the origin. First suppose that k > 1, therefore, by Lemma 2, we have for |z| =1,

P’ 25 2nk 1( |bo| — kK" ~5|by—
2nRe<Z (Z)> S L {s _ —(M” 4.1)
P(2) 1+k 14+k k \|bo| + k"5 |b,,_s|

If Q(z) =7"P (%), then it easily follows that for |z| = 1,

10" ()| = InP(2) — zP'(2)].

This implies for |z] = 1,

‘Q@)?_V_ZP@)Z
P I PE
/ 2 ’
=n? —ZP @ — 2nRe<ZP (Z)>,
P(2) P(z)
which by (4.1) yields for |z] = 1,
'@
P(z)
/ 2 n—s
. P@F | ok—1 2k {s_l<|b0|—k |bn_s|>}‘
P(2) k+1 14k k\ |bo| + k"5 |bp—s|

This implies for |z] = 1,
k—1 2k 1 (bl — k" *|by—s|
P/ 2 = ooy = maest P 2
P @ +”{”k+1 1+k[s k(|bo|+k”5|bn_s| P
<10 (4.2)

Inequality (4.2) gives, by using Lemma 5, that for |z| = 1,

|P/(Z)|2+n{nk—1 2k [s_1<|bo|—k B |bns|)“|P(Z)|2

k1 T4kl k\lbol + k"= bys]
< @l Pl = [P')D 4.3)
Equivalently, for |z] = 1,
2n|| PIIIP' ()]
k—1 2k 1/ |bo| — k" 5|b,—
<n?|P|* —nin - —|s-- M |P(2)I,
k+1 14k k\ |bo| + k"5 |b,—s|
which after simplification gives (2.1). For k=1, the above inequality is trivially true for points on |z| = 1 for
which P(z) = 0 by (1.2). This completes the proof of Theorem 1. ]

Proof of Theorem 2 By hypothesis P(z) has all its zeros in |z| > k, kK > 1, except a zero of order s > 0 at the
origin. If P(z) has a zero on |z| = k, then

m = min |P(z)| =0,
|z]=k

and Theorem 2 follows from Theorem 1 in this case. Henceforth, we assume that P (z) does not vanish on |z| = &,
k > 1. It follows by Rouché’s theorem that for each § with [§] < 1, the polynomials D(z) = P(z) — Zk# and
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942 A. Mir, T. Fayaz

P(z) have same number of zeros in |z| < k, kK > 1. On applying inequality (4.2) to the polynomial D(z), we get
forevery |6] < 1l and |z] = 1,

k—1 2k 1 1bg — 82| — k"5 |by—
|D/(z)|2+n{n - [s——' L S|“'D(Z)'2
k+1 1+k k|bo—F|+kn_S|bn—s|
< |F'(2), (4.4)

where F(z) = z"D(%). This implies

s—1 2
8 k —1 2k 1|bo — b
P,(Z)_sz m L, B |bo 5 | bn—s|
kS R k|b n =5 |bp_s|
z56m (n — s)z”_s_l(Sm
P - 4.5
()= . 4.5)
By triangle inequality, we have
|<Sz Im
‘ ‘IP @ - , (4.6)
and note that
182 |m |? |62°|m
|P(z)] — [P (z)] — , 4.7
kS kS
so that, from (4.6) and (4.7), we obtain that
sz5m|? 1625 |m \ >
P(z) - = (1P@I-=5—) - 4.8)

Since P(z) = z°H(z), where H(z) = bg+b1z+ - - -+ b,_s7"~* and all the zeros of H(z) liein |z| > k, k > 1.

Let Q(z) = "P (%): 7" *H (%) Therefore, all the zeros of Q(z) liein |z| < ¢ where 7 =< 1, it follows by
applying Lemma 4 to Q(z), that for |z| = 1,

1Q'(@)] = (n = )K" min |Q()].

Izl—f

np 1 _om
Z Z —knv

Since

mm |Q(z)] = min

lzl=4 lzl=4
therefore, for |z| = 1, we have
(n—s)m
10" ()] = e 4.9)
From (4.9), it is possible to choose the argument of § on the right hand side of (4.5) such that for |z| = 1,
(n—s)2"*"1m (n —5)|8|m
0'(z) - I a— =10'(0)| - e (4.10)

Also, for every &, we have
|bo — 8m| > |bo| — |8|m,
and since the function

_ kn*S b .
X = x—w (x > 0),
X+ K" by s
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is non-decreasing, it follows that

1o — G = K" lbu—s| _ lbol = 53 — K" b
|bo — S + k"5 |by—s| ~ |bo| — B2 4 kn=s|p,_|
_ Klbol = [8lm — k" |by—s|
kS|l — |8|m + k" |by_g]

= A, (k, |8]), “4.11)

where
k*|bo| — tm — k" |by—s|
k$|bo| — tm + kb |

Using (4.8), (4.10) and (4.11) in (4.5), we get for every [6] < 1 and |z| = 1,

Pl SN [k % Lk, 18)
‘ ks 8 L7 T R S

181m \* , 8lm(n — 5)\*
xomm—ks)sogww~—7r—),

Ayk,t) =

which is equivalent to

Py S18lm 2+ k=l 2 (0
[P ()] s ””m m(s xn ,||))

1
S 272 5 —
x(wwwﬂgv} <10/l - =),

This gives by using Lemma 5 for |z| = 1, that

[(IP/( )|—s|8|m)2+ { k;l—i< L |5|))}
‘ 5 "M"er1 Txe 0k

Ik |5m| . 5|8|m
< (1P@) - ks) Sn(IIPll— o )—(IP(z)l— s )

Equivalently, for |z| = 1, we have

(121 =2 (1pry = 2~ ey Bl
n ks 2 ks =n ks

k-1 2k Lk 16 P LILAY 412
_”{”m_1+k(s_% n(k, | I))}(l @)= ks>' (4.12)

For 6 with |§| = 1, the above inequality follows by continuity. Putting |§| = 7 in (4.12), we get

P stm_|[P] - k—1 2k L .
— —\|n—jn——-—(5s— -
N0 =72 k+1 1+k g

X<W@”_%)1
-2 ) I

This implies
P < K| Pl — tm k—1 2k L, “n
—_— -\ —\5s— - ,
D=0k k+1 1+k Ko
kS P(2)| — tm \? 2stm
xl—) 1+ ——— .
K| Pl — tm K| Pl — tm
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Proof of Theorem 3 1f Q(z) = 7" P (%), then it easily follows that for |z| = 1,

Q' ()| = [nP(z) — zP'(2)|. (4.13)
Now for any complex number « with |a| > 1, we have by (4.13) and |z]| = 1,
|Do P(2)| = [nP(z) + (@ — 2) P'(2)]
= [nP(z) —zP'(z) + aP'(2)|
< |nP(2) —zP'(2)| + ||| P'(2)|
= 10" ()| + ||l P'(2)]

=10'@)|+ |P'(@)| — P @)| + |a|| P'(z)|
< n‘rgaj [P(2)| + (Ja| — DIP'(z)| (by Lemma 5)

Snrr}aXIP(z)lﬂL(IOlI—l)lrr}glp/(z)l' (4.14)

lz|=1

Inequality (4.14) in conjunction with inequality (2.4), gives for |z| = 1,

K| Pl —tm k—1
DaP@)] < 1| Pl + (o] — 1)—“,, _ (

n_
2kS k+1
2k 1 kS P(2)| — tm'\* 2stm
——— (s — Akt ,
1+k(s A )>><ks||P||—tm TP —m
from which we can obtain (2.7). This completes the proof Theorem 3. O
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