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1 Introduction

The Heisenberg group H" is simply C"” x R endowed with the group law
1 —
() =G+, t+1t + Elm <z,7 >)

where < z,7 >= > zjz_/j.
Let b be the Lie algebra of left-invariant vector fields on H”. Then a basis for h is given by the following
vector fields

d 1 9 Y d n 1 9 J T d

= — —=yi—, i =—+=-x;— an = —,

Ty 2% T gy, T 2 o1
where j = 1..., n. The sub-Laplacian, denoted by L, is defined by

£=-2 (Xj+7).
j=l1

this second order differential operator plays the role of Laplacian for H", which is hypoelliptic, self-adjoint
and non-negative.
A simple computation gives in terms of the coordinates (x, y, t)

1
[,:—AX—A),—Z(|x|2+|y|2)8,2+N8,, (1.1)
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On the complex twisted Laplacian on C”... 967

where Ay and A, are the standard Laplacian on R" and

N i( 3 3 )
— Xj— —yi—).
=1 j8yj jaxj'

Now if we replace d; by i A in 1.1, we obtain the so-called twisted Laplacian operator L, given by

)\‘2 2 2 .
Ly =—A, _A)’+Z(|x| + [y[) +iAN.

The operator L; was introduced by R.S. Strichartz [9], and also known as the special Hermite operator,
because it is intimately connected with the Hermite functions on R”.

In the literature there are a lot of works concerning the twisted Laplaciane.g. [[2,3,7,10, 11, 13]]. Nevertheless,
to our knowledge there are no works dealing with the case when X is complex not even when A is purely imaginary.

Let us recall in [7] for A = 1 Koch and Ricci found the optimal exponent p(p) in the estimate

I Ppullprray < p(P)lullp2wa) (1.2)
for all p € [2, 400] where p(p) is
L —3if2 < p < 2D
p(p) =
4524 i < oo

and Pg is the spectral projection corresponding to an eigenvalue B% of L.
By the explicit formulas of the heat kernel and the Green function of L_; (see [4]), it is shown in [13] by
Wong that L_; is globally hypoelliptic in the sense that

ue S R, Lu € SR™) = u € S(R™)

where S(R?") is the Schwartz space and S’(R?") is the space of all tempered distributions.

In [10] Thangavelu has defined a Poisson transform and has used it to establish a necessary and sufficient
condition for some eigenfunctions for L_,, A > 0 to be represented by a Poisson integrable of square integrable
functions on the unit sphere $2*~ 1.

In this paper, we compute the eigenfunctions of L_), Re (A) > 0 with their corresponding eigenvalues
explicitly and establish a necessary condition so that some eigenfunctions of L_; are in L”(C"). We also give
a refinement of Theorem [3.5, [10]].

2 Notations and preliminaries

To state our results, we fix notations and recall some definitions and results.
Fix n > 1. For a multi-index & = («y, ..., «,) € N, by || we understand its length o] + - - - + oy,
By < .,. > we denote the usual inner product in L2(C") and, more generally, for any functions f and g on

C", < f, g > stands for / f(2)g(z)dz whenever the integral makes sense.
(Cn

For a, 8 € N" and A € R* let ®,(x) stand for the n-dimensional Hermite functions and let CDQ(x) =

(x| i D, (|1 %x). We define the so called special Hermite functions:
Dly(2) = M)A < (). D >
and they form an orthonormal basis for L>(C"). Moreover,
L@y = Qla| + n)|A| Dy

)»2
They are also eigenfunctions of the operators H; = —A; + 7T |z|2 and iAN. Indeed, we can show that

H, @}y = (la| + |B] + n)|A| D%y
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968 A. Bouhrara, S. Kabbaj

and

IAN®Lg = (l] — |BIAI DL

n—k

n k
Let LY (x) = Z (n + a> ( - 1)k%, o > —1 be Laguerre polynomials of type k. We define
k=0 ’

_ 1 /(1 R UTTY
o @=L} 1(5|x||z|2)e Ml

Now, let HP denote the space of restrictions to $?*~! = {z € C",|z| = 1} of harmonic poly-
nomials A”°? which are homogeneous of degree p in z and degree ¢ in z with dimH”9 = d(p,q) =
(ntp +‘;7,_ql,gr(1"_2‘§,?n2fi’;ﬁ’ P=D! and if n = 1, we make the convention that pg = 0, so that d(p,q) = 1 (see

[5] and [8]).
Basic properties: The spaces H?9 are pairwise orthogonal in L?(S>"~!) and we have

LY(S*7) = @ g0 M.
Notice that for each f, , € HP9 with (p, q) # (0, 0), we have

/ fpqw)do(w) = 0.
SZn—I
Now, we fix an orthonormal basis hﬁ.”q, 1 <j <d(p,q) for H"? so that

(%) 1< j <d(p,q)p.q =0}

forms an orthonormal basis for LZ(5>"~1).
Therefore for a continuous function f on C”, writing z = rw, where r > O and w € S 2n=1 e can expand
the function f in terms of spherical harmonics as

d(p.q)
foroy= Y > a ) (w).
p,q>0 j=1

The (p, ¢)'* spherical harmonic projection, a”4(r, w) of the function f is then defined as

d(p.9)
Pq — P4 o\, P
a?(r,w) = Z a;" (rh; " ().
j=1

Hence

flro) = Z alq(r, w)

r.q=0

which the series converges in L2(5>"~1).
Here we refer the reader to the monographs of Thangavelu [10, 11] and Folland [5].
Special functions. The confluent hypergeometric [6, p. 204] or [12] is defined as

o

I'(b) Z ['(a +k) K

thi@b. =502 Torna

k=0
For a € C, a not a non-positive integer, | F \(a, b, z) has the following asymptotic behavior [[6], p. 209]

R b = T2 T (14 0( L)) asia @=r @D
a,b,?) = — ) )as |z| = o0, —m < arg(z) < . .
v Fb—a)  Ta) H £
where by I' we denote the usual Euler Gamma function.

In particular, when Re (z) > 0, we have

z_a—b

I'(b)
thi@.b.2) |z|—>+00 m
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3 Eigenfunctions of L) g, (A, f) € R* * R

Given A € C*. We are interested in the eigenfunctions of L_,, for this purpose we will write the operator
L_, into the polar coordinates z = rw(r € [0, +oo[, ® €$?"~1). We have the following polar coordinates
decomposition,

> 22n—-1d 1 A2,
Loafro)=l-—5 = ———— = S A+ " + 0B f (re) 3.1)

where Aj is the spherical Laplacian on S 2n1=land where E,, is the spherical part of the complex Euler operator
E=3"_zj a% on $*'~'given by

E=ted) ik
=g e

Theorem 3.1 Let p € C. Then f : C" — Cis an eigenfunction of L_) with u as eigenvalue if and only if there
exists a sequence (ap ) such that

feroy= Y rPtF(

+ A A
A +q,n~I—p+q,—Erz)ap,qh”’q(w)e%rzinCOO(C").
r.q=0

2)

Proof Let f be an eigenfunction of L_, with p as eigenvalue, i.e.,

Lo f(2) = uf(2).
Using 3.1, we have

d> 2n—1d 1 22,

[

Since the operator Laplacian is an elliptic differential operator on C”, the solutions of L_, f = uf are in
C°°(C™). Thus, the function f(rw) can be expanded as a function of w into its trigonometrical series in terms of
the spherical harmonics as follows

flro) = Z bP 9 (rYhP 9 (w)inC*> ([0, +Oo[xS2"_1)_
p.q=0

Using the fact A;(h”7) = —(p + q)(p + g +2n — 2)h?? and E,h?9 = 5L pP-9 because h”9 e HP,
we see that 5”9 (r) must satisfy

2
d’ Zn—liJr[M—Mp—q)]rz—(p+q)(p+q+2n—2)—%r“

ar?  dr 2 167 (r) = 0. (3.2)

[

Put b?4(r) = r?To(r), M =pu—Mp—¢q),d=n+p-+gqganda = —%.
Then the equation 3.2 becomes

¢"(r) + 2 ¢'(r) + (M + ar®)p(r) = 0. (3.3)

Putting ¢(r) = I/I(rz), the equation 3.3 reduces to
" 1 M A 2
() +dy (t)+(Z—(Z) Ny () =0. (3.4)
Another substitution v (t) = e%’ g (1), reduces the equation 3.4 to the following

/) A, M A
tg"(t) + (d + Et)g () + (T + Zd)g(t) =0. (3.5)
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2 2
Using the change of variable t = —TS and h(s) = g(—TS) in the equation 3.5, we obtain

M+ Ad

sh”(s) + (d — s)H (s) — 5

h(s) = 0. (3.6)

But this is the hypergeometric equation with parameters (d ,

. M+ Ad
smooth at s = 0 are multiples of | F| (—A’ d,s).

) and the only solutions which are

Retracing the various substitutions made in the reduction of equation 3.2 to equation 3.6, an eigenfunction
of L_; corresponding to eigenvalue u is therefore given by

M+ Ad
2X

2
d, —Erz)a,,,th’q(w)e%rzm Co(Ch).

flroy= > rP* Fi(

r.q=0

As a consequence, we have

Corollary 3.1 Let A € C*, u € C. Then f; : C" — C is an eigenfunction of L_,, corresponding to eigenvalue
WA if and only if

- A
Frro) = 3 i (SR 4 pant p+q. 5r)ap ht @)e” in €.
P,q=0

Proof Using Theorem 3.1 with u will be changed by X we get

+ A
@)= Y PO E (S g p g =5 gh? @)t in T,
r.9=0

Since 1 Fy(a, b, z) = ¢*1 F{(b — a, b, —z) we have

— A A
@) = Y PO E (S 4 pant p g, S0 h? @) in €O,
r.q=0
O

In the following, we give our characterization of L2(C— eigenfunctions of L_;, A € C*, we denote for
p € [1, oo[ by

1
ALC) = [F:C > CoLsf = auflflp = (fc AEIdz)" < +oo).
and
AR = [ C" > € Loy = Af, oo = esssup| fu(2)] < +o0o).
zeC
We assert as in [1, Theorem 2.1] that,
Theorem 3.2 Let A € C* such that Re ().) > 0 and let u € C, then
1. For pu #n+2m,m € N the space Ai (C") is trivial.

2. For pw = n+2m,m € N, then f, € A%Hm((C”) if and only if fi(ro) = Z rPTF (p —

O<p=m
q=0
d, 2R 4y 4 kP9 (@) in ©(C") such th
m, ,Er )e ap.q- (w) in (C™) such that
d(p.q)
_ P42
1 fullz = Y. wlmonp.g) Y lal]? < 4oo.
0<p<m;q>0 j=1

, A A2
With y, (m, n, p, q) =/é WF(p—m,d, 5|Z|2)|2e Re(%)lzl |Z|2(p+q)dz_

@ Springer
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Proof 1. Assume u # n +2m, m € N. Let f; be a nonzero eigenfunction L_, with ui as eigenvalue. Then,
by Corollary 3.1, the function f) can be expanded as

n—u

frw)= 3 rPF (—

p.q=0

»
+p.n+p+a, Erz)a,,,th’”f(a))e*%rzincw(C”).

If f;, € A2 (C") then its norm in the Hilbert space L*(C", dz) is

d(p.q)

} —u+2p+n A YAV
A= > > |a,”|2/ WP (——— . d. Sz e FDE 2 0dz < oo,
p.q=0 j=I1 ©

50.Vp. 2 0, [0 |1 F (Z4FE2 4, 51z Pem ReDEF 2 r+0d; < oo,
But by 2.2, it follows that

—j+2p+n Ao\ —ReCr? 2ptqy o (T EP A A 5 cwizpin g2
‘1Fl(f,n+p+q,§r) e " +oo | (A 2eEn 37
x ke 2(0+q)
Therefore ,

—u+2p+n A A2
f |1Fl(%,n+p+q,§|z|2)|2e Re(N2l%)2120p+D g7 = 400.
(Cn

This yields a contradiction.

2. According to the above, fj € AIZL((C”) implies w is a pole of T i.e., w € (—N). Hence,
w=22m+n.
Notice thatif 0 < p <mthenI'(p —m) = 00,50 f; € A%mﬂ (C") implies

d(p.q)
I fullz = > wmonp.g) Y 1al P < +oo.
0<p=<m;q>0 j=1

Conversely we have the result by applying Corollary 3.1.

O
As a consequence, we have
Corollary 3.2 Let A € C* such that Re (A) > 0, then
op(L_y) ={2m +n)A, m € N}.
where o, (L_j) denotes the point spectrum of L_j.
The result of Theorem 3.2 motivate to give a necessary condition so that f; (rw) = Z rPtF | (M n +

p.q=0
A !
qg.n+p+gq, —§r2)ap,th’q(a))e’%’2 with ap ¢ # 0 are not only in L*(C") but also in L*(C"), s € [1, 00] .

We claim

Theorem 3.3 Let s € [1, +o0] and let & € C such that Re (A) > O.
If ~4 ¢ (=N), then f;, ¢ L*(C").

Proof The proof of this theorem is by contradiction. Assume 1 € C*, Re (1) > 0.
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972 A. Bouhrara, S. Kabbaj

1. For s € [1, +o00[. Suppose that || 3. ||5 < oo, then using polar coordinates we have
e s
Il foll§ :/ / r2"_1’\11,(w)’ drdo(w) < 400
0 §2n—1

—pAn+2 2 —4y2
where W, (w) = 3, - rPta F (R d, 7}’2)6 i ap gh? 1 (w).
Hence, by Fubini’s theorem for a.e r, we have

o0
/ / PN, (w)|*do (w)dr < 400
0 §2n—1
and
r2n=l / |V, (w)|* do (w) < +00.
§2n—1
Then, by Holder’s inequality we get
o [ w@do@p < [ 1w @Fdo).
§2n—1 §2n—1
Therefore.
— 2 A K
(/2 > Ty Yl SR Erz)e*%rzap,qh”’q(w)da(w) <
§2n=

2
p.9=0

”“pr ”kS s(SZn—l)'
. . —u+n+2
Since the series E rPte (u

2
P,q4=0
z = rw on each compact set of C", then the series

A 2\ —442 . .
N+ p+q, 3" Ye~ %" a, 4h"?(w) converges uniformly in

— 2 A A
Z rPTaF, (W’ d, §r2)e*zr2ap’th,q (w)
p.q=0

converges in w uniformly on S 21=1 S0, we can reverse the order of sum and integration, we obtain

—u+n A, a0 A
|C lFl( 2 , I, Er )e ar |S‘ E ||lpr||ZS(52n71)~
With another use of the asymptotic behavior 2.2, we obtain
C‘—F_(r:)_ e%rz(&rz)(;'1 - < ”\l/r ) :
]"(—”'2 1y 2 r—~400 Ls($2-1)
So
% on-t
n— s _
/0 P g dr = 00
and this is impossible.
2. For s = 4o00.If | f(z)| < C, then as before we have
U'(n) 22 A oo zwn_yy /
cl——— i (Zy P < w)do (w
e G s 0, f@do@)
= / | f(w)ldo(w)
r—>+oo Jg§2n-1
< Co(§7h.

r—+00

Now, if we take the limit » — 400, the member who is left goes to +o0, this yields a contradiction.
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4 Poisson transform for H"

In this section, for each A > 0 and m € N, we define the Poisson kernel on the Heisenberg group by

d(p.q)
—1 s S
P o) =272 Y > ch(p.q) (=)P2P g TP (pl 9 ()l ()
O<p=m j=1

q=0

where w € §?*~!, 7 € C" and ¢}, (p, q)% = (%)1’+‘12"+P+‘1’1£&’f—m.

Given g €L%(5>*~1), its Poisson integral
Pr()(@) = fS o Paz 0)g(@)d(©).

Remark 4.1 1. Note that form = 0,n = 1,1 = 2 and | z |= 1 it is impossible to express P,fl (z,z) in a close
formula, so it seems hard to give an estimate of 73,3‘1 (z, w).
2. A simple computation shows that L_,\”P,};, (z,w) = Cm + n))»’P,i; (z, w) and

2= Pz o) ¢ Apsy

Let A, denote the subspace of L>(S?"~!) defined by

d(p.q)
An =@ = Y apahpg@. N8l = > D lalP <oof.
0<p<m O<p<m j=1
=0 q>0

Proposition 4.1 For every g € A, we have

1Py () L2y

Proof Let g € L*(S**~1), we have

Pho@ = [ PhGws@do

=12 ||g||L2(52n—l).

d(p.q)
= / TR Y e 0Pt T @ h ) (@) (@)do (@)
s O<p<m j=1
q=0

0<p=m

WY hpag) T (—prartagntriatl Z hi (@) f

d(p.q)

hf (w)g(w)do (w)

q=0
., X d(p.q)
=271 Y T (=nPartag T ) N a) n (2
O<p=m Jj=1
q=0

_n — -1
=177 Y ch(p. ) (=12t TP (2)ay, hP (2)
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974 A. Bouhrara, S. Kabbaj

Hence, the L2(C", dz) norm of Pn); (g)is

d(p.q)
IPh@B=2" Y chp.) 24t Y b
Ofpim j:l

q=0
too n+p+qg—1 A 2.2 1 A2
X [/ |L,," p - (zr e R A Ay P 1 dr].
0

By using the formula

/%o LY ()| t%e dt = M
0 k rk+1 °

the last integral in 4.1 is

+
/ St Aoy w1 -30 gy - L 2y prgen Dm0+ )
0 2

o 22 Fm—p+1)
Since
r
ch(p, @) = ( 4 pragntprg-1Ln £ 0 +49)
Lm—p+1)
we obtain
d(p.q)
1PNz =27" D0 3 laf 1%
O<p=m j=1

q=0

In particular, for every g € Ay,

1P (Dl 2¢cny = A7 218l 25201,

With the above, we assert
Theorem 4.1 73,),‘, is an isometric isomorphism of (A, A2 [I-1l 2 (s22-1y) onto A%m+n @cm.

Proof By Proposition 4.1, it sufficient to show that 77,)}1 is surjective.
Let f, € A3 . (C").

1
Since 1 Fy(—k, o + 1,x) = 2@t 18 (x) and ¢} ;' (2) = L] ! §|A||z|2) eI

2m+n

T (k+a+1)
Then by Theorem 3.2, there exists a sequence (b, 4) such that

- 1
F@) = Z 2| P g 1()F(P+q+n)F(m r+ )bp,q.hp’q(w)

Pm— PA
el T +n+q)
q>0
d
With 30 <=0 v 0m. 1, p. ) 55D 572 < o0,

Next, set al"? = a2} (p, q)(=1)P2~ (p+Q)F(P+n+q)F(m PP,

I'(n+m+q)
So, we have P2 ()(z) = fi(z), with g(z) = Z ap,ghpq(2) € Ay because
0=p=mg=0
d(p.q) d(p.q)
N @M= Y wmnpog) Y, PP < oo
0<p=m j=1 O<p=m j=1
q=0 q=>0

ie., P,f, is surjective.

@ Springer
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On the complex twisted Laplacian on C”... 975

We are now able to prove a first injection from Afn CMto A,ln cm.
Theorem 4.2 The injection Afn (C" — A,ln (C™) is continuous.

Proof Let fi.(lz|lw) € A,z,l((C”), by Theorem 3.2, there exists (ap ,) such that
_n _ 1
Hllzlw)y =277 D" chip. )T (=D)P2rtag T () 2P ay, o WP (w).

0<p=<m
q=0
Applying Cauchy-Schwarz , we have

1Alzw)l < [ yatmon.p.g) Y a2
O<p=m 0<p=<m
q=0 q>0

x A72 Z i (p.q)~ 2(4)p+q|z|2(p+q)((pﬂ+p+q L))2 d(p,q) .
0<p<m vam,n, p,q)
=0

Using |( D ylmnp,g) Y 1P = fill2cr) and
O=p=m O=<p=m
q>0 q=>0

Z”pq ZW

O<p=m O0<p=m

q=0 q=0

we obtain
@] = A7 2 fall 2oy
| dp,q) -1
X Z ch(p,g)! W(Z)pﬂkﬁpw)“ﬂztiﬁq (2)]
0<p<m vwim,n, p,q
q=0
. i —1 d(p,q) p+q - (p+q),, n+p+g—1
(because the series Z (P, q) ————— ()P 7| @, DA (z)| converges see below).
0<p<m yk(m7n’ p7 q) ’

q=0
Now, by integrating on C" we obtain

I fllieny = 272 1 fall2cmy

<[ T a0 B S e
0<p<m

q=0

n k
On the other hand, since L{ (1) = Z " ( — 1)kx— we have
o \n— k k!

m—p—k

n+m+q—1 (%>"/ 2h+ptq Ao
2= —=|z1%d
( m—p—k ) i Jo ! exp(— lzl)dz

m—p Ak
—1 n+m+gq—1 (%) A
/C 217 | P (z)ldzzf(c |z|1’+‘f\ Z( )(—D"%Izlz" exp(—7lzh)dz
k=0 ’

A
3
(1.

k=0
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976 A. Bouhrara, S. Kabbaj

we make the change of variables %|z|2 = t, then the integral f(C" ||k +Pta exp(—% |z|*)dz is equal

22(k+n)+p+q—1

o ($2 1 F(k—l—n—i——p—;q).

2(k
\/X (k+n)+p+q

So

(%)k 22(k+n)+p+q—1

m—p
_ —1
/ |Z|p+q|¢7nt[;+xq l(z)ldz go(SZ”*]) Z (n—l—m—i—q )
cr '
k=0

pP+q
I'(k —).
m—p—k (k +n+ > )

k! ﬁ2(k+n)+p+q

Therefore,

I fllpiem < A7 20 (S DI Al 2on

_ d(p,q) 1l (n+m+q—1
D D et L] (U
0<p<m vwim,n, p,q : p

q>0
0<k<m—p
5 22(k+n)+ptq—1 +
x (S r(k+n+¥)

2
2 ﬁ (k+n)+p+q

where we have used the following facts

t
1. by Stirling’s formula I'(t + 1) et /27t (=)' we have
00 e

—+
D(k+n+ 24 ﬁ
F(k+n+22) a>+0V 2

2. by ratio test, the series

A 1 dp.q) pig L (nHm4q—1\ 5 22EEmtrta]
D e ATl WY (o= ey
0<p=<m Vi s, P, g ! p \/X

q=0
0<k<m—p

P+q
xF(k+n+T)]

converges in g. This completes the proof of the Theorem.

0
To establish another injection of the space A,zn (C™") we need the following lemma.
Lemma 4.1 Let A > 0. Forall (m,r) € N x RY, we have
" exp(—2r2) < |2y exp(=2)
r —=r - —=).
Py =y ey
. m A 2
Proof 1Tt suffices to study the function r — r exp(—Zr )yonRT. O

Theorem 4.3 The injection Afn (C") < A(C") is continuous.
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Proof Let f;(|z|lw) € A,zn (C™). As in the proof of Theorem 4.2, there exists a sequence (a”*?) such that
_n _ _1
fillzlw)y =275 37 b (pog)” (= DP2PH g T @) 2P ap g b (w)

O<p=m
q=0
with
_n _ -1 d(p,q)
AUzl <272 D" e (p, ) @P | PO g P gy 2
0<pem va(m,n, p.q)
4>0
X ||fA||L2((cn)

Set ©(z) = |z|PF9
So

+ptg-1 +p+g—1
o @) = r LT G exp(—4r2), 2= e

m—p ANk
— pt+q n+m+q_1 _1ki 2k _& 2
0@ =r E)( m—p—i )V S lexp(=Z1zP)

- +q+2k
<’”i’ nAmtg =11 20 +q+20"" ko Pt
S m—p—k JR2 A P 2

Using Lemma 4.1 in the last inequality we get

m—p p+q+2k
n+m+q—1\1 A, [2(p+q+2k) p+q
< — (=) ——————= —k——2).
|®<z)|_2< " p—k )k!<2> V . exp( )

k=0
Hence
_ — d(p,q) _
Y ch(p.q) 2P D g PR ) /ﬁ < > [c;(p,q) '@yrta
0<pem va(m,n, p,q 0<pem
q=0 q>0

0<k<m—p

» d(p,q)
v(m,n, p,q)
n+m-+qg—1\1 A
x )G
m—p—k Jk!'2

+q+2k
L [ttt
A

+
x exp(—k — ]72_6])]

where we have used the following fact, the series

p+q+2k
d —1\1 A 2 2k
> [ @rt _dpg) (mAmtqg-D LAy [2pta+20 xexp<—k——”+q>]
vm,n,p,g)\ m—p—k Jk!'2 A >

0<p=m
q=0
0<k<m—p

converges by the ratio test.
This proves the Theorem. O

In fact, we have the following injection

Corollary 4.1 Let p € [1, +00], then the injection A%n (€ — AP (C") is continuous.
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Proof By Theorems 4.2 and 4.3, it suffices to show

1 1—1
1A S HAIT A lloo ™
Indeed | £115 = [c IF@IfF @I dz < [C FOULAIE dz = 112 0

Now we are in position to give a refinement of Theorem [3.5, [10]], we have

Theorem 4.4 Let p € [1,+o0]. Then a function f, € LP(C") satisfies L_, f,, = 2m + n) f5. if and only if
fr = PL(g) for some g € L2(s2 1,
Moreover, the following estimates hold,

Ci||g||L2(Szn71) = ||7)y);l(g)||Lﬂ((C") = CA||8||L2(52n71)-
where C), and C; are two positive constants.

Proof The necessary condition follows from Corollary4.1.
We now proceed to prove the converse. Let f; € Af om» DOte that by the global hypoellipticity of L_; the

function f1(z) = f (\/LX) which is an eigenfunction of L _| belongs to S(C"), and hence f; € A2, . Therefore

n+2m
by Theorem 4.1 there exists g € A,, such that P} (g)(z) = f.(z).
Again by Corollary 4.1, it remains to show that C;|g|| 251y = IIP,),‘L(g)II L. From the equality

||Pn’\1 @2 = A2 gl z2(s20-1) We get by polarization
< f.8 >pasm-ny= A" < Ph(f), Ph(8) >12cn
for g € A, and f € L?(S*~1) and by Holder’s inequality we get
< f.8 > 125211 < AT IPL (D Iaen | Pr(@) e

with £ 4+ 2 = 1.
Since ||P,%,(f)||Lq(cn) < C;L||f||Lz(Szn_1) we have

|< f2 g > 25211 = ol f Nl p2gs2o-1y |1 P (@) Nl Lo cem-

Taking the supremum over all f € L*>(S**~1) with Il fllz2¢s20-1y < 1, we obtain

Igllz2(s2-1y < CLIPH@ o)

This finishes the proof of Theorem. O

References

1. N. Askour, A. Intissar and Z. Mouayn, Explicit formulae for reproducing kernels of generalized Bargmann spaces on Cn,
J.Math. Phys.41 (2000), 3057-3067.

2. A. Dasgupta and M.W. Wong, Essential self-adjointness and global hypoellipticity of the twisted Laplacian. Rend Sem Mat
Univ Pol Torino. 2008, 66, 75-85.

3. M. De Gosson, Spectral properties of a class of generalized Landau operators, Comm. Partial Differential Equations 33 (2008),
2096-2104.

4. X. Duan, The heat kernel and Green function of the sub-Laplacian on the Heisenberg group, in Pseudo-Differential Operators,

Generalized Functions and Asymptotics, 231 (2013), 55-75.

G.B. Folland, Spherical harmonic expansion of the Poisson-Szego kernel for the ball, Proc. Am. Math. Soc. (1975), 47(2),

401-407.

A. Nikiforov and V. Ouvarov, Fonction speciales de la Physique mathematique, Edition Mir (1983).

H. Koch, and F. Ricci, Spectral projections for the twisted Laplacian, Studia Mathematica, 2007, 180(2), 103-110.

W. Rudin, Function theory in the unit ball of Cn, Springer-Verlag, New York, 1980.

R.S. Strichartz, Harmonic analysis as spectral theory of Laplacians, J. Funct. Anal. 87 (1989), 51-148.

S. Thangavelu, Poisson transform for the Heisenberg group and eigenfunctions of sublaplacian, Math Ann, (2006), 335, 879-899.

S. Thangavelu, Harmonic analysis on the Heisenberg group, Prog. Math. 159, Birkhauser, Boston (1998).

b

SO0V

—_—

@ Springer



On the complex twisted Laplacian on C”... 979

12. F. G. Tricomi, Fonctions hypergéométriques confluentes, Mém. Sci. Math, 140 (2009).
13. M.W. Wong, Weyl transforms, the heat kernel and Green function of a degenerate elliptic operator, Ann. Global Anal. Geom.
28 (2005), 271-283.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed by the terms of such
publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-10-20T23:52:26+0530
	Preflight Ticket Signature




