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Abstract In this paper, firstly we study the geometry of conformal minimal two-spheres immersed in the complex
hyperquadric Qn−2. Then we classify the linearly full irreducible conformal minimal immersions with constant
curvature from S2 to Qn−2 (n � 7) of isotropy order r = n − 6 under some conditions, which shows that all
such immersions can be expressed by Veronese surfaces in CPn−1 only under some conditions.
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1 Introduction

It is an interesting problem in differential geometry to study the geometry of minimal surfaces in symmetric
spaces. This problem is extensively investigated in the literatures by using various methods (see the seminal work
of Calabi [4], Burstall and Wood [3], Uhlenbeck [13]). In this paper, we consider conformal minimal immersions
from S2 into the complex hyperquadric Qn−2.

Minimal two-spheres with constant curvature in CPn were classified in [2]. The similar classification prob-
lems in complex Grassmannian G(k, n;C) and the complex hyperquadric Qn are sophisticated. In 2013, Jiao
and Wang proved that every minimal surface of constant Kaehler angle in Q2 is holomorphic, anti-holomorphic,
or totally real and classified all the totally real conformal minimal two-spheres with constant curvature in Q2,
Q3, Q4 and Q5 ([10] and [14]). In 2014, Li, Jiao and He [11] gave a classification theorem of linearly full
totally unramified conformal minimal immersions with constant curvature from S2 to Q3. In 2016, Peng, Wang
and Xu [12] determined all minimal homogeneous two-spheres in Qn , and they also calculated their geometric
quantities: the Gauss curvature, the cosine of Kähler angle and the length of their second fundamental form.
Recently, We [7] classified the linearly full irreducible conformal minimal immersions with constant curvature
from S2 to Q5 under some conditions. We also completely determined the Gaussian curvature of all linearly
full totally unramified irreducible and all linearly full reducible conformal minimal immersions from S2 to Q5
with constant curvature. For reducible case, we gave some examples, up to SO(7) equivalence, in which none
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of the spheres are congruent, with the same Gaussian curvature. For general linearly full totally unramified con-
formal minimal two-spheres immersed in the complex hyperquadric Qn−2, in 2017, Jiao and Li determined all
linearly full reducible conformal minimal immersions from S2 to Qn−2 with constant curvature of isotropy order
r � n−4 and all linearly full totally unramified irreducible conformal minimal immersions from S2 to Qn−2 with
constant curvature of finite isotropy order r � n − 5 (see Theorem 4.6 in [8]). A natural and important question
is to classify linearly full reducible conformal minimal immersions from S2 to Qn−2 with constant curvature of
isotropy order r � n − 5 and linearly full totally unramified irreducible conformal minimal immersions from
S2 to Qn−2 with constant curvature of isotropy order r � n − 6. But answering this question is very difficult.
Now we have given the explicit expressions of linearly full irreducible conformal minimal immersions from S2

to Qn−2 of lower isotropy order r = n − 6. Compare with irreducible conformal minimal immersions from S2

to Qn−2 of isotropy order r � n− 5 in [8], the expressions of r = n− 6 have two cases while the expressions of
r � n−5 just have one case. Jiao and Li [8] showed that all linearly full totally unramified irreducible conformal
minimal immersions from S2 to Qn−2 with constant curvature of isotropy order r � n − 5 can be expressed
by Veronese surfaces in CPn−1, while the immersions of r = n − 6 can be expressed by Veronese surfaces in
CPn−1 only under some conditions.

It is well known that G(2, n;R) can be identified with the complex hyperquadric Qn−2 in CPn−1 ([15]). In
[1], Bahy-El-Dien and Wood gave the construction of all harmonic two-spheres in G(2, n;R) of finite isotropy
order. In this paper, we classify the conformal minimal immersions from S2 to G(2, n;R)with constant curvature
of isotropy order r = n − 6 by theory of harmonic maps.

This paper is organized as below. In the second section of this paper, firstly we identify Qn−2 with G(2, n;R),
then we collect some fundamental formulas and facts concerning G(k, n;C) from the view of harmonic
sequences, finally we review Veronese sequence and the rigidity theorem of conformal minimal immersions
with constant curvature from S2 to CPn . In the third section, we apply Bahy-El-Dien and Wood’s (see [1])
results to study some properties of the harmonic sequence generated by a harmonic map from S2 to G(2, n;R)
and obtain some characteristics of the corresponding harmonic map in G(2, n;R). In the last section, we study
the geometry of linearly full irreducible conformal minimal 2-spheres immersed in G(2, n;R) (n � 7) with
constant curvature of isotropy order r = n − 6 and give a classification theorem of them under some conditions
(see Theorem 1).

2 Preliminaries

(A) Let G(k, n;R) (resp., G(k, n;C)) be the real (resp., complex) Grassmann manifold consisting of all real
(resp., complex) k-dimensional subspaces in R

n (resp., C
n) and

τ : G(k, n;C)→ G(k, n;C)
denote the complex conjugation of G(k, n;C). It is not difficult to verify τ is an isometry with respect to the
standard Riemannian metric of G(k, n;C). Its fixed point set is G(k, n;R), hence, G(k, n;R) is a totally geodesic
submanifold of G(k, n;C).

A map

f : Qn−2 → G(2, n;R)
defined by

q �→
√−1

2
Z ∧ Z ,

where q ∈ Qn−2 and Z is a homogeneous coordinate vector of q. This map is obviously well-defined. It’s not
difficult to check that the map is two-to-one and onto, and it is an isometry. Thus we can identify Qn−2 with
G(2, n;R). Here, suppose that the metric on G(2, n;R) is given by Section 2 of [6], then the metric is twice as
much as the standard metric on Qn−2 induced by the inclusion map σ : Qn−2 → CPn−1, where the latter space
is given the Fubini-Study metric of constant holomorphic sectional curvature 4.

(B) In this section, we review some fundamental formulas and facts concerning G(k, n;C) from the view of
harmonic sequences.

Let M be a Riemann surface and let φ : M → G(k, n;C) be a map. We shall always use one-to-one
correspondence between maps φ : M → G(k, n;C) and rank k subbundles φ of the trivial bundle C

n = M×C
n
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982 H. Li, X. Jiao

given by setting the fibre φ
x
= φ(x) for all x ∈ M . Then φ is called a harmonic subbundle of C

n whenever φ is
a harmonic map (see [3]).

Let (z, z) be a complex coordinate on M . We take the metric ds2
M = dzdz on M . Denote

∂ = ∂

∂z
, ∂ = ∂

∂z
.

Let ϕ,ψ be two subbundles of C
n which are perpendicular to each other. Under the local coordinate z, we

define ∂ ′-second fundamental form (for more details see [1]) A′ϕ,ψ : ϕ → ψ by A′ϕ,ψ(ν) = πψ(∂ν), where

ν is a local smooth vector field of ϕ, πψ denotes orthogonal projection onto ψ . Similarly we have ∂ ′′-second
fundamental form A′′ϕ,ψ . In particular, A′ϕ = A′

ϕ,ϕ⊥ , A′′ϕ = A′′
ϕ,ϕ⊥ denote the second fundamental forms of ϕ

in C
n . The second fundamental forms A′ϕ and A′′ϕ represent the holomorphic (i.e., (1, 0)) and antiholomorphic

(i.e., (0, 1)) parts of the differential of ϕ (see [3]).
Let φ : S2 → G(k, n;C) be a smooth harmonic map. Then using φ, two harmonic sequences are derived as

follows:

φ = φ
0

∂ ′−→ φ
1

∂ ′−→ · · · ∂ ′−→ φ
α

∂ ′−→ · · · , (1)

φ = φ
0

∂ ′′−→ φ−1

∂ ′′−→ · · · ∂ ′′−→ φ−α
∂ ′′−→ · · · , (2)

where φ
α
= ∂ ′φ

α−1
= I m A′φ

α−1
and φ−α = ∂ ′′φ−α+1

= I m A′′φ−α+1
are harmonic subbundles of C

n respec-

tively, α = 1, 2, · · · .
We call a harmonic map φ : S2 → G(k, n;C) strongly isotropic if φα⊥φ, ∀α ∈ Z, α 
= 0.
Consider a harmonic map φ : S2 → G(k, n;C), define its isotropy order (see [3]) to be the greatest integer

r such that φα⊥φ for all α with 1 � α � r ; if φ is strongly isotropic, then we write r = ∞.
Let φ : S2 → G(k, n;C) be a harmonic map of finite isotropy order r , we set

c′r (φ) = A′φ
r
,φ ◦ A′φ

r−1
,φ

r
◦ · · · ◦ A′φ

1
,φ

2
◦ A′φ,φ

1
,

then c′r (φ) is called the first ∂ ′-return map of φ. Similarly we have first ∂ ′′-return map of φ.

Lemma 1 ([1]) Let φ : S2 → G(k, n;R) be a harmonic map of finite isotropy order r . Then r is odd. Further,
writing r = 2s + 1, we have 0 � s � [(n − 3)/2]. (Here [ ] denotes integer part of.)

Definition 1 Let φ : S2 → G(k, n;C) be a map. φ is linearly full if φ cannot be contained in any proper trivial
subbundle S2 × C

m of S2 × C
n (m < n).

Let φ : S2 → G(k, n;C) be a linearly full harmonic map and belongs to the following harmonic sequence:

φ
0

∂ ′−→ φ
1

∂ ′−→ · · · ∂ ′−→ φ = φ
α

∂ ′−→ φ
α+1

∂ ′−→ · · · ∂ ′−→ φ
α0

∂ ′−→ 0 (3)

for α = 0, · · · , α0. Choose the local unit orthogonal frame eα1 , eα2 , · · · , eαkα so that they locally span subbundle

φ
α

of S2 × C
n , where kα = rank φ

α
.

Suppose that Wα = (eα1 , eα2 , · · · , eαkα ) is an (n × kα)-matrix. Then we have

φα = WαW ∗α ,
W ∗αWα = Ikα×kα , W ∗αWα+1 = 0, W ∗αWα−1 = 0. (4)

By (4) and a direct calculation we obtain{
∂Wα = Wα+1�α +Wα�α,

∂Wα = −Wα−1�
∗
α−1 −Wα�

∗
α,

(5)

where �α is a (kα+1 × kα)-matrix and �α is a (kα × kα)-matrix.
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Evidently, integrability conditions for (5) are{
∂�α = �∗α+1�α −�α�∗α,
∂�α + ∂�∗α = �∗α�α +�∗α�α −�α−1�

∗
α−1 −�α�∗α.

(6)

Set Lα = tr(�α�∗α). By a straightforward computation, the metric induced by φα is given by

ds2
α = (Lα−1 + Lα)dzdz. (7)

The Laplacian 
α and the curvature Kα of ds2
α are given by


α = 4

Lα−1 + Lα
∂∂, Kα = − 2

Lα−1 + Lα
∂∂ log(Lα−1 + Lα). (8)

Set

δα = 1

2π
√−1

∫
S2

Lαdz ∧ dz. (9)

Definition 2 If det (�α�∗α)dzkα+1 dzkα+1 
= 0 everywhere on S2 in (3), we call that φα : S2 → G(k, n;C) is
unramified. If det (�α�∗α)dzkα+1 dzkα+1 
= 0 everywhere on S2 in (1) (resp. (2)) for each α = 0, 1, · · · , we say
that the harmonic sequence (1) (resp. (2)) is totally unramified. If (1) and (2) are both totally unramified, we say
that φα is totally unramified.

We recall ([3], Section 3A) that a harmonic map φ : S2 → G(k, n;C) in (1) (resp. (2)) is said to be
∂ ′-irreducible (resp. ∂ ′′-irreducible) if rank φ = rank φ

1
(resp. rank φ = rank φ−1

), and ∂ ′-reducible (resp.

∂ ′′-reducible) otherwise. In particular, let φ be a harmonic map from S2 to G(2, n;R), then φ is ∂ ′-irreducible
(resp. ∂ ′′-reducible) if and only if φ is ∂ ′′-irreducible (resp. ∂ ′-reducible). In this case, we simply call that φ is
irreducible (resp. reducible). Ifφα in (3) is unramified and ∂ ′-irreducible, then |det�α|2dzkαdzkα is a well-defined
invariant and has no zeros on S2, then we have

1

2π
√−1

∫
S2
∂∂ log |det�α|2dz ∧ dz = −2kα. (10)

Lemma 2 ([5]) Let f : S2 → N be a conformal immersion, where N is a Riemannian manifold, then f is
minimal if and only if f is harmonic.

(C) We recall in this section the rigidity theorem of conformal minimal immersions with constant curvature
from S2 to CPn .

Let ϕ : S2 → CPn be a linearly full conformal minimal immersion, a harmonic sequence is derived as
follows

0
∂ ′−→ ϕ(n)

0

∂ ′−→ ϕ(n)
1

∂ ′−→ · · · ∂ ′−→ ϕ = ϕ(n)
q

∂ ′−→ · · · ∂ ′−→ ϕ(n)
n

∂ ′−→ 0, (11)

for some q = 0, 1, · · · , n.
Define a sequence f (n)0 , · · · , f (n)n of local sections of ϕ(n)

0
, · · · , ϕ(n)

n
inductively so that f (n)0 is a nowhere

zero local section of ϕ(n)
0

(we assume without loss of generality that ∂ f (n)0 ≡ 0) and f (n)q+1 = πϕ(n)⊥q
(∂ f (n)q ) for

q = 0, 1, · · · , n − 1. Then we have some formulas as follows:

∂ f (n)q = f (n)q+1 +
〈∂ f (n)q , f (n)q 〉
| f (n)q |2

f (n)q , q = 0, 1, · · · , n − 1.

∂ f (n)q = − | f
(n)
q |2
| f (n)q−1|2

f (n)q−1, q = 1, 2, · · · , n.

Define l(n)q by putting

l(n)q =
| f (n)q+1|2
| f (n)q |2

, q = 0, 1, · · · , n − 1, l(n)−1 = l(n)n = 0. (12)
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Then Bolton et al ([2]) proved the following unintegrated Plücker formula

∂∂ log l(n)q = l(n)q+1 − 2l(n)q + l(n)q−1, q = 0, 1, · · · , n − 1.

Definition 3 The degree σ (n)q of f (n)q is defined by σ (n)q = 1/(2π
√−1)

∫
S2 ∂∂ log | f (n)q |2dz ∧ dz, where q =

0, 1, 2, · · · , n.

Let F (n)q = f (n)0 ∧· · ·∧ f (n)q be a local lift of the q-th osculating curve, where q = 0, · · · , n. We write F (n)q =
f (z)F̃ (n)q , where f (z) is the greatest common divisor of the

(n+1
q+1

)
components of F (n)q . Then F̃ (n)q is a nowhere

zero holomorphic curve, and the degree δ(n)q of F (n)q is given by δ(n)q = 1/(2π
√−1)

∫
S2 ∂∂ log |F (n)q |2dz ∧ dz,

which is equal to the degree of the polynomial function F̃ (n)q . By a simple calculation we have

δ(n)q =
1

2π
√−1

∫
S2

l(n)q dz ∧ dz, (13)

which is consistent with (9) in the case k = 1.
Moreover, if (11) is a totally unramified harmonic sequence, then (see [2])

δ(n)q = (q + 1)(n − q). (14)

Let

0
∂ ′−→ V (n)

0
∂ ′−→ V (n)

1
∂ ′−→ · · · ∂ ′−→ V (n)

n
∂ ′−→ 0,

which is called the Veronese sequence, defined by V (n)
q = (vq,0, · · · , vq,n)

T , where, for z ∈ S2,

vq,r (z) = q!
(1+ zz)q

√(n
r

)
zr−q

∑
k

(−1)k
( r

q−k

)(n−r
k

)
(zz)k,

max{0, q − r} � k �min{q, n − r}, and |V (n)
q |2 = (n!q!/(n − q)!)(1 + zz)n−2q . Each map V (n)

q has induced
metric

ds2
q =

n + 2q(n − q)

(1+ zz)2
dzdz, (15)

the corresponding constant curvature Kq is given by

Kq = 4

n + 2q(n − q)
. (16)

From the rigidity theorem of Calabi, Bolton et al proved the following rigidity result (see [2]).

Lemma 3 ([2]) Let ϕ : S2 → CPn be a linearly full conformal minimal immersion with constant curvature.
Then, up to a holomorphic isometry of CPn, the harmonic sequence determined by ϕ is the Veronese sequence.

3 Characterization of irreducible harmonic maps from S2 to G(2, n; R)

It follows from [8] that all linearly full totally unramified irreducible harmonic maps from S2 to Qn−2 with
constant curvature of finite isotropy order r � n − 5 have been characterized. In the following of this section
we investigate the irreducible harmonic maps φ : S2 → G(2, n;R) (n � 7) of isotropy order r = n − 6. By
Lemma 1, we have that n is odd. Theorem 4.7 of [1] implies that
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Lemma 4 Let φ : S2 → G(2, n;R) (n � 7) be an irreducible harmonic map of isotropy order r = n− 6. Then
there is a unique sequence of harmonic maps φi : S2 → G(2, n;C) (i = 0, 1, 2, · · · , 2l), where l ∈ {1, 2} such
that

(1) φ0 is real mixed pair, in fact φ0 = f (m)
0
⊕ f

(m)

0
, where f (m)0 ∈ Hl+(n−7)/2

n ;

(2) φ2l = φ;

(3) for j = 0, 1, · · · , l − 1, φ2 j+1 is obtained from φ2 j by forward replacement of the image δ j of the first

∂ ′′-return map of φ2 j viz

φ2 j+1 = δ⊥j ∩ φ2 j ⊕ I m(A′
φ2 j |δ j );

(4) for j = 0, 1, · · · , l − 1, φ2 j+2 is obtained from φ2 j+1 by backward replacement of γ⊥
j+1
∩φ2 j+1, where

γ
j+1

is a holomorphic line subbundle of φ2 j+1 not equal to the image of the first ∂ ′-return map of φ2 j+1.

Here, Hl+(n−7)/2
n denote the set of all holomorphic maps f (m)0 : S2 → CPm ⊂ CPn−1, 2l + n − 5 � m �

n − 1 satisfying {
〈 f (m)i , f

(m)
0 〉 = 0, (0 � i � 2l + n − 6),

〈 f (m)2l+n−5, f
(m)
0 〉 
= 0,

where 0
∂ ′−→ f (m)

0

∂ ′−→ f (m)
1

∂ ′−→ · · · ∂ ′−→ f (m)
2l+n−6

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0 is a harmonic sequence in CPm ⊂ CPn−1.

Let φ : S2 → G(2, n;R) (n � 7) be a linearly full irreducible harmonic map of isotropy order r = n − 6.
In the following we apply Lemma 4 to characterize φ explicitly. By Lemma 4, we need to consider two cases:
l = 1 and l = 2.

(1) When l = 1, i = 0, 1, 2. φ0 with isotropy order n − 4 belongs to the following harmonic sequence:

0
∂ ′′←− f

(m)

m

∂ ′′←− · · · ∂ ′′←− f
(m)

1

∂ ′′←− φ0 ∂ ′−→ f (m)
1

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0, (17)

where φ0 = f (m)
0
⊕ f

(m)

0
, n − 3 � m � n − 1, f (m)0 ∈ H (n−5)/2

n and

0
∂ ′−→ f (m)

0

∂ ′−→ f (m)
1

∂ ′−→ f (m)
2

∂ ′−→ f (m)
3

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0, (18)

(18) is a harmonic sequence in CPm ⊂ CPn−1. Since f (m)0 ∈ H (n−5)/2
n , we obtain{

〈 f (m)i , f
(m)
0 〉 = 0, (0 � i � n − 4),

〈 f (m)n−3, f
(m)
0 〉 
= 0.

(19)

By (3) of Lemma 4, φ1 is obtained from φ0 by forward replacement of f (m)
0

. Using (17) we have

φ1 = f
(m)

0
⊕ f (m)

1
.

The isotropy order of φ1 is n − 5, and a harmonic sequence is derived as follows:

0
∂ ′′←− f

(m)

m

∂ ′′←− · · · ∂ ′′←− f
(m)

2

∂ ′′←− φ1 = f
(m)

1
⊕ f (m)

0

∂ ′′←− φ1 ∂ ′−→ f (m)
2

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0. (20)

From (20), the image of the first ∂ ′-return map of φ1 is f
(m)

0
. By (4) of Lemma 4, let V = f (m)1 + x0 f

(m)
0 , where

x0 is a smooth function on S2 except some isolated points. Since V is a holomorphic line subbundle of φ1, we
have

πφ1∂V ∈ V . (21)

By a straightforward calculation, (21) is equivalent to the following equation

∂(x0| f (m)0 |2) = 0. (22)
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Set

h = x0| f (m)0 |2, (23)

(22) is equivalent to the following equation

∂h = 0. (24)

Let X = −x0| f (m)0 |2 f (m)1 +| f (m)1 |2 f
(m)
0 , it satisfies X = V⊥∩φ1. A direct computation yields I m(A′′

φ1 |X) = V .

Since φ2 is obtained from φ1 by backward replacement of X , we have φ2 = V ⊕ V . Moreover, φ = φ2 with
isotropy order n − 6 belongs to the following harmonic sequence:

0
∂ ′′←− f

(m)

m

∂ ′′←− · · · ∂ ′′←− f
(m)

3

∂ ′′←− X ⊕ f
(m)

2

∂ ′′←− φ ∂ ′−→ X ⊕ f (m)
2

∂ ′−→ f (m)
3

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0. (25)

Therefore we have

Proposition 1 The map φ : S2 → G(2, n;R) (n � 7) is a linearly full irreducible harmonic map with isotropy

order r = n−6 and l = 1 if and only if n is odd, andφ = V⊕V with V = f (m)1 +x0 f
(m)
0 , where f (m)0 ∈ H (n−5)/2

n
and the corresponding coefficient x0 satisfies (22).

Proof It follows from the construction of φ as shown above that the necessity is obvious. Since f (m)0 ∈ H (n−5)/2
n ,

then by (22), we have (I − 2φ)∂∂φ = ∂φ∂φ + ∂φ∂φ, which implies that φ is harmonic (see Proposition 3.2 in
[9]). Thus the sufficiency follows. ��

(2)When l = 2, i = 0, 1, 2, 3, 4. φ0 with isotropy order n−2 belongs to the following harmonic sequence:

0
∂ ′′←− f

(n−1)

n−1

∂ ′′←− · · · ∂ ′′←− f
(n−1)

1

∂ ′′←− φ0 ∂ ′−→ f (n−1)
1

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0, (26)

where φ0 = f (n−1)
0

⊕ f
(n−1)

0
, f (n−1)

0 ∈ H (n−3)/2
n and

0
∂ ′−→ f (n−1)

0

∂ ′−→ f (n−1)
1

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0 (27)

is a harmonic sequence in CPn−1. Since f (n−1)
0 ∈ H (n−3)/2

n , we obtain{
〈 f (n−1)

i , f
(n−1)
0 〉 = 0, (0 � i � n − 2),

〈 f (n−1)
n−1 , f

(n−1)
0 〉 
= 0.

(28)

Thus we have

f
(n−1)

0
= f (n−1)

n−1
, f

(n−1)

1
= f (n−1)

n−2
, · · · , f

(n−1)

(n−1)/2
= f (n−1)

(n−1)/2
,

and

l(n−1)
0 = l(n−1)

n−2 , l(n−1)
1 = l(n−1)

n−3 , · · · , l(n−1)
(n−3)/2 = l(n−1)

(n−1)/2. (29)

By (3) of Lemma 4, φ1 is obtained from φ0 by forward replacement of f (n−1)
0

, using (26) we have φ1 =
f
(n−1)

0
⊕ f (n−1)

1
. The isotropy order of φ1 is n − 3, and a harmonic sequence is derived as follows:

0
∂ ′′←− f

(n−1)

n−1

∂ ′′←− · · · ∂ ′′←− f
(n−1)

2

∂ ′′←− φ1 = f
(n−1)

1
⊕ f (n−1)

0

∂ ′′←− φ1 ∂ ′−→ f (n−1)
2

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0.

(30)

From (30), the image of the first ∂ ′-return map of φ1 is f
(n−1)

0
. By (4) of Lemma 4, let V = f (n−1)

1 + x0 f
(n−1)
0 ,

where x0 is a smooth function on S2 except some isolated points. Since V is a holomorphic line subbundle of
φ1, we have

πφ1∂V ∈ V . (31)
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A straightforward calculation shows that (31) is equivalent to

∂(x0| f (n−1)
0 |2) = 0. (32)

Set

h = x0| f (n−1)
0 |2, (33)

(31) is equivalent to

∂h = 0. (34)

Let X = −x0| f (n−1)
0 |2 f (n−1)

1 + | f (n−1)
1 |2 f

(n−1)
0 , it satisfies X = V⊥ ∩ φ1. By a direct computation, we have

I m(A′′
φ1 |X)) = V . Since φ2 is obtained from φ1 by backward replacement of X , we have φ2 = V ⊕ V .

Moreover, φ2 with isotropy order n − 4 belongs to the following harmonic sequence:

0
∂ ′′←− f

(n−1)

n−1

∂ ′′←− · · · ∂ ′′←− f
(n−1)

3

∂ ′′←− X ⊕ f
(n−1)

2

∂ ′′←− φ2 ∂ ′−→ X ⊕ f (n−1)
2

∂ ′−→ f (n−1)
3

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0.

(35)

From (35), the image of the first ∂ ′′-return map of φ2 is V . By (3) of Lemma 4, φ3 is obtained from φ2 by forward

replacement of V . Since I m(A′
φ2 |V ) = Z , where Z = f (n−1)

2 + (C/|V |2)X , C = ∂x0 − x0∂ log | f (n−1)
1 |2, we

have φ3 = V ⊕ Z . Moreover, φ3 with isotropy order n − 5 belongs to the harmonic sequence as follows:

0
∂ ′′←− f

(n−1)

n−1

∂ ′′←− · · · ∂ ′′←− f
(n−1)

4

∂ ′′←− f
(n−1)

3
⊕ Y 1

∂ ′′←− φ3 ∂ ′′←− φ3 ∂ ′−→ f (n−1)
3

⊕Y 1
∂ ′−→ f (n−1)

4

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0, (36)

where φ
3 = V ⊕ Z , Y1 = C | f (n−1)

0 |2| f (n−1)
1 |2 f (n−1)

2 − | f (n−1)
2 |2 X . From (36), the image of the first ∂ ′-return

map of φ3 is V . By (4) of Lemma 4, let V1 = Z+ x1V , where x1 is a smooth function on S2 except some isolated
points. Since V 1 is a holomorphic line subbundle of φ3, we obtain

πφ3∂V1 ∈ V 1. (37)

Through a straightforward calculation, (37) is equivalent to

∂(x1|V |2)+ l(n−1)
0 (∂h − h∂ log | f (n−1)

0 |2 − h∂ log | f (n−1)
1 |2) = 0. (38)

Moreover, let X1 = −x1|V |2 Z + |Z |2V , it satisfies X1 = V⊥1 ∩ φ3. Through a direct computation, we have

I m(A′′
φ3 |X1) = V 1. Since φ4 is obtained from φ3 by backward replacement of X1, we have φ4 = V 1 ⊕ V 1.

Moreover, φ = φ4 with isotropy order n − 6 belongs to the following harmonic sequence:

0
∂ ′′←− f

(n−1)

n−1

∂ ′′←− · · · ∂ ′′←− f
(n−1)

5

∂ ′′←− φ
2

∂ ′′←− φ
1

∂ ′′←− φ ∂ ′−→ φ
1

∂ ′−→ φ
2

∂ ′−→ f (n−1)
5

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

→ 0,

(39)

where φ
1
= X1 ⊕ Y 2, φ

2
= f (n−1)

4
⊕ Y 3, Y2 = f (n−1)

3 − D
|Z |2 Y1, D = (∂C − C∂ log | f (n−1)

2 |2)/|V |2 −
x1/| f (n−1)

0 |2 and Y3 = D| f (n−1)
2 |2|X |2 f (n−1)

3 + | f (n−1)
3 |2Y1.

Therefore we have

Proposition 2 The map φ : S2 → G(2, n;R) (n � 7) is a linearly full irreducible harmonic map
with isotropy order r = n − 6 and l = 2 if and only if n is odd, and φ = V 1 ⊕ V 1 with V1 =
f (n−1)
2 + ∂x0−x0∂ log | f (n−1)

1 |2
| f (n−1)

1 |2+|x0|2| f (n−1)
0 |2 (−x0| f (n−1)

0 |2 f (n−1)
1 +| f (n−1)

1 |2 f
(n−1)
0 )+x1( f

(n−1)
1 +x0 f (n−1)

0 ), where f (n−1)
0 ∈

H (n−3)/2
7 and the corresponding coefficients x0 and x1 satisfy equations (32) and (38), respectively.

Proof It follows from the construction ofφ as shown above that the necessity is obvious. Since f (n−1)
0 ∈ H (n−3)/2

7 ,
then by (32) and (38), we have (I −2φ)∂∂φ = ∂φ∂φ+∂φ∂φ, which implies that φ is harmonic (see Proposition
3.2 in [9]). Thus the sufficiency follows. ��
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4 Irreducible conformal minimal immersions with constant curvature from S2 to G(2, n; R)

In this section, we can regard harmonic maps from S2 to G(2, n;R) as conformal minimal immersions of S2

in G(2, n;R) from Lemma 2. Then we discuss linearly full irreducible harmonic maps from S2 to G(2, n;R)
(n � 7) with constant curvature of isotropy order r = n − 6 in Section 3.

Let φ : S2 → G(2, n;R) (n � 7) be a linearly full irreducible harmonic map of isotropy order r = n − 6.
(1) When l = 1, by Proposition 1 and (25), we choose

e1 = V

|V | , e2 = V

|V | , e3 = X

|X | , e4 = f (m)2

| f (m)2 |
, e5 = X

|X | , e6 = f
(m)
2

| f (m)2 |
, e7 = f (m)3

| f (m)3 |
,

where V = f (m)1 +x0 f
(m)
0 and x0 is a smooth function on S2 except some isolated points. Let W0 = (e1, e2),W1 =

(e3, e4),W−1 = (e5, e6) and W2 = (e7), using (5), we obtain

�0 =
⎛
⎜⎝−

| f (m)1 |
| f (m)0 |

〈∂V,X〉
|X ||V |

0
| f (m)2 |
|V |

⎞
⎟⎠ ,�−1 =

⎛
⎜⎝−〈∂V,X〉

|X ||V | −
| f (m)2 |
|V |

| f (m)1 |
| f (m)0 | 0

⎞
⎟⎠ ,�1 =

(
0
| f (m)3 |
| f (m)2 |

)
, (40)

from (40), by applying Lα = tr(�α�∗α) (α = −1, 0, 1), a direct calculation shows

L0 = L−1 = 〈∂V, X〉〈X, ∂V 〉
|X |2|V |2 + | f

(m)
2 |2
|V |2 + l(m)0 , (41)

L1 = l(m)2 , (42)

|det�0|2dz2dz2 = | f
(m)
2 |2
|V |2 l(m)0 dz2dz2, (43)

det (�1�
∗
1)dzdz = l(m)2 dzdz. (44)

Using (41), (42) and (43), by a direct calculation, we also obtain

∂∂ log |det�0|2 = L−1 − 2L0 + L1. (45)

If φ is totally unramified, then |det�0|2dz2dz2 
= 0, det (�1�
∗
1)dzdz 
= 0 everywhere on S2 and f (m)i :

S2 → CPm ⊂ CPn−1 (i = 3, · · · ,m) are all unramified. It follows from (43) and (44) that l(m)p dzdz 
=
0 (p = 0, 1, 2) everywhere on S2. Since f (m)i : S2 → CPm ⊂ CPn−1 (i = 3, · · · ,m) are all unramified,

we obtain l(m)i dzdz 
= 0 (i = 3, · · · ,m − 1) everywhere on S2. From the above discussion, we conclude that

l(m)j dzdz 
= 0 ( j = 0, 1, 2, · · · ,m − 1) everywhere on S2, i.e., the harmonic sequence

0
∂ ′−→ f (m)

0

∂ ′−→ f (m)
1

∂ ′−→ · · · ∂ ′−→ f (m)
m

∂ ′−→ 0 (46)

is also totally unramified.

Since l(m)0 
= 0 and l(m)1 
= 0, using (43), we obtain

|det�0|2dz2dz2 = | f
(m)
0 |2
|V |2 (l(m)0 )2l(m)1 dz2dz2. (47)

In this case, we prove

Proposition 3 There does not exist a linearly full totally unramified irreducible harmonic map with constant
curvature of isotropy order r = n − 6 and l = 1 from S2 to G(2, n;R) (n � 7).
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Proof Since the harmonic sequence (46) is totally unramified, it follows from (9), (14), (41) and (42) that

δ0 = δ−1, δ1 = δ(m)2 = 3(m − 2), δ(m)0 = m, δ(m)1 = 2(m − 1). (48)

From (9), (10) and (45), we obtain

δ1 − 2δ0 + δ−1 = −4, (49)

hence, we have

δ0 = 3m − 2. (50)

Since φ is of constant curvature K , using (50) we have K = 2/(3m−2), and we can choose a complex coordinate
z on C = S2\{pt} so that the induced metric ds2 = 2L0dzdz of φ is given by

ds2 = 6m − 4

(1+ zz)2
dzdz.

So

L0 = 3m − 2

(1+ zz)2
. (51)

Consider the local lift of the p-th osculating curve (see [2]) F (m)p = f (m)0 ∧ · · · ∧ f (m)p (p = 0, · · · ,m). We

choose a nowhere zero holomorphic C
n-valued function f (m)0 , then F (m)p is a nowhere zero holomorphic curve

of degree δ(m)p satisfying ∂∂ log |F (m)p |2 = l(m)p and |F (m)p |2 is a polynomial function. Thus we can apply (41),
(42), (45), (47) and (51) to obtain

∂∂ log
(1+ zz)3m−2

| f (m)0 |4|V |2
= ∂∂ log

(1+ zz)3m−2

|F (m)0 |2|F (m)1 |2
| f (m)0 |2
|V |2 l(m)0 = 0. (52)

By (47), we have | f (m)0 |2l(m)0 /|V |2 is a globally defined function without zeros on S2, then it follows from (48)

that (1+ zz)3m−2/(| f (m)0 |4|V |2) is globally defined on C and has positive constant limit 1/c as z → ∞. Thus
from (52) we have

(1+ zz)3m−2

| f (m)0 |4|V |2
= 1

c
, (53)

so

| f (m)0 |2|V |2 =
c(1+ zz)3m−2

| f (m)0 |2
. (54)

Applying the equation V = f (m)1 + x0 f
(m)
0 , (23) and (54), we obtain

|F (m)1 |2 + |h|2 =
c(1+ zz)3m−2

| f (m)0 |2
. (55)

Observing (55) and (24), we can obtain that h is a holomorphic function on C at most with the pole z = ∞.
Hence, it is a polynomial function about z. Since |F (m)1 |2 and | f (m)0 |2 are polynomial functions and δ(m)0 = m,
we obtain

| f (m)0 |2 = μ(1+ zz)m, (56)

where μ is a positive parameter.
Since n− 3 � m � n− 1 (n � 7), if h 
= 0, then 1+ zz is a factor of it, which contradicts with the fact that

h is a holomorphic polynomial function. Therefore h = 0, which means that x0 = 0. Then we obtain

V = f (m)1 , φ = f
(m)

1
⊕ f (m)

1
.
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From (56) and Lemma 3, up to a holomorphic isometry of CPn−1, f (m)0 is a Veronese curve. We may choose

a complex coordinate z on C = S2\{pt} such that f (m)0 = U V (m)
0 , where U ∈ U (n) and V (m)

0 has the

standard expression given in part (C) of Section 2 (adding zeros to V (m)
0 such that V (m)

0 ∈ C
n). Hence, we have

φ = U V
(m)
1 ⊕ U V (m)

1 . In order to determine φ, we only need to determine the matrix U . To do this, consider
the linearly full reducible harmonic map φ0 : S2 → G(2, n;R) (n � 7), which is of constant curvature and

isotropy order n − 4, where φ0 = U V
(m)
0 ⊕ U V (m)

0 . By Proposition 3.2 (III) of [8], we can obtain that there
doesn’t exist such U , so there does not exist a linearly full totally unramified irreducible harmonic map with
constant curvature of isotropy order r = n − 6 and l = 1 from S2 to G(2, n;R) (n � 7). ��

(2) When l = 2, by Proposition 2 and (39), we choose

e1 = V1

|V1| , e2 = V1

|V1| , e3 = X1

|X1| , e4 = Y2

|Y2| , e5 = X1

|X1| , e6 = Y2

|Y2| , e7 = f (n−1)
4

| f (n−1)
4 |

,

e8 = Y3

|Y3| , e9 = f
(n−1)
4

| f (n−1)
4 |

, e10 = Y3

|Y3| , e11 = f (n−1)
5

| f (n−1)
5 |

,

where V1 = Z + x1V and x1 is a smooth function on S2 except some isolated points. Let W0 = (e1, e2),
W1 = (e3, e4), W−1 = (e5, e6), W2 = (e7, e8), W−2 = (e9, e10) and W3 = (e11), then it follows from (5) that

�0 =
(
−|Z ||V | 〈∂V1,X1〉|X1||V1|

0 |Y2||V1|

)
,�−1 =

(
−〈∂V1,X1〉|X1||V1| −

|Y2||V1||Z |
|V | 0

)
, (57)

�1 =
⎛
⎜⎝ 0

| f (n−1)
4 |
|Y2|

|F (n−1)
3 |2|V1||V |
| f (n−1)

0 |2|Z ||Y3|
〈∂Y2,Y3〉|Y2||Y3|

⎞
⎟⎠ ,�2 =

(
| f (n−1)

5 |
| f (n−1)

4 | 0

)
, (58)

�0 =
(
− ∂ log |V1|2

2 0

0 ∂ log |V1|2
2

)
. (59)

From (57) and (58), by applying Lα = tr(�α�∗α) (α = −1, 0, 1, 2), a direct computation yields

L0 = L−1 = 〈∂V1, X1〉〈X1, ∂V1〉
|X1|2|V1|2 + |Z |

2

|V |2 +
|Y2|2
|V1|2 , (60)

L1 = | f
(n−1)
4 |2
|Y2|2 + 〈∂Y2,Y3〉〈Y3, ∂Y2〉

|Y2|2|Y3|2 + |F
(n−1)
3 |4|V1|2|V |2
| f (n−1)

0 |4|Z |2|Y3|2
, (61)

L2 = l(n−1)
4 , (62)

|det�0|2dz2dz2 = |Z |
2

|V |2
|Y2|2
|V1|2 dz2dz2, (63)

|det�1|2dz2dz2 = det (�1�
∗
1)dz2dz2 = | f

(n−1)
2 |2| f (n−1)

3 |2| f (n−1)
4 |2|V1|2

|Z |4|Y2|4 l(n−1)
0 dz2dz2, (64)

det (�2�
∗
2)dzdz = l(n−1)

4 dzdz. (65)

Using (60)-(64), by a straightforward computation, we obtain

∂∂ log |det�0|2 = L−1 − 2L0 + L1, (66)

∂∂ log |det�1|2 = L0 − 2L1 + L2. (67)

If φ is totally unramified, then det (�1�
∗
1)dz2dz2 
= 0, det (�2�

∗
2)dzdz 
= 0 everywhere on S2 and f (n−1)

β

(5 � β � n − 1) are all unramified. It follows from (64) and (65) that l(n−1)
p dzdz 
= 0 (p = 0, 1, 2, 3, 4)
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everywhere on S2. Since f (n−1)
β (5 � β � n− 1) are unramified, we obtain l(n−1)

j dzdz 
= 0 ( j = 5, · · · , n− 2)

everywhere on S2, hence the harmonic sequence

0
∂ ′−→ f (n−1)

0

∂ ′−→ f (n−1)
1

∂ ′−→ · · · ∂ ′−→ f (n−1)
n−1

∂ ′−→ 0 (68)

is also totally unramified.
Since l(n−1)

p dzdz 
= 0 (p = 0, 1, 2, 3, 4) everywhere on S2, from (63) and (64), we have

|det�0|2dz2dz2 = |Z |
2

|V |2
|Y2|2
|V1|2 dz2dz2 = | f

(n−1)
1 |2
| f (n−1)

3 |2
|Z |2
|V |2
|Y2|2
|V1|2 l(n−1)

1 l(n−1)
2 dz2dz2, (69)

|det�1|2dz2dz2 = det (�1�
∗
1)dz2dz2 = | f

(n−1)
3 |4| f (n−1)

2 |2|V1|2
|Z |4|Y2|4 l(n−1)

0 l(n−1)
3 dz2dz2. (70)

In this case, we prove

Proposition 4 Let φ : S2 → G(2, n;R) (n � 7) be a linearly full irreducible totally unramified harmonic
map with constant curvature K of isotropy order r = n − 6. If l = 2 and | f (n−1)

2 |2 is a polynomial function,

then n must be odd, and up to an isometry of G(2, n;R), φ = f
(n−1)

2
⊕ f (n−1)

2
= U V

(n−1)
2 ⊕ U V (n−1)

2 with

K = 2/(5n − 13) for some U ∈ G := {U ∈ U (n)|U T U = W }, where W = antidiag{1,−1, 1,−1, · · · , 1},
which is an (n × n)−matrix.

Proof Since the harmonic sequence (68) is totally unramified, it follows from (9), (14), (60) and (62) that

δ0 = δ−1, δ2 = δ(n−1)
4 = 5(n − 5), δ(n−1)

0 = n − 1, δ(n−1)
1 = 2(n − 2), δ(n−1)

2 = 3(n − 3). (71)

From (9), (10), (66) and (67), we have

δ−1 − 2δ0 + δ1 = −4, (72)

δ0 − 2δ1 + δ2 = −4, (73)

hence, we obtain

δ0 = 5n − 13, δ1 = 5n − 17. (74)

Sinceφ is of constant curvature K , using (74) we have K = 2/(5n−13), and we can choose a complex coordinate
z on C = S2\{pt} so that the induced metric ds2 = 2L0dzdz of φ is given by

ds2 = 10n − 26

(1+ zz)2
dzdz,

so

L0 = 5n − 13

(1+ zz)2
. (75)

Consider the local lift of the p-th osculating curve (see [2]) F (n−1)
p = f (n−1)

0 ∧ · · ·∧ f (n−1)
p (p = 0, · · · , n−1).

We choose a nowhere zero holomorphic C
n-valued function f (n−1)

0 , then F (n−1)
p is a nowhere zero holomorphic

curve of degree δ(n−1)
p satisfying ∂∂ log |F (n−1)

p |2 = l(n−1)
p and |F (n−1)

p |2 is a polynomial function. Thus we may
apply (60), (62), (66), (67), (69), (70) and (75) to obtain that

∂∂ log
(1+ zz)5n−13

| f (n−1)
0 |4|V |4|V1|2

= ∂∂ log
(1+ zz)5n−13

|F (n−1)
1 |2|F (n−1)

2 |2
|F (n−1)

1 |2|F (n−1)
2 |2

| f (n−1)
0 |4|V |4|V1|2

= 0. (76)

By applying (69), we have (| f (n−1)
1 |2|Z |2|Y2|2)/(| f (n−1)

3 |2|V |2|V1|2) is a globally defined function without zeros

on S2. Similarly, by using (70), we obtain (| f (n−1)
3 |4| f (n−1)

2 |2|V1|2)/(|Z |4|Y2|4) is a globally defined function
without zeros on S2, so

(
| f (n−1)

1 |2
| f (n−1)

3 |2
|Z |2
|V |2
|Y2|2
|V1|2 )

2 | f (n−1)
3 |4| f (n−1)

2 |2|V1|2
|Z |4|Y2|4 = |F

(n−1)
1 |2|F (n−1)

2 |2
| f (n−1)

0 |4|V |4|V1|2
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is a globally defined function without zeros on S2. Then it follows from (71) that

(1+ zz)5n−13

| f (n−1)
0 |4|V |4|V1|2

= (1+ zz)5n−13

|F (n−1)
1 |2|F (n−1)

2 |2
|F (n−1)

1 |2|F (n−1)
2 |2

| f (n−1)
0 |4|V |4|V1|2

is globally defined on C and has positive constant limit 1/c as z→∞. Thus from (76) we have

(1+ zz)5n−13

| f (n−1)
0 |4|V |4|V1|2

= 1

c
. (77)

Applying

V = f (n−1)
1 + x0 f

(n−1)
0

and

V1 = Z + x1V = f (n−1)
2 + ∂h − h∂ log |F (n−1)

1 |2
| f (n−1)

0 |2|V |2
(−x0| f (n−1)

0 |2 f (n−1)
1 + | f (n−1)

1 |2 f
(n−1)
0 )+ x1( f

(n−1)
1

+x0 f (n−1)
0 ),

we have

| f (n−1)
0 |2|V |2 = |F (n−1)

1 |2 + |h|2, (78)

| f (n−1)
0 |2|V |2|V1|2 = |F (n−1)

2 |2 + |h|2| f (n−1)
2 |2 + | f (n−1)

1 |2|∂h − h∂ log |F (n−1)
1 |2|2 + |x1|2|V |4| f (n−1)

0 |2.
(79)

From (77) and (78), we obtain

|F (n−1)
1 |2 + |h|2 = c(1+ zz)5n−13

| f (n−1)
0 |2|V |2|V1|2

. (80)

From (34), (71), (78), (4) and (80), we can obtain that h is a holomorphic function on C at most with the pole
z = ∞. Hence, it is a polynomial function about z. Set

g = h f (n−1)
2 − (∂h − h∂ log |F (n−1)

1 |2) f (n−1)
1 + x1|V |2 f (n−1)

0 , (81)

from (4), we deduce that

| f (n−1)
0 |2|V |2|V1|2 = |F (n−1)

2 |2 + |g|2. (82)

Combining (34) and (38), we obtain ∂̄g = 0, so g is a holomorphic C
n-valued function. From (80), we have

|F (n−1)
2 |2 + |g|2 = c(1+ zz)5n−13

|F (n−1)
1 |2 + |h|2

. (83)

Observing (83), using ∂̄g = 0 and (71), we find that |g|2 a polynomial function about z and z̄ on C at most with
the pole z = ∞. Since |F (n−1)

2 |2 + |g|2 and |F (n−1)
1 |2 + |h|2 are both polynomial functions, from (71), (78),

(82) and (83), we obtain

|F (n−1)
2 |2 + |g|2 = c√

λ1
(1+ zz)3n−9, (84)

|F (n−1)
1 |2 + |h|2 = √λ1(1+ zz)2n−4, (85)

where λ1 is a positive parameter. Then it follows from (78) and (82) that

|V1|2 = c

λ1
(1+ zz)n−5. (86)
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From (57), (59) and (6), we obtain

− ∂∂ log |V1|2 = |Z |
2

|V |2 −
〈∂V1, X1〉〈X1, ∂V1〉
|X1|2|V1|2 − |Y2|2

|V1|2 . (87)

Applying (60), (75), (86) and (87), we have⎧⎪⎪⎪⎨
⎪⎪⎪⎩
|Z |2
|V |2 =

2n − 4

(1+ zz)2
, (88)

〈∂V1, X1〉〈X1, ∂V1〉
|X1|2|V1|2 + |Y2|2

|V1|2 =
3n − 9

(1+ zz)2
. (89)

Using (88), we have

(2n − 4)|V |2 = (1+ zz)2|Z |2, (90)

(2n − 4)| f (n−1)
0 |2|V |2 = | f (n−1)

0 |2(1+ zz)2|Z |2, (91)

applying |Z |2 = | f (n−1)
2 |2 + (l(n−1)

0 |∂h − h∂ log |F (n−1)
1 |2|2)/|V |2, (85) and (91), we obtain

| f (n−1)
0 |2|F (n−1)

2 |2 = (1+ zz)2n−6 A, (92)

where A = √λ1[(2n − 4)|F (n−1)
1 |2 − |∂h(1 + zz) − (2n − 4)hz|2] is a polynomial function, from (71), we

know that |F (n−1)
2 |2 has at least a factor (1 + zz)n−5. From |F (n−1)

2 |2 = |F (n−1)
1 |2| f (n−1)

2 |2, if | f (n−1)
2 |2 is a

polynomial function (We define | f (n−1)
2 |2 at z = ∞ to be | f̃ (n−1)

2 |2, where | f (n−1)
2 |2 = P(z, z̄)| f̃ (n−1)

2 |2 and

P(z, z̄) is the highest power term of | f (n−1)
2 |2), then we obtain the following two cases:

(I) 1 + zz is not a factor of |F (n−1)
1 |2, since |F (n−1)

2 |2, | f (n−1)
2 |2 and | f (n−1)

0 |2 are polynomial functions,
from (71) and Definition 3, we obtain

| f (n−1)
0 |2 = λ2(1+ zz)n−1, (93)

where λ2 is a positive parameter. By Lemma 3, up to a holomorphic isometry of CPn−1, f (n−1)
0 is a Veronese

curve, which is a contradiction, thus this case does’t exist.
(II) 1 + zz is a factor of |F (n−1)

1 |2, from (85), if |h|2 
= 0, then 1 + zz is a factor of it, which contradicts
with the fact that h is a holomorphic polynomial function. Therefore h = 0, which implies that x0 = 0. Then we
obtain

V = f (n−1)
1 , V1 = f (n−1)

2 + x1 f
(n−1)
1 . (94)

By (85), we have

|F (n−1)
1 |2 = √λ1(1+ zz)2n−4. (95)

From (92) and (95), we have

|F (n−1)
2 |2 = λ1(2n − 4)(1+ zz)4n−10

| f (n−1)
0 |2

. (96)

Since | f (n−1)
0 |2 and |F (n−1)

2 |2 are both polynomial functions, by (71), we have

| f (n−1)
0 |2 = λ2(1+ zz)n−1, (97)

where λ2 is a positive parameter.
It follows from (84), (94) and (97) that we obtain

|F (n−1)
2 |2 + |x1|2| f (n−1)

1 |4| f (n−1)
0 |2 = c√

λ1
(1+ zz)3n−9. (98)
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By (38) we obtain ∂(x1| f (n−1)
1 |2) = 0. Observing (98), from the fact that both |F (n−1)

2 |2 and | f (n−1)
0 |2 have no

singular points except z = ∞, we have that x1| f (n−1)
1 |2 is a holomorphic function on C at most with the pole

z = ∞. So it is a polynomial function about z. Without loss of generality, we set

x1| f (n−1)
1 |2 = H(z), (99)

from (98), we obtain

|F (n−1)
2 |2 + | f (n−1)

0 |2|H |2 = c√
λ1
(1+ zz)3n−9. (100)

Since both sides of (100) are polynomial functions, δ(n−1)
0 = n−1 and (97), if H 
= 0, from (100) 1+ zz is a

factor of it, which contradicts with the fact that H is a holomorphic polynomial function. Thus we have H = 0,
which implies that x1 = 0. Then we obtain

V1 = f (n−1)
2 , (101)

from (86) and (101), we obtain

|V1|2 = | f (n−1)
2 |2 = c

λ1
(1+ zz)n−5. (102)

From (97) and Lemma 3, up to a holomorphic isometry of CPn−1, f (n−1)
0 is a Veronese curve. We can

choose a complex coordinate z on C = S2\{pt} such that f (n−1)
0 = U V (n−1)

0 , where U ∈ U (n) and V (n−1)
0 has

the standard expression given in part (C) of Section 2. Hence, we obtain φ = U V
(n−1)
2 ⊕U V (n−1)

2 . In order to
determine φ, we just need to determine the matrix U . To do this, consider the linearly full reducible harmonic map

φ0 : S2 → G(2, n;R), which is of constant curvature and isotropy order n−2, where φ0 = U V
(n−1)
0 ⊕U V (n−1)

0 .
By Proposition 3.2 (II) and Remark 3.3 of [8] we can obtain U T U = antidiag{1,−1, 1,−1, · · · , 1}. ��
Remark 1 In Proposition 4, G 
= ∅. Since n is odd, let n = 2s + 1.

If s is even, choose

U0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1√
2

0 ··· 0 0 0 ··· 0 1√
2√−1√

2
0 ··· 0 0 0 ··· 0 −

√−1√
2

0 1√
2
··· 0 0 0 ··· − 1√

2
0

0
√−1√

2
··· 0 0 0 ···

√−1√
2

0
··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 1√

2
0 − 1√

2
··· 0 0

0 0 ···
√−1√

2
0
√−1√

2
··· 0 0

0 0 ··· 0 1 0 ··· 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
;

if s is odd, choose

U0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1√
2

0 ··· 0 0 0 ··· 0 1√
2√−1√

2
0 ··· 0 0 0 ··· 0 −

√−1√
2

0 1√
2
··· 0 0 0 ··· − 1√

2
0

0
√−1√

2
··· 0 0 0 ···

√−1√
2

0
··· ··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 1√

2
0 1√

2
··· 0 0

0 0 ···
√−1√

2
0 −

√−1√
2
··· 0 0

0 0 ··· 0
√−1 0 ··· 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let ui denote the i-th column of U0. For each 1 � i � s, all the elements of ui are zero except the (2i − 1)-th

and (2i)-th elements, which are 1√
2

and
√−1√

2
respectively. Moreover, the column vectors of U0 satisfy equation

u j + (−1) j un+1− j = 0, 1 � j � n. Thus we have U0 ∈ G and for an arbitrary U ∈ G can be obtained from
U0 by an SO(n)-motion.
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By Proposition 3 and Proposition 4, we conclude a classification theorem of linearly full totally unramified
irreducible conformal minimal immersions with constant curvature from S2 to G(2, n;R) (n � 7) of isotropy
order r = n − 6 as follows:

Theorem 1 Letφ : S2 → G(2, n;R) (n � 7) be a linearly full totally unramified irreducible conformal minimal
immersions with constant curvature K of isotropy order r = n − 6. If | f (n−1)

2 |2 is a polynomial function, then

n must be odd, and up to an isometry of G(2, n;R), φ = f
(n−1)

2
⊕ f (n−1)

2
= U V

(n−1)
2 ⊕ U V (n−1)

2 with

K = 2/(5n − 13) for some U ∈ G := {U ∈ U (n)|U T U = W }, where W = antidiag{1,−1, 1,−1, · · · , 1},
which is an (n × n)−matrix.
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