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Abstract For a connected simple graph G, the generalized distance matrix is defined by Dα := αT r(G)+ (1 −
α)D(G), 0 ≤ α ≤ 1, where T r(G) is the diagonal matrix of vertex transmissions and D(G) is the distance
matrix. For particular values of α, we obtain the distance matrix, the distance Laplacian matrix and the distance
signless Laplacian matrix and other uncountable distance based matrices. Let ∂1 ≥ ∂2 ≥ · · · ≥ ∂n be the Dα

eigenvalues of G and p ≥ 2 a real number, the Schatten p-norm is the p-th root of the sum of p-th powers of
eigenvalues of Dα, α ∈ [ 1

2 , 1], that is, ‖Dα‖p
p = ∂

p
1 + ∂

p
2 + · · · + ∂

p
n . In this paper, we obtain various bounds

for ‖Dα‖p
p in terms of different graph parameters and characterize the corresponding extremal graphs.

Keywords Distance matrix · Distance Laplacian matrix · Distance Signless Laplacian matrix · Dα matrix ·
Schatten p-norm · Ky Fan k norm

Mathematics Subject Classification 05C50 · 05C12 · 15A18.

1 Introduction

Let G be a simple connected graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) =
{e1, e2, . . . , em}, where n is its order and m is its size. The set of vertices adjacent to v ∈ V (G), denoted
by N (v), refers to the neighbourhood (open neighbourhood) of v. The degree dv of v is |N (v)|. A graph is called
r-regular, if degree of each vertex is r. We use standard terminology and denote by Kn , the complete graph, by
Ka,n−a , the complete bipartite graph, by C St,n−t , the complete split graph with independence number n − t and
clique number t .

The adjacency matrix A(G) = (ai j ) of G is a square matrix of order n whose (i, j)-th entry is 1, if vi is
adjacent to v j and equal to 0, otherwise. Let D(G) = diag(d1, d2, . . . , dn) be the diagonal matrix of vertex
degrees di = dvi of G, for i = 1, 2, . . . , n. The positive semi-definite matrices L(G) = A(G) − D(G) and
Q(G) = A(G)+ D(G) are known as the Laplacian matrix and the signless Laplacian matrix, respectively. More
literature about these matrices including their norms can be found in [6,7,12,13,21].

In a connected graph G, the distance between two vertices vi , v j ∈ V (G), denoted by d(vi , v j ), is defined
as the length of a shortest path between them. The diameter of G is the maximum distance between any two

Communicated by Rahul Roy.

B. A. Rather (B)
Department of Mathematics, University of Kashmir, Hazratbal, Srinagar, Jammu and Kashmir 190001, India
E-mail: bilalahmadrr@gmail.com

B. A. Rather
Mathematical Sciences Department, College of Science, United Arab Emirate University, Al Ain 15551, Abu Dhabi, United Arab
Emirates

123



On Schatten p-norm of the distance... 1013

vertices of G. The distance matrix of G, denoted by D(G), is defined as D(G) = (d(u, v))n×n , u, v ∈ V (G). The
transmission T rG(vi ) of a vertex vi is the i th row sum of D(G), which is same as the sum of the distances from vi
to all other vertices of G, that is, T rG(vi ) = ∑

v j ∈V (G)

d(vi , v j ). A graph G is said to be k-transmission regular, if

T rG(vi ) = k, for each vi ∈ V (G). The transmission or Wiener index of a graph G, denoted by W (G), (shortly
W) is the sum of distances between all unordered pairs of vertices in G. Clearly, 2W (G) =

∑

v∈V (G)

T rG(v). For

the vertex vi ∈ V (G), the transmission T rG(vi ) is called the transmission degree, shortly denoted by T ri and the
sequence {T r1, T r2, . . . , T rn} is called the transmission degree sequence of G. More about the distance matrix
can be seen in the survey [2].

Let T r(G) = diag(T r1, T r2, . . . , T rn) be the diagonal matrix of vertex transmissions of G. Aouchiche
and Hansen [3] introduced the Laplacian and the signless Laplacian for the distance matrix of a connected
graph. The matrix DL(G) = T r(G) − D(G) is called the distance Laplacian matrix of G and the matrix
DQ(G) = T r(G) + D(G) is called the distance signless Laplacian matrix of G. These matrices are real
symmetric, DL(G) is positive semi-definite and DQ(G) is positive definite, for n ≥ 3. These matrices are very
well studied, for further readings we refer to [3,4,19,24,27].

Recently, Cui et al. [8] introduced the generalized distance matrix Dα(G) as a convex combinations of
T r(G) and D(G), and is defined as Dα(G) = αT r(G) + (1 − α)D(G), for 0 ≤ α ≤ 1. Since D0(G) =
D(G), 2D 1

2
(G) = DQ(G), D1(G) = T r(G) and Dα(G) − Dβ(G) = (α − β)DL(G). This matrix reduces

to merging the spectral theories of the distance matrix, the distance Laplacian matrix and the distance signless
Laplacian matrix. Since the matrix Dα(G) is real symmetric, all its eigenvalues ∂i are real and can be indexed
from the largest to the smallest as: ∂1 ≥ ∂2 ≥ · · · ≥ ∂n . The largest eigenvalue ∂1 is called the generalized
distance spectral radius of G. The Dα matrix has received attention of researchers, wealthy literature has been
published and can be seen in [9,10,12,18,25,26].

In Section 2, we obtain the upper and the lower bounds for ‖Dα‖p
p =

n∑

i=1
∂

p
i in terms of different parameters

related to graphs like the maximum transmission, the order of G, trace and the spectral radius of Dα matrix, the

Wiener index, and other parameters. Section 3 discuss
n∑

i=1
∂

p
i for some special classes of graphs.

2 Lower and upper bounds for
n∑

i=1
∂

p
i

Let Mn(C) be the set of all square matrices of order n with entries from complex field C. For M ∈ Mn(C),
the square roots of the eigenvalues of M M∗ or M∗M , where M∗ is the complex conjugate of M are known as
singular values. As M M∗ is positive semi-definite, so the singular values of M are non negative, denoted by
s1(M) ≥ s2(M) ≥ · · · ≥ sn(M). The Schatten p-norm of a matrix M ∈ Mn(C) is the p-th root of the sum of
the p-th powers of the singular values, that is

‖M‖p = (s p
1 (M) + s p

2 (M) + · · · + s p
n (M))

1
p ,

where n ≥ p ≥ 1. For p = 2, The Schatten 2-norm is the Frobenius norm, denoted by ‖M‖F , defined by

‖M‖2
F = s2

1 (M) + s2
2 (M) + · · · + s2

n (M).

The Schatten 1-norm is the sum of all the singular values and is known as the trace norm of M. The sum of the
first k largest singular values is the Ky Fan k-norm or nuclear norm, that is for p = 1 and n ≥ k ≥ 1, we have

‖M‖k = s1(M) + s2(M) + · · · + sk(M).

‖M‖1 = s1(M) is the largest singular value of M and is called the spectral norm. It is well known that for a
Hermitian matrix M , si (M) = |λi (M)|, and for positive semi-definite matrix M , si (M) = λi (M), where λi (M),
i = 1, 2, . . . , n, are the eigenvalues of M. More about Schatten p-norm and Ky Fan k-norm can be seen in
[14,15,20].

Since Dα is a real, symmetric and positive semi-definite matrix [8] provided α ∈ [ 1
2 , 1
]
, so we assume now

onwards that α ∈ [ 1
2 , 1
]
, unless other wise stated. The following lemma can be found in [12].
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1014 B. A. Rather

Lemma 1 ([12]) Let G be a connected graph of order n having transmission degrees T r1, T r2, . . . , T rn and
Wiener index W . Then

(1)
n∑

i=1
∂i = 2αW . (2)

n∑

i=1
∂2

i = α2
n∑

i=1
T r2

i + (1 − α)2‖D(G)‖2
F = ‖Dα(G)‖2

F .

(3)
n∑

i=1

(
∂i − 2αW

n

)2 = α2
n∑

i=1
T r2

i + (1 − α)2‖D(G)‖2
F − 4α2W 2

n .

(4) ∂(G) ≥ 2W
n , (5) ∂(G) ≥

√
n∑

i=1
T r2

i

n . Equality holds in (4) and (5) if and only if G is transmission regular
graph.

It is easy to validate the following lemma.

Lemma 2 A connected graph G has two distinct Dα eigenvalues if and only if G ∼= Kn .

Now, we give some bounds for Ky Fan k-norm for the matrix Dα .

Let G be a connected graph with Dα eigenvalues ∂1 ≥ ∂2 ≥ · · · ≥ ∂n . For 1 ≤ k ≤ n − 1, let Mk =
k∑

i=1
∂i

and mk =
k∑

i=1
∂n−i+1, that is, Mk is the sum of the k largest eigenvalues (Ky Fan k-norm) and mk is the sum of

the smallest k eigenvalues of Dα matrix of G. If G is connected without isolated vertices and α ∈ [ 1
2 , 1), then

Mk ≥ α

k∑

i=1

1 = αk, for 1 ≤ k ≤ n − 1,

which is a consequence of Schur’s Inequality stating that the spectrum of any positive definite symmetric matrix
majorizes its main diagonal. This can be further improved as follows:

Mk

k
=

k∑

i=1
∂i

k
≥

n∑

i=k+1
∂i

n − k
= 2αW − Mk

n − k
(1)

which after simplification gives Mk ≥ 2αW k
n . It can be easily verified that equality holds if and only if G ∼= Kn .

Now, we give some upper bounds for the spectral graph invariant Mk .

Proposition 1 Let G be a connected graph with m ≥ n edges. Then

Mk ≤
2αW k +

√

k(n − k)
(

n‖Dα(G)‖2
F − 4α2W 2

)

n
, (2)

with equality holding if and only if G ∼= Kn .

Proof Using Cauchy-Schwarz inequality and Lemma 1, we have

(
2αW − Mk

)2 =
(

n∑

i=k+1

∂i

)2

≤ (n − k)

(
n∑

i=k+1

∂2
i

)

= (n − k)

(
n∑

i=1

∂2
i −

k∑

i=1

∂2
i

)

= (n − k)

(

α2
n∑

i=1

T r2
i + (1 − α)2‖D(G)‖2

F −
k∑

i=1

∂2
i

)

≤ (n − k)

(

α2
n∑

i=1

T r2
i + (1 − α)2‖D(G)‖2

F − M2
k

k

)

.

After simplifications, we obtain

nM2
k − 4αW k Mk + 4α2W 2k − k

(

α2
n∑

i=1

T r2
i + (1 − α)2‖D(G)‖2

F

)

(k − n) ≤ 0.
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On Schatten p-norm of the distance... 1015

Therefore, Inequality (2) follows.
Assume that equality holds in (2). Then all above inequalities must be equalities. So ∂1 = ∂2 = · · · = ∂k

and ∂k+1 = ∂k+2 = · · · = ∂n , that is, G has exactly two distinct Dα eigenvalues. So, by Lemma 2, G ∼= Kn .

Similarly it is easy to check equality other way round. �	
Proceeding in a similar manner, we can show that

mk ≥
2αW k +

{
k(k − n)

[
4α2W 2 − n‖Dα(G)‖2

F

]} 1
2

n
(3)

with equality holding if and only if G ∼= Kn .

We note that for k = 1 in Equations (2) and (3), we obtain the upper and the lower bound for the largest and
the smallest Dα eigenvalues of G.

Next, we establish another bound for the spectral graph invariant Mk .

Proposition 2 Let G be a connected graph of order n. Then

Mk ≤ 2αW − (n − k)

(
det (Dα)

∂1∂
k−1
2

) 1
n−k

, (4)

where det =
n∏

i=1

∂i is the determinant of the Dα matrix. Equality holds in 4 if and only if G ∼= Kn .

Proof Applying arithmetic-geometric mean inequality and Lemma 1, we have

Mk =
n∑

i=1

∂i = 2αW − (∂k+1 + ∂k+2 + · · · + ∂n)

≤ 2αW − (n − k)

(
n∏

i=k+1

∂2
i

) 1
n−k

= 2αW − (n − k)

(
det (Dα)

k∏

i=1
∂i

) 1
n−k

≤ 2αW − (n − k)

(
det (Dα)

∂1∂
k−1
2

) 1
n−k

Which is the Inequality (4) and equality is as in Proposition (1). �	
Before, proceeding further, we recall some facts about the matrix Dα. For 0 ≤ β ≤ α ≤ 1, ∂i (Dβ(G)) ≤

∂i (Dα(G)), for all i = 1, 2, . . . , n [8]. The equality holds if and only if G is transmission regular and k = 1.

Using this fact, we have

Mk(Dβ(G)) ≤ Mk(Dα(G)),

with equality holding if and only if k = 1 and G is a transmission regular graph.
The Dα energy (generalized distance energy) of G is the mean deviation of the values of the Dα eigenvalues

of G, that is,

E Dα (G) =
n∑

i=1

∣
∣
∣
∣∂i − 2αW (G)

n

∣
∣
∣
∣ ,

which is the trace norm of the matrix
(
Dα − 2αW

n In
)
, where In is the identity matrix. Let σ be the positive integer

satisfying ∂σ ≥ 2αW
n . Then using

n∑

i=1
∂i = 2αW and the definition of generalized distance energy [12], we have

E Dα (G) = 2

(
σ∑

i=1

∂i − 2σαW

n

)

= 2 max
1≤ j≤n

⎧
⎨

⎩

j∑

i=1

∂i − 2α jW (G)

n

⎫
⎬

⎭
.
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1016 B. A. Rather

Therefore, we see that the Ky Fan k norm Mk has direct relation with the Dα energy or with the trace norm of
the matrix Dα − 2αW

n In . The energy of matrices and graphs is very deeply studied topic, since it has its origin in
theoretical chemistry where it helps in approximating the π electron energy of molecules [16,21]. It is very long
standing problem in spectral graph theory to characterize the graphs with extremal energy(Dα energy). Thus, it

follows that the Ky fan k-norm Mσ =
σ∑

i=1
∂i (for k = σ, where 1 ≤ σ ≤ n − 1) will helps us in finding the

extremal Dα energy graphs.

Now, we find the bounds for the graph invariant
n∑

i=1
∂

p
i for Dα matrix of graphs. Similar type of problems for

distance and distance signless Laplacian matrices were studied in [17,24]. All ours results are valid for distance
matrix and distance Laplacian (signless) matrices and other uncountably many variations of these matrices.

Since the largest eigenvalue of a non negative matrix lies between the smallest row sum and the largest row
sum, so we have

n∑

i=1

∂
p
i ≤ ∂

p
1 + ∂

p
2 + ∂

p
2 + · · · + ∂

p
2 = ∂

p
1 + (n − 1)∂

p
2 ≤ T r p

max + (n − 1)∂
p
2 ,

where T rmax is the maximum transmission. Thus, any upper bound of largest and second largest eigenvalue gives
the upper bound for Schatten p-norm for Dα matrix.

Similarly, we see that

n∑

i=1

∂
p
i ≥ ∂

p
1 + (n − 1)∂

p
n ≥ ∂

p
1 + (n − 1)∂

p
n

with equality holding if and only G ∼= Kn . Also using any lower bounds for ∂1 given in Lemma 1, we get the

corresponding bounds for
n∑

i=1
∂

p
i . Besides using the lower bound [10] ∂1 ≥ αT rmax, we get

n∑

i=1

∂
p
i ≥ αT r p

max + (n − 1)∂
p
n .

In particular for k transmission regular graphs we have

Dα(G) = kα In + (1 − α)D(G),

where In is the identity matrix. Therefore,

n∑

i=1

∂
p
i =

n∑

i=1

(kα + (1 − α)ρi )
p,

where ρi is the eigenvalue of the distance matrix D(G).

Next, we state an important inequality and can be found in any standard textbook.
Jensen’s inequality[Theorem 3.9 [5], also see P. 454 [30] ]: Let f be a convex function on an interval I and let

x1, x2, . . . , xn be points of I and let b1, b2, . . . , bn be positive real numbers satisfying
n∑

k=1
bk = 1. Then

f

(
n∑

k=1

bk xk

)

≤
n∑

k=1

bk f (xk).

If f is strictly convex, then equality holds if and only if x1 = x2 = · · · = xn .

We note that, the above inequality is reversed if f is concave function.

The following result establishes the lower bounds for
n∑

i=1
∂

p
i in terms of various graph invariants.

123



On Schatten p-norm of the distance... 1017

Theorem 3 Let G be a connected graph of order n ≥ 2. Then the following hold.

(1) n∑

i=1

∂
p
i ≥ n

(
2W

n

)p

,

with equality holding if and only if G ∼= K1.

(2)
n∑

i=1

∂
p
i ≥

(
2W

n

)p

+
(

2W (α − 1
n )
)p

(n − 1)p−1 ,

with equality holding if and only if G ∼= Kn .

(3)
n∑

i=1

∂
p
i ≥

(
T

n

)p

+
(

2αW −
√

T
n

)p

(n − 1)p−1 ,

where T =
n∑

i=1
T ri and equality holding holds if and only if G ∼= Kn .

Proof (i). Since f (x) = x p is strictly convex for x > 0, so by Jensen’s inequality, we have

n∑

i=1

∂
p
i ≥ n

(
n∑

i=1
∂i

n

)p

= n

(
2W

n

)p

,

with equality holding if and only if ∂1 = ∂2 = · · · = ∂n , which is possible only for G ∼= K1.

(ii). Again, by Jensen’s inequality, we have

n∑

i=2

∂
p
i ≥ (n − 1)

(
n∑

i=2

∂i

n − 1

)p

≥ 1

(n − 1)p−1

(
n∑

i=2

∂i

)p

.

with equality holding if and only if ∂2 = ∂3 = · · · = ∂n .

Now,

∂
p
1 + ∂

p
2 + · · · + ∂

p
n ≥ ∂

p
1 + 1

(n − 1)p−1

(
n∑

i=2

∂i

)p

= ∂
p
1 + 1

(n − 1)p−1 (2αW − ∂1)
p .

Let f (x) = x p + (2αW−x)p

(n−1)p−1 . By evaluating f
′
(x) ≥ 0, we see that f (x) is increasing for x ≥ 2αW

n . By Lemma 1,

we have ∂1 ≥ 2W
n ≥ 2αW

n and

n∑

i=1

∂
p
i ≥ f

(
2W

n

)

=
(

2W

n

)p

+
(

2W (α − 1
n )
)p

(n − 1)p−1 ,

with equality holding if and only if ∂2 = ∂3 = · · · = ∂n and ∂1 = 2W
n . Therefore, G has exactly two distinct Dα

eigenvalues. So, by Lemma 2, G is the complete graph Kn .
(iii) Following steps of part (2) and using part (5) of Lemma 1, the result follows. �	

Our next result gives the bounds for
n∑

i=1
∂

p
i in terms of the determinant of the Dα matrix.

Theorem 4 Let G be a graph of order n ≥ 2 and det (Dα) be the determinant of Dα . Then the following holds.

(1) n∑

i=1

∂
p
i ≥ n

(
det (Dα)

) p
n
,

with equality holding if and only if G ∼= K1.
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1018 B. A. Rather

(2) n∑

i=1

∂
p
i ≥ n

(
det (Dα)

) p
n
,

with equality holding if and only if G ∼= Kn .

Proof (i). Consider the function f (x) = log(x), which is concave in [2,∞). Thus by Jensen’s inequality, we
have

log

(
n∑

i=1

∂
p
i

n

)

≥ 1

n

n∑

i=1

log ∂
p
i ≥ 1

n
log

n∏

i=1

∂
p
i ≥ log

(
n∏

i=1

∂
p
i

) 1
n

,

which implies that

n∑

i=1

∂
p
i ≥ n

(
n∏

i=1

∂
p
i

) 1
n

= n
(
∂1 ∂2 . . . ∂n−1 ∂n

) p
n =

(
det (Dα)

) p
n
,

equality holds if and only if ∂1 = ∂2 = · · · = ∂n .

(2). As
n∑

i=1

∂
p
i = ∂

p
i +

n∑

i=2

∂
p
i .

Applying arithmetic-geometric mean inequality to the right side, we have

n∑

i=1

∂
p
i ≥ ∂

p
i + (n − 1)

(
n∏

i=2

∂
p
i

) 1
n−1

= ∂
p
i + (n − 1)

(
det (Dα)

∂1

) p
n−1

,

with equality holding if and only if ∂2 = ∂3 = · · · = ∂n .
Consider the function

f (x) = x p + (n − 1)
(

det (Dα)
) p

n−1
x

−p
n−1 .

Clearly, f (x) is increasing for x ≥ det (Dα)
1
n . Also, by Lemma 1 and arithmetic-geometric mean inequality, we

have

∂1 ≥ 2w

n
≥ 2αW

n
=

n∑

i=1
∂i

n
≥
(

n∏

i=1

∂i

) 1
n

= det (Dα)
1
n .

This, further implies that

n∑

i=1

∂
p
i ≥ f

(
2W

n

)

=
(

2W

n

)p

+ (n − 1)det (Dα)
p

n−1

(
2W

n

) −p
n−1

,

with equality holding if and only if ∂1 = 2W
n and ∂2 = ∂3 = · · · = ∂n . That means G is degree regular with two

distinct Dα eigenvalues, which is possible only if G ∼= Kn . �	
The following power mean inequality can be seen in [21].

Power mean inequality ( [21]): If q > p > 0, and x1, x2, . . . , xn are non negative real numbers, then

(
x p

1 + x p
2 + · · · + x p

n

n

) 1
p

≤
(

xq
1 + xq

2 + · · · + xq
n

n

) 1
q

,

with equality holding if and only if x1 = x2 = · · · = xn .

As an application of above inequality, we have the following lower bound for
n∑

i=1
∂

p
i .
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On Schatten p-norm of the distance... 1019

Theorem 5 Let G be a connected graph with n ≥ 3 and 1 ≤ k < n. Then

n∑

i=1

∂
p
i ≥ trace(Dα)p

(
k

n p
+
(

n − k

n(n − k)

)p

(n − k)

)

,

where trace is the sum of Dα eigenvalues of G. Equality holds if and only if G ∼= K1.

Proof By power mean inequality, we have

(
k∑

i=1
∂

p
i

k

) 1
p

≥ Mk

k
,

that is,

k∑

i=1

∂
p
i ≥ M p

k

k p−1 ,

with equality holding if and only if ∂1 = ∂2 = · · · = ∂k .

Similarly,

n∑

i=k+1

∂
p
i ≥ (2αW − Mk)

p

(n − k)p−1 ,

with equality holding if and only ∂k+1 = ∂k+2 = · · · = ∂n . Therefore, we have

n∑

i=1

∂
p
i =

k∑

i=1

∂
p
i +

n∑

i=k+1

∂
p
i ≥ M p

k

k p−1 + (2αW − Mk)
p

(n − k)p−1 .

Let x = Mk and consider the function

f (x) = x p

k p−1 + (2αW − x)p

(n − k)p−1 .

Now, f
′
(x) ≥ 0 implies that p

( x
k

)p−1 − p
(

2αW−x
n−k

)p−1 ≥ 0, which is true for x ≥ 2αW k
n . Thus,

n∑

i=1

∂
p
i ≥ (2αW )p

(
k

n p
+
(

n − k

n(n − k)

)p

(n − k)

)

= trace(Dα)p
(

k

n p
+
(

n − k

n(n − k)

)p

(n − k)

)

.

Suppose equality occurs, then above all inequalities are equalities, that is ∂1 = ∂2 · · · = ∂k , ∂k+1 = · · · = ∂n
and Mk = 2αW k

n . This implies that ∂1 = ∂2 = · · · = ∂n = 2αW
n , which is true for G ∼= K1. �	

Lemma 3 ([11]) Let a1, a2, . . . , an and b1, b2, . . . , bn be non negative real numbers satisfying rai ≤ bi ≤ Rai ,
for 1 ≤ i ≤ n. Then,

n∑

i=1

b2
i + r R

n∑

i=1

a2
i ≤ (r + R)

n∑

i=1

ai bi ,

equality holds if and only if bi = Rai or bi = rai for 1 ≤ i ≤ n.

The next shows that
n∑

i=1
∂

p
i can be bounded between the smallest and the largest eigenvalue of Dα matrix.
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Theorem 6 Let G be a connected graph with n ≥ 3 and 1 ≤ k < n. Then

n∂
p
n ≤

n∑

i=1

∂
p
i ≤ n∂

p
1 ,

with equality holding if and only if G is transmission regular.

Proof Choosing bi = ∂
p
2

i , ai = 1, r = ∂
p
2

n and R = ∂
p
2

1 , then we have

∂
p
2

n ≤ ∂
p
2

i ≤ ∂
p
2

1 .

By Lemma 3, we have

n∑

i=1

∂
p
i + (∂1∂n)

p
2

n∑

i=1

1 ≤ (∂
p
2

n + ∂
p
2

1 )

n∑

i=1

∂
p
2

i ,

which implies

n∑

i=1

∂
p
i + (∂1∂n)

p
2 n ≤ (∂

p
2

n + ∂
p
2

1 )n∂
p
2

1 ,

which further equals to

n∑

i=1

∂
p
i ≤ n∂

p
1 .

Similarly, choosing bi = ∂
p
i , ai = 1, r = ∂

p
n and R = ∂

p
1 in Lemma 3, we have

n∑

i=1

∂
2p
i + (∂1∂n)pn ≤ (∂

p
n + ∂

p
1 )

n∑

i=1

∂
p
i ,

which implies that

n∑

i=1

∂
p
i ≥ 1

∂
p
n + ∂

p
1

(
n∑

i=1

∂
2p
i + n(∂1∂n)

p

)

≥ 1

∂
p
n + ∂ P

1

(
nt2p + n(∂1∂n)

p
)

= n∂
p
n .

Equality holds if and only if G is transmission regular. �	
Lemma 4 ([22]) Let a1, a2, . . . , an and b1, b2, . . . , bn be non negative real numbers. Then

n∑

i=1

a2
i

n∑

i=1

b2
i −

(
n∑

i=1

ai bi

)2

≤ n2

4

(
M1 M2 − m1m2

)2
,

where M1 = max ai , M2 = max bi , m1 = min ai and m2 = min bi , i = 1, 2, . . . , n.

Theorem 7 Let G be a connected graph with n ≥ 3. Then

(

n2∂
2p
1 − n2

4
(∂

p
1 − ∂

p
n )

) 1
2

≤
n∑

i=1

∂
p
i ≤ n2

4
(∂

p
2

1 − ∂
p
2

n )2 + n2∂
p
1 ,

with equality holding if and only if G is transmission regular.
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Proof Choosing ai = ∂
p
2

i , bi = 1, M1 = ∂
p
2

1 , m1 = ∂
p
2

n and M2 = m2 = 1 in Lemma 4, we have

n
n∑

i=1

∂
p
i −

(
n∑

i=1

∂
p
2

i

)2

≤ n2

4

(
∂

p
2

1 − ∂
p
2

n
)2

,

which implies

n
n∑

i=1

∂
p
i ≤ n2

4

(
∂

p
2

1 − ∂
p
2

n
)2 +

(
n∑

i=1

∂
p
2

i

)2

,

≤ n2

4

(
∂

p
2

1 − ∂
p
2

n
)2 +

(
n∑

i=1

∂
p
2

1

)2

= n2

4

(
∂

p
2

1 − ∂
p
2

n
)2 + n2∂

p
1 .

Thus,

n∑

i=1

∂
p
i ≤ n

4

(
∂

p
2

1 − ∂
p
2

n
)2 + n∂

p
1 .

Similarly, choosing ai = ∂
p
i , bi = 1, M1 = ∂

p
1 , m1 = ∂

p
n and m2 = M2 = 1 in Lemma 4, we have

n
n∑

i=1

∂
2p
i ≤ n2

4
(∂

p
1 − ∂

p
n )2 +

(
n∑

i=1

∂
p
i

)2

,

which implies
(

n∑

i=1

∂
p
i

)2

≥ n
n∑

i=1

∂
2p
1 − n2

4
(∂

p
1 − ∂

p
n )2.

Finally, we get

n∑

i=1

∂
p
i ≥

(

n2∂
2p
1 − n2

4
(∂

p
1 − ∂

p
n )2
) 1

2

,

≥
(

n2∂
2p
1 − n2

4
(∂

p
1 − ∂

p
n )

) 1
2

.

�	
Lemma 5 ([28]) Let a1, a2, . . . , an and b1, b2, . . . , bn be non negative real numbers. Then

n∑

i=1

a2
i

n∑

i=1

b2
i ≤ 1

4

(√
M1 M2

m1m2
+
√

m1m2

M1 M2

)2 ( n∑

i=1

ai bi

)2

,

where M1 = max ai , M2 = max bi , m1 = min ai and m2 = min bi , i = 1, 2, . . . , n.

The following results gives the bounds for
n∑

i=1
∂

p
i in terms of the smallest and the largest Dα eigenvalues of

G.

Theorem 8 Let G be a connected graph of order n ≥ 3. Then

n∂
p
1

1
2

√
∂1
∂n

+
√

∂n
∂1

≤
n∑

i=1

∂
p
i ≤ n∂

p
2

1

4

(√
∂1

∂n
+
√

∂n

∂1

)2

.
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Proof Let ai = ∂
p
2

i , bi = 1, so that M1 = ∂1, mn = ∂n, M2 = m2 = 1. Now from Lemma 5, we have

n
n∑

i=1

∂
p
i ≤ 1

4

(√
∂1

∂n
+
√

∂n

∂1

)2 ( n∑

i=1

∂
p
2

i

)2

≤ 1

4

(√
∂1

∂n
+
√

∂n

∂1

)2

∂
p
2

1 n2.

Thus,

n∑

i=1

∂
p
i ≤ 1

4

(√
∂1

∂n
+
√

∂n

∂1

)2

∂
p
2

1 n.

Again, choosing ai = ∂
p
i , bi = 1 in Lemma 5, we have

n
n∑

i=1

∂
2p
i ≤ 1

4

(√
∂1

∂n
+
√

∂n

∂1

)2 ( n∑

i=1

∂
p
i

)2

,

this implies

n
n∑

i=1

∂
2p
i ≤ n2∂

2p
1 ≤ 1

4

(√
∂1

∂n
+
√

∂n

∂1

)2 ( n∑

i=1

∂
p
i

)2

.

Therefore

n∑

i=1

∂
p
i ≥ n∂

p
1

1
2

√
∂1
∂n

+
√

∂n
∂1

.

�	
Therefore we have seen that any bounds on the spectral radius and the smallest eigenvalue of Dα can be used

to the bounds for the Schatten p-norm of Dα matrix.

3 Schatten p-norm for some special class of graphs

In this section, we discuss
n∑

i=1
∂

p
i for some special classes of graphs and for α = 1

2 , we obtain a special spectral

invariant known as the Dα energy like invariants, which has various applications [29].
The following lemma can be found in [8].

Lemma 6 ([8]) Let G be a connected graph of order n and 1
2 ≤ α ≤ 1. If G ′ is a connected graph obtained

from G by deleting an edge, then ∂i (Dα(G ′)) ≥ ∂i (Dα(G)), for all 1 ≤ i ≤ n.

If B is the class of all connected bipartite graphs, then it is clear that any bipartite graph G is spanning
subgraph of complete bipartite graph Ka,n−a . By Lemma 6, we have

n∑

i=1

∂
p
i (G) ≥

n∑

i=1

∂
p
i (Ka,n−a),

with equality holding if and only if G ∼= Ka,n−a . Now using the Dα spectra of Ka,n−a [1], we have

n∑

i=1

∂
p
i (Ka,n−a) = (a − 1)(α(a + n) − 2)p + (n − a − 1)(α(2n − a) − 2)p + x p

1 + x p
2 ,
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where x1 = αn+2n−4−√
D

2 , x2 = αn+2n−4+√
D

2 and D = (α − 2)2(2a2 + n2 − 2na) + 2(na − a2)(α2 − 2).

A complete split graph, denoted by C St,n−t , is the graph consisting of a clique on t vertices and an independent
set (a subset of vertices of a graph is said to be an independent set if the subgraph induced by them is an empty
graph) on the remaining n − t vertices, such that each vertex of the clique is adjacent to every vertex of the
independent set.

The Dα spectra of C St,n−t [1] is
{
(αn − 1)[t−1], (α(2n − t) − 2)[n−t−1], y1, y2

}
,

where yi = 2n−t+αn−3±√
θ

2 , i = 1, 2 and θ = (5−4α)t2 + (6αn −8n −4α +6)t +n2(α −2)2 +2nα −4n +1.

Among the class C of all split graphs, the complete split graph C St,n−t has the minimum Schatten p-norm
and

n∑

i=1

∂
p
i (C St,n−t ) = (t − 1)(αn − 1)p + (n − t − 1)(α(2n − t) − 2)p + y p

1 + y p
2 ,

with y1 and y2 defined above.
The vertex connectivity of a graph G, denoted by κ(G), is the minimum number of vertices of G, whose

deletion disconnects G. Let Fn be the family of simple connected graphs on n vertices and let Vk
n = {G ∈ Fn :

κ(G) ≤ k}.
Let G1 and G2 be two connected graphs, the join of G1 and G2 is denoted by G1 ∨G2, is defined as the graph

G in which each vertex of G1 is joined to every vertex of G2. By putting n0 = k, n1 = t and n3 = n − k − t in
the Corollary 4 of [1], we obtain the Dα spectrum of Kk ∨ (Kt ∪ Kn−k−t ).

The Dα spectrum of Kk ∨ (Kt ∪ Kn−k−t ) is
{
(αn − 1)[k−1], (α(2n − k − t) − 1)[t−1], (α(n + t))n−k−t , z1, z2, z3

}
,

where zi ’s are the zeros of the characteristic polynomial of the following matrix
⎛

⎝
α(n − k) + k − 1 (1 − α)t (1 − α)(n − k − t)

(1 − α)k α(2n − k − 2t) + t − 1 2(1 − α)(n − k − t)
(1 − α)k 2(1 − α)t α(2t + k) + n − k − t − 1

⎞

⎠ .

Among all connected graphs with given vertex connectivity k, the graph Kk ∨ (Kt ∪ Kn−k−t ) has the minimum
Schattan p-norm and is given by

n∑

i=1

∂
p
i (Kk ∨ (Kt ∪ Kn−k−t )) =(k − 1)(αn − 1)p + (t − 1)(α(2n − k − t) − 1)p

+ (n − k − t − 1)(αn + αt)p + z p
1 + z p

2 + z p
3 .

For α = p = 1
2 , we get

n∑

i=1

√
∂i , which is known as the distance signless Laplacian-energy-like invariant

[24] and is denoted by DE L(G). This energy-like invariant is a molecular descriptor and describes the proper-
ties [29] like entropy, molar volume, molar refraction, boiling point, melting point and partition coefficient of
hydrocarbons. Motivated by this the Dα energy-like invariant is defined by

Dα E L(G) =
n∑

i=1

√
∂i .

For p = 1
2 , various bounds for Dα E L(G) are given by Theorems 3, 4, 6, 7 and 8 of Section 2.

The present articles studies the Schatten norms of the Dα matrix. Several interesting bounds are presented
along with the characterization of extremal graphs. However, in general the characterization of maximal and
minimal graphs for these norms remains open at large. Also, strong relations can be obtained between the trace
norm of the matrix Dα(G) − 2αW (G)

n In and the Ky Fan k-norm Mk of Dα matrix, which in turn can help us in
identifying the extremal graphs for the spectral invariant E Dα (G) = ∑n

i=1. The classification of graphs with
particular values of σ are very well studied. Lastly, the Dα energy like invariant is yet to be investigated and its
corresponding applications in theoretical chemistry.
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