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Abstract In this paper, we study the Hadamard circulant majorization. Also, we derive the structure of linear
preservers and strong linear preservers of this Hadamard circulant majorization.
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1 Introduction and preliminaries

Letα = (α1, α2, . . . , αn)t be a vector in R
n and let T : R

n → R
n be the operator defined by T (α1, α2, . . . , αn)t =

(αn, α1, α2, . . . , αn−1)
t . A circulant matrix associated with the vector α is the n × n matrix whose kth column

is given by T k−1(α), k = 1, 2, . . . , n, here T 0 is the identity operator on R
n . The circulant matrix associated

with ei , the i th element of the standard ordered basis of R
n , is called a circulant permutation matrix. Let C1 be

the circulant permutation matrix associated with the vector en and let Ci = Ci
1 for 1 ≤ i ≤ n. Then each Ci is a

circulant permutation matrix, for 1 ≤ i ≤ n. We denote the collection of all such circulant permutation matrices
by Cn . A square matrix is said to be a permutation matrix, if it has exactly one non-zero entry of 1 in each
row and each column. It is well known that each permutation matrix of order n represents a unique permutation
on n symbols, say {1, 2, . . . , n}. The permutation represented by a circulant permutation matrix is known as a
circulant permutation. We denote the set of all such circulant permutations, {σi : 1 ≤ i ≤ n} by C . Here σi is the
circulent permutation represented by the circulant permutations matrix Ci , for 1 ≤ i ≤ n. A square matrix D is
said to be a circulant doubly stochastic matrix if it is a convex combination of circulant permutation matrices.
Let x, y be two vectors in R

n . Then x is said to be majorized by y, if

k∑

i=1

x↓
i ≤

k∑

i=1

y↓
i , for all 1 ≤ k ≤ n − 1 and

n∑

i=1

xi =
n∑

i=1

yi .

Here x↓
1 ≥ x↓

2 ≥ · · · ≥ x↓
n is the non-increasing rearrangement of the components of x . It is well known that,

for x, y ∈ R
n , x is majorized by y if and only if x = Dy for some doubly stochastic matrix D ∈ Mn ([10]).
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1034 G. S. R. Kosuru, S. Saha

A square matrix is said to be doubly stochastic, if all of its entries are non-negative and each row sum is equal
to 1, as does each column sum. As observed by Birkoff ([7]), every doubly stochastic matrix can be written as
a convex combination of permutation matrices. Also, for A, B ∈ Mn , A is said to be multivariate majorized by
B if A = DB for some doubly stochastic matrix D ([10]). For more details of majorization and multivariate
majorization the reader can refer to [1,4–6,10].

Let Mm,n be the vector space of all m × n real matrices and let R be a relation on Mm,n . A linear operator T
on Mm,n is said to be a preserver (respectively a strong preserver) of R if R

(
T (X), T (Y )

)
whenever R(X, Y )

(respectively R
(
T (X), T (Y )

)
if and only if R(X, Y )), for X, Y in Mm,n . One of the interesting problems

in the matrix theory is the linear preserver problem, which analyses all linear operators that preserve (and/or
strongly preserve) the relation R. For more details we refer to [3]. Earlier in [2], Ando formulated the structure
of linear operators which preserve the majorization. Multiple studies generalized the notion of majorization
using different settings and obtained the structure of linear preservers and strong linear preservers [8,9,11,13].
Recently, Motlaghian et al. in [12], introduced a notion called Hadamard majorization on Mn and derived the
structure of linear preservers of the same.

Definition 1 [12] Let X and Y be two square matrices of order n. Then X is said to be Hadamard majorized by
Y, if there exists a doubly stochastic matrix D of order n such that X is the entry-wise product of D and Y .

In this article, we study a novel notion, Hadamard circulant majorization. Further, we derive the structure of
linear preservers and strong linear preservers of this Hadamard circulant majorization

2 Hadamard circulant majorization in Mn

Let Mm,n be the vector space of all matrices of order m × n and Nn := {1, 2, . . . , n}, Nm,n = Nm × Nn . We
denote the power set, the set of all subsets of Nm,n , by P(Nm,n). Define a function A : Mm,n → P(Nm,n) by

A(X) = {(i, j) ∈ Nm,n : xi j �= 0}, for X = [xi j ] ∈ Mm,n .

We denote A(X) by AX . A matrix A in Mm,n is said be to an elementary matrix, if each non-zero entry of A is
1. Furthermore, if A has only one non-zero entry at the position (i, j), then it is denoted by Ei j . Let A = [ai j ]
and B = [bi j ] be two matrices of order m × n. The Hadamard product of A and B is defined as the entry-wise
product of A and B. We denote this by A � B

( := [ai j bi j ]
)
.

Also the matrix A is said to be dominated by a matrix C in Mm,n if A � C = A. It is evident from the
definition that if a matrix A is dominated by a matrix C , then AA ⊆ AC . Conversely if AA ⊆ AC and C is an
elementary matrix, then the matrix A is dominated by the matrix C . Let X and Y be two non-zero matrices of
order n. If X and Y are dominated by circulant permutation matrix Ci and C j respectively with Ci �= C j , then
AX ∩ AY = ∅ and X + Y can not be dominated by any circulant permutation matrix.

Definition 2 Let X and Y be two real square matrices of order n. We say that X is Hadamard circulant majorized
by Y , denoted by X ≺HC Y , if there exists a circulant doubly stochastic matrix C of order n such that X = C �Y .

It is evident from the above definition that, A ≺HC B if

A =
⎡

⎣
1
3

8
3 0

0 1 4
10
3 0 8

3

⎤

⎦ and B =
⎡

⎣
1 4 5
2 3 6
5 4 8

⎤

⎦ .

Let X and Y be two square matrices of order n. If X ≺HC Y , then AX ⊆ AY . Thus if X ≺HC 0, then X = 0,
where 0 is the zero matrix. Also we have X ≺HC X if and only if X is dominated by a circulant permutation
matrix. Furthermore, if X ≺HC Y, Y ≺HC X , then AX = AY and X = D � C � X , for some circulant doubly
stochastic matrices C = [ci j ] and D = [di j ]. Hence ci j = 1 = di j , whenever xi j �= 0. Thus we have the
following:

Fact 1 Let X and Y be two square matrices of order n. Then X ≺HC Y and Y ≺HC X if and only if Y = X
and X is dominated by a circulant permutation matrix.
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Linear preservers of Hadamard circulant majorization 1035

Let J be the elementary matrix of order n with AJ = Nn,n . By setting P = 1
n2 J and Q = 1

n J , we have
P ≺HC Q and Q ≺HC J but P ⊀HC J . Thus the relation “≺HC ” is non-transitive. Furthermore, by setting
R = 2In , where In is the identity matrix of order n, we have R(J � J )J �= (R J J ) � (R J J ). Thus, for square
matrices P, Q, R and S of order n, P(Q � R)S = (P QS) � (P RS) is not always true. However, for circulant
permutation matrices we have the following.

Fact 2 Let X and Y be two square matrices of order n. Then Ci (X � Y )C j = (Ci XC j ) � (Ci Y C j ), for any Ci
and C j in Cn.

3 Linear preservers of the Hadamard circulant majorization

Let Mn be the space of all real square matrices of order n and let T : Mn → Mn be a linear operator. We say that
T preserves the Hadamard circulant majorization if T (X) ≺HC T (Y ) whenever X ≺HC Y , for X, Y in Mn .
For a fixed A ∈ Mn , define a linear operator T on Mn by T (X) = X � A, for all X ∈ Mn . Then T preserves the
Hadamard circulant majorization. Suppose T is a linear operator on Mn that preserves the Hadamard circulant
majorization. If a matrix X is dominated by a matrix Ci , for some Ci ∈ Cn , then T (X) is dominated by a matrix
C j for some C j ∈ Cn . Furthermore, the following lemma ensures that AT (Ci ) ∩AT (C j ) = ∅, for Ci �= C j in Cn .

Lemma 1 Let T : Mn → Mn be a linear operator. If T preserves the Hadamard circulant majorization, then
T (Eiσ j (i)) � T (Erσk (r)) = 0 for 1 ≤ i, r ≤ n with σ j , σk ∈ C and j �= k. Here 0 is the zero matrix.

Proof Suppose that there exist j and k in Nn with j �= k such that T (Eiσ j (i)) � T (Erσk (r)) �= 0 for some
i, r ∈ Nn . Without loss of generality, assume that 〈T (Eiσ j (i)), E11〉 = α and 〈T (Erσk (r)), E11〉 = β for
some non-zero scalars α, β ∈ R. Here 〈, 〉 is the standard inner product on Mn . Let C ∈ Mn be the circulant
doubly stochastic matrix such that

(
i, σ j (i)

)th and
(
r, σk(r)

)th entries of C are 1
3 and 2

3 respectively. By setting
Y = 1

α
Eiσ j (i) − 1

β
Erσk (r) and X = C � Y , we have 〈T (X), E11〉 �= 0 and 〈T (Y ), E11〉 = 0. Thus X ≺HC Y

but T (X) ⊀HC T (Y ). This leads to a contradiction. ��
The following lemma will be useful in the sequel.

Lemma 2 Let T : Mn → Mn be a linear operator and let σ j ∈ C , for some j ∈ Nn. Suppose T preserves the
Hadamard circulant majorization. Then for each i ∈ Nn, the matrix T (Eiσ j (i)) is dominated by a matrix Ck j ,
for some Ck j ∈ Cn.

Proof Since for i ∈ Nn , T (Eiσ j (i)) is Hadamard circulant majorized by itself, it is dominated by a circulant
permutation matrix. Suppose there exist i and k with i �= k such that the matrices T (Eiσ j (i)) and T (Ekσ j (k))

are dominated by two circulant permutation matrices, say CPj and CPk respectively with CPj �= CPk . Then
AT (Eiσ j (i))

∩ AT (Ekσ j (k)) = ∅. Set K = Eiσ j (i) + Ekσ j (k) and P = T (Eiσ j (i)) and Q = T (Ekσ j (k)). Without
loss of generality, we assume that both the matrices P and Q are non-zero matrices. Since K is dominated by
a circulant permutation matrix, K ≺HC K . So T (K ) ≺HC T (K ). Hence T (K ) = P + Q is dominated by a
circulant permutation matrix, which is a contradiction. This completes the proof. ��

It is evident from the above lemma that, for all 1 ≤ i, j, p, q ≤ n, both the matrices T (Eiσp(i)) and T (Erσq (r))

are dominated by Ckp and Ckq respectively for some Ckp and Ckq in Cn . Suppose Ckp = Ckq with p �= q. Then
by Lemma 1, T (Eiσp(i)) � T (Erσq (r)) = 0. Without loss of generality, assume T (Eiσp(i)) and T (Erσq (r)) are

non-zero matrices. Let C be the circulant doubly stochastic matrix in Mn such that the
(
i, σp(i)

)th and
(
r, σq(r)

)th

entries of C are 1
3 and 2

3 respectively. By setting Y = Eiσp(i) + Erσq (r) and X = C � Y , we have X ≺HC Y but
T (X) ⊀HC T (Y ). Thus we have the following:

Lemma 3 Let T : Mn → Mn be a linear operator that preserves the Hadamard circulant majorization. Then
for p �= q and i, j in Nn, the matrices T (Eiσp(i)) and T (E jσq ( j)) are dominated by Ckp and Ckq respectively
for some Ckp and Ckq in Cn with Ckp �= Ckq

Let T be the linear operator on M3 defined by

T (X) =
⎡

⎣
x11 0 x13
x21 x12 + x23 + x31 0
0 x32 x33 + x22

⎤

⎦ , for X = [xi j ] ∈ M3.
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1036 G. S. R. Kosuru, S. Saha

Then T (Eiσ j (i)) � T (Erσk (r)) = 0 for 1 ≤ i, r ≤ 3 with σ j , σk ∈ C and j �= k. Also for each i ∈ N3, the
matrix T (Eiσ j (i)) is dominated by a matrix Ck j , for some Ck j ∈ C3 (1 ≤ j ≤ 3). However, both the matrices
T (E1σ1(1)) and T (E1σ3(1)) are dominated by the circulant permutation matrix C3.

Let T be a linear operator on Mn that preserves the Hadamard circulant majorization. By Lemma 2, for any

i ∈ Nn , T (Eiσ j (i)) is dominated by a circulant permutation matrix, say Ck j , for 1 ≤ j ≤ n. As C j =
n∑

i=1

Eiσ j (i),

the matrix T (C j ) is dominated by the circulant permutation matrix Ck j . Now define a function P : Nn → Nn
by P( j) = k j , for 1 ≤ j ≤ n. Then by Lemma 3, we have the following:

Proposition 1 Let T : Mn → Mn be a linear operator. Suppose T preserves the Hadamard circulant majoriza-
tion. Then there exists a permutation P on Nn such that T (C j ) is dominated by CP( j), for 1 ≤ j ≤ n.

The following theorem provides the structure of linear operators that preserve the Hadamard circulant
majorization.

Theorem 3 Let T : Mn → Mn be a linear operator. Suppose T preserves the Hadamard circulant majorization.
Then there exists a permutation P on Nn and scalars ai

kσ j (k) ∈ R, 1 ≤ i, j, k ≤ n such that for any X = [xi j ] in
Mn, we have

〈
T (X), EiσP( j)(i)

〉 =
n∑

k=1

ai
kσ j (k)xkσ j (k)

for σP( j) ∈ C and 1 ≤ i, j ≤ n. Here 〈·, ·〉 is the standard inner product on Mn.

Proof For X = [xi j ] =
n∑

j=1

n∑

i=1

xiσ j (i)Eiσ j (i) in Mn , we have T (X) =
n∑

j=1

n∑

i=1

xiσ j (i)T (Eiσ j (i)). Also by

Lemma 2 and Lemma 3, there exists a permutation P on Nn such that for each i, (1 ≤ i ≤ n) the matrix
T (Eiσ j (i)) is dominated by CP( j), for 1 ≤ j ≤ n. Let

ai
jσk ( j) = 〈

T (E jσk ( j), Ei,gk (i)
〉
, (1)

for all 1 ≤ i, j, k ≤ n, where gk is the function on Nn defined by

gk(s) =

⎧
⎪⎨

⎪⎩

P(k) + s if 1 ≤ P(k) + s ≤ n

(P(k) + s) (mod n) if (n + 1) < P(k) + s < 2n

n otherwise

for all 1 ≤ s ≤ n. Now

〈T (X), EiσP( j)(i)〉 =
〈 n∑

l=1

n∑

k=1

xkσl (k)T (Ekσl (k)), EiσP( j)(i)

〉

=
n∑

l=1

n∑

k=1

xkσl (k)

〈
T (Ekσl (k)), EiσP( j)(i)

〉

=
n∑

k=1

xkσ j (k)

〈
T (Ekσ j (k)), EiσP( j)(i)

〉

=
n∑

k=1

xkσ j (k)

〈
T (Ekσ j (k)), Eig j (i)

〉

=
n∑

k=1

xkσ j (k)a
i
kσ j (k).

��
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Linear preservers of Hadamard circulant majorization 1037

Remark 1 In the above theorem, if the permutation P is a circulant permutation, then

T (X) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n∑

k=1

a1
kσn(k)xkσn(k)

n∑

k=1

a1
kσ1(k)xkσ1(k) · · ·

n∑

k=1

a1
kσn−1(k)xkσn−1(k)

n∑

k=1

a2
kσn−1(k)xkσn−1(k)

n∑

k=1

a2
kσn(k)xkσn(k) · · ·

n∑

k=1

a2
kσn−2(k)xkσn−2(k)

...
...

. . .
...

n∑

k=1

an
kσ1(k)xkσ1(k)

n∑

k=1

an
kσ2(k)xkσ2(k) · · ·

n∑

k=1

an
kσn(k)xkσn(k)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

P1,

where P1 is a permutation matrix of order n.

The following example illustrates Theorem 3.

Example 1 Let T : M4 → M4 be a linear operator, defined by

T (X) =
⎡

⎢⎣

x12 x14 x11 x13
x24 x23 x21 x22
x33 x31 x34 x32
x43 x44 x42 x41

⎤

⎥⎦ , for X = [xi j ] ∈ Mn .

The reader can verify that T preserves the Hadamard circulant majorization.

Let T be a linear operator on Mn . Suppose there exists a permutation P on Nn and scalars ai
kσ j (k) ∈ R,

1 ≤ i, j, k ≤ n such that

〈
T (X), EiσP( j)(i)

〉 =
n∑

k=1

ai
kσ j (k)xkσ j (k)

for X = [xi j ] ∈ Mn, σP( j) ∈ C and 1 ≤ i, j ≤ n. Then for any Ck ∈ Cn and B ∈ Mn , we have T (Bk) =
CP(k) � T (B), where CP(k) ∈ Cn and Bk = B � Ck . The following theorem ensures that the converse of
Theorem 3 holds as well.

Theorem 4 Let T : Mn → Mn be a linear operator. Then the following are equivalent:

(i) T preserves the Hadamard circulant majorization.
(ii) For any Ck ∈ Cn and B ∈ Mn, we have T (Bk) = CBk � T (B), where CBk is a circulant doubly stochastic

matrix in Mn and Bk = B � Ck.

Proof It is sufficient to prove (i i) ⇒ (i). Assume (i i). Suppose X and Y are two matrices in Mn such that

X ≺HC Y . Then X = C � Y , where C =
n∑

i=1

ci Ci is a circulant doubly stochastic matrix. Then we have ci ≥ 0

for 1 ≤ i ≤ n,
n∑

i=1

ci = 1 and X =
n∑

j=1

c j Y j . Thus

T (X) =
n∑

j=1

c j T (Y j )

=
n∑

j=1

c j CY j � T (Y ), by the assumption

=
( n∑

j=1

c j CY j

)
� T (Y ).

As
n∑

j=1

c j CY j is a circulant doubly stochastic matrix, T preserves the Hadamard circulant majorization. ��
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A matrix A in Mn is said to be a non-negative matrix if all its entries are non-negative. We denote it by
A ≥ 0. Also a linear operator T on Mn is said to be a non-negative operator if T (A) ≥ 0, whenever A ≥ 0. The
following theorem ensures that the converse of Proposition 1 holds as well, if T is a non-negative operator.

Theorem 5 Let T : Mn → Mn be a non-negative linear operator. Then T preserves the Hadamard circulant
majorization if and only if there exists a permutation P on Nn such that T (Ci ) is dominated by CP(i), for
1 ≤ i ≤ n.

Proof In view of Proposition 1, it is sufficient to prove the “only if” part. Assume that there exists a permutation
P on Nn such that T (Ci ) is dominated by CP(i) for 1 ≤ i ≤ n. Then T (E jσi ( j)) is dominated by CP(i) for
1 ≤ j ≤ n. Therefore T (Eiσ j (i)) � T (Erσk (r)) = 0 for 1 ≤ i, r ≤ n with j �= k. Now let A, B ∈ Mn be

such that A ≺HC B. Therefore A = C � B, where C =
n∑

i=1

ci Ci is a circulant doubly stochastic matrix. Then

we have ci ≥ 0 for 1 ≤ i ≤ n,
n∑

i=1

ci = 1 and A =
n∑

j=1

c j B j , where B j = B � C j , 1 ≤ j ≤ n. Now

T (A) =
n∑

j=1

c j T (B j ). As T (Bi ) is also dominated by CP(i) for 1 ≤ i ≤ n, we get

T (A) =
n∑

j=1

c j

(
CP( j) � T (B)

)

=
( n∑

j=1

c j CP( j)

)
� T (B).

As
n∑

j=1

c j CP( j) is a circulant doubly stochastic matrix, we have T (A) ≺HC T (B). This completes the proof. ��

4 Strong linear preservers of the Hadamard circulant majorization

Let T : Mn → Mn be a linear operator. We say that T strongly preserves the Hadamard circulant majorization,
if the following holds

T (X) ≺HC T (Y ) if and only if X ≺HC Y.

Let T be a linear operator Mn defined by T (X) = X � A, for X ∈ Mn . Here A = [ai j ] ∈ Mn with ai j �= 0
for all 1 ≤ i, j ≤ n. Then T strongly preserves the Hadamard circulant majorization. Let T be a linear operator
on Mn that strongly preserves the Hadamard circulant majorization. Suppose T (X) = 0, for some X in Mn .
Then T (X) ≺HC T (0) and so X ≺HC 0. Thus we have the following:

Lemma 4 Let T : Mn → Mn be a linear operator. If T strongly preserves the Hadamard circulant majorization,
then T is invertible.

Theorem 6 Let T : Mn → Mn be an invertible linear operator. If T preserves the Hadamard circulant majoriza-
tion, then so does T −1.

Proof Suppose that T preserves the Hadamard circulant majorization. Then for each i ∈ Nn , we have that
T (Eiσ j (i)) is dominated by CP( j) (1 ≤ j ≤ n), where P is a permutation on Nn . Therefore for each i ∈ Nn ,
T −1(Eiσ j (i)) is dominated by CP−1( j) for 1 ≤ j ≤ n. Thus for any B ∈ Mn , we have T −1(B j ) = CP−1( j) �
T −1(B) for 1 ≤ j ≤ n, where B j = B � C j . Hence by Theorem 4, T −1 preserves the Hadamard circulant
majorization. ��

As a consequences of Lemma 4 and Theorem 6, we get the following characterization.

Theorem 7 Let T : Mn → Mn be a linear operator. Then T strongly preserves the Hadamard circulant
majorization if and only if T is invertible and preserves the Hadamard circulant majorization.
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Linear preservers of Hadamard circulant majorization 1039

By using Fact 2, we give an example that illustrates the above theorem.

Example 2 For Ci , C j ∈ Cn , define a linear operator T on Mn by T (X) = Ci XC j , for X ∈ Mn . Then T
strongly preserves the Hadamard circulant majorization. Also T −1 exists and preserves the Hadamard circulant
majorization.
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