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Abstract In this paper, we study the Hadamard circulant majorization. Also, we derive the structure of linear
preservers and strong linear preservers of this Hadamard circulant majorization.
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1 Introduction and preliminaries

Leta = (a1, a2, ..., a,) beavectorinR” andlet T : R” — R” be the operator defined by T (a1, @z, . .., ay)' =
(ay, 01, 02, ..., 05—1)". A circulant matrix associated with the vector « is the n x n matrix whose k'™ column
is given by Tk_l(a), k=1,2,....n, here TO is the identity operator on R”. The circulant matrix associated

with ¢;, the i'" element of the standard ordered basis of R”, is called a circulant permutation matrix. Let C| be
the circulant permutation matrix associated with the vector ¢, and let C; = C i for1 <i <n.Theneach C;isa
circulant permutation matrix, for I <i < n. We denote the collection of all such circulant permutation matrices
by %,. A square matrix is said to be a permutation matrix, if it has exactly one non-zero entry of 1 in each
row and each column. It is well known that each permutation matrix of order n represents a unique permutation
on n symbols, say {1, 2, ..., n}. The permutation represented by a circulant permutation matrix is known as a
circulant permutation. We denote the set of all such circulant permutations, {o; : 1 <i < n} by %. Here o; is the
circulent permutation represented by the circulant permutations matrix C;, for 1 <i < n. A square matrix D is
said to be a circulant doubly stochastic matrix if it is a convex combination of circulant permutation matrices.
Let x, y be two vectors in R". Then x is said to be majorized by vy, if

k k
Zx} < Zy}, foralll <k <n—1and ixi =Xn:yi.

i=1 i=1 i=1 i=1

Here xli > x2i > > x,f is the non-increasing rearrangement of the components of x. It is well known that,

for x, y € R", x is majorized by y if and only if x = Dy for some doubly stochastic matrix D € M, ([10]).
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1034 G. S. R. Kosuru, S. Saha

A square matrix is said to be doubly stochastic, if all of its entries are non-negative and each row sum is equal
to 1, as does each column sum. As observed by Birkoff ([7]), every doubly stochastic matrix can be written as
a convex combination of permutation matrices. Also, for A, B € M,, A is said to be multivariate majorized by
B if A = DB for some doubly stochastic matrix D ([10]). For more details of majorization and multivariate
majorization the reader can refer to [1,4-6, 10].

Let M,, » be the vector space of all m x n real matrices and let % be a relation on M,, . A linear operator T
on My, , is said to be a preserver (respectively a strong preserver) of Z if # (T(X ), T(Y)) whenever Z (X, Y)
(respectively %(T(X ), T(Y)) if and only if Z(X,Y)), for X, Y in My, ,. One of the interesting problems
in the matrix theory is the linear preserver problem, which analyses all linear operators that preserve (and/or
strongly preserve) the relation Z. For more details we refer to [3]. Earlier in [2], Ando formulated the structure
of linear operators which preserve the majorization. Multiple studies generalized the notion of majorization
using different settings and obtained the structure of linear preservers and strong linear preservers [8,9,11,13].
Recently, Motlaghian et al. in [12], introduced a notion called Hadamard majorization on M,, and derived the
structure of linear preservers of the same.

Definition 1 [12] Let X and Y be two square matrices of order n. Then X is said to be Hadamard majorized by
Y, if there exists a doubly stochastic matrix D of order n such that X is the entry-wise product of D and Y.

In this article, we study a novel notion, Hadamard circulant majorization. Further, we derive the structure of
linear preservers and strong linear preservers of this Hadamard circulant majorization

2 Hadamard circulant majorization in M,,

Let M,, , be the vector space of all matrices of order m x n and N, := {1,2,...,n}, N, = N,;, x N,,. We
denote the power set, the set of all subsets of Ny, ,,, by P(N,, ,). Define a function A : M,, , — P(N,,,) by

A(X) = {(i, J) € Nm,n :x,-j 75 0}, for X = [x,-j] S Mm,n~

We denote A(X) by Ax. A matrix A in M,, , is said be to an elementary matrix, if each non-zero entry of A is
1. Furthermore, if A has only one non-zero entry at the position (7, j), then it is denoted by E;;. Let A = [a;;]
and B = [b;;] be two matrices of order m x n. The Hadamard product of A and B is defined as the entry-wise
product of A and B. We denote thisby A © B ( = [a,-jbij]).

Also the matrix A is said to be dominated by a matrix C in M,, , if A © C = A. It is evident from the
definition that if a matrix A is dominated by a matrix C, then A4 € Ac. Conversely if 44 € Ac¢ and C is an
elementary matrix, then the matrix A is dominated by the matrix C. Let X and Y be two non-zero matrices of
order n. If X and Y are dominated by circulant permutation matrix C; and C; respectively with C; # C;, then
Ax N Ay = ¢ and X + Y can not be dominated by any circulant permutation matrix.

Definition 2 Let X and Y be two real square matrices of order n. We say that X is Hadamard circulant majorized
by Y, denoted by X <y Y, if there exists a circulant doubly stochastic matrix C of ordern suchthat X = CQY.

It is evident from the above definition that, A <yc B if

180 145
A=|014|andB=|236
008 548

Let X and Y be two square matrices of order n. If X <gc Y, then Ay € Ay. Thus if X <g¢ 0, then X = 0,
where 0 is the zero matrix. Also we have X <gc X if and only if X is dominated by a circulant permutation
matrix. Furthermore, if X <gc Y, Y <gc X, then Ax = Ay and X = D © C © X, for some circulant doubly
stochastic matrices C = [c;;] and D = [d;;]. Hence ¢;; = 1 = d;;, whenever x;; # 0. Thus we have the
following:

Fact1 Let X and Y be two square matrices of order n. Then X <yc Y andY <pyc X ifand only if Y = X
and X is dominated by a circulant permutation matrix.
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Let J be the elementary matrix of order n with A; = N, ,. By setting P = nLZJ and 0 = %J , we have
P <pgc Q and Q <gc J but P Agc J. Thus the relation “<g¢” is non-transitive. Furthermore, by setting
R = 21, where I, is the identity matrix of order n, we have R(J © J)J # (RJJ) ® (RJJ). Thus, for square
matrices P, O, R and S of order n, P(Q ©® R)S = (P QS) © (PRS) is not always true. However, for circulant
permutation matrices we have the following.

Fact2 Let X and Y be two square matrices of order n. Then C;(X © Y)C; = (C; XC;) © (C; Y C)), for any C;
and C; in G,.

3 Linear preservers of the Hadamard circulant majorization

Let M), be the space of all real square matrices of order n and let T : M,, — M, be a linear operator. We say that
T preserves the Hadamard circulant majorization if 7(X) <gc T(Y) whenever X <pgc Y, for X, Y in M,,.
For a fixed A € M,,, define a linear operator 7 on M,, by T(X) = X © A, forall X € M,,. Then T preserves the
Hadamard circulant majorization. Suppose 7 is a linear operator on M, that preserves the Hadamard circulant
majorization. If a matrix X is dominated by a matrix C;, for some C; € %, then T (X) is dominated by a matrix
C; for some C; € ¢,. Furthermore, the following lemma ensures that Ar(c,) N Ar(c;) = ¥, for C; # C; in ;.

Lemmal Let T : M,, — M, be a linear operator. If T preserves the Hadamard circulant majorization, then
T(E,-gj(i)) OT(Eroun) =0forl <i,r <nwithoj,or € ¢ and j # k. Here 0 is the zero matrix.

Proof Suppose that there exist j and k in N,, with j # k such that T(E,'Uj(i)) O T(E,o.(r)) # 0 for some
i,r € Ny,. Without loss of generality, assume that (7'(Eis;i)), E11) = « and (T (Eye (), E11) = B for
some non-zero scalars «, B € R. Here (, ) is the standard inner product on M,. Let C € M, be the circulant
doubly stochastic matrix such that (i, o/ (i ))th and (r, ak(r))th entries of C are 1 and % respectively. By setting
Y=1Equ - %Emk(,) and X = C © Y, we have (T(X), E11) # 0 and (T'(Y), E11) = 0. Thus X <pc Y
but 7(X) Agc T(Y). This leads to a contradiction. O

The following lemma will be useful in the sequel.

Lemma 2 Let T : M,, — M, be a linear operator and let o; € €, for some j € N,. Suppose T preserves the
Hadamard circulant majorization. Then for each i € N, the matrix T(Eigj )) is dominated by a matrix Cy, =
for some Cy; € G

Proof Since fori € N,, T(E;, ,.(,-)) is Hadamard circulant majorized by itself, it is dominated by a circulant
permutation matrix. Suppose there exist i and k with i # k such that the matrices T (E;, ; () and T(Ekgj )
are dominated by two circulant permutation matrices, say Cp; and Cp, respectively with Cp; # Cp. Then
AT(Eicrj(i)) N -AT(Eij(k)) =@.Set K = El-gj(,-) + Ekaj(k) and P = T(Eigj(,')) and Q = T(Ekaj(k))- Without
loss of generality, we assume that both the matrices P and Q are non-zero matrices. Since K is dominated by
a circulant permutation matrix, K <gyc K. So T(K) <yc T(K). Hence T(K) = P + Q is dominated by a
circulant permutation matrix, which is a contradiction. This completes the proof. O

Itis evident from the above lemma that, forall 1 < i, j, p, ¢ < n,both the matrices T(Emp () and T(qu )
are dominated by Cy, and Cy, respectively for some C, and Cy, in 6. Suppose Cx, = Ci, with p # q. Then
by Lemma 1, T'(Ejs,i)) © T (Ero,(r)) = 0. Without loss of generality, assume T'(Ejq,(;)) and T (E;q,(r)) are
non-zero matrices. Let C be the circulant doubly stochastic matrix in M,, such that the (i ,op(i ))lh and (r, oy (r))th
entries of C are % and % respectively. By setting ¥ = Eic,G) + Ero,(r) and X = CQOY,wehave X <gc Y but
T(X) Agc T(Y). Thus we have the following:

Lemma3 Let T : M, — M, be a linear operator that preserves the Hadamard circulant majorization. Then
for p # q and i, j in N, the matrices T(E,-gp(i)) and T(Equ(j)) are dominated by Ck, and Ci, respectively
for some Cy,, and Cy,, in €, with Cy,, # Cg,

Let T be the linear operator on M3 defined by

X11 0 X13
T(X)=|x21 x12 + x23 + x31 0 , for X = [x;;] € Ms.
0 X32 X33 + x22
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Then T(El-(,j(,-)) OT(Ergy) =0forl <i,r <3 withoj,or € € and j # k. Also for each i € N3, the
matrix 7'(Ejq;(;)) is dominated by a matrix Cy;, for some Cy; € %3 (1 < j < 3). However, both the matrices
T(E15,1y) and T (E144(1y) are dominated by the circulant permutation matrix Cs.
Let T be a linear operator on M, that preserves the Hadamard circulant majorization. By Lemma 2, for any
n

i eN,, T(E,-gj (i)) 1s dominated by a circulant permutation matrix, say ij, forl <j<nAsC; = Z ij M)
i=1

the matrix 7'(C;) is dominated by the circulant permutation matrix Cy ;- Now define a function P : N, — N,

by P(j) = kj,for 1 < j < n. Then by Lemma 3, we have the following:

Proposition 1 Let T : M, — M,, be a linear operator. Suppose T preserves the Hadamard circulant majoriza-
tion. Then there exists a permutation P on N,, such that T (C}) is dominated by Cp(jy, for 1 < j < n.

The following theorem provides the structure of linear operators that preserve the Hadamard circulant
majorization.

Theorem 3 Let T : M, — M, be a linear operator. Suppose T preserves the Hadamard circulant majorization.
Then there exists a permutation P on N,, and scalars a,’( o) e R, 1 <1, j,k < nsuchthat for any X = [x;;] in

M, we have

n
(T, Eiopjy)) = Za/le(k)xk”j(k)
k=1

forop(j) € % and 1 <1i,j <n. Here (-, ) is the standard inner product on M,,.

n n
Proof For X = [x,-j] = ZZX,'U].(,')E,'U].(,‘) in Mn, we have T(X) = szio'j(i)T(Eia'j(i)). Also by
j=1i=1 j=1i=1
Lemma 2 and Lemma 3, there exists a permutation P on N, such that for each i, (1 < i < n) the matrix
T(E,-gj(i)) is dominated by Cpj), for 1 < j <n. Let

n n

@iy = T Ejor(iys Eigeti)): ey

forall 1 <i, j, k < n, where g is the function on N,, defined by

Pk)+s ifl<Pk)+s<n
gk(s) =3 (P(k)+s) (modn) if(n+1)<Pk)+s<2n
n otherwise

forall1 <s < n.Now

n n
(T(X), Eiopg;y(i)) = <Z Zxkol(k)T(Ekol(k))a Eiap<_,)(i)>
I=1 k=1

n n
= Z Z Xka,(k)<T(Eka,(k)), Eiap(j)(i)>

=1 k=1

n
= Zxkaj(k)<T(EkUj(k))a Eiop(j)(i)>
k=1

n
= Zxkaj(k)<T(Ekoj(k))s Eigj(i)>
k=1

n
= D ko (0 1)
k=1
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Remark 1 In the above theorem, if the permutation P is a circulant permutation, then

- n n n =
1 1 1
Z Ao, (k) Xkon (k) Zakm (k)Xo (k) * Z Ao,y (k)Xo —1 (k)
k=1 k=1 k=1
n n n
2 2 2
Z“kon,l(k)xkdn—l(k) Zakan(k)kaz(k) Zakan,z(k)xkﬂn_z(k)
T(X) = |i=1 k=1 k=1 Py,
n n n
Z al’clol (k) Xka (k) Z al’claz (k) Xkaa (k) * "+ Z alrcla,, (k) Xkay (k)
L k=1 k=1 k=1 _

where Pj is a permutation matrix of order n.
The following example illustrates Theorem 3.

Example 1 Let T : My — My be a linear operator, defined by

X12 X14 X11 X13

T(X) = | " B2 g x xiileM
X33 X31 X34 X32 | " "

X43 X44 X42 X41
The reader can verify that T preserves the Hadamard circulant majorization.

Let T be a linear operator on M,,. Suppose there exists a permutation P on N,, and scalars a,igj W € R,
1 <1, j, k < n such that

n
(T(X), Eiopyi)) = Zaigj<k)x1ca,~(k>
k=1

for X = [x;j] € My, opj) € € and 1 < i, j < n. Then for any C; € ¢, and B € M,, we have T (By) =
Cpiy © T(B), where Cp) € ¢, and By = B © Cy. The following theorem ensures that the converse of
Theorem 3 holds as well.

Theorem 4 Let T : M,, — M, be a linear operator. Then the following are equivalent:

(i) T preserves the Hadamard circulant majorization.
(ii) For any Cy € 6, and B € M,, we have T (By) = Cp, © T(B), where Cp, is a circulant doubly stochastic
matrix in M,, and B, = B © Cy.

Proof 1t is sufficient to prove (ii) = (i). Assume (ii). Suppose X and Y are two matrices in M, such that

n
X <gc Y. Then X =C @Y, where C = Z ¢; C; is a circulant doubly stochastic matrix. Then we have ¢; > 0
i=1

n n
forlfifn,Zci zlandX:chYj.Thus
j=1

i=1

T(X) = chT(Yj)
j=1

n
= Z chyj O T(Y), by the assumption
j=1

= (Xn:c,cyj) o T(Y).
j=1

As Z ¢;jCy; is a circulant doubly stochastic matrix, T" preserves the Hadamard circulant majorization. O

j=1
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A matrix A in M, is said to be a non-negative matrix if all its entries are non-negative. We denote it by
A > 0. Also a linear operator T on M,, is said to be a non-negative operator if 7(A) > 0, whenever A > 0. The
following theorem ensures that the converse of Proposition 1 holds as well, if 7' is a non-negative operator.

Theorem 5 Let T : M,, — M, be a non-negative linear operator. Then T preserves the Hadamard circulant

majorization if and only if there exists a permutation P on N, such that T (C;) is dominated by Cp(;), for
1<i<n.

Proof In view of Proposition 1, it is sufficient to prove the “only if” part. Assume that there exists a permutation
P on N, such that 7'(C;) is dominated by Cp(;) for 1 < i < n. Then T (E s, j)) is dominated by Cp(; for
1 < j < n. Therefore T(E,-Gj(,-)) O T(Erg)) = 0forl <i,r < nwith j # k. Nowlet A, B € M, be

n

such that A <gy¢ B. Therefore A = C ©® B, where C = Z ¢; C; is a circulant doubly stochastic matrix. Then
i=1
n ' n

we have ¢; > Ofor1 < i < n,Zci = land A = chBj,wherij = BOC;,1 < j < n. Now

i—1 j=1
n

T(A) = chT(Bj). As T(B;) is also dominated by Cp(; for 1 <i < n, we get
j=1

n

T(A) = ch (CP(j) ©) T(B))

j=1

= (Xn:Cij(j)> o T(B).

j=1

n
As Z ¢;Cp(j) is a circulant doubly stochastic matrix, we have T (A) <gy¢ T (B). This completes the proof. O
j=1

4 Strong linear preservers of the Hadamard circulant majorization

Let T : M,, — M, be a linear operator. We say that T strongly preserves the Hadamard circulant majorization,
if the following holds

T(X) <gc T(Y)ifand only if X <pyc Y.

Let T be a linear operator M), defined by 7'(X) = X © A, for X € M,,. Here A = [a;;] € M,, with a;; # 0
forall 1 <i, j <n.Then T strongly preserves the Hadamard circulant majorization. Let T be a linear operator
on M, that strongly preserves the Hadamard circulant majorization. Suppose 7 (X) = 0, for some X in M,,.
Then T(X) <gc T(0) and so X <gc 0. Thus we have the following:

Lemmad4 LetT : M, — M, be alinear operator. If T strongly preserves the Hadamard circulant majorization,
then T is invertible.

Theorem 6 LetT : M,, — M, be an invertible linear operator. If T preserves the Hadamard circulant majoriza-
tion, then so does T~ ".

Proof Suppose that T preserves the Hadamard circulant majorization. Then for each i € N,,, we have that
T(Eigj(i)) is dominated by Cp(jy (1 < j < n), where P is a permutation on N,,. Therefore for each i € N,,,

T‘l(Eigj(i)) is dominated by Cp-1;) for 1 < j < n. Thus for any B € M,, we have T_I(Bj) =Cp-1(j) O

7! (B) for 1 < j < n, where B; = B © C;. Hence by Theorem 4, 7! preserves the Hadamard circulant
majorization. o

As a consequences of Lemma 4 and Theorem 6, we get the following characterization.

Theorem 7 Let T : M,, — M, be a linear operator. Then T strongly preserves the Hadamard circulant
majorization if and only if T is invertible and preserves the Hadamard circulant majorization.
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Linear preservers of Hadamard circulant majorization 1039

By using Fact 2, we give an example that illustrates the above theorem.

Example 2 For C;, Cj € 6, define a linear operator T on M, by T(X) = C;XCj, for X € M,. Then T

strongly preserves the Hadamard circulant majorization. Also 7! exists and preserves the Hadamard circulant
majorization.
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