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Abstract Let Z and Z* be the set of integers and the set of positive integers, respectively. For a, b, ¢,n € Z*
and x, y, z € Z, let N(a, b, c; n) be the number of representations of n as ax? + by2 + cz% and t(a,b,c;n)be
the number of representations of n as ax(x; D4 by();rl) + cZ(Z; D Recently, Sun established many relations
between ¢ (a, b, ¢; n) and N (a, b, ¢; 8n +a + b + ¢) and listed 43 relations need to be confirmed. More recently,
Xia and Zhang proved 19 relations conjectured by Sun. In this paper, by employing Ramanujan’s theta function
identities, we prove the remaining 24 relations.

Keywords Ramanujan’s theta function identities - Sum of squares - Sum of triangular numbers

Mathematics Subject Classification  11D85 - 11E25

1 Introduction

Let ZT, N and Z denote the set of positive integers, the set of nonnegative integers and the set of integers,
respectively. Define

N(a,b,c;n) =4 {(x, v,2) € Z°

ax2+by2+CZ2=n},

t@@,b,cin) =81(x,y,z) ez GJOAD Yo +D | 2D
and
T, b,c;n)=t{(x,y,2) e N° ax(x+ ) +by(y+ ) +cz(z+ ) _al
where a, b, ¢ € Z* and n € N. The numbers @ (x € Z) are called triangular numbers. Since x(x2+1) _
D=1 e have
t(a,b,c;n) =8T(a,b,c;n). (1.1)
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1082 L. Cao, B.L. S. Lin

In 2005, Adiga, Cooper and Han [1] established thatif a + b + ¢ < 7, then forn € N,
2

t(a,b,c;n):mN(a,b,c; 8n+a+b+C),
where
i1 — D3 —=2)@1 —3)  i1i1—Dia ..
C(a,b,c) =
(a,b,c) 7 + 2 +i1i3

and i ; denotes the number of elements in {a, b, ¢} which are equal to j. In 2008, Baruah, Cooper and Hirschhorn
[2] proved that for n € N,

2
t(a,b,c;n) = m(N(a, b,c;8n+8)— N(a,b,c;2n+2)),

where a + b + ¢ = 8. Recently, Sun [7] further discovered some general relations between ¢ (a, b, c; n) and
N(a, b, c; 8n +a + b+ c¢) under certain conditions. In particular, in [7], Sun posed four conjectures (Conjecture
6.1-Conjecture 6.4) including 43 relations between ¢ (a, b, c; n) and N (a, b, c; 8n 4+ a + b + ¢) for some special
values of (a, b, c). Later, Xia and Zhang [9] confirmed 19 relations of Sun [7] by employing theta function
identities.

In this paper, we use elementary techniques and theta function identities to prove the following seven relations
between 7 (a, b, c; n) and N(a, b, ¢; 8n + a + b + ¢) conjectured by Sun [7].

Theorem 1.1 Letn € N*. Then
1(1,2.5:n) = %(N(l, 2.5:4(8n + 8)) — N(1,2.5: 8n + 8)). (1.2)
Theorem 1.2 Letn € NT. Then
1(1,6,9; n) = %(N(l, 6,9:4(8n + 16) — N(1,6,9; 81 + 16) ). (1.3)
Theorem 1.3 Letn € NT. Then
t(1,5,10;n) = %(N(l, 5,10;4(8n + 16)) — N(1, 5, 10; 8n + 16)). (1.4)
Theorem 1.4 Letn € NT withn = 1 (mod 2). Then
1(5,21,35;n) = %(N(S, 21,35;48n +61)) — N(5,21,35; 8n + 61)). (1.5)
Theorem 1.5 Letn € NT withn = 0 (mod 2). Then
1(1,6,15;n) = %(3N(1, 6, 15;8n +22) — N(1,6,15;4(8n + 22))). (1.6)
Theorem 1.6 Letn € Nt withn = 1 (mod 2). Then
1(1,2,7;n) = %(SN(L 2,7;8n+10) — N(1,2,7;4(8n + lO))). (1.7)
Theorem 1.7 Letn € NT withn = 1 (mod 2). Then
t(3,5,30;n) = %(3N(3, 5,30; 8n +38) — N(3,5,30;4(8n + 38))). (1.8)
REMARK. The remaining three relations in Sun [7, Conjecture 6.4] can be shown by using similar arguments
as in Theorems 1.5-1.7. The proofs of the remaining 14 relations proposed by Sun [7, Conjectures 6.1-6.2] are
similar to that of Xia and Zhang [9, Conjectures 1.1-1.3], which can be shown directly by using several theta
function identities.

The rest of the paper is organized as follows. To prove the results of this paper, we present some definitions
and lemmas in the next section. In Sections 3— 9, we prove Theorems 1.1-1.7, respectively.
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Proofs of some conjectures of Sun on the relations... 1083
2 Preliminaries
Ramanujan’s general theta functions f(a, b) is defined by
o
f(a,b) = Z "D 2pn=D/2 b < 1.
n=—0oo
By the well-known Jacobi triple product identity in [4, p. 35, Entry 19], the function f(a, b) satisfies
f(a,b) = (—a; ab)oo(—b; ab)oo(ab; ab)w, (2.1)
where
o0
(a; b)oo := [ J(1 —ab™").
n=1
Two special cases of f(a, b) are
o0 2. 2\5
2 (g7 97)%
(q9):=fQq,q9) = "= ) (2.2)
v =1 n;ooq (@ D3 (g% gH5
o0 2. 2\2
V@) = flg.gh) =Y gt 2 U ) 23)
e (4 @)oo
Define
o0
fo=filg) =[]0 = 4" = (¢"; "o
n=1
It is easy to deduce the following relations:
f3
fo(=a) = fors frs1(—q) = —F2 (2.4)
Sok+1 f8k+4
From (2.2), (2.3) and (2.4), we have
fi fifa
—gq) =1L, —g) = 2%, 2.5
@(=q) 7 v(—=q) 7 2.5)
It is evident from the definitions of ¢(q) and ¥ (¢) that
o0
Y Na.b,c;mg" = 0" eq) (2.6)
n=0
and
o
Y T(a,b,e;mq" =gy (q°). 2.7)
n=0
Next, we recall some theta function identities which will be used later.
Lemma 2.1
V@ =@V (g, (2.8)
0(@) = p(ah) + 29V (g%, 2.9)
V@V (@) =@V H +ae@)v'"), (2.10)
V@v@) =v@e@™®) +av @@ + ¢°eaHv ™), .11
V@@ = v@De@™) + v @Hv @) +a ey @), (2.12)
V@V @"™) =@ @) +a0@)v@®) + @ eqvE"). (2.13)
V@V @) = v @@ +af @ aH 1@ 6*) +a°F@? g @ ¢ (2.14)
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1084 L. Cao, B.L. S. Lin

Proof Identity (2.8) is given in [4, p. 40, Entry 25 (iv)]. Identity (2.9) follows from [4, p. 40, Entry 25 (i),(ii)].
In [4, p. 69, eq. (36.8)], setting (u, v) = (2, 1), (u,v) = (4,3) and (u, v) = (4, 1), respectively, we obtain
identities (2.10), (2.11) and (2.12). Moreover, Identity (2.13) follows from [3, eq. (2.18)]. Adding (ii) to (iii) in

[4, p. 46, Entry 30] yields
f(a,b) = f(a’b,ab®) +afbja,a’b>).
If we put (1, v) = (3, 2) in [4, p. 69, eq. (36.7)], we have

V(U (@) = v (@®e@") +af @ ah @, ¢%)
=¥ @»e@") +af@* qH @ ¢*) +q°f @ aM f@®, '),

where the second equality is due to (2.15).

Lemma 2.2

9(=%9(=¢"") + 29v (v (@) = (@ e (@"),
Y@V + ¥ (v (—¢") =2y (") ("),
(=)o (—q) + 2¢*V @V (") = 0(@)e(q).
o(—a)0(—=q°) — p(a)e(@) = 20>V (=) ¥ (—¢"°) — 2¢* Y (¥ (g"),
(@) =29V @V (q") = e(—g")p(—q'"),
0@9(@)) — o(—)e(—q") = 4q¥ (q*)e@>®) + 49 (g ().
0(@)¢(q") — p(=)e(—q") = 4q¥ (¥ (@) — 44 ¥ (gH ¥ (@)

Proof Identities (2.16), (2.17) and (2.18) are in [4, p. 377, Entry 9 (ii),(iv) and (iii)].
By changing ¢ to —q in (2.18), we obtain

9(=a)9(—q%) = (=g (=) + 24> ¥ (—) ¥ (—¢ ™).

This together with (2.18) yields (2.19). Identity (2.20) appears in [4, p. 304].
Applying (2.9), we easily deduce that

o(@e@)) = p(gHe@™) + 29 (q*e@™) + 2" (g (@) + 4¢° ¥ (@®) v (¢™).
and so
o(—e(—=q") = 9(gHe@®®) — 2q¥ (¢*(@®®) — 2" 0(aMH v (%) + 4¢3 v ¢V (™),

from which we immediately get (2.21).
Replace g by —¢g in (2.16) and subtract the resulting identity from (2.16) to deduce that

2(@9@") — o(—)p(—¢") = 2q¥ (@) (@) + 2q¥ (—¢>) ¥ (—¢°).

Recalling [4, p. 377, Entry 9 (i)],
V@G — V(=W (=¢) = 2¢° ¥ (@) (¢0).

Combine the above two identities together to deduce (2.22).

@ Springer

(2.15)

(2.16)
(2.17)
(2.18)
(2.19)
(2.20)
2.21)
(2.22)




Proofs of some conjectures of Sun on the relations... 1085
Lemma 2.3 The following 2-dissection formulas hold:
1 5 2 22
— = {82 +2g f45f16, (2.23)
i fifis I3 s
N o
R/ SPELE Y (2.24)
fl4 f214f§¥ le()
s f [ fao
N_ Lliw  Jile (2.25)
s fafiofso  fsfio
2 2
S ﬁ;f6fl6f24 +q fgfg Jag ’ (226)
Nt f5 fsfiafas 15 fi6f24
2 4 2 2
f_32 _ f45f6f12 +2qf4f64f8f24’ (2.27)
T L fsfu 13 fi2
fl _f2f42f122 f23f162
3T 7 49 2.9; (2.28)
3 fe fife
3 3,2 3
L fils | Jin (2.29)

fi o o 1 fa

Proof Identity (2.23) follows from (2.9). A complete proof of identity (2.25) is given in [8, Lemma 3.2]. Identities
(2.24), (2.26)—(2.29) follow from (1.10.1), (30.10.3), (30.10.4), (34.1.17) and (34.1.18) of [6], respectively. O

3 Proof of Theorem 1.1

We first need the following lemma.

Lemma 3.1 Let

K(q) = 4f_45 _ f_25 _ f_l5 _ £ fs fo

fo T fio fs o FRf

Then
K(q) =0.
Proof Appealing to (2.4), we conclude that

53 fs fro _ (=)
R DT

which implies that

fo fio fs o fs(=q)

5 5 5 5_
K(q)=4f_4_2f_2_(f_l+f1( q)>'

From [6, Eq. (34.1.23)],

fi fio
1 fs
Applying (2.3) and (2.25), the above identity can be rewritten as follows,

f_15_f_25_5 f12f2f130

s fo T 12

_ B
= o 5912 fio (

V(@)? —5qv(g®)* =

hfsfy g faof?
fafi fao S fio

)2_

3.1)

(3.2)
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1086 L. Cao, B.L. S. Lin

By (3.2), we have

B LRCo (B s o (PS5
fs * fs(=9) "\ fio 4/21io 1 13y ’

and therefore,

ff fzs 5 2f22f4f230
d4 252020000 )
o  fio Sio

K(g) =4 (
If we replace g by g% in (3.1), we immediately find that K (¢) = 0. O

REMARK. In fact, Lemma 3.1 was established in [5]. For the sake of completeness, we present a proof here.
To start our proofs, we present the following fact which will be used frequently without being explicitly
mentioned in the sequel. Let {a(n)}§° be the sequence defined by

e @]

S atg" = Ao(q™) +qA1@") + -+ 0" Ausi(@™), (3.3)
n=0

where A;(g) is an arbitrary infinite series in ¢ and m > 2. For 0 < i < m, collecting those terms on each side
of (3.3) that involve only the powers ¢""**, dividing by ¢' and replacing ¢ by ¢, we find that

e¢]

> a(mn +i)g" = Ai(q). (34)
n=0

Proof of Theorem 1.1 In view of (2.6) and (2.9),

Y ONWL2, 5" = p@)e(g))e(@) (3.5)
n=0

= (0@ +209@M) (¢l +20°v@') (¢ @) +2¢°¥ ™). (3:6)

If we extract those terms in which the power of ¢ is divisible by 4 in (3.6), and replace ¢* by ¢, then
o
Y ON(,2,54m)q" = 9(@)p(g)e(@”) + 8¢ Y (@) (gH v ('), 3.7)
n=0
Define
ri(n)y=N(,2,5;4n) — N(1, 2, 5; n). (3.8)

By (3.5), (3.7) and (3.8),

o]

Y rnmq" =84 v (@H¥ (g g"). (3.9)

n=0

Picking out the terms involving g% in (3.9), then replacing ¢ by ¢ and using (2.3), we obtain

Y ri@mg" =8q¥ (@)Y ()Y (q”)
n=0
1
= 8¢If2f42f120 : % : F (3.10)
1
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Substitute (2.23) and (2.25) in (3.10),

= ffsfs  fifwo N fif
Z(z n_g 202 20  J4 ) 8 4 pgt4li6 )
" M =8afJi fio <f4f130f4o “win ) \Bra T Sk
It follows that
> n fz?’fngﬁo fl 1 fffffzo 1
E 4 = l6g—=—2>"+ . — . — — g —, 3.11
par? rl( n)q q f20 f5 14 q f82 f14 ( )

Invoke (2.24) and (2.25) to arrive at

3 g — (16qu3f82f130 (fzfsffo _qfff4o> _8qf5‘f4“fzo> ( i f42f§‘>’
n=0

q
J20 fafio fao fs 1o fs LA f°
and
S 7 £2 16 6 2
Zrl(Sn)qn _ 64q f2jg4 flo _ 16q f211 foZO _ 326] f2 f46f10.
n=0 f1f20 f1 f4f10 f1
By (2.7) and (2.3), we deduce that
0 2 2
> T, 2.5)q" = Lfifio,
= fifs
Combining the above two identities together, we obtain
00 o] 2 r2
> ri@mg" =16 T(1,2,5:n)g""" = 16q%6flol((q).
f
n=0 n=0 1
Applying Lemma 3.1, we see that
[e¢) o
D rn@mg"=16) T(1,2,5m)q""",
n=0 n=0
from which it follows that
1
T1,2,5;n) = T (8n + 8).
From (1.1), (3.8) and the above relation, we immediately deduce (1.2). O

4 Proof of Theorem 1.2

Due to (2.6) and (2.9),

D ONW,6,9 )" = p@)e(q)e(d®)
n=0

= (@ +200@") (0@ +24°¥ @) (0@™) +20°v @) . @D

If we pick out the terms involving ¢*" in (4.1) and then replace ¢* by ¢, we obtain

Y N(1,6,9:4n)q" = o(@)9(q")e(q”) + 8¢ ¥ @)V (gD v ("),
n=0
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Define
ro(n) =N(1,6,9;4n) — N(1,6,9; n). 4.2)
It follows that
D rmg" =8¢ (@Y q").
n=0
From [4, p. 49, Corollary (ii)],
fﬁfg2 9
= + . 4.3
¥ (q) 7 fis qv(g”) 4.3)
Thus,
00 2
D rmg" = 38q* (ﬁ + q%/f(q”)) vigHv('"). (4.4)
= f6.f36

Extracting those terms in which the power of ¢ is congruent to 0 modulo 3 in (4.4), then replacing ¢ by ¢, we
achieve

irz@n)q” =8¢y (¥ (q°)°,
n=0
and
irz(@@)q" =8¢ (gH) V¥ (q*)*.
n=0
Invoke (2.8) and (2.9),
irz(én)q” =8¢v¥(gM)p(a)¥ (q°)
n=0
=8qy(q%) (w(qlz) + 26131#(6124)) ¥ (q).
It follows that
irg(lZn)q" = 164"V ()¥ () ¥ (g").
n=0
By (2.10), we have
iw(%n)q" = 16qV (") (") ¥ (g°).
n=0
Applying (2.8) and dividing by ¢,
irz<z4n +24)g" = 16y (g*) ¥ (g”)°. 4.5)
n=0

If we collect those terms in which the power of ¢ is congruent to 1 modulo 3 in (4.4), then divide by ¢ and replace
g3 by g, we obtain

00 2
> rGn+ g = Sqv (g (%) 206
= fafia
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Proofs of some conjectures of Sun on the relations... 1089
and
o0 2
ff
Y ra6n+4)q" =8y (@Y () T2
= fife
Employing (2.3), we find that
. f
> ra6n+4)q" = 8f2 fo- .
= N
By (2.26),
o0 2 2
fatfe f16 /. Jo g f48
> ra6n+4)q" =817 fo- | = e B :
o frfsfifas f3 fief4
from which we extract
o0 3.2 2
S (120 + 4" = 21002 <ﬁ> :
= fafef2a \ N1
From (2.26), we can easily deduce that
00 2
> r4n + 16)g" = 16731406 (4.6)
n=0 fl

It is easy to see that there are no terms of ¢>"*2 in (4.4), and r»(3n + 2) = 0. Hence, r>(24n + 32) = 0. From

(2.3), (4.5), and (4.6),

o0 o0 o0 o0
D n@n+16)g" =Y rQ4n +16)g™ + Y ra24n +24)g T+ (24n 4 32)¢7
n=0 n=0 n=0 n=0

2
- 16% + 16g9(¢*)¥ (g*)?
2
— 169 @v @ [ 222 4 qu”).
f3fis
From (4.3),
Y r@n+16)g" =16 T(1,6,9:n)q",
n=0 n=0
and hence,

1
T(1,6,9;n) = 1—6r2(8n + 16).

Combining (1.1), (4.2) and the above relation, we complete the proof (1.3).
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5 Proof of Theorem 1.3
To prove Theorem 1.3, we first state and prove a lemma.
Lemma 5.1 Letn € N. Then
T(1,5,10;4n +6) =27(1,5,10; n). (5.1
Proof From (2.7), (2.9) and (2.14), we have

Y T,5,10,mq" = (@ (@)@

n=0
=" (1/f(q6)<p(q15) +qf @ g @, ¢ + 4% £ @ qh £ (¢, q“)o))

= (g @) (96®) +24 v ("™
+aqv (@' /@ aH @, )+ @") @ aH @ q' ™),
and
D OT(1,5,10:2m)q" = ¥ (g (@)e@™) + ¢ v (@) f(q. 47 fa". a°).
n=0

Letting a = ¢ and b = ¢ in (2.1), it is not difficult to obtain

2 DS
q7) = . 52
fq.q%) i fo (5.2)
Furthermore, with the use of (2.3), (2.12) and (5.2), we have
>OT5.10:2mg" = (Vg™ + PV @ @) + g e vE@™) 9@
n=0
2 2
+4% (g, g% Nfio f5 ﬂ 5.3
q9°fq ", q) o 2T (5.3)

Put (2.25) and (2.27) in (5.3) to find that

> T(1.5,10:20g" = (Va9 + Y @V @) + 0 e @™) p@®)
n=0

+4° @', ¢

fafiy fao 1 3l

A fh fff6f122+2qf4f62f8f24 Hfsfay B 12 fao
fo \Jf5fafu 15 fi2 '

and

D T(1,5,10;4n 4+ 2)¢" = q¥ (9)e(q)¥ (")
n=0

54

s 25 N1 [ f3 f3fe fio _, f3 13 fia fo
+4qf(q’,q7) 7 <f14f53f]2f20 q—ff‘fszfs )

In (2.16), replace g by —q to see that

(=499 (—=q'") = 2q¥ (—gH V¥ (—¢°) = p(=)p(—¢").
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3
Multiplying by L5100 both sides and using (2.5), we arrive at

1

LB iy F5 13 fiafo _ 13 f3.f10 175 (5.5)

I3 iz fo 112 fs fEfifo

Besides, we apply (2.1) with a = ¢ and b = ¢° to deduce that

f3f3fi
fa.q) = ===,
fifafe
and
I1o.f15 feo
1@ %) = =0 (5.6)
J5/20 30
By (2.3), (5.4), (5.5) and (5.6),
o0 23 £3
I35 fiofisfeo
Y T(1,5,10:4n 4+ 2)" = q¥(9)e(q) ¥ (") + g =00
n=0 flfs f20f3()
fiof7s feo
=q¥ (@ [e@)v (") + 2B )
f5 f20f30
Now, we need to establish the following identity,
33
3 3 fz f3 fl2 2
e@IV(G") + =5=—m =29 (Y (g7). (5.7
fLfafd
From (2.28) and (2.29),
BB B Bfa (BB B\ (LR 1) S
5o h fafg 14 18] 1 f3fi fa ) fafg
=2/ /3.
Multiplying both sides of above identity by %, we obtain
e S KR _f K
#Bra B i h h
We next use (2.2) and (2.3) to deduce (5.7).
Substituting ¢ for ¢° in (5.7), we immediately see that
oo
> O T(1,5,10;4n +2)¢" = 2q¥ () ¥ (@) (q').
n=0
Equating the coefficients of g"*! in the above equation, we obtain the required result. O

Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3 We note that

D ON(,5,10:mq" = 9(@)e(q)e(g")
n=0

= (@™ +209 @) (0@ +24° ™) (0@ +24"v ™).
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1092 L. Cao, B.L. S. Lin

and

D ON(1,5,10;4m)g™ = 0(gHe@*)e@*) + 8¢V (d*) v (@) v (@),
n=0

Replacing ¢* with ¢, we obtain

Y N(,5,10;:4m)q" = (@)e(@)eq") +8g v (@) (@ v (g™).

n=0
Define
r3(n) = N(1,5,10;4n) — N(1, 5, 10; n), (5.8)
we have
[e¢)
Y r3mg" =8¢ v (¥ (") (g™).
n=0
It then follows that
o0 o0
Z r3(n)g" =8 Z T(1,5, 10; n)g>"+*.
n=0 n=0
By comparing coefficients of ¢2"**, we derive

r3(2n+4) =8T(1, 5, 10; n),
and
r3(8n + 16) = 8T'(1, 5, 10; 4n + 6).
Applying Lemma 5.1, we arrive at
r3(8n + 16) = 167'(1, 5, 10; n). (5.9)

Utilizing (1.1), (5.8) in (5.9), we complete the proof of (1.4). O

6 Proof of Theorem 1.4

Using (2.6) and (2.9), we achieve

Y NG.21,35mq" = 0(@)e@* e
n=0

= (sv(qzo) + 26151#(6140)) (w(q’“) + 2q211//(q168)> ((p(q140) + 2q351p(q280)> ,

and

Y NG,21,354n)q" = 9(@)e(@ ™) + 44 0@V @Y @™ + 49" v @ e Hv ™).
n=0

Define

rqa(n) = N(5, 21, 35;4n) — N(5, 21, 35; n).
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From the generating functions for N (5, 21, 35; n) and N (5, 21, 35; 4n) above,
o
> rmg" =4q"0@) ¥ (@ @") + 44" v @ )e@*Hv@™)
n=>0
= 49" (0™ + 24"V @) v (@D¥ (")
+49"0 @) (0@™) + 2420 (¢"™) v (@™, (6.2)
where the second equality is due to (2.9).
From (6.2), we obtain
o0
Y r@n+1g" =84V (@) @) + 8¢ v (@) @)y (). (6.3)
n=0
By (2.11), (2.12) and (6.3),
o0
> r@n+Da" =8¢0 @™ (V@ 0@ + ¢ v @Y @) + %@ ™)
n=0
+84' (4@ 0@" ) + ¢V @V @™ + 4 0@ @) v @),
from which we extract
o0
> ra@n+ g" =8¢"y(q" ) (v (@) + 8¢ v (@) (@P)v (g™
n=0
Invoking (2.11) and (2.13), we deduce from above that
o
Y ra@®n+35)g" = 169"y (@) ¥ (¢*H¥ (g>). (6.4)
n=0
Equating the coefficients of g2+ in (6.4), we find that
ra(16n + 69) = 16T(5, 21, 35;2n + 1).
Theorem 1.4 follows from this relation, (1.1) and (6.1), and we finish the proof. O
7 Proof of Theorem 1.5
From (2.6) and (2.9),
o
D N6, 15 )" = 9(@)p(q")p(g")
n=0
= (0@ +2qv@") (06*) +2¢°0@*™) (0 +2¢"¥ ") D)
It follows that
oo
D N6, 15:4n)q" = o(@)e(qM)e(q ") + 49"V (g7 (g). (7.2)
n=0
Define
rs(n) =3N(1,6,15;n) — N(1, 6, 15; 4n). (7.3)
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In light of (7.1), (7.2) and (7.3),

> rsma" =20@)e(a"e@") — 44 v (g ¥ (™).
n=0

This together with (2.9) gives

> rsmg" =2 (e(gh) +2qv(a") 0(a®) (@) + 24" 9 ¢"™))

n=0
— 44" (@@ ¥ (™),
and
Y rs@mg" =20(@Me@)e@™) +8¢%0 @)V gV (™) — 47V (@e@Hv (@), (T4
n=0

With the use of (2.9), (2.13) and (7.4), we have

]

> rsmg" =207 (@™ +20°0 @) 9@™) + 8¢° (00" + 207w @) ¥ g (™)
n=0

407 (¢@") +24°v@™) (V@@ +a0@® @) +a 0@ DV ™).

If we extract those terms in which the power of ¢ is congruent to 1 modulo 2, then divide by ¢ and replace ¢
by ¢ and employ (2.16), we arrive at

Y rs@n+2)q" = 4q9(@)¥ (gDeg") + 160°Y (g7 ()Y (g™
n=0

—4g0@®*0@" v (@™ - 4%0@®* ¥ (@®) - 8¢*¥ (Y @V (")
= 499" (0@0@") = 29 @V (4))
+16¢°¥(gHV (@"HY (@) — 490G (") — 4470 (@®) ¥ (%)

= 499(—q%0(—q" ) (¢") + 16¢° v (¢ (¢ (¢)
—490@®0@" v (") — 44%0(@®)* ¥ (). (7.5)

Due to (2.17), (2.19) and (7.5), we obtain

> rs@n+6)a" = 400 (9(-a)0(=a") — 9(a))e(a")) + 1644 @Y (¥ (")

n=0

= 49(¢") (207 (v (=4") =24V @V (¢")) + 164V @V (v q")
= 8¢%(a") (Vv (~4") + v @V @")
= 1647y (¢’ ¥ (¢'").

It then follows that

> rs(6n +6)q" = 169y (q*) ¥ (q). (7.6)
n=0
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By (2.7) and (2.13),

Y TW,6,15m)q" = (@Y @)Y (g")

n=0
=v(@® (V@) +a0@®V @) + o@D ™),

from which we extract

D T(.6.15:20)¢" = ¥ (¢’ ¥ (@), (7.7)

n=0

Equating the coefficients of ¢"*! in (7.6) and (7.7), we find that
1
T(1,6,15;2n) = 1—6r5(16n + 22).

Combining this relation, (1.1) and (7.3), we complete the proof of Theorem 1.5. |

8 Proof of Theorem 1.6

We have

Y ON(1,2,75mq" = (@)e(gPe(q)
n=0

= (0@ +2qv@") (6" +20*0@")) (™) +24"v @™,

from which it follows that

Y N2, 7:4m)q" = o(@e(gDe(q)) + 440 (@)Y (g (g,

n=0
Define
re(n) =3N(1,2,7;,n) — N(1,2,7; 4n), (8.1)
we obtain
i re(mq" =20(@¢e@*e(q") — 4470V gV (g
n=0
=2 (¢ +209@") 0@ (9@ + 207 v ™))
— 44 0@V (@Y (g").
It is easy to see that
irazn)q” =20()¢(@e(q") + 8¢ (@) ¥ (¢ () — 499 @V (@) ¥ (g)). (82)
n=0

Using (2.9) and (2.11) in (8.2), we deduce that

o0

> r(2n)g" =2 (qo(q4) + 2q1/f(q8)) 0(q))p(g') + 84 (¢(q4) + qu(qs)) vgHy (@™

n=0

—4q (0@ +2qv@") (V@@ + av @@ + 4% @1 E@™).
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Extracting those terms in which the power of g is congruent to 1 modulo 2, then dividing by ¢ and replacing ¢

by ¢ and using (2.20), we obtain

oo

Y redn+2)q" = 49(@)¥ (gHeq)) + 1647 (@MY (g v (g
n=0

—49@H ¥ (Mo — 4@ ¥ (@) — 8q ¥ (@) (gM ¥ (g
=4(g" (0@e(a") = 2q0@¥(@)) + 16070 @V v g™
— 40V (g9 — 4¢°0(@H* v (™)
= 4y (gHo(—gHe(—g") + 164> (gD v (¢ v (g')
— 40V (g0 — 4% 0(@H* v (™).

With the use of (2.11), (2.21) and (8.3), we arrive at

> rsn+2)0" = 40 (¢(-e(—a") = ¢@e(a)) + 164 @V @V (a))

n=0
= 4(g") (~4av @Ve@®) — 4970 v ™))
+169 (@ (¥(@De@™) +av @V @™ + a0 ™)
= 16¢°Y(q*)*¥(q"*).

It then follows that

o0

Y re(16n +2)g" = 169y (9)* ¥ (q).

n=0

From (2.7) and (2.11),

D T2, 7:im)q" =¥ (g% (Iﬂ(qg)w(qzs) +q¥ @V + qﬁ@(q“)llf(q%)) :

n=0
Hence,
o0
Y T(,2,7:2n 4+ " =¥ (@) (g,
n=0
From (8.4) and (8.5),
[o)0] o0
Zr6(16n +2)¢" =16 Z T(1,2,7;2n + 1)g"*!.
n=0 n=0

This immediately implies that
1
T(1,2,7;2n+1) = Er6(16n + 18).

Combining (1.1), (8.1) and (8.6) together, we complete the proof.
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9 Proof of Theorem 1.7

Observe that

Y NG5.30:mq" = 0(@)e@)ea™)
n=0

= (sv(q”) + 2q31/f(6124)) (¢(q2°) + 2q5w(q4°)) (<p(q‘20) n ZqSOw(q240)) ,

and

D NG, 5,30;4m)q" = 0(@)p(@)e(q™) +4a7 ¥ (@)Y (q e@™).

n=0
Define

r7(n) =3N(3,5,30;n) — N(3,5,30; 4n). 9.1

Then, we obtain

Y rmg" =207 e@™) — 447V (g (¢ De(g™)

n=0

=2(¢@" + 207w @) (0™ +24°v¢") 0(a™)

— 44’ Y (@O (@ e ™),
from which we extract
i r12n)g" = Ceg®)e@") + 8¢ ¥ (@) @) —4q¥ @V (@ )eq").
n=0
By (2.9) and (2.12),
3" g = (200" + 8g*w (a0 @™) (¢@™) + 24" ¥ ¢"))
n=0

—4q (V@™ + V@V @) + e E@™)
x (¢@™) +24"v(q"™)).

Collecting those terms in which the power of ¢ is odd, then dividing by ¢ and replacing ¢ by ¢ and utilizing
(2.18), we obtain

> rn + 2" = 447 0@ e@ ¥ @) +16¢°% @) () ¥ ) — 4 (D)

n=0
— 447 0@y (q®) — 8¢° Y (@) V (") (™)
=497 (p(a))0(@®) =27V @V @) @™ + 164°¥ (G0 g v )
— 49 (gMe@™)? — 44" 0P ) v (g®)
=49"0(—=g")eo (=" @*) + 164" ¥ (¢*)¥ (¢ v (@*)
— 49 (g™ — 4970 (@)@ (g,
and

> 1+ 60" = 40° (e(—0)e(=a") = @0 (a")) ¥ (@™) + 164"y @¥ @) (™).
n=0
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From (2.22),

> 160 +6)g" = 40° (44* ¥ @D @™ — 4gv @V @) ¥ @) + 1660 (@ @) @)

n=0
= 16¢" ¥ (¢ (¢**)*. 9.2)
By (2.7) and (2.12),

> TG.5.30:mq" = (Ve + v @@ +a" eqv ™) vig®).

n=0

and

D T(3,5,30;2n+ Dg™ = ¥ (v (™). 9.3)
n=0

In view of (9.2) and (9.3), we conclude that

o0 o
> r8n+6)g" =16 T(3,5,30:2n + 1)g*"*>.
n=0 n=0
Equating the coefficients of ¢>**> in the above equation, we see that
1
T7@3,5,30;2n+1) = Er7(16n + 46). 9.4
Combining (1.1), (9.1) and (9.4), we complete the proof of Theorem 1.7. ]
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