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Abstract On page 310 of his second notebook, Ramanujan recorded two theta function identities. B. C. Berndt
proved them by the method of parameterization. The purpose of this article is to give an elementary proof for
those two identities and also we have obtained two theta function identities which are analogues to the identities
of Ramanujan. Further, we establish two distinct formula for 3-core partitions in terms of divisor function.
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1 Introduction

On page 310 of his second notebook [10], Ramanujan recorded the following two theta function identities:
For |g| < 1,
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where ¢(q), ¥(g) and f(—gq) are as defined below in (1.12),(1.13) and (1.14) respectively. B. C. Berndt [2,
pp- 185-186] proved these identities by the method of parameterization. The equivalent form of (1.1) and (1.2)
can be found in [6, eq. (vii), eq. (xv) ]. One of the objective of this article is to give proof of these identities
by making use of Ramanujan’s 11 summation formula [2, p. 34] and Lambert series sum found in [5, p. 71].
Further we prove the following two identities which are analogues to (1.1) and (1.2):

@ _ @) 20t @ L gt =4
o(g3) @ f(@) f(=q?

(1.2)

(1.3)

Communicated by Sanoli Gun.

K. R. Vasuki - A. I. Vijaya Shankar (B<)
Department of Studies in Mathematics, University of Mysore, Manasagangotri, Mysuru, Karnataka 570 006, India
E-mail: vijayshankarai3 @gmail.com

K. R. Vasuki
E-mail: vasuki_kr@hotmail.com

@ Springer



1100 K. R. Vasuki, A. I. Vijaya Shankar

and
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The identity (1.3) is equivalent to [6, eq. (viii)] and (1.4) is equivalent to (2.9) of [4]. It is interesting to note
that (1.1)-(1.4) offer 3-dissection of ¢>(g), 1//3(q), 1/¢(q) and 1/ (q) respectively. For details on dissection
see [8, p. 14]. In our proof, we require the following identities:
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The identities (1.5) and (1.6) are recorded by Ramanujan in Chapter 19 of his second notebook [10, p. 229].
Berndt [2, pp. 228-229] proved (1.5) and (1.6) by employing Jacobi’s triple product identity and logarithmic
derivatives of theta functions. S. Cooper has given a proof of (1.5)-(1.8) in [5, Theorem 3.21]. For completeness,
in this article, we recall the same proof given by S. Cooper for (1.5) and (1.6). For (1.7) and (1.8), we offer a
slightly different proof. In Section 2, we prove (1.1)-(1.8).

Let

f( q)
Zas(n)q FTan

Then a3(n) denotes the number of 3-core partitions of n (For more details see [7,11]). In [7], A. Granville and
K. Ono have proved that

az(n) =d133n+1) —dr33n + 1),

where d, 3 denotes the number of divisors of n which are congruent to r modulo 3, by employing the theory of
modular forms. M. D. Hirschhorn, J. A. Sellers [9], give an elementary proof for a3(n). Further they obtained
the following explicit formula for a3 (n):

H(Oli +1), if B;’s are even

az(n) = § « (1.9
0, otherwise,
where 3n + 1 = 1_[ pl(.x" . 1_[ qu is the prime factorization of 3n + 1.
pi=1 (mod 3) qj=2 (mod 3)

Also, L. Wang [11] proved the above by using Ramanujan’s 111 summation formula. At the end of this article,
we offer two more distinct formulas for a3(n) which are straight forward from our intermediate identities.

Now close this section by recalling definitions and certain identities. As usual for any complex numbers a
and g with |g| < 1,

@ @)oo =[] (1 —aq"),
n=0
L - @9
@ @n = (@q"; @)

@ Springer



On two theta function identities of Ramanujan 1101

and
[a; gloo = (a5 @)oo (%; q)oo.

The following is the famous Ramanujan’s 11 summation formula [2, p. 34]:
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where a, b, z and g are complex numbers with |§| < |z] < 1 and |¢q| < 1. Setting b = agq in the above, we find
that

i & lazigleo(qi )3 (L10)
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In [1], G. E. Andrews, R. Lewis and Z-G Liu have deduced the following identity:
Ifa, b, ¢ # q" (for any n € Z) are non-zero complex numbers with abc # ¢". Then
lab: qloolbe; qloolcas qloo(q: O30 _ | +i aq" _i a”'q" i bq"
[@: qloolbs gloolc: gloolabe; gloo “l—aq" —l—alq" “—=1-bg"
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Later, it came to known that the above identity was existing much before [1] and was known to Halphen [5, p.
71]. Ramanujan’s theta functions [2, p. 36] are defined by

2 (=4 4900(q% 4P
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and

Feo =Y D" = (¢ oo (1.14)

2 Proofs of (1.1)-(1.8)

Proof of (1.5) [5, pp. 189-190] Replacing g by ¢* in (1.11) and then setting a = b = ¢ = —q, we find that

3. o 3n+1 3n+2
z((_ q3§=1_6 1_6|1_ 3;1+1+621Jqr 2 2.0
4 n=0 4 n=0 q
Changing g to —¢g in the above, we obtain (1.5). O

Proof of (1.6) [5, pp. 189-190] Replacing g by ¢® in (1.11) and then setting a = b = ¢ = ¢, we arrive at (1.6).
O
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Proof of (1.7) Replacing ¢ by ¢* in (1.10) and then setting @ = —1 and z = ¢, we find that

<p(q=§:

o(—q)

}’l

2.2)

Expanding each of the summands of right hand side of (2.2) into geometric series, interchange the order of
summands, summing the inner geometric series and then changing g to —¢g, we obtain the proof of (1.7). O

Proof of (1.8) Replacing ¢ by ¢° in (1.10) and then setting a = ¢ and z = ¢>, we obtain (1.8). O

Proof of (1.1) Expanding each of the summands of right hand side of (2.1) into geometric series, interchange
the order of summands and then summing the inner geometric series, we obtain

o0 o0
(—=D)"q" (=g
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From the above, we have
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This implies
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Changing ¢ to ¢° in (1.10) and then setting a = ¢%, z = —¢>, we deduce that
3 18 o n,3n
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A I B SV 0
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Changing ¢ to ¢° in (1.10) and then setting a = ¢°, z = —¢>, we find that

3.9 o —1)ng3n
I q%)z ) ( )9q+%. (2.5)
f(=¢>) = 1—q""
Employing (2.4) and (2.5) in (2.3), we obtain
30_ 3,3 3.9 3._ 18
P ( Z):w( 619)_6qf( q3)+12q2f( q6 ’
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Changing ¢ to —q% in the above, we obtain (1.1). O

Proof of (1.2) Expanding each of the summands of right hand side of (1.6) into geometric series, interchange
the order of summands and then summing the inner geometric series, we obtain

v (@) S A =
=1+3 - .
1/,((23) |:Z 1 — q6" = 1 — q6n:|

n=1

From the above, we deduce that
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Replace g by q% in the above, we find that

Sl n
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n=—oo n=—0oo

Changing ¢ to ¢% in (1.10) and then setting a = ¢>, z = ¢, we obtain that

Py
[ 2 - gt @7
n=—00
Changing ¢ to ¢% in (1.10) and then setting a = ¢*, z = ¢, we find that
P ¢
T T2 T 9
n=—oo
By substituting (2.7) and (2.8) into (2.6), we obtain (1.2). ]
Proof of (1.3) From (2.2), we deduce that
0=’ =4’ _ 2% i g™ i o 29)
o(-q)  o(=q%) 1+ q9”+3 — 1+ 619'”r3 '

n=—00

Replace g by ¢” in (1.10) and then setting ¢ = —¢3, z = ¢> we find that

fi=q¢" i q>"

= _ (2.10)
_ g3 n+3
f=g3 = T+
Replace g to ¢° in (1.10) and then setting « = —¢°>, z = ¢°, we obtain that

318 © 6n

e N Rl
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Employing (2.10) and (2.11) in (2.9) and then changing g to —q.%, we arrive at (1.3). |

Proof of (1.4) Expanding each of the summands of right hand side of (1.8) into geometric series, interchange
the order of summands and then summing the inner geometric series, we obtain

1/[ (q3) o q2n+1 B o0 q4n+2
lﬂ(q) ot 1 — q6n+3 o 1 — q6n+3
From the above, we deduce that
AC R GC S i @ i g 2.12)
3y _ o18n+3 _ o18n43" !
) Vg e T = T—gte
Changing ¢ to ¢'® in (1.10) and then setting a = ¢°, z = ¢%, we obtain that
=) 9™
f(—q3) = Z 1 — q18n+3' 2.13)
n=—00
Changing ¢ to ¢'® in (1.10) and then setting a = ¢°, z = ¢'?, we find that
f3(_q18) B i q12n 2.14)
—g0) _ 418n+3" ’
=% ~ = 1—q™

By substituting (2.13) and (2.14) into (2.12) and then changing g to ¢ 3 , we obtain (1.4). O
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Remark If we expanding each of the summands of right hand side of (2.5) into geometric series, interchange
the order of summands and then summing the inner geometric series, we obtain (2.10). Similarly by changing
g to ¢3 in (2.7) and then expanding each of the summands of right hand side into geometric series, interchange
the order of summands and then summing the inner geometric series, we obtain (2.13). From these two different
pattern of series, we obtain the following two distinct formulas for 3-core partitions.

az(n) =d1cBn+1) —ds c(3n + 1)
and
az(n) =dy,6Bn+1) +dr6(Bn+1) —ds6(Bn+1) —ds 63n + 1),
where d, (n) denotes the number of divisors of n which are congruent to » modulo 6.

From the above two formulas, we conclude that
dr6(3n+1) =dss(3n+1).

Further, we obtained the following explicit formula for a3 (n):

H(Oli + 1), if B;’s are even
o]

az(n) =
0, otherwise,
where 3n + 1 = l_[ p?i . l_[ q}g"" is the prime factorization of 3n + 1.
pi=1 (mod 6) qj=2 (mod 6)
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