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1106 M.-K. Wang et al.

1 Introduction

Throughout this paper, let N (R) be the set of positive numbers (real numbers, resp.), and Ny = N U {0}, for
x,y > 0, we denote by

I'(x) :/e_’tx_ldt, V(x) = )
I(x)’
0
1
- _ INEIINGD] . 21
— x=1¢1 _ \y—1 _ _ - S
B(x,y) = O/t =0 "dt = —F(x s y _nli)rrgo (]; . logn) 0.5772

and

R(x,y) = =¢(x) =¥ (y) —

the gamma function, the psi function, the beta function, the Euler-Mascheroni constant and the Ramanujan
R-function, respectively. For a € R witha # 0 andn € N, let

(a,0)=1, (a,n)=a@+@+2)---(a+n-—1)

be the shifted factorial.
The classical Gaussian hypergeometric function (series) [1,13,38] is defined by

00
,n)(b, n
F(a,b;c;x) =2F(a,b;c; x) = wa_

!
= (c,n) n!

with a, b, c € Rand —c ¢ Ny. In the particular case c = a + b + k (k € Np), the function F(a, b; c; x) is called
k-balanced [5,14]. It is clear to see that F (a, b; c; x) converges for x € (—1, 1). When x tends to 1, it satisfies
the following properties
(i) ¢ > a + b (cf. [38, p. 49]):
I'e)I'(c —a—b)

F(a,b;c; 1) = F(c—a)F(c—b); (1.1)

(i) c = a + b (cf. [1, 15.3.10]):
B(a,b)F(a, b; c; x) +1log(1 —x) = R(a,b) + O[(1 —x)log(1 —x)], x+— 1; (1.2)
(iii) ¢ < a + b (cf. [28, (1.2)]):

r'e)'(a+b—c) —a—b
F(a,b;c;x) = (1I=x)""""+o0(l)), x— 1. (1.3)
NN
Let r € (0, 1), then the well-known Legendre’s complete elliptic integrals J# (r) and & (r) of the first and
second kinds are respectively defined by

/2

H(r) = dt = /(1 —r%sin?0)" 240,

1
O/ VA =12)(1 —r22)

/2
) = /,/ - /(1—r sin®6)1/2d6.

They are the particular cases of the Gaussian hypergeometric functions, that is,

11 11
%(r>=%F(5,5;1;r2>, éa(r)=%F<—§,§;1;r2>.

and
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Monotonicity and concavity properties... 1107

In the past years, the Gaussian hypergeometric function and the complete elliptic integrals have been research
hotspots in special functions, and they have been widely applied in many mathematical branches including
differential equation theory, number theory, complex analysis and hyperbolic geometry [1,8,13,21,27,29,40,45,
60].

Recently, the functions F(a, b; c; x), £ (r) and &(r) have frequently occurred in the theory of confor-
mal and quasiconformal maps and Ramanujan modular equation [7-9,11,34,36,45,52]. For example, using
the functions J# (r) and &(r), the conformal modulus of the classical Grotzsch ring in the plane is pu(r) =
7 (V1 —7r2)/[22¢ (r)], and the exterior modulus of a quadrilateral, which is over a Jordan domain contain-
ing the point at infinity and conformally equivalent to a quadrilateral over the outside of a rectangle, can be
expressed by R(r) = 2r[& (V1 —r2) —r ' (V1T —r)]/{(1 —rH)[&E () — (1 — r)# (r)]} for certain parameter
r(0 < r < 1)(See [6,19]). By employing F(a, b; c; x), the Ramanujan’s generalized modular equation with
signature 1/a (a € (0, 1)) and degree p (p > 1) can be written as

Fa,1—a;1;1—s% Fa,1—a:;1;1—1r?)

F(a,1—a;1;s2) =P F(a,1—a;1;r?)

Because of their importance, numerous analytic properties and functional inequalities involving F (a, b; c; x),
JE (r), &(r) and other related functions have been proved by mathematicians [2,3,5,10,12,15,26,30,32,35,46—
49,51,53,54,56,62]. Furthermore, some generalized forms of J# (r) and & (r) have been introduced and studied
deeply in many fields of mathematics and physics [8,17,18,25,31,41,43,57,59].

In 2017, Alzer and Richards [4] found the best values @ = 1/4 and B = 0 such that inequality

1 H(r) 1
1+ar<<}ﬁ/(\/7)< 1+ Br

(1.4)

holds forall r € (0, 1), and then extended (1.4) to the case of Borweins’ generalized elliptic integrals [18, p. 178].
Moreover, at the end of the paper [4], the authors pointed out that Ismail [4, p.1669] asked whether inequality
(1.4) can be extended to the zero-balanced hypergeometric function.

Motivated by Ismail’s suggestion, in 2019, Richards [39] proved the following Theorem 1.1, which is stronger
than the corresponding generalization of (1.4).

Theorem 1.1 ([39, Theorem 3.1]) Let a, b > 0. Then inequality

1 F(a,b;a+b;r2) 1
< <
(1+r)e@h = Fla,bia+bir)  (1+r)/p@b

(1.5)

holds for all r € (0, 1) with the optimal exponents «(a, b) = ab/(a + b) and B(a, b) = 0.

Very recently, Barnard, Richards and Sliheet [14] extended Theorem 1.1 to the case of k-balanced hyperge-
ometric functions further.

Theorem 1.2 ([14, Theorem 1]) Let p,q € (1, +00), a,b € (—1,+00) and k € Nog witha + b + k > 0. Then
the following statements hold true:
(1) If ab > O, then the double inequality

1 — pp/a\ @bl Fa.b:a+b+k: rP) | — pplayP@bp
T < — - < (1.6)
L=rp F(a,b;a+b+k;rpr/a) 1—rp
holds for all r € (0, 1) with the optimal exponents «(a, b, k) = ab/(a + b + k) and B(a, b, k) = 0.
2) If ab < 0 and k > 1, then inequality
1= PO P bia 4 bk rP) 1 — pp/a\ Pl 1
i
(1_,47) >F(a,b;a—|—b+k;rl’/‘l)>(l_rp) (1.7)

is valid for all v € (0, 1) with the optimal exponents «(a, b, k) = ab/(a + b + k) and B(a, b, k) = 0.
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It is not difficult to find that the monotonicity of the function F(x) = (1 — x)dF (a, b; c; x) is the key
ingredient in the proofs of inequalities (1.5)—(1.7). Therefore, one main purpose of this paper is to present
monotonicity theorem of the function F(x) = (1 — x)dF(a, b;c; x) foralla, b, c € (0,400) andd € R. As an
application, Theorems 1.1 and 1.2 will be extended to the ratio of general hypergeometric function F(a, b; c; x)
with a, b, c > 0.

It is apparent from (1.2) that the zero-balanced hypergeometric function has logarithmic singular value at
x = 1, and therefore its asymptotic property is paid more attention to by researchers.

In 1999, Qiu and Vuorinen [36, Theorem 2.1] considered the ratio function x +— F(a,b;a +
b; x)/log[eR®@P) /(1 — x)], and obtained the following

Theorem 1.3 (/36, Theorem 2.1]) Let a, b € (0, +00) with R(a, b) > 0. Then the function

F(a,b;a+ b; x)

O = fogleR@m /(T — )]

(1.8)

is strictly decreasing from (0, 1) onto (1/B(a, b), 1/R(a, b)). In particular, # (/1 — r?)/log(4/r) is strictly
decreasing from (0, 1) onto (1, w/log 16). Moreover, for a, b € (0, +00) with R(a, b) > 0, inequality

B(a,b)F(a,b;a + b; x) B(a, b)

b= e [Rab /(1 —x)]  R@.b)

(1.9)

holds for all x € (0, 1).

Later, Qiu and Vuorinen [35], and Wang, Chu and Song [48] studied the monotonicity property of the function

. B(a,b)F(a,b;a+ b; x) 4+ log(l —x) — R(a, b)
[(1 —x)/x]log[1/(1 —x)]

, xe€ (0,1

for arbitrary (a, b) € {(a, b)la > 0, b > 0} and obtained some refinements of inequality (1.9).
For the special case F(a, 1 — a; 1; x) with a € (0, 1), Yang and Tian [57] and Huang, Qiu and Ma [25]
proved the monotonicity of the following function

(p+x)F(a,1 —a; 1;x)
log [eR@1=a) /(1 — x)]

, x€(0, 1

with any p € R. Consequently, a family of sharp inequalities for F'(a, 1 — a; 1; x) was derived.
Very recently, Wang, Chu and Zhang [50] found the maximal subregions of {(a, b)|a > 0, b > 0} such that
the function

B(a,b)F(a, b; a + b; x) — log[eR@?) /(1 — x)]

X — , x€(0,1)

(1 — x)log[eR@b) /(1 — x)]

is monotone on the whole interval (0, 1), and got several new estimates for F(a, b; a + b; x), in which the

bounding functions are in the form of [1 + A(1 —x)] log[eR(“'b)/(l —x)]/B(a, b), and A is a constant depending
on a and b.

In this paper, we will still focus on the function H (x) defined in (1.8), and continue to study its convexity and
concavity properties for each (a, b) € {(a, b)|la > 0, b > 0}. Besides, we shall also investigate the monotonicity
of the ratio of F(a, b; ¢; x)(a,b,c > 0) to log[d/(1 — x)](d > 1) on (0, 1). In fact, another purpose of this
paper is to answer to the following Question 1.4, which is naturally raised from Theorem 1.3.

Question 1.4 (1) For any fixed (a, b) € {(a, b)|la,b > 0, R(a, b) > 0}, is the function H (x) concave or convex
on (0,1)?

(2) What about the monotonicity of the ratio function G(x) = F(a, b; c; x)/logld/(1 —x)] witha,b,c > 0
andd € [1, +00)?

It is worthy mentioning that there was an open problem concerning the convexity and concavity properties
of H(x) on (0, 1), which is proposed by Qiu and Vuorinen in [36].
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Problem 1.5 [36, Open problem 4] or, [25, Remark 5.4(2)] Theorem 1.4 in [33] shows that the function r +—
H(r)/log(4/+/1 — r2) not only decreases, but also has concave property on the whole interval (0, 1), and while
r > (V1 —r2)/log(4/r) is strictly convex on (0, 1). It is natural to ask whether there are the analogues of
the concavity of r — X (r)/10g(4/~'1 — r?) and the convexity of r — # (v/1 —r2)/log(4/r) for H(r?) and
H(1 — r?), respectively.

With the complete answer to Question 1.4 (See Theorem 2.4 in Sect. 2), we shall also solve the above Problem
1.5 partly.

This paper is organized as follows. The main results of this paper are listed in Sect. 2, and their complete
proofs will be finished in Sect. 3. Applying the monotonicity property of F(x) and its related lemma, several
monotonicity theorems for Takeuchi’s complete p-elliptic integrals will be obtained in Sect. 4. Additionally, in
the final section, we shall derive new sharp upper and lower bounds for generalized Grotzsch ring function with
two parameters.

The following two monotonicity criterions will be used in our proofs. For more their applications, we refer
to the readers to the literatures [3,34,55,61].

Lemma 1.6 [11, Theorem 1.25] Let —0c0 < a < b < oo, f, g : [a,b] — R be continuous on [a, b] and be
differentiable on (a, b) such that g’'(x) # 0 on (a, b). If f'(x)/g'(x) is strictly increasing (decreasing) on (a, b),
then both the functions [ f (x) — f(a)]/[g(x) — g(a)] and [ f (x) — f(b)]/[g(x) — g(b)] are strictly increasing
(decreasing resp.) on (a, b)

Lemma 1.7 [55, Theorem 2.1] Suppose that the power series f(x) = Y oo anx" and g(x) = Y o2 bpx"
have the radius of convergence r > 0 with b, > 0 for all n € Ny. Let h(x) = f(x)/g(x) and Hyg¢(x) =
[f/(x)/g' (x)]g(x) — f(x), then the following statements are true:

(1) Ifthe non-constant sequence {a, /b, };° , is increasing (decreasing), then h(x) is strictly increasing (decreas-
ing resp.) on (0,r);

(2) Ifthe non-constant sequence {a/b,} is increasing (decreasing) for 0 < n < ng and decreasing (increasing)
Jforn > ng, then the function h is strictly increasing (decreasing) on (0, 1) if and only if Hy,o(r~) = (<)0.
Whileif Hy,o(r™) < (>)0, then there exists § € (0, r) such that h(x) is strictly increasing (decreasing resp.)
on (0, &) and strictly decreasing (increasing resp.) on (&, r).

2 Main results

Theorem 2.1 Leta, b, c € (0, +00), d € R, and
Fx)=(01-— x)dF(a, b;c;x), x € (0,1). (2.1)

Then F has the following monotonicity properties:

(1) Ifa+b < c, then F (x) is strictly decreasing from (0, 1) onto (0, 1) ifand only ifd > (ab)/c; F (x) is strictly
increasing on (0, 1) if and only if d < 0 (Exactly, ifd <0ord =0 & a+ b = c, then F(x) € (1, +00); if
d=0&a+b <c then F(x) € (1,['(c)'(c—a—Db)/[T"(c —a)T'(c — b)]));, Moreover, if0 < d < (ab)/c,
then there exists a unique x1 € (0, 1), such that F (x) is strictly increasing on (0, x1) and strictly decreasing
on (x1,1);

(2) Ifa + b > c and either ¢ < min{a, b} or ¢ > max{a, b}, then F (x) is strictly decreasing from (0, 1) onto
(0, 1) ifand only ifd > (ab)/c; F(x) is strictly increasing on (0, 1) if and only ifd < a + b — c (Exactly, if
d=a+b—c then F(x) e (1,T(c)T(a+b—c)/[T' (@) (b)]);ifd <a+b—c, then F(x) € (1, +00));
Moreover, if a + b —c < d < (ab)/c, then there exists a unique xy € (0, 1), such that F(x) is strictly
increasing on (0, x2) and strictly decreasing on (x2, 1);

3) Ifa+ b > c and min{a, b} < ¢ < max{a, b}, then F(x) is strictly decreasing on (0, 1) if and only if
d>a+b—c (Exactly, ifd =a+b—c, then F(x) € (T'(c)T'(a+b—c)/[T'(@)L'(b)], 1);ifd >a+b—c,
then F(x) € (0,1)); F(x) is strictly increasing from (0, 1) onto (1, 400) if and only if d < (ab)/c;
Moreover, if (ab)/c < d < a + b — c, then there exists a unique x3 € (0, 1), such that F(x) is strictly
decreasing on (0, x3) and strictly increasing on (x3, 1);

(4) In the remaining cases, that is, a = c (or b = c¢), so that F(x) = (1 — X4 (F(x) = (1 —x)d—a resp.), SO

that F (x) is strictly increasing on (0, 1) if and only ifd < b (d < a resp.), and strictly decreasing on (0, 1)

if and only ifd > b (d > a resp.).

N
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1110 M.-K. Wang et al.

Corollary 2.2 Suppose a, b, c € (0, 400), p,q € (1, +00). Then the following statements hold
(1) Ifa + b < c, then inequality

1= rPla\" ") pa, by e; rP) 1 — pplayP@b0
_— < < 2.2)
1—rpP F(a,b;c;rr/4) 1—rpP
holds for all r € (0, 1) with the optimal exponents a(a, b, c) = ab/c and B(a, b, c) = 0.
(2) Ifa + b > c and either ¢ < min{a, b} or ¢ > max{a, b}, then inequality
L= PP P b Py (1= ppla\POPO
_— < < 2.3)
1—rp F(a, b;c;rpr/1) 1—rp
holds for all v € (0, 1) with the optimal exponents a(a, b, c) = ab/c and B(a,b,c) =a+b —c.
) Ifa+ b > c and min{a, b} < ¢ < max{a, b}, then inequality
1= P/ P Fa,bycirP) 1 — pp/a\P@bo
_ < < 2.4)
1—rp F(a, b; c; rP/1) 1—rP
holds for all v € (0, 1) with the optimal exponents A(a,b,c) =a+ b — c and B(a, b, c) = ab/c.
(4) In the remaining cases, that is, a = c or b = c, then
Fla,b;c;r?) (1 _ pplg\@th=e 25)
F(a,b:c;rrlay — \ 1 —rpP ’ ’
Theorem 2.3 Leta, b, c € (0, +00), d € [1, +00), and
F(a, b;c;
G (x) (@,b; ¢; x) (2.6)

log[d/(1 —x)]’

Then G has the following monotonicity properties:

(1) Ifc —a —b = 0with R(a, b) >0, then G(x) is strictly decreasing on (0, 1) if and only if | <d < eR@b)
strictly increasing on (0, 1) if and only if d > eﬁ, and there exists a unique x(’)“ € (0, 1) such that G (x) is
strictly decreasing on (0, x), and strictly increasing on (x§, 1) if eR@b) — g < eus;

) Ifc—a—b < 0orifc—a—>b =0with R(a,b) < 0, then G (x) is strictly increasing on (0, 1) if and only if
d> eab, and there exists x{ € (0, 1) such that G(x) is strictly decreasing on (0, x}), and strictly increasing
on (x{, D ifl <d < eﬁ;

3) Ifc —a — b > ab, then G(x) is strictly decreasing on (0, 1) if and only if | < d < eas, and there exists
x; € (0, 1) such that G(x) is strictly increasing on (0, xi“), and strictly decreasing on (x%‘, 1)ifd > eﬁ;

(4) In the remaining case 0 < ¢ —a — b < ab, G(x) is strictly decreasing on (0, 1) ifand only if 1 <d < ¢(¢),
and G (x) is not monotone on (0, 1) ifd > ¢ (¢) provided that ¢ (¢) > 1. Here ¢ (¢) is defined in Lemma 3.5.
( Otherwise if ¢ (¢) < 1, then G(x) is not monotone on (0, 1).)

Furthermore,
+o00, c—a—b<0,
Got) = Veed. d>1. g~ /B b), c—a—b=0,
+oo, d=1,
0, c—a—>b>0.

Theorem 2.4 For (a,b) € D = {(a, b)|a, b > 0, R(a, b) > 0}, the function

F(a,b;a+ b; x)
log[eR@) /(1 — x)]

is convex on (0, 1) if and only if (a, b) = (1, 1), and is concave on (0, 1) if and only if (a, b) € D1 U D>. Here

H(x) =

D ={(a,b)la,b >0,R(a+2,b+2)+1/a+1/b—2 >0},
D> = {(a,b)la,b >0, R(a,b) >0,R(a+2,b+2)+1/a+1/b—2 <0, M(a,b) <0},
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L 7
14F | ||
L ||
L il
1.2F " ‘.
| | Rla.5)=0
| |
3 |
1.0} '| |
L II ||
I' {l‘
osl “' "'. D3
".I I'sll
{}_6_- I"‘w,v ""\\
.
0.4F N M@ b)=0
L Dy x-__-""——:_::l_;::‘_':
02E Rla+2.b+2)+1+1/a+1/b-2=0
; a
0.2 0.4 0.6 0.8 1.0 12 14
Fig. 1 The regions Dy, D>, D3
and
a+b+1
M(a,b) = 2—;)2[abR(a’ b) —a — bl[R(a, b) — 2] + R(a, b)2.
a

Furthermore, if (a,b) € D3 = D\ {D1U Dy U {(a,b)la=b=1}} = {(a,b)|la,b > 0, R(a,b) > 0, R(a +
2,b+2)+1/a+1/b—2 <0, M(a,b) > 0}\ {(1, 1)}, the function H (x) is neither convex nor concave on the
whole interval (0, 1). In particular, for (a, b) € D1 U D,, inequality

1 1 1 F(a,b;a+ b; x) 1
— — x < <

R(a, b) R(a,b) B(a,b) log[eR@.b /(1 —x)] ~ R(a,b)
holds for all x € (0, 1).

Q@.7)

Remark 2.5 Since the functiona +— R(a +2,b +2) + 1/a 4+ 1/b — 2 is strictly decreasing on (0, +00) and
Ra+2,b+2)4+1/a+1/b—-2=R(a,b)—2—(a+b+2)/[(a+ 1)(b+ 1)], we obtain that D; C D. Also
it is easy to check that R(1, 1) =0, M(1,1) = 12 and D1 U D, U D3 U {(a, b)la = b = 1} = D (cf. Figure 1).

The following corollary is derived immediately from Theorem 2.4 and Lemma 1.30 in [11], which partly
solves Problem 1.5.

Corollary 2.6 If (a,b) € D1 U D, then the function

F(a,b:a+b:r?)
log[eR@.D) /(1 —r?)]

H(@?) =

is strictly concave on (0, 1).

3 Proofs of main results

In this section, we will prove our main results stated in Sect. 2.
Lemma 3.1 Let x € (0, 1), a, b, ¢ € (0, +00) and the function

ab(l1 —x)F(a+1,b+ 1;¢c+1;x)

vl = cF(a,b;c;x) ' G-

Then we have
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(D) Ifa+ b < c, then ¢(x) is strictly decreasing from (0, 1) onto (0, ab/c);

) Ifa+ b > c and eithe
(a+b—c,ab/c),
3) Ifa+b > candminf{a,

r ¢ < min{a, b} or ¢ > max{a, b}, then ¢(x) is strictly decreasing from (0, 1) onto

b} < ¢ < max{a, b}, then ¢(x) is strictly increasing from (0, 1) onto (ab/c, a+b—c);

(4) In the remaining cases, that is, a = ¢ (or b = c), then ¢(x) = b (¢(x) = a resp.).

Proof Clearly ¢(07) = ab/c. Provided thata +b <c—1,c—1 <a+b <c,a+b=c,anda+b > c
respectively, from (1.1)—(1.3) and (3.1) one has

lim ¢(x) = lim
x—>1-

C(c+DI'(c—a—b—1)

@1 —x)Fla+1,b+1c+1;x) T Te=5)

= lim @(l—x)

x—1- F(a,b;c; x) x—>1- ¢ L(oTe—a=b)

m —(1—x)

I'(c—a)T'(c—b)

ab F'c+ Dl (c—a—-b—-1) —o. (3.2)

x—=1- ¢ I'e)I'(c —a —b)

x—1- x—1- F(a, b;c; x)

1m
x—>1-

and

lim ¢(x) = lim

x—>1-

ab(1 — x)ye=b=aF(c —a,c—b;c+1;x)

< 0, (3.3)
@ —x)bP"F(c—a,c—bic+1;x)
F(a,b;c; x)
ab L(c+ Dl (a+b—ct+l)
c I(a+1)I'(b+1) (34)

B(a,b)log[1/(1 —x)]

‘%F(c—a,c—b;c%—l;x)
x—1- F(c—a,c—b;c;x)
_ab F'c+Dlr'(a+b—c+1) I'(a)T(b)

= b—c. 3.5
¢ T@rDrGo+D T@fatb—o “F77°¢ 35)
Employing the series expansion of hypergeometric function, we get
(a,n+ 1)(b,n+ 1) x"
(=235 —
(x) = (ec,n+1) n!
v = 5o (a,n)(b,n) x"
=0"(c,n) n
§o0 (a,n+ 1)(b,n+ 1) x" o (a,n+ Db, n+1)x"H!
n=0 (c,n+1) n! n=0 (c,n+1) n!
B (a,n)(b,n) x"
o0
2 n=0 (c,n) n!
ab Zoo (a,n+ 1)(b,n+1)x" o~ (a,n)(b,n) x"
_c n=1 (c,n+1) n! n=1 (c,n) (m—1)!
B (a,n)(b,n) x"
o0
2n=0 (c,n) n!
ab n ZOO (a,n)(b,n)[(a+ b — c)n + ab] x"
T n=1 (c,n+1) nl Yo Ax" (3.6)
- oo (@mb,m X" X B ‘
=0 (c,n) n
where
. (a,n)(b,n)(a+b—c)n+ab « (a,m)(b,n) 1
An = s Bn = —-—
(c,n+1) n! (c,n) n!
forn > 0.
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It is easy to check that B,' > 0 for n > 0, and

*
LA Ol Chn) 3.7)
B n+c

(I)Ifa+b <c,thena < cand b < c, and therefore the sequence {A)/B)},>1 is strictly decreasing on n
by (3.7). Applying Lemma 1.7(1), ¢(x) is strictly decreasing on (0, 1). According to (3.2)—(3.4), the range of ¢
follows.

(2)If a + b > c and either ¢ < min{a, b} or ¢ > max{a, b}, then the sequence {A}/B;},>1 is also strictly
decreasing on n by (3.7), and therefore ¢ (x) is strictly decreasing on (0, 1). By (3.5), the range of ¢ in this case
is(a+b—c,ab/c).

(3)If a + b > c and min{a, b} < ¢ < max{a, b}, then the sequence {A}/B)},> is strictly increasing on
n by (3.7). This, together with Lemma 1.7(1) and (3.5), leads to the conclusion that ¢(x) is strictly increasing
from (0, 1) onto (ab/c,a + b — c).

A Ifa=c(®b=c)then{A}/B}} =b ({A}/B;} = aresp.). Thus from (3.6) we clearly see that ¢(x) = b
(p(x) = a resp.). |

Remark 3.2 Lemma 3.1(1) has been already proved by Kiistner in [22, Theroem 1.5], in which the author showed
that the logarithmic derivative of F (a, b; c; x) is a Markov function. The integral representations of some ratios
of the Gaussian hypergeometric functions, such as (3.1), have been given in [20].

Proof of Theorem 2.1 If a = ¢ (b = ¢) then F (x) reduces to (1 — x)4~? ((1 — x)?~¢ resp.), which yields that
part (4) is valid. Next, we assume that a # c and b # c. It is obvious to see that F(0") = 1. Differentiating F
gives

ab

L1 —-x)F 1,b+1; 1;

F'(x) =(1 — ) ' F(a, b; c; x) cU-nFa+1b+lict x)—d
F(a,b;c; x)

=(1 — )" F(a, b; ¢; ) [p(x) — d],

where ¢(x) is defined in (3.1).

Therefore, the monotonicity properties of F (x) directly follow from Lemma 3.1(1)-(3). For the limiting value
of F(x) at 1, we investigate the following two cases.

Casela + b < c. Then

0, d >0,
F(17) = linll_(l—x)dF(a,b;c;x): lt(()co)’r‘(c “l b d<Oord=0&a+b=c,
X—> - -

d=0&a+b <c.

IFc—a)'(c—=b)’
Case2a+ b > c. Then
F'e)I'(a+b—c)

Fare = ethoe
- _ 1 _ d+c—a—b o e _ a
F(1 )—X1_1)rr117(1 X) F(c—a,c—b;c;x) = +o0, d<a+b—c,
0, d>a+b—c.
This completes the proof. O

Proof of Corollary 2.2 We only prove the assertion of part (1). The remaining proofs of parts (2)—(4) are similar.
For part (1),ifa+b < c, then Theorem 2.1(1) shows that F'(x) = (1 —x)F(a,b;c; x)is strictly decreasing
(increasing) on (0, 1) if and only if d > ab/c (d < O resp.). Thus inequalities

(A =P F(a, by c; rP) > (1 — rP/9/CF(a, b; c; rP/7)

and

(1 - rp)OF(a, bic;r?) < (1 — rp/q)OF(a, b; c; rp/q),
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that is

1 — rpla\ e F(a,b;c;rP) F(a,b;c;rP) 1 —rpa\°
_— < , <
1—rp F(a,b;c;rP/4)"  F(a,b;c;rP/4) 1—rp

take place for all r € (0, 1) since r? < rP/4 for p, q € (1, +00).
Combining with the fact that the function

1 — pp/aN*
x.—><—r> , LeR
1—rp

is strictly decreasing for fixed r € (0, 1), p, g € (1, +00), we obtain that the double inequality (2.2) holds for
allr € (0, 1) ifa(a, b,c) > ab/c and B(a, b, c) <O.

In what follows we shall verify the sharpness of the parameters «(a, b, ¢) = ab/c and B(a,b,c) = 0. In
fact, if d € (0, ab/c), then it also follows from Theorem 2.1(1) that F(x) = (1 — x)4F(a, b; ¢; x) is piecewise

monotone, and has maximal value at x = x. Setting r{ = xll/p and ri* = xif/p for fixed p, ¢ € (1, +00), we
have rf, r{* € (0, 1), and

Fo) = (=" Flabieiri?) > (1= ri” D4 F (@ br e '),
F(x) = (1= r*PD4F @, by c; ri*P/9) > (1 — P F(a, b; c; ri*P).

Equivalently,
d
F(a,b;c;ri?) l—r;“p/q
> ’
F(a, b ¢; riP/) L=ri?
d
F(a,b; c; r{*?) 1 —rf*p/q
< .
F(a,b;c; rik*p/q) 1 —rf*P
The above inequalities imply that both ab/c and 0 are optimal. The proof is complete. O

Remark 3.3 Suppose a,b € (—1,0), ¢ € (0, 400) and p, g € (1, 400) in Corollary 2.2. Then it follows from
(3.7) together with the proof of Lemma 3.1 that {A /B)},,> is also strictly decreasing on n, so that ¢(x), defined
by (3.1), is also strictly decreasing from (0, 1) onto (0, ab/c) by application of Lemma 1.7(1). Combining with
the proof of Theorem 2.1, we obtain that the function F(x) = (1 — x)dF (a, b; c; x)(d € R) is strictly decreasing
on (0, 1) if and only if d > ab/c, is strictly increasing on (0, 1) if and only if d < 0. Therefore, it is easy to
show that, for a, b € (—1,0), ¢ € (0, 400) and p, g € (1, +00), inequality

1 — P/la a(a.b.c) F(a,b;c;rP) | — yPla Bla,b.c)
(l—rl’) <F(a,b;c;rp/q)<<1_rp>

also holds for all » € (0, 1) with optimal exponents «(a, b, c¢) = ab/c and B(a, b, c) = 0. Until now, Theo-
rem 1.2(1) has been extended completely.

Corollary 3.4 Fora,b, c € (0, 4+00), the function
Fx)=(—x)Fa+1,b+1;c+1;x) (3.8)

is strictly decreasing on (0, 1) if and only if c — a — b > ab, is strictly increasing on (0, 1) if and only if
c—a—b < 0. Moreover, if0 < ¢c—a—b < ab, then there exists xo € (0, 1) such that F (x) is strictly increasing
on (0, xo) and strictly decreasing on (xo, 1).

Proof If a = ¢ (b = c), then I:“(x) becomes (1 — x)’b (1 = x)~% resp.), I:"(x) is strictly increasing on (0, 1)
since a, b > 0.

Under the assumption of a # ¢ and b # ¢, we divide the proof into two cases.

Casela+1+4+b+1 <c+1,namely c —a — b > 1. Then from Theorem 2.1(1) one has that ﬁ(x) is strictly
decreasing on (0, 1) if and only if 1 > (a + 1)(b + 1)/(c + 1), or, equivalently, c — a — b > ab. Moreover,
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if c —a — b < ab, then there exists xf; € (0, 1) such that F (x) 1is strictly increasing on (0, x(’)" ), and strictly
decreasing on (x;j, 1).

Case2a+1+b+1>c+ 1,namely c —a — b < 1. Then it follows from Theorem 2.1(2)-(3) that F(x)
is strictly decreasing on (0, 1) if and only if 1 > max{(a + 1)(b+ 1)/(c + 1),a + b + 1 — c}(or, equivalently,
¢ —a — b > ab), and strictly increasing if and only if 1 < min{(a + 1)(b + 1)/(c + 1),a+ b + 1 — c}(or
c—a—>b <0). Moreover,if0<c—a—b<ab(ora+b+1—c<1< @+ 1)(b+1)/(c+ 1)), then there
exists xg € (0, 1) such that o (x) is strictly increasing on (0, x), and strictly decreasing on (x, 1).

With the above arguments, it is easy to obtain that F(x) is strictly decreasing on (0, 1) if and only if
¢ —a — b > ab, and strictly increasing if and only if c —a — b < 0. While if 0 < ¢ —a — b < ab, then I:“(x) is
piecewise monotone, first increasing then decreasing. O

Lemma 3.5 Lera, b, c € (0, 400). Define ¢ on (0, 1) by

cF(a,b;c;x)
ab(l —=x)Fa+1,b+1;c+1;%x) ]

¢(x) =1 —-x) exp{ (3.9

Then we have

(D) Ifc—a —b <0, then ¢(x) is strictly decreasing on (0, 1). The range of ¢ is (0, eﬁ) whenc—a—b <0,
while the range is (eR(“'b), ea%) whenc—a—b =0,

(2) Ifc —a — b > ab, then ¢ (x) is strictly increasing from (0, 1) onto (6;7, +00);

(3) In the remaining case, that is, 0 < ¢ —a — b < ab, then there exists { € (0, 1) such that ¢ is strictly
decreasing on (0, ¢), and strictly increasing on (¢, 1), in which case the range of ¢ is (¢ (), +00).

Proof Logarithmic differentiation gives

@' (x) _c(ab/o)Fla+1,b+1l;c+ L;x)(0—x)Fla+1,b+1;¢+ 15 x)

o(x) ab (1—-x)2[Fa+1,b+1;c+1;x)]?
e F(a.b; c: x)d[(l—x)F(a—I;jlx,b+l;c+l;x)] B 1
ab(1—x)2[Fa+1,b+1l;c+1:x)]?* 1—x
¢ F(a,b;c; x) d[(l1 —=x)F(a+1,b+1;c+1;x)]
T ab(1—=x)2[Fla+1,b+1;c+ ;0] dx '

Corollary 3.4 implies that ¢’(x) < 0 for all x € (0, 1) ifand only if ¢ —a — b < 0, and ¢’ (x) > O for all
x € (0, 1) if and only if ¢ — a — b > ab. Furthermore, if 0 < ¢ — a — b < ab, then there exists ¢ € (0, 1) such
that ¢'(x) < 0 for x € (0, ¢), and ¢'(x) > O for x € (¢, 1). Thus the monotonicity properties in parts (1)—(3)
follows. .

Clearly ¢ (07) = eaCT», and using (1.1)—(1.3) and (3.2)—(3.5) we have

. . . cF(a,b;c;x) I _
1 = lim (1—-x) 1 =0/t =,
Jm ¢() = lim (1-x) lim exp [ab(l “OF@+ b+ et x)] ¢
lim ¢(x) = lim e cF(a,bici x) +log(1 — x)
i x) = lim ex —x
g P A —OF@+ Lb+ et Lo @ 08

= lim exp

(a+b)F(a,b;a+b;x)
abF(a,b;a+b+1;x)

= linll exp{B(a,b)F(a,b;a+ b; x) +1log(l —x) +o(1)} = eR@b)
X—1"

+ log(1 — x)i|

lim ¢(x) = o0,
x—1-

provided thata +b > c,a+ b = c,and a + b < c, respectively. O

Proof of Theorem 2.3 By (2.6) one has G(0T) = 1/logd ford > 1, and G(0T) = 400 for d = 1. Simple
computations yield

00, c—a—b<0,
Gay = Latd o,
T(a)T(b)

) c—a—b>0.
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By differentiation, one has

DLFa+1,b+1c+ 1:x)10g(%) ~Fla. by

oz (+45))

bF@+1,b+15c+1;
_bPat L+ et i) g g g po)]. (3.10)

e[ioe (+5)]
where ¢ (x) is defined in (3.9).

Ifc—a—b < 0,orifc—a—b = 0with R(a, b) < 0, then it follows from (3.10) together with Lemma 3.5(1)
that G’(x) is positive on (0, 1), namely G (x) is strictly increasing if and only if d > sup{¢(x), x € (0, 1)} = eﬁ,
and and there exists x]* € (0, 1) such that G (x) is strictly decreasing on (0, x}), and strictly increasing on (x, 1)
if 1 <d < eas. Thus part (2) holds.

If0 < c—a—b < ab, then from (3.10) and Lemma 3.5(3) we conclude that G(x) is strictly decreasing
on (0,1) if and only if 1 < d < ¢(¢), and G(x) is not monotone on (0, 1) if d > ¢(¢), provided that
inf{gp(x),x € (0,1)} = ¢(¢) > 1. Otherwise, if ¢(¢) < 1, then it follows that the function G(x) is not
monotone on (0, 1) for any d > 1. Therefore, part (4) is true.

For parts (1) and (3), it is obvious that G’ (x) is negative or positive according to

G'(x) =

. eR(a’b),C—a—bZO&R a,b) >0,
dflnf{fﬁ(x)’xe(o’l)}:{e;h o ePE

and

e, c—a—b=0& R(a,b) >0,

dzsup{¢(x),xe<o,1)}={+oo T

The proof is complete. O

Lemma 3.6 [50, Lemma 3.5] Ifa,b > O with 1/a + 1/b < 2, then R(a, b) < 0, with equality if and only if
a=b=1.

Lemma 3.7 Suppose a,b > 0 with R(a, b) > 0. Define f and g on (0, 1) by

] o0
f(x) = R(a, b) — 2 + log <—) => A", (3.11)
1—x
n=0
oo
g(x)=F(a~|—1,b+1;a+b+2;x)=Zan". (3.12)
n=0

Then the following statements hold

(1) The non-constant sequence {A, / By} is strictly decreasing on n € N, where

I B e N (R o (R W) 5.13)
" = n>1, "7 (a+b+2 nn! '

(2) The limiting value of the auxiliary function Hy,¢(x) = [f'(x)/g (x)]/gx) — f(x)atx = 1is

2ab—a —b

Hp(17) = =
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Proof Due to equations (3.11) and (3.12), we get (3.13) immediately. For n > 1, if we let

B, (a+1,nm)(b+1,n)

C,=-"L = ,
"T A, (@a+b+2,n)n-1!
then
Chy1  (n+a+Dn+b+1) (a+1Db+1) o1
C,  nln+a+b+2) nn+a+b+2) '

Therefore, part (1) holds.
For part (2), since the Gaussian hypergeometric function F'(a, b; c; x) satisfies the following asymptotic
expansion as x — 1( cf. [37, (2.10)])

Fa+b+1)
F(a, b; b+1;x)=
(@bratb+ 1) = o

C(a+b+ 1)(x _ I)Z (@+ 1)+ 1y
n=0

NONO) ey rd =

where
vyp=vm+D)+yvn+2)—vm+a+1)—yvn+b+1) —log(l —x),

then, together with (1.2) and (1.3), we get

. . fl(x)
lim Hyoo) = lim | 2 g(x) -
Jim f.8(X) xinf[g’(x)g(x) VACY)
a+b+2
— i Fa+1,b+1a+b+2;
x—l>nll{(a—i—l)(b—i—l)F(a—i—1,b+1,a+b+3;x) @+lb+latb+2x)

+log(l — x) — R(a, b) + 2}

(C@+b+3)/ITG+2)T(a+2)]—Fla+1,b+1,a+b+3;x)
Fa+1,b+1,a+b+3;x)

= lim {B(a—i—l,b—l—l)

x—>1-

xF(a+1,b+1,a+b+2;x)}

+ lim [Ba+1,b+ DF(a+1,b+1;a+b+2;x)+1log(l —x)| — R(a,b) +2

x—1-
2ab—a —b
=0+ R@+ 1.0+ 1) —R@.b)+2=""—"—.
a
The proof is complete O

Proof of Theorem 2.4 Differentiating H gives

_lab/@+b)]F(a+1,b+1:a+b+1;x)log[e® D) /(1 — x)] — F(a,bia + b: x)/(1 — x)

Heo = [log[eR@) /(1 — x)])2

_ —lab/@+b)F(a,b;a+b+1;x) log[eR@?) /(1 — x)] + F(a, b; a + b; x)

B (1 = x){log[eR@D) /(1 — x)])?

1
=Gy (3.15)
where
_ R(a,b) _ 2
hx) = (1 = x){log[e /(1 —=x)]} (3.16)

—[ab/(a + b)]F(a,b;a + b+ 1; x)log[eR@D) /(1 — x)] + F(a,b;a + b; x)’
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Let
hi(x) = (1 — x){log[e® @) /(1 — x)1)?

and
b
ha(x) = —%F(a, bia+ b+ 1: x)logleR@) /(1 — x)] + F(a, b: a + b; x),
a
then h(x) = hi(x)/ha(x), h1(17) = ha(17) = 0, and by differentiation we have

i () = logle®“? /(1 = )] [2 = logle® @ /(1 — )],

hh(x) = — a’t? Fla+1,b+1;a+b+2;x)log[e®? /(1 — x)]
(a+ba+b+1) ’ ’ ’
P abiat bl —— - Fat bt latb L)
a+b 1—x a+b
a’b?

= Fla+1,b+1;a+b+2;x)logle?@? /1 —x)].
@tbatbrn’ ) log[eR@? /(1 — x)]

So that 4(x) > hy(17) =0 for x € (0, 1), and

hy(x)  (a+Db)a+b+1) R(a,b) —2+log[1/(1 —x)] _ (a+b)(a+b+1)h
hh(x) a2b? Fla+1,b+1;a+b+2;x) a2b?

3(x),

where

R(a,b) =2 +1log[1/(1 =) _ f(x) _ Y ply Apx"

h = = = ,
) = et bt hatht iy ) 3%, Byx"

and f(x), g(x), A,, B, are defined as in Lemma 3.7.

Next we divide the proof into two cases.

Casel Ag/Bo > A1/B1.Then R(a,b) =2 > (a+b+2)/[(a+1)(b+1)],namely R(a+2,b+2)+1/a+
1/b — 2 > 0. This, in conjunction with Lemma 3.7, shows that the sequence {A, /B, },>0 is strictly decreasing
on n € Ny, so that h3(x) is strictly decreasing on (0, 1) by application of Lemma 1.7(1). Furthermore, by
Lemma 1.6, one has that h(x) = hy(x)/ha(x) is also strictly decreasing on (0, 1). Consequently, the concavity
of H(x) on (0, 1) follows from equations (3.15) and (3.16).

Case2 Ayg/By = R(a,b)—2 < A1/B1 = (a+b+2)/[(a+1)(b+1)],namely R(a+2, b+2)+1/a+1/b-2 <
0. Then the sequence {A, /B, },>0 is strictly increasing for 0 < n < 1, and then strictly decreasing for n > 1.

Subcase 2.1 (a, b) = (1, 1). Then from Lemma 3.7(2) we obtain that Hy,,(17) = 0. Applying Lemma 1.7(2),
h3(x) is strictly increasing on (0, 1), and so is (x) by application of Lemma 1.6. Therefore, H (x) is convex on
(0, 1) by (3.15). Indeed, if (a, b) = (1, 1), then H(x) = 1/x, and the convexity of H(x) on (0, 1) is clear.

Subcase 2.2 (a, b) # (1, 1). Then Lemmas 3.6 and 3.7 show that Hyo(17) = (2ab —a — b)/(ab) < 0.
This, together with Lemma 1.7(2), implies that there exists & € (0, 1) such that i3 (x) is strictly increasing on
(0, &), and strictly decreasing on (&, 1).

Since

hy(x) . h'() . (a+b)a+b+1) B(a, b)
im = lim ——— = lim 577 h3(x) = ,
x—>1- hz(x) x—1- ]’lz (X) x—1- ab ab

then

hi'(x)
()

fim Hi, () = lim [ ha(x) — hl(x)i| =0. (3.17)

x—>1-
Moreover, one has

a+b+1

) ) [abR(a,b) —a — b][R(a,b) — 2] — R(a, b)2 = —M(a,b). (3.18)

xll>r{)1+ Hh],hz(-x) = - (
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Noting that

e w
o= [hlz;] B hzz((;))2 Hln 12 (3-19)
R 7 b b+1
Hy, gy (x) = [#8} ho(r) = ):2’; i )hg(x)hz(x). (3.20)

It follows from (3.17)-(3.20) together with the piecewise monotonicity of 43 (x) that the quotient i (x) =
h1(x)/ ha(x) is positive and strictly decreasing on (0, 1) if M (a, b) < 0, and is piecewise monotone if M (a, b) >
0. Therefore, H (x) is concave on (0, 1) for (a, b) € D; U D;, and H (x) is neither convex nor concave on (0, 1)
for (a, b) € D3. The remaining assertions in Theorem 2.4 are clear. The proof is complete. O

4 Monotonicity theorems for complete p-elliptic integrals

Since 2016, a new form of the generalized complete elliptic integrals, named complete p-elliptic integrals, have
been introduced by Takeuchi in [41,43]. Some interesting topics, such as Legendre-type relations, generalized
arithmetic-geometric mean, the computational formulas for 7, and monotonicity theorems for complete p-
elliptic integrals, have been discussed in [16,42-44,58,61]. Indeed, for p € (1, +00) andr € (0, 1), let 7, =
27 /[psin (7r/p)]. Then the complete p-elliptic integrals %}, (r) and &), (r) of the first and second kinds are,
respectively, defined by

1
dt Tp 11
B _Tp I B )
%(’)_/ (1 — )Pl —rpep)l=1/p 2 F(l P’P’Lr ) -
0
and
p 1 PPN 7 1 1
— t 4
Ep(r) =/ ) ar="2F ——, = Lir? . 4.2)
1 —1¢P 2 P p
0

In the particular case p = 2, %, (r) and &, (r) become 2 (r) and & (r), respectively.

In particular, in 2017, Zhang [61] extended several monotonicity properties of complete elliptic integrals of
the first and second kinds, occurred in [11, Chapter 3], to the case of complete p-elliptic integrals. Consequently,
functional inequalities for the complete p-elliptic integrals and other related special functions have been obtained.

In this section, utilizing Lemma 3.1 and Theorem 2.1, we shall also derive some new monotonicity theorems
involving %}, (r) and &), (r). In our opinion, these theorems will play an important role in investigating analytic
properties of certain combinations of complete p-elliptic integrals and elementary functions. Throughout this
section, let p € (1, +00) and denote by r’' = {1 — r? for r € (0, 1).

Theorem 4.1 Let p € (1, +00), r' = {1 — r? forr € (0, 1). Then we have
(1) The function

Ep(r) = 1P A (r) = (p = Dr'P[A,(r) = &p(1)]
rP[ A (r) — &p(r)]

g1(r) =

is strictly decreasing from (0, 1) onto (0, (p* — 1)/(2p));
(2) The function

Ep(r) = 1P, (r) = (p = Dr'P[H,(r) = &p(1)]
rP[&p(r) — r'P ()]

g(r) =

is strictly increasing from (0, 1) onto ((p + 1)/(2p), 1);
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(3) The function

2p{Ep(r) ="y (r) — (p = D' [£,(r) = E,(0]} = (p+ DrP [6,(r) = r'? 2, (r)]
rP {(p = 1) [, (r) = Ep(n)] = [Ep(r) — P ()]}

g3(r) =
is strictly decreasing from (0, 1) onto (0, (2p2 +p—1/3p));
(4) The function

(p* = Dr'PrP [, (r) — E,(1)] = 2pr'P {&,(r) — r'P iy (r) — (p — D' [ (r) — E,(r)]}
rP{&y(r) — r'P Hp(r) — (p — Dr'? [, (r) — &,(r)]}

g4(r) =

is strictly decreasing from (0, 1) onto (0, (p2 —1/3p)).
Proof Using (4.1) and (4.2) to simplify g1, we obtain

TTp ZOO (1-1/p,m)(1/p,n+1) b 1 F(142)p
2 Znso 1 +2)n!

Tp ZOO (1—=1/p,m)(1/p,n+ l)r(n+2)p

2 n=0 2, n)n!
_p(=1/p)F(=1/p, 1+ 1/p;3;rP)
T 2F(—1/p L+ 1/pi2irr)

According to (4.3) and (1.3), it is not difficult to check that g1(r) = pe(x) witha =1—-1/p,b =1+ 1/p,
¢ =2and x = rP, where ¢(x) is defined in Lemma 3.1. Therefore, by Lemma 3.1, part (1) takes place.
Similarly, by tedious computations, one has 1 — g2(r) = pe(x) witha =1—-1/p, b = 1/p,c = 2 and
x=rP;g30r) = pp(x)witha=2—-1/p,b=1+1/p,c =3andx =rP; g4(r) = pp(x) witha =1—1/p,
b=1+1/p,c=3and x = r”. Applying Lemma 3.1, we also obtain the assertions in parts (2)-(4). O

gi(r) =

4.3)

The following theorem reduces to Theorem 15 in [3] for p = 2.

Theorem 4.2 Suppose p € (1, +00), ¢ € R. Let

r'[Hp(r) — E,(r)]

) re(0,1).

¢ =

Then the following statements hold
@)) Givl}(r) is strictly decreasing from (0, 1) onto (0, 7,/ (2p)) if and only if ¢ > (p*—1)/2p);
2) Gil}(r) is strictly increasing from (0, 1) onto (7w, /(2p), +00) if and only if ¢ < 0;

B) If0<c< (p2 —1)/(2p), then there exists Al e (0, 1) such that Gil}(r) is strictly increasing on (0, k{l})
and strictly decreasing on (A1}, 1).

Proof Theorem 4.2 directly follows from Theorem 2.1 and the fact that

Hp(r) = Ep(r) _ 7y i (/p,m)(1 =1/p,n) r" i (1/p,m)(=1/p,n) r""
rP 2rp n! n! n! n!
n=0 n=0
_ 7 (L= 1/p,m)(1/p,n+ 1) rrtbr
C2rp ~ n! (n+1)!
_ T i (1 =1/p,m)(A +1/p,n) r"
& 2. n) n!
1 1
2p p p
This completes the proof. O
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Analogously, employing the identities

Ep(r) =" Hp(r) 7y (1 - l) F (1 L1 r”) :
P 2 p pp
P =DHO = &GO [50 =" HO] ey,
r2pr 4p2 p p

and

Ep(r) —r'"P Ay (r) — (p — D' [A,(r) = E,(0] 7 1 1 1.,

5 =—|l-—=)F|l-——1+—=3;r"),
r2p 4 p?

and applying Theorem 2.1, we also obtain the following Theorems 4.3—4.5 immediately.

Theorem 4.3 Suppose p € (1, +00), c € R. Let

reE ) = 1 Ay ()]
rpP

G2y = Cre(, ).

Then the following statements hold

(1) G,{}}(r) is strictly decreasing from (0, 1) onto (0, w,(p — 1)/(2p)) if and only if c > (p — 1)/ (2p);

2) Géz}(r) is strictly increasing on (0, 1) if and only if ¢ < 0, in which case the range of Giz}(r) is (mp(p —
1)/(2p), +00) if c < 0, and while the range is (m,(p — 1)/(2p), 1) if ¢ = 0;

(3) If0 < ¢ < (p — 1)/(2p), then there exists 112} € (0, 1) such that Gl{}}(r) is strictly increasing on (0, A1)
and strictly decreasing on (k{z}, 1).

Theorem 4.4 Suppose p € (1, +00), c € R. Let

rAp =) [H,(r) = E(n)] = [E,(r) — ' 2, (1]}

GE?}(,-) = r2p

, re(0,1).

Then the following statements hold

(D G,{}}(r) is strictly decreasing from (0, 1) onto (0, 7w, (p — 1)2/(4p?) ifand only ifc > 2p*+p—1)/(3p);
2) G?}(r) is strictly increasing from (0, 1) onto (7, (p — 1)2/(4p?), +00) if and only if ¢ < 0;

(3) If0 < ¢ < 2p*+ p — 1)/(3p), then there exists A3} € (0, 1) such that G?}(r) is strictly increasing on
0, 1B and strictly decreasing on B,

Theorem 4.5 Suppose p € (1, +00), ¢ € R. Let

r'A&pr) =1’ () — (p = Dr'? [26,(r) = £,(n]}

G = 5

, re(0,1).

Then the following statements hold

@)) G£4}(r) is strictly decreasing from (0, 1) onto (0, 711,,(p2 —1)/(4p?) ifand only if ¢ > (p%> — 1)/B3p);
2) GE,4} (r) is strictly increasing on (0, 1) if and only if ¢ < 0; in which case the range of Gi4} (r) is (mp (p* —
1)/(4p?), 400) if ¢ < 0, and while the range is (711,,(p2 —1)/@p», 1) ifc=0;

(3) If0 < ¢ < (p?> — 1)/(3p), then there exists A1} € (0, 1) such that G£4} (r) is strictly increasing on (0, A1)
and strictly decreasing on (A#, 1).
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5 Sharp bounds for generalized Grotzsch ring function

Givena, b € (0, +00), the generalized Grotzsch ring function with two parameters is defined by (cf. [17,23,24])

B(a,b) F(a,b;a+b; 1 —r?%)
2 F(a,b;a+ b;r?)

Mab(r) = (5.1

forr € (0, 1). In particular, whena = b = 1/2, 14,1, (r) becomes the classical Grotzsch ring function (capacity)

wu(r).
In this section, we present some new inequalities for j, 5 (r), which extend Exercise 5.68(36) in [11].

Theorem 5.1 Suppose a, b € (0, +00). Then we have
(1) If R(a, b) > 0, then inequality

B(a,b)  log[eR@P)/r2] B(a,b) log[e“t?)/(@b) /2]
5 e thGh 57 = Map(r) < T 5 (5.2)
log [el@+D)/@b) /(1 — r2)] 2 log[eR@h /(1 —r2)]
holds for all r € (0, 1), and
R(a,b)  log[eR@b) /y2] B(a,b)®>  log[eR@D ;2]
gle” ) = gle”_ /] (5.3)
2 log[eR@h /(1 —r?)] 2R(a, b) log [eR@b) /(1 — r?)]
holds for all r € (0, 1);
(2) Inequality
abB(a,b)*>  logle@t?)/(@b) /2] a+b log[e@th/@h) /2]
g M) ) < g / (5.4)

2(a +b) log[el@th)/@b) /(] —r2)] 2ab log[elath)/@b) /(1 — r2)]
holds for all r € (0, 1).

Proof Let
F(a,b;a+b;r?)
Sfi(r) = b ENE
log [el@+D)/@b) /(1 — r2)]

F(a,b;a+b:r?)
log [eR@D) /(1 —r?)]’

a,b e (0, +00),

for) =

a,b e (0,400) & R(a,b) = 0.

Then it follows from Theorem 2.3(1) that the function fi(r) is strictly increasing from (0, 1) onto (ab/(a +
b), 1/B(a, b)), while f>(r) is strictly decreasing from (0, 1) onto (1/B(a, b), 1/R(a, b)).

For part (1), in view of inequalities f1(r) < 1/B(a,b) < f>(+/1 —r?) and fi(~/1 —r?) < 1/B(a,b) <
fr(r) forall r € (0, 1), we obtain

Fla,bia+bi1—r% log [eR(@b) /2] F(a.bia+bi1—r% _ log [eatb)/(@b) /3-2]
F(a,bsa+b;r?)  ~ log[e@t?/@h) /(1 —2)]"  F(a,bia+b;r?) 7~ log[eR@d /(1 —r2)]’

which gives inequality (5.2) by (5.1).

To obtain (5.3), we consider the ratio function f>(+/1 —r2)/f>(r). Notice that this function r +>
(V1 —r2)/f(r) is strictly increasing from (0, 1) onto (R(a, b)/B(a, b), B(a, b)/R(a, b)). Hence, we con-
clude that, for all » € (0, 1),

R(a,b) log[eR@D) /r?] _ F, b:a+b;1—1r? - B(a,b) log[eR@b) /r?]
B(a, b) log[eR@D) /(1 —r2)] =  F(a,bia+b;r2) = R(a,b)log[eR@D) /(1 —r?)]

By (5.1), inequality (5.3) follows, thus part (1) is true.

For part (2), since the function fi(+/1 — r2)/f1(r) is strictly decreasing from (0, 1) onto ([abB(a, b)]/(a +
b), (a+b)/labB(a, b)]), then we derive the inequality (5.4) using a similar argument as in the proof of inequality
(5.3). O
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