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Abstract For applications in algebraic geometric codes, it is extremely useful to give an explicit description of
the bases of Riemann-Roch spaces associated to divisors on function fields over finite fields. We demonstrate a
general approach to construct such a monomial basis for the related Riemann-Roch space. More precisely we
present a criterion for finding an explicit basis for the Riemann-Roch space of a three-point divisor. Furthermore,
we improve an upper bound for the genus of the related function field. Some examples are also given to illustrate
our general approach.
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1 Introduction

In the early eighties Goppa [12] constructed error-correcting linear codes using algebraic curves over finite fields.
Nowadays these codes are called algebraic geometric codes, AG codes for short. We refer the reader to [26] for
more information on AG codes.

With the discovery of Goppa, it becomes important to construct AG codes explicitly. A related problem
emerges concerning the determination of bases for Riemann-Roch spaces. It is well known that the dimension
of AG codes depends essentially on the dimension of the given Riemann-Roch space. From the Riemann-Roch
space, we can determine the corresponding Weierstrass semigroups and pure gaps, which can be extremely useful
in improving the parameters of AG codes. This again gives information to find an effective decoding algorithm
for practical use of the code.

How to construct a basis for a given Riemann-Roch space? In general, it is indeed a hard problem. However,
there are some contributions on maximal curves, such as Hermitian, Suzuki, and Ree curves, in literature. For
the Hermitian function field, Stichtenoth [26] presented a basis for the Riemann-Roch space associated with
the place located at infinity, and Park [23] established a basis for the Riemann-Roch space on two rational
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1240 C. Hu, S. Yang

places. Maharaj, Matthews and Pirsic [20] determined explicit bases for large classes of Riemann-Roch spaces
of the Hermitian function field and considered their applications to AG codes and low-discrepancy sequences.
The Suzuki function field, whose automorphism group is a kind of Suzuki group, was investigated in [14]. The
corresponding AG codes were studied by Hansen and Stichtenoth [13] for one-point codes and Matthews [21]
for two-point codes, and the bases for the Riemann-Roch spaces were also indicated. Pedersen [24] proposed
a function field related to the Ree group and stated the basis for the Riemann-Roch space associated with the
place at infinity. Giulietti and Korchmáros [10] constructed the so called GK maximal curve and determined a
basis for the linear space on the infinite place. Fanali and Giulietti [9] considered one-point AG codes on the
GK maximal curves by utilizing the basis of the Riemann-Roch space. Two-point AG codes on the GK maximal
curves were investigated by Castellanos and Tizziotti [7]. A generalization of the GK curve, called GGS curve,
was studied by Garcia, Güneri and Stichtenoth [11]. In [25], Skabelund constructed a new maximal curve as
a cyclic cover of the Suzuki curve and stated the basis of the Riemann-Roch space with one place. Beelen et
al. [5] explicitly characterized the structure of the Weierstrass semigroup at any point of the Skabelund curve.
In 2016, Hu and Zhao [16] initiated a different method of finding a basis of the Riemann-Roch space from
generalized Hermitian curves and they used the basis to study the corresponding multi-point AG codes. This
method was then generalized to the BBGS curves [17], the Kummer extensions [18] and the GGS curves [19].
Yang and Hu [28,29] then utilized the theory in [18] to investigate Weierstrass semigroups and pure gaps from
Kummer extensions. In this paper, we demonstrate a more general approach which is efficient in finding a basis
for each Riemann-Roch space. Voss and Høholdt [27] gave a basis of the Riemann-Roch space on a tower of
Artin-Schreier extensions. We can improve this result to a more natural one by applying our approach, see [30].

Let us introduce the main result here. Suppose that F/Fq is a function field with genus g, where Fq is a finite
field with cardinality q. Let P be a rational place, Q1, Q2 be two distinct effective divisors. A crucial criterion is
presented below to provide a way of fining an explicit monomial basis of the Riemann-Roch space with a divisor
G = r P + s Q1 + t Q2, where r , s and t are integers.

Theorem 1.1 Suppose that the divisors of y1, y2 ∈ F/Fq are given by

div(y1) = P + b11 Q1 + b12 Q2,

div(y2) = b21 Q1 + b22 Q2,

where the coefficients bi j are all integers and gcd(b11, b21) = 1, gcd(b12, b22) = 1. Denote

g0 := 1

2

(|b11b22 − b12b21| deg(Q1) deg(Q2) − deg(Q1) − deg(Q2) + 1
)
. (1.1)

Then

g � g0.

Moreover, if g = g0, then the elements yi
1 y j

2 with (i, j) ∈ �r,s,t form a basis of the Riemann-Roch space
L(r P + s Q1 + t Q2), where �r,s,t denotes the lattice point set

�r,s,t =
{

(i, j) ∈ Z
2
∣
∣∣ − r � i,

−s � b11i + b21 j < −s + b21,

−t � b12i + b22 j
}
.

(1.2)

The paper is organized as follows. In Section 2, we briefly introduce some arithmetic properties of the
function fields and the Riemann-Roch space L(G) with respect to a divisor G. It is shown that the dimension of
a Riemann-Roch space is closely related to the dimension of the corresponding AG code. Section 3 is devoted
to giving a general approach of how to construct a basis of the Riemann-Roch space L(G). A crucial criterion
is developed for the monomial basis of the Riemann-Roch space with a three-point divisor. Finally, in Section 4
we provide some examples.
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2 Notations

Let q be a power of a prime p and let Fq be a finite field of cardinality q. We denote by F/Fq a function field
over Fq . A place P of the function field F/Fq is the maximal ideal of some valuation ring of F/Fq . The set of
places of F/Fq is denoted by PF . A place P in PF of degree one is also called a rational place of F/Fq . The
free abelian group generated by the places of F/Fq is denoted by DF , whose element is called a divisor. Hence
a divisor D is expressed as D = ∑

P∈PF
n P P with n P ∈ Z, almost all n P = 0. The degree of D is defined as

deg(D) = ∑
P∈PF

n P . A divisor D � 0 is called effective (or positive). For a function f ∈ F/Fq , the symbol
vP ( f ) represents the valuation of f at a rational place P . The principal divisor of f will be denoted by div( f ).
The Riemann-Roch vector space with respect to D is defined by

L(D) =
{

f ∈ F/Fq

∣∣∣ div( f ) + D � 0
}

∪ {0}.
Let �(D) be the dimension of L(D). From the famous Riemann-Roch Theorem, we know that

�(D) − �(W − D) = 1 − g + deg(D),

where W is a canonical divisor and g is the genus of the associated curve.
We present necessary definitions and auxiliary results concerning AG codes and their parameters. Let G be

a divisor of F/Fq and let D = Q1 + · · · + Qn be another divisor of F/Fq such that Qi �= Q j for i �= j and
supp(G) ∩ supp(D) = ∅. The AG code CL(D, G) is constructed from the Riemann-Roch space L(G), namely,

CL(D, G) :=
{
( f (Q1), · · · , f (Qn))

∣∣
∣ f ∈ L(G)

}
⊆ F

n
q .

Let n, k and d be the length, dimension and minimum distance of CL(D, G), respectively. Then k = �(G) −
�(G − D) and d � n −deg(G). They are restricted by the Singleton bound: k +d � n +1. By the Riemann-Roch
Theorem we can further estimate the parameters. In particular, if 2g−2 < deg(G) < n then k = deg(G)−g+1.
Thus the connection between the dimensions of a Riemann-Roch space and its corresponding AG code is clear.
With the declaration of the basis, it will be possible to find an formula for the order bound on the minimum
distance of an AG code, see [4,22] for example.

More details on AG codes and their parameters can be found in [1–3,6,15,26] and the references therein.

3 A general approach

In this section we introduce a general approach for computing bases for a family of Riemann-Roch spaces. Let
F/Fq be a function field. Let P be a rational place, and let Q1, · · · , Qn be some effective divisors. We choose
n distinct elements x1, x2, · · · , xn of F/Fq with divisors

div(x1) = a10 P + a11 Q1 + a12 Q2 + · · · + a1n Qn,

div(x2) = a20 P + a21 Q1 + a22 Q2 + · · · + a2n Qn,

· · · ,

div(xn) = an0 P + an1 Q1 + an2 Q2 + · · · + ann Qn,

where the coefficients aik are all integers for 1 � i � n and 0 � k � n. If we assume that

gcd(a10, a20, · · · , an0) = 1, then we can choose yi = ∏n
j=1 x

di j
j for some integers di j , 1 � i, j � n, such

that their divisors are given by linear transformation that

div(y1) = P + b11 Q1 + b12 Q2 + · · · + b1n Qn,

div(y2) = b21 Q1 + b22 Q2 + · · · + b2n Qn,

· · · ,

div(yn) = bn1 Q1 + bn2 Q2 + · · · + bnn Qn,

where the coefficients bi j are all integers. Let � = (γ0, γ1, · · · , γn) ∈ Z
n+1, we define a divisor G� on F/Fq

given by

G� = γ0 P + γ1 Q1 + γ2 Q2 + · · · + γn Qn .
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1242 C. Hu, S. Yang

Our aim is to construct a basis for the Riemann-Roch space L(G�) associated to G� . Recall that the Riemann-
Roch space L(G�) is defined as

L(G�) =
{

f ∈ F/Fq

∣∣
∣ div( f ) � −G�

}
∪ {0}.

Set ui ∈ Z for i = 1, · · · , n. From the definition, it follows that

yu1
1 yu2

2 · · · yun
n ∈ L(G�)

if and only if

u1 � −γ0 and
n∑

i=1

ui bi j � −γ j for 1 � j � n. (3.1)

Note that the valuation of yu1
1 yu2

2 · · · yun
n at P is

vP (yu1
1 yu2

2 · · · yun
n ) = u1.

So the elements yu1
1 yu2

2 · · · yun
n will be linearly independent provided that their indexes u1 are different from each

other. Denote by C� the set of n-tuples (u1, u2, · · · , un) verifying (3.1). Define a projection from the set C� to
Z by

Pr1C� =
{

u1 ∈ Z

∣∣∣ (u1, u2, · · · , un) ∈ C�

}
.

Since we only care about the value of u1, we would like to give a canonical choice of u2, · · · , un depending on
u1. Precisely, we need to choose a subset in C� , denoted by �� , to insure that

(1) all the elements in �� have distinct component u1, and
(2) Pr1 �� = Pr1 C� .

The following is one of the available approaches to determine the subset �� . Define the following integer linear
program (ILP for short) for a fixed integer u1:

(ILP)

{
max

∑n
i=2 ui bin,

s.t.
∑n

i=1 ui bi j � −γ j where ui ∈ Z, 1 � i � n and 1 � j � n − 1.

Denote one of the optimal solutions by (ũ2, ũ3, · · · , ũn) := (u2(u1), u3(u1), · · · , un(u1)). Put ũ1 = u1. Then
the lattice point set �� is expressed as

�� :=
{

(ũ1, ũ2, · · · , ũn) ∈ Z
n
∣∣
∣ ũ1 � −γ0,

n∑

i=1

ũi bin � −γn

}
.

Taking into account (3.1) and noting the fact that u1 determines the integers ũ2, · · · , ũn , one can easily verify
that �� meets the requirements (1) and (2) listed above.

The following theorem plays an essential role in constructing bases.

Theorem 3.1 With notation as above, we define a subset of F/Fq

B� :=
{

yũ1
1 yũ2

2 · · · yũn
n

∣
∣∣ (ũ1, ũ2, · · · , ũn) ∈ ��

}
.

Then we have the following assertions.

(1) The elements of B� are all contained in the Riemann-Roch space L(G�), and they are linearly independent
over Fq .

(2) If there exists a number δ depending on γ1, γ2, · · · , γn, such that the equality

#�� = 1 − g + deg(G�)

holds for each γ0 � δ, then the elements in B� form a basis of L(G�).
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Proof (1) It is trivial from the definition that �� ⊆ C� . This implies that B� ⊆ L(G�). Note that the valuation of
yũ1

1 yũ2
2 · · · yũn

n with respect to P is equal to ũ1. So all elements in B� have distinct valuations at P . Therefore,
these elements are linearly independent of each other.

(2) By the Riemann-Roch Theorem, we find that there exists a number η such that for each γ0 � η,

�(G�) = 1 − g + deg(G�).

Put γ 0 := max
{
γ0, δ

}
, � := (γ 0, γ1, · · · , γn) and G� = γ 0 P + γ1 Q1 + · · · + γn Qn . By assumption, we

obtain

#B� = #�� = �(G�).

This shows that L(G�) is linearly generated by B� . Moreover, since L(G�) is a subspace of L(G�), we get

L(G�) =
{

f ∈ L(G�)

∣∣∣ vP ( f ) � −γ0

}

= span
{

yũ1
1 yũ2

2 · · · yũn
n

∣∣
∣ (ũ1, ũ2, · · · , ũn) ∈ �� and ũ1 � −γ0

}

= span
{

B�

}
,

which completes the proof. ��
Here we propose a concrete procedure for the case n = 2. In this case, it is easy to solve the ILP, and to

calculate the exact number of lattice points in the set �� . Using the previous notation we have

G := G� = r P + s Q1 + t Q2,

div(y1) = P + b11 Q1 + b12 Q2, (3.2)

div(y2) = b21 Q1 + b22 Q2. (3.3)

For convenience, we assume that b22 < 0. Since deg(div(y2)) = 0, we get b21 > 0. The related ILP is now
written as

{
max u2b22,

s.t. u1b11 + u2b21 � −s, where u1, u2 ∈ Z.

One can prove that the optimal value of u2 is
⌈−s−u1b11

b21

⌉
, or equivalently, the unique integer u2 such that

−s � u1b11 + u2b21 < −s + b21.
Now let us prove our main result in the following.

Proof of Theorem 1.1 Recall that the set �r,s,t is defined in (1.2). According to Theorem 3.1, we only need to
show that there exists a number δ depending on s and t , such that for each r � δ,

#�r,s,t = 1 − g0 + deg(G),

where G = r P + s Q1 + t Q2. By Equations (3.2) and (3.3), we have

b11 deg(Q1) + b12 deg(Q2) = −1,

b21 deg(Q1) + b22 deg(Q2) = 0,

which implies that

deg(Q1) = e := −b22

b11b22 − b12b21
,

deg(Q2) = h := b21

b11b22 − b12b21
.

Without loss of generality, we suppose that b22 < 0, b21 > 0 and b11b22 − b12b21 > 0. Let δ := −b22h. The
proof is completed step by step.
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Step 1: If r = δ, s = 0 and t � 0, then we proceed as follows to determine the number of lattice points in
the set �δ,0,t . Put O = (0, 0), A = (b22h, b11e) and B = (b22h,−b12h). Denote by S the area of the triangle
	O AB, and by M the number of lattice points on the boundary of 	O AB. It is easy to see that S = −b22h/2
and M = 1 + e + h. Note that the edge AB has no lattice point except the vertexes A and B. Applying Pick’s
theorem, the number I of lattice points within 	O AB verifies

I = S − M/2 + 1.

Since �δ,0,t contains exactly the lattice points in the triangle 	O AB except the vertex B, we see that

#�δ,0,t = I + M − 1 = S + M/2 = (−b22h + e + h + 1)/2. (3.4)

Step 2: If r � δ, s = 0 and t = 0, then we consider the lattice points in the difference set �r,0,0 \ �δ,0,0,
where

�r,0,0 \ �δ,0,0 =
{

(i, j) ∈ Z
2
∣∣∣ − r � i < −δ,

0 � b11i + b21 j < b21,

0 � b12i + b22 j
}
.

The second condition implies that j is uniquely determined by i , namely,

j =
⌈
−b11

b21
i

⌉
� 1 − b11

b21
i.

We observe from the first condition that i < −δ, and consequently

b12i + b22 j � b12i + b22 − b11b22

b21
i

>
b12b21 − b11b22

b21
(−δ) + b22 = 0.

This yields that the third inequality always holds. So the number of lattice points in �r,0,0 \ �δ,0,0 only depends
on the first condition, that is,

#(�r,0,0 \ �δ,0,0) = r − δ. (3.5)

Hence, it follows from (3.4) and (3.5) that

#�r,0,0 = #�δ,0,0 + #(�r,0,0 \ �δ,0,0) = (b22h + e + h + 1)/2 + r. (3.6)

Step 3: If r � δ, s = 0 and t � 0, then we consider the lattice points in the difference set �r,0,t \ �r,0,0,
where

�r,0,t \ �r,0,0 =
{

(i, j) ∈ Z
2
∣
∣∣ − r � i,

0 � b11i + b21 j < b21,

−t � b12i + b22 j < 0
}
.

For an integer τ , we denote

Lτ :=
{

(i, j) ∈ Z
2
∣∣
∣ 0 � b11i + b21 j < b21, b12i + b22 j = −τ

}
.

Then the difference set �r,0,t \ �r,0,0 is a union of some Lτ , that is

�r,0,t \ �r,0,0 =
t⋃

τ=1

Lτ . (3.7)
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It is clear that the number of lattice points in the set Lτ is

#Lτ = h. (3.8)

So we have from (3.6), (3.7) and (3.8) that

#�r,0,t = #�r,0,0 + #(�r,0,t \ �r,0,0) = (b22h + e + h + 1)/2 + r + ht.

Step 4: If s = 0 and t < 0, then we denote t ′ := t + (b11b22 − b12b21)k, where the integer k is chosen such
that t ′ � 0. Let i ′ := i + b21k, j ′ := j − b11k and r ′ := r − b21k. Then we obtain a new lattice point set �r ′,0,t ′
from �r,0,t , where

�r ′,0,t ′ =
{

(i ′, j ′) ∈ Z
2
∣∣∣ − r ′ � i ′,

0 � b11i ′ + b21 j ′ < b21,

−t ′ � b12i ′ + b22 j ′
}
.

Since the two sets �r ′,0,t ′ and �r,0,t are equivalent to each other, we have

#�r,0,t = #�r ′,0,t ′

= (b22h + e + h + 1)/2 + r ′ + ht ′

= (b22h + e + h + 1)/2 + r + ht.

Step 5: If s �= 0, then we proceed as follows.
Since b11 and b21 are coprime integers, there exist two integers i0, j0, such that b11i0 + b21 j0 = 1. Let

i := i + i0s, j := j + j0s, r := r − i0s, t := t − (b12i0 + b22 j0)s. Then the lattice point set �r,s,t becomes

�r ,0,t =
{

(i, j) ∈ Z
2
∣∣∣ − r � i,

0 � b11i + b21 j < b21,

−t � b12i + b22 j
}
.

Hence, we get

#�r,s,t = #�r ,0,t

= (b22h + e + h + 1)/2 + r + ht

= (b22h + e + h + 1)/2 + r + es + ht.

Note that deg(G) = r + es + ht . By taking g0 := (−b22h − e − h + 1)/2, we have

#�r,s,t = 1 − g0 + deg(G).

It follows from the famous Riemann-Roch Theorem that

�(G) � 1 − g + deg(G).

Since #�r,s,t � �(G), we have g � g0. If moreover g = g0, then the desired conclusion follows from Theorem
3.1. ��
From Theorem 1.1, we can derive a new form of the basis for our Riemann-Roch space L(r P + s Q1 + t Q2).

Corollary 3.2 With the above notation, we suppose that the divisors of x1, x2 ∈ F/Fq satisfy

div(x1) = a10 P + a11 Q1 + a12 Q2,

div(x2) = a20 P + a21 Q1 + a22 Q2,

where gcd(a1 j , a2 j ) = 1 for j = 0, 1, 2. Then

g � g0 := 1

2
(|a11a22 − a12a21| deg(Q1) deg(Q2) − deg(Q1) − deg(Q2) + 1) .
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1246 C. Hu, S. Yang

Moreover, if g = g0, then the elements xi
1x j

2 with (i, j) ∈ �̃r,s,t form a basis of the Riemann-Roch space
L(r P + s Q1 + t Q2), where �̃r,s,t denotes the lattice point set

�̃r,s,t =
{

(i, j) ∈ Z
2
∣∣∣ − r � a10i + a20 j,

−s � a11i + a21 j < −s + (a10a21 − a11a20),

−t � a12i + a22 j
}
.

4 Examples

We now illustrate how the general approach can be used to compute the bases of Riemann-Roch spaces on
certain function fields. In the following we take the Hermitian function field and the special Kummer extension
as examples. Also note that the GGS curve is discussed in [19].

Example 4.1 The first example we give is the Hermitian function field H over Fq2 . This function field can be
defined by

H = Fq2(x, y) with xq + x = yq+1.

The genus of H is g = q(q − 1)/2. For each β ∈ Fq2 there are q elements α1β, · · · , αqβ ∈ Fq2 such that
α

q
iβ + αiβ = βq+1. Let β = 0 and simplify αi0 as αi . Denote by Pi the place of degree one located at (αi , 0).

The place located at infinity is denoted by P∞. Consider G := r P∞ + s P1 + t Q, where Q is a divisor defined
by Q = P2 + · · · + Pq . Elementary computation shows that

div(x − αi ) = (q + 1)Pi − (q + 1)P∞, for 1 � i � q,

div(y) = P1 − q P∞ + Q.

Let y1 = y/(x − α1) and y2 = (x − α1)
q+1 ∏q

i=2(x − αi )/y2(q+1). It is checked that

div(y1) = P∞ − q P1 + Q,

div(y2) = (q2 − 1)P1 − (q + 1)Q.

Substitution of b11 = −q, b12 = 1, b21 = q2 − 1, b22 = −q − 1 in (1.1) yields that

g0 = 1

2

(|q(q + 1) − (q2 − 1)|(q − 1) − 1 − (q − 1) + 1
) = q(q − 1)

2
.

Since g = g0, we conclude from Theorem 1.1 that the elements yi
1 y j

2 with (i, j) ∈ �r,s,t form a basis of the
Riemann-Roch space L(r P∞ + s P1 + t Q), where �r,s,t denotes the lattice point set

�r,s,t =
{

(i, j) ∈ Z
2
∣∣∣ − r � i,

−s � −qi + (q2 − 1) j < −s + (q2 − 1),

−t � i − (q + 1) j
}
.

We remark that the bases of the related Riemann-Roch space on Hermitian function field had been investigated
in the literature. For instance,

(i) when r � 0 and s = t = 0, Stichtenoth established a basis of L(r P∞) in Lemma 6.4.4 of [26];
(ii) when t = 0, the authors in [8,23] indicated a basis of L(r P∞ + s P1), see Lemma 6.2 in [8].
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Example 4.2 The second example we give is related to Kummer extensions, see [18] for more details. Consider
a Kummer extension F/Fq(x) defined by ym = f (x)λ = ∏r

i=1(x −αi )
λ, where m > 1, gcd(m, rλ) = 1 and the

αi ’s are pairwise distinct elements in Fq . This function field has genus g = (r − 1)(m − 1)/2. Let P1, · · · , Pr
be the places of this rational function field associated to the zeros of x − α1, · · · , x − αr , respectively, and P∞
be the unique place at infinity. Suppose that (i, j2, j3, · · · , jr ) ∈ Z

r , we write

Ei, j2, j3,··· , jr := zi (x − α2)
j2(x − α3)

j3 · · · (x − αr )
jr ,

where z = y A f (x)B with integers A and B satisfying Aλ + Bm = 1. Let

G :=
r∑

μ=1

sμ Pμ + t P∞

for integers sμ and t . Denote a lattice point set

�s1,··· ,sr ,t :=
{
(i, j2, j3, · · · , jr ) ∈ Z

r
∣∣∣ i + s1 � 0,

0 � i + mjμ + sμ < m for μ = 2, · · · , r,

ri + m( j2 + · · · + jr ) � t
}
.

From Lemma 2 of [18], we see that

#�s1,··· ,sr ,t = 1 − g + s1 + · · · + sr + t,

for s1 + · · · + sr + t � (2r − 1)m. According to Theorem 3.1, we conclude that the elements Ei, j2, j3,··· , jr with
(i, j2, j3, · · · , jr ) ∈ �s1,··· ,sr ,t constitute a basis for the Riemann-Roch space L(G).
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