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Abstract We define triangular numerical semigroup as the numerical semigroups generated by all the triangular
numbers greater than or equal to a given triangular number and we study the minimal set of generators and the
embedding dimension of these numerical semigroups.
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A numerical semigroup S is an additive submonoid of N such that N\ § is finite. If A is a nonempty subset
of N, we denote by (A) the submonoid of N generated by A. We say that A is a minimal system of generators
of (A) and (A) is a numerical semigroup if and only if the greatest common divisor of the elements of A is one
[5, Lemma 2.1].

Every numerical semigroup S is finitely generated and admits a unique minimal system of generators [5,
Theorem 2.7]. The embedding dimension of a numerical semigroup S, denoted by e(S), is the cardinality of the
minimal system of generators. The smallest nonzero element of S, denoted by m(S), is the multiplicity of S and
we have e(S) < m(S) [5, Proposition 2.10].

In [4] the authors, using the Mersenne numbers, defined and studied a new class of numerical semigroups,
Mersenne numerical semigroups. In this paper our aim is to use the triangular numbers to define the triangular
numerical semigroups and to study the minimal set of generators for these semigroups.

Very recently, in [3], Robles-Pérez and Rosales used the tringular numbers to define certain numerical
semigroups generated by 3 consecutive triangular numbers and they found the Frobenius number for those
semigroups ([3, Proposition 6]).
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A natural number is a triangular number, if is the sum of the first n natural numbers, for some n € N, and,
in this case, we denote it by #,:

n
nn+1)
=Y k=100
k=1

Given a natural number 7n, consider the additive submonoid of N generated by all the triangular numbers
greater than or equal to #,:

S =< t,1+k,k (S No > .

Note that if d € N and d|t,,+« for every k € Ny, then d| (t,41 —1t,) = n+ Ll and d| (42 — ty41) = n + 2.
Therefore d |((n +2)—(n+ 1)) = | and we conclude that S is a numerical semigroup. From now on we will
denote this numerical semigroup by Sj,:

Sy =<tk k € No>

and we say that S, is a triangular numerical semigroup associated to n.
In this paper we study the minimal set of generators and, consequently, the embedding dimension of the
triangular numerical semigroups. The minimal set of generators of S, will be denoted by G,,.

From the properties of numerical semigroups we have

nn+1)

e(Sy) <m(Sy) =t, = 5

Furthermore, for every natural r, we can write that

Dtr) = 3tatr + Lntr)—1

and

Dt +1 = 3lntr + Lntr)+1-

Then

n+k € (tnstn+ls'-~st2n>, (1)
fork =2r ork =2r + 1 and r € NN [0, n]. In fact, we can prove that (1) is satisfied for every k € N:

Proposition 1 Let n be a positive integer and let S, be the triangular numerical semigroup associated to n.
Then

G, C{tx, ke{n,n+1,...,2n}}.

Proof Foreachi € N,letr € NN[(i — 1)n,in]. For all k = 2r or k = 2r + 1, our aim is to prove that 5,4 is
a linear combination of #,, #,41, . . ., f2,. The proof is by induction in i.

For i = 1, the result is proved.

Consider i > 1 and suppose that the result is true for all the natural w < i.

Letr e NN[in, (i + n[. Asr =in + j, forsome j € {0, 1,...,n — 1} we can write that

it Dn+j + it Dngj+1 Tk =2r+1
Dptk =
HitDn+j—1 + 3ti+pn+; ifk=2r.

Writting (i + 1)n = 2n 4 (i — 1)n we have

t(i+l)n+a = t2n+(i—1)n+a
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1264 A. M. Neto, L. Iglésias

and, so, we can write f2,, 1« as linear combination of 1, (;_1)nta. forsomea € {j—1, j, j+1}. As j—1, j, j+1 <
n,
i—Dn+a<(i—-—Dn+n=in.

e ) in e .. . in—1
Now, if in is even we have in = 2r, where r = — and, if in is odd, we write in = 2r + 1, withr = ———.

In both cases we have r € NN [(w — 1)n, wn[, for some w < i. By induction we may conclude that all the
triangular numbers #(; 1)+« = f2n+(i—1)n+a Can be written as linear combination of #,, t,, 41, ..., t, and as
consequence we have the desired result. O

Corollary 2 Let n be a positive integer and let S, be the triangular numerical semigroup associated to n. Then
e(Sp) <n+1.
By the last two results we can state that, for example,
S3 = (13, 14, t5, 1) and e(S3) < 4.
However, as 7 = 13 + 5, we conclude that e(S3) < 3. Also, it is easy to see that,

e t3 =15 + tg and then e(Sy) < 4 and e(S5) < 5;
o 111 =16 + 19,50 e(Sg) < 6;
e 113 = fg + t1o and conclude that e(S7) < 7 and e¢(Sg) < 8.

So, in general, can we prove that e(S,) < n?
In order to do that, we start by proving that triangular numbers of the form #0x+; with j € {1, 3, 6, 8}, can
be written as sum of two triangular numbers. We have

te =13 +1tsand tig = to + 113 = 613 + 1345,
and, in general,

(10k + 6)(10k +7) _ 100k* + 130k +42  36k> + 42k + 12 N 64k> + 88k +30

2 2 2 2
_ (6k +3)(6k +4) n 8k + 5)(8k + 6)

2 2

Nok+6 =

= fok+3 + 18k+5-

We also have

1ok+8 = fok+6 + (10k +7) + (10k + 8) = fek+3 + t8k+5 + (6k +4) + (6k +5) + (8k + 6) =
= Iok+5 + I8k+6

and, with the same type of arguments we may conclude that, for all k € N,

Hok+1 = tex + f8k+1  and that  f10443 = fers2 + f8k42-

Now we write n = 6k +i,i € {0, ..., 5} and, as by Proposition 1 the minimal set of generators of Sex+;
is a subset of the set {tox4i, tok+i+1s - - - » 12(6k+i)}» W€ want to know which triangular numbers #1044+, j > 0,
with j(modip) € {1, 3, 6, 8}, are in this last set and which can be written as linear combinations of some of the
others.

In order to be an element of the set we need to assure that 10k + j < 2(6k + i), and so

Jj <20k +i).

On the other hand, to write #0x+ as linear combination we will use #¢; and so we can say that if i > 1 itis
not possible to write 71ox1; using a similar argument we can note that in order to write #1gx43 we will use gx42
and so if i > 3 we can not write or fox+1, OF f10k+3- LThe same idea can be showed to #1ox+¢ (it is necessary to
use fer+3) and t1or+8 (we will need #gx+5). So, we can say that
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=0=1=<j <2k

=1=3<j<2k+2
=2=3<j<2k+4
=3=6=<j<2k+6;
=4=8=<j=<2+8;

i
i
i
i
i
i=5=8<j<2k+10.

Keeping in mind that j can only take values in the set {1, 3, 6, 8} and defining a; as

i ifi=0,1,2,3
T li+2 ifi=4,5

aj
the lower bounds for j of the above inequalities can be re-written, for all i € {0, ...5}, as
a; < j.
Consider now the set

Ari = {10k + j © j(modi) € {1,3,6,8}, a; < j <2(k+10)}.

For example, for k € {1, 2, 3, 4}:

k A0 Ap1 Ar2 Arz A4 A5

1 {11} {13} {13, 16} {16, 18} {18} {18, 21}

21 (21,23 [23,26] | (23,26,28] (26, 28) (28, 31) (28,31, 33

3| (31,33,36] |{33,36,38]| (33,36,38) | (36,38,41] | [38,41,43] | (38,41,43,46)
4|[41,43, 46, 48)| {43, 46, 48] |43, 46, 48, 51) | (46, 48, 51, 53}|{48, 51, 53, 56| {48, 51, 53, 56, 58]

From these observations and calculations, we can, easilly, conclude the result:

Proposition 3 For any natural number n written as n = 6k + i for some k € Nandi € {0, ...5} let Ty ; be the
following subset

Tei = {tw:w € Ag;}.
The minimal set of generators of S, is a subset of
{tr - re{n,n+1,....2n}\Tk;.
In particular, we have
Corollary 4
e (Sek+i) < (6k +i + 1) —#Ay;,

being

#%J=uﬁ+4<{ﬂk+0J—1)+#{je{L&6£}:j+10{%ﬁ30J§2@+44,

10
40fi=0

where w; = 3 l'fl,=1’2
2 ifi=3

1 if i =45
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Example 5 In the following table we list the elements of the set {t6k+,-, 16k—+it1s - -
to the minimal set of generators of Sey+;:

k Sek Sek+1 Sek+2

0 — 2 —

1 11,12 13 13,16

2 20, 21,23 20, 23, 26 20,23, 26,27, 28

3 31, 33, 34, 35,36 33, 35,36,37,38 33,35,36,37,38

4 37,41,43,45,46,47,48 37,43, 46,48, 49 43, 46, 48, 49, 51

5 49, 51, 53, 56, 58, 59, 60 49, 53, 56, 58, 59, 60, 61 49,53, 56, 58, 59, 60, 61, 63, 64
6 59, 61, 63, 66, 67, 68, 71 59, 63, 66, 67, 68,71,73 59, 63, 66, 68,71,73,75,76

7(| 66,71,73,76,78, 79,81, 82, 83 66,73,76,78, 81, 82, 83, 86 66, 73,76, 78, 81, 82, 83, 86, 87, 88
k Sek+3 Sok-+4 Sok-+5

0 6 8 8,9

1 16, 18 18,20 18, 20, 21

2 26, 28 28, 31 28, 31, 33, 34

3 37,36, 38,41, 42 37,38,41,42,43 37,38,41,42,43, 45, 46

4 46,48, 49, 51,53 48, 49, 51, 53, 56 48, 49, 51, 53, 56, 58

51|49, 56, 58, 59, 61, 63, 64, 66, 67, 68|49, 58, 59, 61, 63, 64, 66, 67, 68 58,59, 61, 63, 64, 66, 67, 68, 70
6 59, 66, 68,71,73,76,78 66, 68,71,73,75,76,78,79 66, 68,71,73,75,76,78,79, 81, 82
7 66,76, 78, 81, 83, 86, 87, 88,89 |78, 81, 83, 86, 87, 88, 89, 91,9278, 81, 83, 86, 87, 88, 89, 91, 92, 93, 94

., f2(6k+i)} that do not belong

The bold elements are those that we knew, from our previous calculus, that can be written as linear combinations
of others and for that reason will not be part of the minimal set of generators. For the other ones we could not
find a general formula.

Now we will study the elements of {#x : k € {n,n+ 1, ..., 2n}} that must necessarily belong to the minimal
set of generators of S,,. Our aim is to determine which elements are smaller than 27, and for that reason can not
be written as linear combinations of others.

Consideri € {1, ..., n}. We have

1
thyi < 2t, & §(n+i)(n+i+l) <nn+1)

Si?+Q2n+Di—nn+1) <0

Asi > 0wehavei’+ 2n 4 1)i —n(n+ 1) = 0if and only if i = —@ntl)+ ‘22(2'1“)2_1 and so

—Q2n+1D+/2Cn+ 12 -1
5 .

i <2t & 0<i<

Note that

—Qn4+D+y2Qn+ D2 -1  —Qn+1)+/2Qn+1)2 W2-=D@n+1)
2 2 N

2

and that v/2 — 1 ~ 0, 4142. So, from our previous calculations we can state that:
. _2n .
15? and i e N| = t,4; <2t,, YneN.

n—+r

If gn ¢ N then we must have e N, forsome r € {1, 2, 3,4}. As

—2n+1)+/22n+ 12 -1
2

2+ 4
”;L < o n+1)2—842n+1)—61 >0
o Qn+1)> 42+ 5/73

< n>20,5421,36 =~ 41,86

2n + 4
<

< 5 , we conclude:

H
and | —
5
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Proposition 6 If n is a natural number such that n > 42, then

ke [2]] <

_ —Q2n+1)++/2Cn+ 12 -1
2

Remark 7 A detailed analysis shows that ’72?”—‘ if and only if
n = 5k: 0 < k% + 3k, that is true for all k > 1;

n=>5k+1:0 < k2 — 5k — 2, that is true for all kK > 6;

n =5k +2:0 < k? + k, that is true for all k > 1;

n =5k +3:0 < k> — Tk — 6, that is true for all k > §8;

n=>5k+4:0 < k* — k — 2, that is true for all k > 3;

Remark 8 Note that, by Proposition 6 and observing the table of Example 5, we can conclude that for every

N\{14} we have
2n
{tk : ke{n,...,n+’r?—‘” C G,.

2
Forn =14,n + ’7?’1—‘ = 20 and, in spite of t9 ¢ G4 (note that rp9 = 2t14) we still have

{te : ke{l4,15,...,19}} C G4

and, for example, 11 € G14.
So, for every natural number n, we get a lower bound for the embedding dimension of S,;:

Corollary 9 Forn € N,
2n

In conclusion, as a result of Corollary 4 and Corollary 9 we obtain a lower and an upper bound for the value
of e(Sy).

Our initial goal was, following the type of ideas presented in the articles [1-4] to be able to describe the
Apery set for some of the generators in such a way that, from there, we could find the Frobenius number of each
Sk. However, after several attempts, we realized that, contrary to what happens with some of the other families of
numbers, it is not easy for triangular numbers to find a formula that allows us to construct the Apery set for our
semigroups. For this reason, our study then focused on the study of the embeding dimension, having achieved
the results described above.
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