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Abstract In this paper, we prove some operator inequalities associated with an extension of the Kantorovich type
inequality for s-convex functions. We also give an application to the order preserving power inequality of three
variables and find a better lower bound for the numerical radius of a positive operator under some conditions.
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1 Introduction

The class of s-convex functions in the second sense is defined in [10]. Note that all s-convex functions in the
second sense are nonnegative [10]. There is an identity between the class of 1-convex functions and the class of
ordinary convex functions. Indeed, the s-convexity means just the convexity when s = 1, no mater in the first
sense or in the second sense. Moreover, when s → 0 we reach another class of functions the so-called P-class
functions. We refer to see some inequalities for P-class functions in [14]. Some properties of s-convex functions
in both senses are considered in [10] where various examples and counterexamples are given. For many research
results and applications related to the s-convex functions see [2–4,15–17] and so on.

A function f : [0,∞) → R is s-convex in the first sense if

f (αx + βy) ≤ αs f (x) + βs f (y) (1)

holds for all x, y ∈ [0,∞) and α, β ≥ 0 with αs + βs = 1 and for some fixed s ∈ (0, 1]. A function
f : [0,∞) → R is s-convex in the second sense whenever

f (λx + (1 − λ)y) ≤ λs f (x) + (1 − λ)s f (y) (2)

holds for all x, y ∈ [0,∞) and λ ∈ [0, 1] and for some fixed s ∈ (0, 1].
Lemma 1 [15] Let 0 < s ≤ r < 1. Then, the function f (t) = tr , t ≥ 0 is s-convex in the second sense.

Communicated by B V Rajarama Bhat.

I. Nikoufar (B)· D. Saeedi
Department of Mathematics, Payame Noor University, Tehran, Iran
E-mail: nikoufar@pnu.ac.ir

D. Saeedi
E-mail: dsaeedi3961@gmail.com

123



Operator inequalities associated... 1269

Lemma 2 [15] Let X be a normed space and 0 < s ≤ r < 1. Then, the function f : X → R defined by
f (t) = ||t ||r is s-convex in the second sense.

Let H be a Hilbert space and B(H) the algebra of all bounded linear operators on H. An operator A in B(H)

is positive if 〈Ax, x〉 ≥ 0 for all x ∈ H and denoted by A ≥ 0. By Sp(A) we denote the spectrum of an operator
A ∈ B(H).

The celebrated Kantorovich inequality asserts that if A is an operator on H such that M ≥ A ≥ m > 0, then

〈A−1x, x〉〈Ax, x〉 ≤ (m + M)2

4m M
(3)

holds for every unit vector x in H. We call the constant (m+M)2

4m M Kantorovich constant. The inequality (3) is
closely related to properties of convex functions, and many authors have given many results and comments

[6,8,11,12,18]. By replacing x with A
1
2 x

||A 1
2 x ||

in (3) it is well known that the inequality (3) is equivalent to the

following inequality

〈A2x, x〉 ≤ (m + M)2

4m M
〈Ax, x〉2

for every unit vector x in H.
We proved in [15] some inequalities for self-adjoint operators on a Hilbert space including an operator version

of the Jensen’s inequality for s-convex functions as follows.

Theorem 1 Let A be a self-adjoint operator on the Hilbert space H and assume that Sp(A) ⊆ [m, M] for some
scalars m, M with 0 < m < M. If f is a continuous s-convex function on [m, M], then

f (〈Ax, x〉) ≤ 21−s〈 f (A)x, x〉 (4)

for each x ∈ H with ||x || = 1.

Furuta [5] gave some operator inequalities associated with an extension of the Kantorovich inequality for
convex function. In Section 2, we prove some operator inequalities associated with an extension of the Kantorovich
type inequality for s-convex functions. We also give an application to the order preserving power inequality of
three variables and provide a better lower bound for the numerical radius of a positive operator under some
conditions. In Section 3, we show a difference version of Furuta and Giga’s result for s-convex functions and
provide some applications.

We remark that in the special case when s = 1, our results are valid for the convex function. Throughout this
paper, we consider s-convex functions in the second sense for some fixed s ∈ (0, 1].

2 Operator inequalities associated with the Kantorovich type inequality

The following lemma was proved in [5] for the case q > 1 or q < 0.

Lemma 3 [5, Lemma 1.3] Let h(t) be defined by

h(t) = 1

tq

(
k + K − k

M − m
(t − m)

)
(5)

on [m, M], (M > m > 0), and any real numbers q, K , and k. Then the function h(t) has the following upper
bound on [m, M]:

mK − Mk

(q − 1)(M − m)

(
(q − 1)(K − k)

q(mK − Mk)

)q

, (6)

where m, M, k, K and q satisfy any one (i) or (ii) respectively:

(i) K > k, K
M > k

m , and k
m q ≤ K−k

M−m ≤ K
M q holds for a real number q > 1,

(ii) K < k, K
M < k

m , and k
m q ≤ K−k

M−m ≤ K
M q holds for a real number q < 0.
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1270 I. Nikoufar, D. Saeedi

We extend this lemma for the case 0 < q < 1 as follows.

Lemma 4 Let h(t) be defined by (5) on [m, M], (M > m > 0). Then the function h(t) has the lower bound (6)
on [m, M], where m, M, k, K and q satisfy the following conditions:

K > k,
K

M
<

k

m
, and

K

M
q ≤ K − k

M − m
≤ k

m
qholds for a real number0 < q < 1.

Moreover, in this case the upper bound occurs at the beginning or end of the interval [m, M] and the upper
bound value is max{ k

mq , K
Mq }.

Proof By an easy differential calculus, h′(t1) = 0 when

t1 = q

q − 1

mK − Mk

K − k
.

On the other hand, h′′(t1) = q(Mk−mK )

(M−m)tq+2
1

> 0 and so t1 gives the lower bound (6) of h(t) on [m, M]. Moreover,

t1 is the global minimum point of h and m and M are the local maximum points of h with the maximum values
k

mq and K
Mq , respectively. ��

We now give some operator inequalities associated with an extension of the Kantorovich inequality. One
target of the current paper is to extend the domain of q to values inside the interval (0, 1). We deal with it in
Theorem 3.

Theorem 2 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Also let f (t) be a
real valued continuous s-convex function on [m, M]. Then the following inequality holds for every unit vector x
and for any real number q depending on (i) or (ii):

〈 f (A)x, x〉 ≤ 21−s K f (m, M, q)〈Ax, x〉q ,

where

K f (m, M, q) = m f (M) − M f (m)

(q − 1)(M − m)

(
(q − 1)( f (M) − f (m))

q(m f (M) − M f (m))

)q

under any one of the following conditions (i) or (ii) respectively:

(i) f (M) > f (m), f (M)
M >

f (m)
m and f (m)

m q ≤ f (M)− f (m)
M−m ≤ f (M)

M q holds for a real number q > 1,

(ii) f (M) < f (m), f (M)
M <

f (m)
m and f (m)

m q ≤ f (M)− f (m)
M−m ≤ f (M)

M q holds for a real number q < 0.

Proof Consider D =
( m 0

0 M

)
and x =

(√
M−t
M−m√
t−m
M−m

)
. According to Theorem 1, one has

f (t) = f (〈Dx, x〉)
≤ 21−s〈 f (D)x, x〉
= 21−s

( M − t

M − m
f (m) + t − m

M − m
f (M)

)

= 21−s
(

f (m) + f (M) − f (m)

M − m
(t − m)

)
(7)

for every t ∈ [m, M]. So,

〈 f (A)x, x〉 ≤ 21−s
(

f (m) + f (M) − f (m)

M − m
(〈Ax, x〉 − m)

)
(8)

for every unit vector x . Multiplying 〈Ax, x〉−q on both sides of (8), one can deduce

〈Ax, x〉−q〈 f (A)x, x〉 ≤ 21−sh(〈Ax, x〉), (9)
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where

h(t) = t−q
(

f (m) + f (M) − f (m)

M − m
(t − m)

)
(10)

for every t ∈ [m, M]. Consequently, it follows from (9) that

〈 f (A)x, x〉 ≤ 21−s
(

max
m≤t≤M

h(t)
)
〈Ax, x〉q . (11)

Putting K = f (M) and k = f (m) in Lemma 3, then the conditions in Theorem 2 corresponds to the conditions
in Lemma 3, so the proof is complete by (11). ��
In the special case when we consider s = 1, Theorem 2 is valid for the convex functions and recovers [5, Theorem
1.1].

Lemma 5 The function f (t) = log(t) on [m, M] with m ≥ 1 is s-convex.

Proof Let x, y ∈ [m, M], 1 < x < y and 0 < α < 1. We realize two cases:
(I) If α ≤ 1 − α, then by weighted AM-GM inequality [1] one has

xα yα ≤ xα y1−α ≤ αx + (1 − α)y.

On the other hand, one has

αx + (1 − α)y ≤ y < xy.

By combining these inequalities one can get

xα yα ≤ αx + (1 − α)y ≤ y < xy.

We have

α log(xy) ≤ log(αx + (1 − α)y) ≤ log(y) < log(xy)

so that

α ≤ log(αx + (1 − α)y)

log(xy)
≤ log(y)

log(xy)
< 1.

It follows that

log(α) ≤ log

(
log(αx + (1 − α)y)

log(xy)

)
≤ log

(
log(y)

log(xy)

)
< 0,

which entails

1 ≥
log

(
log(αx+(1−α)y)

log(xy)

)

log(α)
≥

log

(
log(y)

log(xy)

)

log(α)
> 0.

Define

θ = min
x,y∈[m,M],α∈[0, 1

2 ]

log

(
log(αx+(1−α)y)

log(xy)

)

log(α)
.

Choose s > 0 such that s ≤ θ . This ensures that

s ≤
log

(
log(αx+(1−α)y)

log(xy)

)

log(α)
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1272 I. Nikoufar, D. Saeedi

and so

αs ≥ log(αx + (1 − α)y)

log(xy)
.

Hence,

log(xαs
yαs

) ≥ log(αx + (1 − α)y).

From (I), we deduce

log(xαs
y(1−α)s

) ≥ log(xαs
yαs

),

which implies

αs log(x) + (1 − α)s log(y) = log(xαs
y(1−α)s

) ≥ log(αx + (1 − α)y),

(II) If α ≥ 1 − α, then by weighted AM-GM inequality we get

x1−α y1−α ≤ xα y1−α ≤ αx + (1 − α)y.

We follow a similar path to the proof of the case (I). So,

(1 − α) log(xy) ≤ log(αx + (1 − α)y) ≤ log(y) < log(xy).

Define

θ = min
x,y∈[m,M],α∈[ 1

2 ,1]

log

(
log(αx+(1−α)y)

log(xy)

)

log(1 − α)

and choose s > 0 such that s ≤ θ to deduce the result. ��
Corollary 1 Let A be a positive operator on a Hilbert space H satisfying 1 < A ≤ M. Then the following
inequality holds for every unit vector x, q ≥ M

M−1 , and for some 0 < s < 1:

〈log(A)x, x〉 ≤ 21−s log(M)

(q − 1)(M − 1)

(
q − 1

q

)q

〈Ax, x〉q . (12)

Proof Put f (t) = log(t) for 1 < t ≤ M in Theorem 2(i). By Lemma 5 the function f (t) is a real valued
s-convex function for some 0 < s < 1 on (1, M]. The function f satisfies the conditions of Theorem 2(i) on
(1, M]. Indeed, since f is increasing, log(M) > log(1) = 0. So, log(M)

M > 0 and by assumption since q ≥ M
M−1 ,

one has

0 ≤ log(M)

M − 1
≤ log(M)

M
q.

According to Theorem 2(i), we find that

〈log(A)x, x〉 ≤ 21−s Klog(1, M, q)〈Ax, x〉q . (13)

Note that Klog(1, M, q) = log(M)
(q−1)(M−1)

(
q−1

q )q . Whence the proof is complete by Theorem 2(i). ��
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Remark 1 We remark that Corollary 1 is not a trivial result. The following inequality is due to Mond–Pečarić
[11]

〈log(A)x, x〉 ≤ log(〈Ax, x〉) (14)

for every positive operator A and every unit vector x . By a numerical computation we compare two upper bounds
provided in (13) and (14). We show that there is no ordering between the upper bounds given in the inequalities
(13) and (14) and so Corollary 1 is not a trivial result.

Consider A =
( 1.0 0.0

0.0 1.1

)
, M = 10, q = 2, and x =

( 1√
2

1√
2

)
. Let log t be the decimal or common logarithm.

So, one can see

〈Ax, x〉 = 1.05,

log(〈Ax, x〉) = 0.021189,

21−s Klog(1, M, q)〈Ax, x〉q = 21−s(0.030625) > 0.021189.

This entails

21−s Klog(1, M, q)〈Ax, x〉q > log(〈Ax, x〉), (15)

while for q = 8 a numerical computation shows

21−s Klog(1, M, q)〈Ax, x〉q < (2)(0.00806) < 0.021189

and so the reverse inequality holds in (15).

We provide a complementary result for Theorem 2 in the case 0 < q < 1.

Theorem 3 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Also let f (t) be a
real valued continuous s-convex function on [m, M]. Then the following inequality holds for every unit vector
x:

〈 f (A)x, x〉 ≤ 21−s max
{ f (m)

mq
,

f (M)

Mq

}
〈Ax, x〉q ,

where f (M) > f (m), f (M)
M <

f (m)
m and the condition f (M)

M q ≤ f (M)− f (m)
M−m ≤ f (m)

m q holds for a real number
q such that 0 < q < 1.

Proof As in the proof of Theorem 2, one has

〈 f (A)x, x〉 ≤ 21−s
(

max
m≤t≤M

h(t)
)
〈Ax, x〉q . (16)

Putting K = f (M) and k = f (m) in Lemma 4, then the conditions in Theorem 3 corresponds to the conditions
in Lemma 4, so the proof is complete by (16). ��
Corollary 2 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Then the following
inequality holds for every unit vector x:

〈Apx, x〉 ≤ 21−s max{m p−q , M p−q}〈Ax, x〉q , (17)

where 0 < s < p < 1, 0 < q < 1, and M p−1q ≤ M p−m p

M−m ≤ m p−1q.

Proof Put f (t) = t p for 0 < s < p < 1 in Theorem 3. By Lemma 1 the function f (t) is a real valued
continuous s-convex function on [m, M]. On the other hand, since f is increasing, M p > m p. For g(t) = t p−1,
0 < s < p < 1, the function g(t) is decreasing on [m, M] and so M p−1 < m p−1 holds for 0 < s < p < 1,
that is, f (M) = M p > m p = f (m) and f (M)

M = M p−1 < m p−1 = f (m)
m . Whence the proof is complete by

Theorem 3. ��
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1274 I. Nikoufar, D. Saeedi

Corollary 3 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Then the following
inequality holds for every unit vector x:

||A||p ≤ 21−s max{m p−q , M p−q}〈Ax, x〉q , (18)

where 0 < s < p < 1, 0 < q < 1, and M p−1q ≤ M p−m p

M−m ≤ m p−1q.

Proof Consider f (t) = ||t ||p for 0 < s < p < 1 in Theorem 3. The function f (t) is a real valued continuous
s-convex function on [m, M] by Lemma 2. The rest of the proof is similar to that of Corollary 2. ��
Corollary 4 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Then the following
inequality holds for every unit vector x:

1

2
1−s

p

||A|| ≤ 〈Ax, x〉 ≤ ||A||, (19)

where 0 < s < p < 1 and M p−1 p ≤ M p−m p

M−m ≤ m p−1 p.

Proof The first inequality comes from Corollary 3 by letting q = p. The second inequality follows from the
Cauchy-Schwartz inequality, i.e.,

〈Ax, x〉 ≤ ||Ax ||||x || ≤ ||A||||x ||2 = ||A||
for every unit vector x and every positive operator A. ��

Let A be a bounded linear operator on a Hilbert space H. The numerical range W (A) is defined by

W (A) := {〈Ax, x〉 : x ∈ H, ||x || = 1}.
The largest absolute value of the numbers in the numerical range is called the numerical radius, i.e.

w(A) := sup{|λ| : λ ∈ W (A)} = sup
||x ||=1

|〈Ax, x〉|.

It is known that W (A) lies in the closed disc of radius ||A|| centered at the origin and so w(A) ≤ ||A||. The
following corollary is a simple consequence of Corollary 3.

Corollary 5 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Then the numerical

range of A is contained in the closed interval

[
1

2
1−s

p
||A||, ||A||

]
and

1

2
1−s

p

||A|| ≤ w(A) ≤ ||A||,

where 0 < s < p < 1, 1 < p + s, and M p−1 p ≤ M p−m p

M−m ≤ m p−1 p.

The advantages of this corollary is that it gives a better lower bound for the numerical radius of the positive
operator A under some conditions than the lower bound presented in [9, Theorem 1.2]. Indeed, it has been proved
in [9, Theorem 1.2] that 1

2 ||A|| ≤ w(A), whence under the conditions of this corollary one has

1

2
||A|| < 2

s−1
p ||A|| ≤ w(A).

We refined in [15, Corollary 5] the Hölder-McCarthy inequality by providing an upper bound as follows. We
apply this corollary in our results.

Corollary 6 Let A be a positive operator on a Hilbert space H. Then,

(i) for all 0 < s ≤ q < 1 and x ∈ H with ||x || = 1,

〈Aq x, x〉 ≤ 〈Ax, x〉q ≤ 21−s〈Aq x, x〉, (20)
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Operator inequalities associated... 1275

(ii) for all 1
s ≥ q > 1 and x ∈ H with ||x || = 1,

〈Ax, x〉q ≤ 〈Aq x, x〉 ≤ 2(1−s)q〈Ax, x〉q . (21)

As another application of our results, we provide a complementary result of an order preserving inequality
of three variables given by Mićić–Pečarić–Seo [13]. The following result associated with the Hölder-McCarthy
inequality.

Corollary 7 Let A and B be positive operators on a Hilbert space H satisfying m ≤ A ≤ M with 0 < m < M
and A ≤ B. Then

Ap ≤ 22(1−s) max{m p−q , M p−q}Bq , (22)

where 0 < s < p < 1, 0 < s ≤ q < 1, and M p−1q ≤ M p−m p

M−m ≤ m p−1q.

Proof By using Corollary 2 and applying the refined Hölder-McCarthy inequality (20) one can see that

〈Apx, x〉 ≤ 21−s max{m p−q , M p−q}〈Ax, x〉q

≤ 21−s max{m p−q , M p−q}〈Bx, x〉q

≤ 22(1−s) max{m p−q , M p−q}〈Bq x, x〉
for every unit vector x and so the result follows. ��

3 A difference version of the Kantorovich type inequalities

Recently, Furuta and Giga [7] gave the complementary result of the Kantorovich type order preserving inequalities
by Mićić–Pečarić–Seo. In this section, we show a difference version of Furuta and Giga’s result for s-convex
functions. We first prove the following lemma which is a difference version of Lemma 4.

Lemma 6 Let u(t) be defined by

u(t) = k + K − k

M − m
(t − m) − tq (23)

on [m, M], (M > m > 0), and any real number q such that 0 < q < 1 and any real numbers K and k. Then
the function u(t) has the following lower bound on [m, M]:

k + K − k

M − m

((
K − k

q(M − m)

) 1
q−1 − m

)
−

(
K − k

q(M − m)

) q
q−1

(24)

where K > k and qmq−1 ≥ K−k
M−m ≥ q Mq−1. Moreover, in this case the upper bound occurs at the beginning

or end of the interval [m, M] and the upper bound value is max{k − mq , K − Mq}.
Proof By an easy differential calculus, we know that u′(t1) = 0 when

t1 =
(

K − k

q(M − m)

) 1
q−1

.

On the other hand, u′′(t1) > 0 and so t1 gives the lower bound (24) of u(t) on [m, M]. Moreover, t1 is the global
minimum point of u and m and M are the local maximum point of u with the maximum values k − mq and
K − Mq , respectively. ��
Lemma 7 Let u(t) be defined by (23) on [m, M], (M > m > 0), and any real number q and any real numbers
K and k. Then the function u(t) has the upper bound (24) on [m, M], where m, M, k, K and q satisfy any one
(i) or (ii) respectively:

(i) K > k and qmq−1 ≤ K−k
M−m ≤ q Mq−1 holds for a real number q > 1,

(ii) K < k and q Mq−1 ≤ K−k
M−m ≤ qmq−1 holds for a real number q < 0.

123



1276 I. Nikoufar, D. Saeedi

Proof The results follow from the fact that in these cases u′′(t1) < 0. ��
Theorem 4 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Also let f (t) be a
real valued continuous s-convex function on [m, M]. Then the following inequality holds for every unit vector
x:

〈 f (A)x, x〉 ≤ 21−s
(

max{ f (m) − mq , f (M) − Mq} + 〈Ax, x〉q
)

,

where f (M) > f (m) and the condition qmq−1 ≥ K−k
M−m ≥ q Mq−1 holds for a real number q such that

0 < q < 1.

Proof Subtracting 21−s〈Ax, x〉q from both sides of (8), we get

〈 f (A)x, x〉 − 21−s〈Ax, x〉q ≤ 21−su(〈Ax, x〉), (25)

where

u(t) = f (m) + f (M) − f (m)

M − m
(t − m) − tq (26)

for every t ∈ [m, M]. So, one can deduce from (25) that

〈 f (A)x, x〉 − 21−s〈Ax, x〉q ≤ 21−s
(

max
m≤t≤M

u(t)
)
. (27)

Putting K = f (M) and k = f (m) in Lemma 6, then the conditions in Theorem 4 corresponds to the conditions
in Lemma 6, so the result follows from (27). ��
Theorem 5 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Also let f (t) be a
real valued continuous s-convex function on [m, M]. Then the following inequality holds for every unit vector x
and for any real number q depending on (i) or (ii):

〈 f (A)x, x〉 ≤ 21−s(K d
f (m, M, q) + 〈Ax, x〉q),

where

K d
f (m, M, q) = f (m) + f (M) − f (m)

M − m

((
f (M) − f (m)

q(M − m)

) 1
q−1 − m

)

−
(

f (M) − f (m)

q(M − m)

) q
q−1

under any one of the following conditions (i) or (ii) respectively:

(i) f (M) > f (m) and qmq−1 ≤ f (M)− f (m)
M−m ≤ q Mq−1 holds for a real number q > 1,

(ii) f (M) < f (m) and q Mq−1 ≤ f (M)− f (m)
M−m ≤ qmq−1 holds for a real number q < 0.

Proof By the same approach as in the proof of Theorem 4 and using Lemma 7 one can reach the result. ��
Corollary 8 Let A be a positive operator on a Hilbert space H satisfying M ≥ A ≥ m > 0. Then the following
inequality holds for every unit vector x:

〈Apx, x〉 ≤ 21−s
(

max{m p−q , M p−q} + 〈Ax, x〉q
)

, (28)

where 0 < s < p < 1, 0 < q < 1, and Mq−1q ≤ M p−m p

M−m ≤ mq−1q.

Proof Put f (t) = t p for 0 < s < p < 1 in Theorem 4. Like what was mentioned in Corollary 2, the function
f satisfies the conditions of Theorem 4. Whence the proof is complete by Theorem 4. ��

As an application of this result, we give a complementary result of an order preserving inequality of three
variables.
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Corollary 9 Let A and B be positive operators on a Hilbert space H satisfying m ≤ A ≤ M with 0 < m < M
and A ≤ B. Then

Ap ≤ 21−s
(

max{m p−q , M p−q} + 21−s Bq
)

, (29)

where 0 < s ≤ p < 1, 0 < s ≤ q < 1, and Mq−1q ≤ M p−m p

M−m ≤ mq−1q.

Proof By using Corollary 8 and the refined Hölder-McCarthy inequality (20) one can get the result, like what
was done in Corollary 7. ��
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