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Abstract In this note, we study primary monomial affine variety codes defined from the Klein-like curve
x2 y + y2 + x over F4. Implementing the techniques suggested by Geil and Özbudak in [3], we estimate the
minimum distance of various considered codes. In a few cases, we obtain the exact value of the symbol-pair
distance of these codes. Furthermore, we determine lower bounds on the generalized Hamming weights of the
codes so obtained. Few codes obtained are the best-known codes according to [5].
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1 Introduction

Linear codes over finite field Fq forms an important family of codes. Another class of codes introduced in [1]
is the affine variety codes. These codes are obtained by evaluating elements of the coordinate ring of an affine
variety on the Fq -rational points of that variety. A remarkable property of affine variety codes is that every linear
code over Fq can be represented as an affine variety code.

Given an affine variety code, its length and dimension can be determined easily, but there is no general simple
method to determine the minimum distance of these codes. Geil in [2] reformulated the Feng-Rao bound and the
bound in [4] to estimate the minimum distance of affine variety codes. Using the techniques of Groebner basis
and the concepts of well-behaving basis and one-way well-behaving ordered pairs of monomials (OWB), he
provided a lower bound on the minimum distance of affine variety codes. In [3], Geil and Özbudak considered
primary monomial affine variety codes defined from the Klein quartic with a fixed weighted degree lexicographic
ordering. They estimated the minimum distance of the codes on Klein quartic more accurately using ingredients
from Buchberger’s algorithm. They suggested this method can be applied to any primary monomial affine variety
codes. The authors also stressed on finding more families of good affine variety code. In this note, we follow the
identical procedure as suggested by Geil and Özbudak in [3] to estimate the minimum distance and generalized
Hamming weights of primary codes on Klein-like curve. The codes thereby obtained are the best possible ones.

The generalized Hamming weights of a code are other important parameters of a code. These weights
completely characterize the performance of the code on the wire-tap channel of type II. In this note, we extend
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2 N. Patanker, S. K. Singh

the technique of Geil and Özbudak in [3] to calculate the generalized Hamming weights of constructed codes.
Another parameter of a code is its symbol-pair distance. Symbol-pair coding was introduced to handle channels
that output overlapping pair of symbols. We obtained exact value of symbol-pair distance of few of constructed
codes.

This note is organised as follows. In Section 2, we recall the definitions of the footprint of an ideal, primary
affine variety codes and a few related results. In Section 3, we adhere to the procedure as suggested in [3]
to calculate the Hamming weight of various possible codewords of any primary monomial affine variety code
constructed on the Klein-like curve x2 y + y2 + x over F4. In Section 4, we construct affine variety codes on this
curve and determine their parameters. We also determine the exact value of the symbol-pair distance of a few of
these codes. In Section 5, we determine lower bounds on the generalized Hamming weights of these codes. The
codes so obtained are the best-known according to [5].

2 Preliminaries

Throughout this note, we will denote by q a power of prime p.
In this Section, we recall the definition of primary monomial affine variety codes, as defined in [3]. But first

we study the footprint of an ideal of Fq [x1, · · · , xm] and its properties.
Let ≺ be a fixed monomial ordering on Fq [x1, · · · , xm]. Let J ⊆ Fq [x1, · · · , xm] be an ideal. Denote by

M(x1, · · · , xm) the set of all monomials in x1, · · · , xm over Fq . The footprint of J is defined as follows.

Definition 2.1 ([2], Def. 4.2) The footprint of J with respect to ≺ is the set

�≺(J ) := {M ∈ M(x1, · · · , xm) | M is not the leading monomial of any polynomial in J }.

Few important properties of footprint of an ideal are given by the following results.

Proposition 2.2 ( [2], Proposition 4.4 or [3], Theorem 1) The set {M + J | M ∈ �≺(J )} constitutes a basis
for Fq [x1, · · · , xm]/J as a vector space over Fq .

Corollary 2.3 ( [2], Corollary 4.5) Let f1, · · · , fs ∈ Fq [x1, · · · , xm]. The number of common zeroes of
f1, · · · , fs over Fq is #�≺(〈 f1, · · · , fs, xq

1 − x1, · · · , xq
m − xm〉).

Proof Let Iq := 〈 f1, · · · , fs, xq
1 − x1, · · · , xq

m − xm〉. Denote by R := Fq [x1, · · · , xm]/Iq . Let Q1, · · · , Qz
be the common zeroes of f1, · · · , fs in Fq . Consider the map

φ : R → F
z
q

φ(g + Iq) = (g(Q1), · · · , g(Qz)).

Then φ is an isomorphism of Fq -vector spaces. Since, isomorphic vector spaces have equal dimension therefore,
it follows from Proposition 2.2 that z = #�≺(〈 f1, · · · , fs, xq

1 − x1, · · · , xq
m − xm〉). �	

Let Jq := J +〈xq
1 −x1, · · · , xq

m −xm〉. From Corollary 2.3, it follows that the variety of Jq is of size #�≺(Jq)

( [3], Corollary 1). Let P1, · · · , Pn denotes the distinct elements of VFq (Jq). Then the primary monomial affine
variety code is defined as follows.

Definition 2.4 ( [3], Def. 2) Choose L ⊆ �≺(Jq). Then

C(J, L) := SpanFq {ev(M + Jq) := (M(P1), · · · , M(Pn)) | M ∈ L}

is called a primary monomial affine variety code.

From the prior results, we get that C(J, L) is a linear code over Fq of length n = #VFq (Jq) = #�≺(Jq) and
the dimension of C(J, L) is k := #L .
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Quaternary affine variety codes over a Klein-like curve 3

2.1 Bound on minimum distance of affine variety codes

In [2], the minimum distance of affine variety codes is estimated using the concept of one-way well-behaving
pair of monomials which is defined as follows.

Definition 2.5 ([2], Def. 4.6) A basis {b1 + Jq , · · · , bdim(L) + Jq} for a subspace L ⊆ Fq [x1, · · · , xm]/J where
supp(bi ) ⊆ �≺(Jq) for i = 1, · · · , dim(L) and where L M(b1) ≺ L M(b2) ≺ · · · ≺ L M(bdim(L)) is said to
well behaving wrt to ≺.

Definition 2.6 ( [2], Def. 4.8) Let G be a Groebner basis for Jq with respect to ≺. An ordered pair of monomials
(M1, M2) where M1, M2 ∈ �≺(Jq) is said to be one-way well-behaving(OWB) if ∀ h ∈ Fq [x1, · · · , xm] with
supp(h) ⊆ �≺(Jq) and L M(h) = M1,

L M(M1 M2 rem G) = L M(hM2 rem G)

holds.

The following result provides a bound on the minimum distance of affine variety code. We add the proof for
the convenience of the reader.

Theorem 2.7 ( [2], Theorem 4.9) Let ≺ be fixed. The minimum distance of C(J, L) is at least min{ #{K ∈
�≺(Jq) | ∃N ∈ �≺(Jq) such that (P, N ) is OWB and L M(P N remG) = K } | P ∈ {L M(b1), L M(b2), · · · ,

L M(bdim(L))}} where {b1 + Jq , · · · , bdim(L) + Jq} is any well behaving basis of L.

Proof Let x = ev( f + Jq) ∈ C(J, L) for some f ∈ SpanFq (L). Let P := L M( f ) ∈ {L M(b1), L M(b2), · · · ,

L M(bdim(L))}. Now, if there exists N ∈ �≺(Jq) such that (P, N ) is OWB and L M(P N remG) = K , then

K ∈ �≺(Jq)\�≺(〈 f 〉 + Jq).

Thus, by Corollary 2.3,

wH (x) = n − #�≺(〈 f 〉 + Jq) = #�≺(Jq) − #�≺(〈 f 〉 + Jq)

≥ {K ∈ �≺(Jq) | ∃N ∈ �≺(Jq) such that (P, N ) is OWB and L M(P N remG) = K }.
Hence the result. �	

3 Weights of codewords of primary monomial affine affine variety codes

In this Section, we first recall the technique used in [3] to determine the weights of codewords of a primary
monomial affine variety code defined on Klein curve over F8. Then we apply the technique to obtain the weight
of codewords of primary monomial affine variety codes defined on a specific Klein-like curve over F4.

Let C(J, L) be a primary monomial affine variety code, as defined in Section 2. For a codeword c :=
ev( f + Jq) ∈ C(J, L), where f ∈ SpanFq L , by Corollary 2.3, we have the Hamming weight of c is

wH (c) = n − #�≺(〈 f 〉 + Jq) = #�≺(Jq) ∩ L M(〈 f 〉 + Jq) =: #�≺( f )

where L M(g) denotes the leading monomial of a polynomial g wrt ≺. In [3], the authors’ technique is to add
monomials in �≺( f ) to get a lower bound on wH (c).

From Theorem 2.7, if P := L M( f ) and N , K ∈ �≺(Jq) satisfy

(P, N ) is OWB and L M(P N rem G) = K ,

then K ∈ �≺( f ).
In this note, we first calculate the OWB pairs and obtain elements in �≺( f ), for various choices of f ∈

SpanFq L . We then try to add more monomials in �≺( f ) using the technique of [3]. The bounds on the minimum
distance of codewords of C(J, L) so obtained are sometimes strictly finer than the one from Theorem 2.7.

Before going further, we introduce the concept on weighted degree lexicographic ordering on monomials in
Fq [x1, · · · , xm].
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4 N. Patanker, S. K. Singh

Definition 3.1 ( [2], Def. 4.17) Let w(x1), · · · , w(xm) ∈ N and define the weight of xi1
1 · · · xim

m to be the number

w(xi1
1 · · · xim

m ) := i1w(x1)+· · ·+imw(xm). The weighted degree lexicographic ordering ≺w on the monomials in

Fq [x1, · · · , xm] is the ordering with xi1
1 · · · xim

m ≺w x j1
1 · · · x jm

m if either w(xi1
1 · · · xim

m ) ≺ w(x j1
1 · · · x jm

m ) holds or

w(xi1
1 · · · xim

m ) = w(x j1
1 · · · x jm

m ) holds but xi1
1 · · · xim

m ≺lex x j1
1 · · · x jm

m , where ≺lex is the lexicographic ordering
with xm ≺lex · · · ≺lex x1.

In the rest of this Section, we focus on finding elements of �≺( f ) and estimating #�≺( f ) for various
codewords of C(J, L) with respect to a fixed weighted degree lexicographic order on Fq [x1, · · · , xm].

3.1 Weights of codewords from Klein-like curve

From [6], Example 4.2, consider the ideal I = 〈x2 y+y2+x〉of F4[x, y]. Then, I4 = 〈x2 y+y2+x, x4+x, y4+y〉.
The set of F4-rational points of the corresponding variety ( i.e. Klein-like curve) is

VF4(I4) = {(0, 0), (1, α), (1, α2), (α, 1), (α, α), (α2, 1), (α2, α2)},
where α is a fixed primitive element of F4.

We fix monomial ordering on F4[x, y] to be the weighted degree lexicographic ordering ≺w with wt (y) = 2
and wt (x) = 1 and y ≺lex x . We obtain a Groebner basis of I4 with respect to ≺w as {y3 + x3, xy2 + x2 +
y, x4 + x, x2 y + y2 + x}, using SageMath. The elements of footprint �≺w(I4) and their corresponding weights
are listed as follows.

1 x x2 x3 y xy y2

0 1 2 3 2 3 4

In the following subsections, we consider six different possible codewords obtained from polynomials with
leading monomials from �≺w(I4), one by one. We show that the bounds on weights of codewords so obtained
are sometimes strictly finer than the one from Theorem 2.7.

Before going further, we fix some notations. Consider polynomials a(x, y), b(x, y), c(x, y). By

a(x, y)
b(x,y)−−−→ c(x, y)

we shall indicate that c(x, y) = a(x, y) − q(x, y)b(x, y) for some polynomial q(x, y).

3.1.1 Leading monomial equal to x:

Consider c = ev( f + I4) where f = x +a0, a0 ∈ F4. Checking we have {(x, 1), (x, x), (x, x2), (x, y), (x, xy)}
are the OWB pairs. Thus,

{x, x2, x3, xy, y2} ⊆ �≺w( f ).

Hence, wH (c) ≥ 5. Also, ev((x + 1) + I4) has weight 5. So, the bound from Theorem 2.7 is sharp in this case.

3.1.2 Leading monomial equal to y:

Consider c = ev( f + I4) where f = y+a1x +a0, a1, a0 ∈ F4. Checking we have {(y, 1), (y, x), (y, y), (y, x2)}
are the OWB pairs. Thus,

{y, xy, y2} ⊆ �≺w( f ).

Hence, wH (c) ≥ 3. We next try to add more monomials in �≺w( f ) under different conditions on the coefficients
of f .

Multiplying by y2 and applying reduction gives

y2 f
y3+x3

−−−→ a1xy2 + a0 y2 + x3.
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Quaternary affine variety codes over a Klein-like curve 5

If a1 �= 0, then

a1xy2 + a0 y2 + x3 xy2+x2+y−−−−−−→ a0 y2 + x3 + a1x2 + a1 y.

If a0 �= 0, then

a0xy2 + x4 + a1x3 + a1xy
x4+x,xy2+x2+y−−−−−−−−−−→ a1x3 + a1xy + a0x2 + a0 y + x .

So, {x3} ⊆ �≺w( f ). Else if a0 = 0, then {x3} ⊆ �≺w( f ). But if a1 = 0 then, we are left with x3 + a2 y2.

a0xy2 + x4 x4+x−−−→ a0xy2 + x .

If a0 �= 0, then

a0xy2 + x
xy2+x2+y−−−−−−→ a0x2 + a0 y + x .

So, {x2, x3} ⊆ �≺w( f ). Else if a0 = 0, then we have {x, x2, x3} ⊆ �≺w( f ). From the above calculations, we
conclude that at least 3 + min{1, 1, 2, 3} = 4 elements belong to �≺w( f ). Hence, wH (c) ≥ 4.

3.1.3 Leading monomial equal to x2:

Consider c = ev( f + I4) where f = x2 + a2 y + a1x + a0, a0, a1, a2 ∈ F4. Checking we have {(x2, 1), (x2, x)}
are the OWB pairs. Thus,

{x2, x3} ⊆ �≺w( f ).

Hence, wH (c) ≥ 2.
Consider y f = x2 y + a2 y2 + a1xy + a0 y. Applying reduction, we have

y f
x2 y+y2+x−−−−−−→ (a2 + 1)y2 + a1xy + a0 y + x .

If a2 �= 1 then, y2 ∈ �≺w( f ). Else if a2 = 1, then we have a1xy + a0 y + x . If a1 �= 0 then, {xy} ⊆ �≺w( f ).

Also

a1x2 y + a0xy + x2 x2 y+y2+x−−−−−−→ a1 y2 + a0xy + x2 + a1x .

So, if a1 �= 0, then {xy, y2} ⊆ �≺w( f ). Else a1 = 0 and we have a0 y + x . Now, if a0 �= 0 then {y, xy, y2} ⊆
�≺w( f ). Else if a0 = 0, then {x, xy} ⊆ �≺w( f ). Also

x
xy−→ x2 y

x2 y+y2+x−−−−−−→ y2 + x .

Thus, in this case we also have y2 ∈ �≺w( f ).
From the above calculations, we conclude that at least 2 + min{1, 1, 2, 3, 2, 1} = 3 elements belong to

�≺w( f ). Hence, wH (c) ≥ 3.
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3.1.4 Leading monomial equal to xy:

Consider c = ev( f + I4) where f = xy + a3x2 + a2 y + a1x + a0, where a0, a1, a2, a3 ∈ F4. Checking we
have {(xy, 1), (xy, x)} are the OWB pairs. Thus,

{xy, y2} ⊆ �≺w( f ).

Hence, wH (c) ≥ 2.
In case a0 = 0, a3 �= 0, a1 = a2

3 and a2 = a3, then wH (c) = 2. We show that in all other cases wH (c) ≥ 3.
Consider y f = xy2 + a3x2 y + a2 y2 + a1xy + a0 y. Applying reduction, we have

y f
xy2+x2+y−−−−−−→ a3x2 y + a2 y2 + a1xy + x2 + (a0 + 1)y.

If a3 = 0 then, we have a2 y2 + a1xy + x2 + (a0 + 1)y. If a2 = 0 then we are left with a1xy + x2 + (a0 + 1)y.
In addition if a1 = 0 then we are left with x2 + (a0 + 1)y. In this case, we have {x2, x3} ⊆ �≺w( f ). Else if
a1 �= 0 then continuing the reduction, we have

a1xy + x2 + (a0 + 1)y
xy+a1x+a0−−−−−−−→ x2 + (a0 + 1)y + a2

1 x + a0a1.

The leading monomial of the last polynomial is x2. Thus, {x2, x3} ⊆ �≺w( f ).

But if a2 �= 0, then we have a2 y2 + a1xy + x2 + (a0 + 1)y. Now, if a1 �= 0 then continuing the reduction
we have

a2xy2 + a1x2 y + x3 + (a0 + 1)xy
x f−→ a2xy2 + x3 + (a0 + a1a2 + 1)xy + a2

1 x2 + a0a1x

xy2+x2+y−−−−−−→ x3 + (a0 + a1a2 + 1)xy + (a2
1 + a2)x2 + a2 y

+ a0a1x .

Thus, {x3} ⊆ �≺w( f ). Else a1 = 0 and we have

a2xy2 + x3 + (a0 + 1)y
xy2+x2+y−−−−−−→ x3 + (a0 + 1)xy + a2x2 + a2 y.

Thus, {x3} ⊆ �≺w( f ).

Now if a3 �= 0, then we have a3x2 y + a2 y2 + a1xy + x2 + (a0 + 1)y and continuing the reduction

a3x2 y + a2 y2 + a1xy + x2 + (a0 + 1)y
x f−→ a2 y2 + a2

3 x3 + (a1 + a2a3)xy + (a1a3 + 1)x2

+ (a0 + 1)y + a0a3x .

If a2 = 0 then {x3} ⊆ �≺w( f ). Else, we have

a2xy2 + a2
3 x4 + (a1 + a2a3)x2 y + (a1a3 + 1)x3 + (a0 + 1)xy + a0a3x2

xy2+x2+y−−−−−−→ a2
3 x4 + (a1 + a2a3)x2 y + (a1a3 + 1)x3 + (a0 + 1)xy + (a0a3 + a2)x2 + a2 y

x4+x−−−→ (a1 + a2a3)x2 y + (a1a3 + 1)x3 + (a0 + 1)xy + (a0a3 + a2)x2 + a2 y + a2
3 x .

Now if a1 �= a2a3 then continuing the reduction

(a1 + a2a3)x2 y + (a1a3 + 1)x3 + (a0 + 1)xy + (a0a3 + a2)x2 + a2 y + a2
3 x

x f−→ (a2a2
3 + 1)x3 + (a0 + 1 + a1a2 + a2

2a3)xy + (a0a3 + a2 + a2
1 + a1a2a3)x2 + a2 y

+ (a2
3 + a0a1 + a0a2a3)x .
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Quaternary affine variety codes over a Klein-like curve 7

If, in addition, a2a2
3 �= 1 then, {x3} ⊆ �≺w( f ). Else a2a2

3 = 1 i.e. a2 = a3 then we are left with (a0 +a1a2)xy +
(a0a2 + a2 + a2

1 + a1a2
2)x2 + a2 y + (a2

2 + a0a1 + a0a2
2)x . Now if a0 �= a1a2, then continuing the reduction

(a0 + a1a2)xy + (a0a2 + a2 + a2
1 + a1a2

2)x2 + a2 y + (a2
2 + a0a1 + a0a2

2)x
f−→ (a2 + a2

1)x2 + (a2 + a0a2 + a1a2
2)y + (a2

2 + a0a2
2 + a2

1a2)x + (a0 + a1a2)a0.

Thus, {x2, x3} ⊆ �≺w( f ). Else a0 = a1a2 and we are left with (a2 + a2
1)x2 + a2 y + (a2

2 + a2
1a2 + a1)x . So,

{x2, x3} ⊆ �≺w( f ).

Now if a3 �= 0, a2 �= 0 but a1 = a2a3 then we have (a1a3 +1)x3 + (a0 +1)xy + (a0a3 +a2)x2 +a2 y +a2
3 x .

But if a1a3 �= 1 then {x3} ⊆ �≺w( f ). Else a1a3 = 1 and we have (a0 + 1)xy + (a0a3 + a2)x2 + a2 y + a2
3 x . If

a0 �= 1, continuing the reduction we have

(a0 + 1)xy + (a0a3 + a2)x2 + a2 y + a2
3 x

f−→ (a2 + a3)x2 + a0a2 y + (a2
3 + a0a2

3 + a2
3)x + ((a0)

2 + a0).

If a2 �= a3 then {x2, x3} ⊆ �≺w( f ). Else a2 = a3 and we have a0a2 y + a0a2
2 x + (a2

0 + a0). If a0 �= 0 then
{y} ⊆ �≺w( f ). Else we are through. If a0 = 1 then we have (a3 + a2)x2 + a2 y + a2

3 x . Now if a2 �= a3 then
{x2, x3} ⊆ �≺w( f ). Else {y} ⊆ �≺w( f ).

3.1.5 Leading monomial equal to x3:

Consider c = ev( f + I4) for f = x3 + a4xy + a3x2 + a2 y + a1x + a0, where a0, a1, a2, a3, a4 ∈ F4. Checking
we have {(x3, 1)} is an OWB pair. Thus,

{x3} ⊆ �≺w( f ).

Hence, wH (c) ≥ 1. We next try to add more monomials in �≺w( f ) under various conditions on the coefficients
of f .

Multiplying by x and applying the reduction,

x f
x4+x−−−→ a4x2 y + a3x3 + a2xy + a1x2 + (a0 + 1)x .

If a4 = 0, then we have a3x3 + a2xy + a1x2 + (a0 + 1)x . Also if a3 = 0, then a2xy + a1x2 + (a0 + 1)x . If
a2 = 0 also, then a1x2 + (a0 + 1)x . If a1 = 0 then (a0 + 1)x . If a0 = 1 also, then by direct calculations we have
wH (c) = 1. But if a0 �= 1 then {x, x2, xy} ⊆ �≺w( f ).

Now if a4 = a3 = a2 = 0 but a1 �= 0 then {x2} ⊆ �≺w( f ). In case a4 = a3 = 0 but a2 �= 0, then
{xy} ⊆ �≺w( f ). In case a4 = 0 but a3 �= 0 then continuing the reduction

a3x3 + a2xy + a1x2 + (a0 + 1)x
y3+x3

−−−→ a3 y3 + a2xy + a1x2 + (a0 + 1)x .

a3xy3 + a2x2 y + a1x3 + (a0 + 1)x2 xy2+x2+y−−−−−−→ (a2 + a3)x2 y + a3 y2 + a1x3 + (a0 + 1)x2.

If a2 = a3, then {y2} ⊆ �≺w( f ). Else a2 �= a3 and continuing the reduction we have

(a2 + a3)x2 y + a3 y2 + a1x3 + (a0 + 1)x2 x2 y+y2+x−−−−−−→ a2 y2 + a1x3 + (a0 + 1)x2 + (a2 + a3)x .

If a2 = a1 = 0 and a0 = 1, then {x, x2} ⊆ �≺w( f ). But if a0 �= 1 then {x2} ⊆ �≺w( f ). But if a1 �= 0 then
continuing the reduction

a1x3 + (a0 + 1)x2 + a3x
y3+x3

−−−→ a1 y3 + (a0 + 1)x2 + a3x .

a1 y4 + (a0 + 1)x2 y + a3xy
y4+y−−−→ (a0 + 1)x2 y + a3xy + a1 y.

If a0 �= 1 then

(a0 + 1)x2 y + a3xy + a1 y
x2 y+y2+x−−−−−−→(a0 + 1)y2 + a3xy + a1 y + (a0 + 1)x .
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Thus, {y2} ⊆ �≺w( f ). Else a0 = 1 and we have {xy} ⊆ �≺w( f ).

But if a4 = 0, a3 �= 0 and a2 �= a3 but a2 �= 0 then {y2} ⊆ �≺w( f ). In case a4 �= 0, then we have
a4x2 y + a3x3 + a2xy + a1x2 + (a0 + 1)x and continuing the reduction

a4x2 y + a3x3 + a2xy + a1x2 + (a0 + 1)x
x2 y+y2+x−−−−−−→a4 y2 + a3x3 + a2xy + a1x2 + (a0 + a4 + 1)x .

The leading monomial of last polynomial is y2. So, {y2} ⊆ �≺w( f ).

From the above calculations, we conclude that at least 1+min{3, 1, 1, 1, 2, 1, 1, 1, 1, 1} = 2 elements belong
to �≺w( f ). Hence, wH (c) ≥ 2.

3.1.6 Leading monomial equal to y2:

Consider c = ev( f + I4) where f = y2 + a5x3 + a4xy + a3x2 + a2 y + a1x + a0, a0, a1, a2, a3, a4, a5 ∈ F4.
Checking we have {(y2, 1), (y2, x3)} are the OWB pairs. Thus, {y2} ⊆ �≺w( f ).

Hence, wH (c) ≥ 1.
Consider y f = y3 + a5x3 y + a4xy2 + a3x2 y + a2 y2 + a1xy + a0 y. Then, applying reduction we get

y f
y3+x3

−−−→ a5x3 y + a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y.

If a5 = a4 = a3 = a2 = 0, then we have x3 ∈ �≺w( f ). But if a5 = a4 = a3 = 0 but a2 �= 0 then continuing
the reduction we have

a2 y2 + x3 + a1xy + a0 y
f−→ x3 + a1xy + (a0 + a2

2)y + a1a2x + a0a2.

Thus, {x3} ⊆ �≺w( f ).

If a5 = a4 = 0 but a3 �= 0, then we have a3x2 y + a2 y2 + x3 + a1xy + a0 y and continuing the reduction we
have

a3x2 y + a2 y2 + x3 + a1xy + a0 y
x2 y+y2+x−−−−−−→ (a2 + a3)y2 + x3 + a1xy + a0 y + a3x .

Now if in addition a2 �= a3, then continuing the reduction

(a2 + a3)y2 + x3 + a1xy + a0 y + a3x
f−→ x3 + a1xy + (a2a3 + a2

3)x2 + (a0 + a2
2 + a2a3)y

+ (a3 + a1a2 + a1a3)x + a0(a2 + a3).

Thus, {x3} ⊆ �≺w( f ). But if a2 = a3, then {x3} ⊆ �≺w( f ).

Now if a5 = 0 but a4 �= 0, then we have a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y and continuing the
reduction

a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y
xy2+x2+y−−−−−−→ a3x2 y + a2 y2 + x3 + a1xy + a4x2

+ (a0 + a4)y.

Now if a3 = a2 = 0, then {x3} ⊆ �≺w( f ). But if a2 �= 0, then we have a2 y2 + x3 + a1xy + a4x2 + (a0 + a4)y
and continuing the reduction

a2 y2 + x3 + a1xy + a4x2 + (a0 + a4)y
f−→ x3 + (a1 + a2a4)xy + a4x2 + (a0 + a4 + a2

2)y

+ a1a2x + a0a2.

Thus, {x3} ⊆ �≺w( f ). But if a3 �= 0 then continuing the reduction

a3x2 y + a2 y2 + x3 + a1xy + a4x2 + (a0 + a4)y
x2 y+y2+x−−−−−−→ (a2 + a3)y2 + x3 + a1xy + a4x2

+ (a0 + a4)y + a3x .
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If a2 = a3, then {x3} ⊆ �≺w( f ). Else continuing the reduction

(a2 + a3)y2 + x3 + a1xy + a4x2 + (a0 + a4)y + a3x
f−→ x3 + (a1 + a2a4 + a3a4)xy + (a4

+ a2a3 + a2
3)x2 + (a0 + a4 + a2

2 + a2a3)y + (a3 + a1a2 + a1a3)x + a0(a2 + a3).

Thus, {x3} ⊆ �≺w( f ).

Now if we are in the case a5 �= 0 then we have a5x3 y + a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y and
continuing the reduction we have

a5x3 y + a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y

y3+x3

−−−→ a5 y4 + a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + a0 y

y4+y−−−→ a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + (a0 + a5)y.

Now if a4 �= 0, then continuing the reduction we have

a4xy2 + a3x2 y + a2 y2 + x3 + a1xy + (a0 + a5)y
xy2+x2+y−−−−−−→ a3x2 y + a2 y2 + x3 + a1xy + a4x2

+(a0 + a5 + a4)y.

If a3 �= 0, then we have

a3x2 y + a2 y2 + x3 + a1xy + a4x2 + (a0 + a5 + a4)y
x2 y+y2+x−−−−−−→ (a2 + a3)y2 + x3 + a1xy + a4x2

+(a0 + a4 + a5)y + a3x .

Now if a2 = a3, then {x3} ⊆ �≺w( f ). Else we continue the reduction process

(a2 + a3)xy2 + x4 + a1x2 y + a4x3 + (a0 + a4 + a5)xy + a3x2

xy2+x2+y−−−−−−→ x4 + a1x2 y + a4x3 + (a0 + a4 + a5)xy + a2x2 + (a2 + a3)y

x4+x−−−→ a1x2 y + a4x3 + (a0 + a4 + a5)xy + a2x2 + (a2 + a3)y + x .

If a1 = 0, then {x3} ⊆ �≺w( f ). Else continuing the reduction

a1x2 y + a4x3 + (a0 + a4 + a5)xy + a2x2 + (a2 + a3)y + x

x2 y+y2+x−−−−−−→ a1 y2 + a4x3 + (a0 + a4 + a5)xy + a2x2 + (a2 + a3)y + (a1 + 1)x
f−→ (a4 + a1a5)x3 + (a0 + a4 + a5 + a1a4)xy + (a2 + a1a3)x2 + (a2 + a3 + a1a2)y

+ (a1 + 1 + a2
1)x + a0a1.

If a4 �= a1a5, then {x3} ⊆ �≺w( f ). Else we are left with (a0 + a5 + a1a5 + a2
1a5)xy + (a2 + a1a3)x2 + (a2 +

a3 +a1a2)y + (a1 +1+a2
1)x +a0a1. If a1 = 1, then we have (a0 +a5)xy + (a2 +a3)x2 +a3 y + x +a0. Now if

a0 �= a5, then we have {xy} ⊆ �≺w( f ). Else, we have (a2 +a3)x2 +a3 y + x +a0 then {x2, x3} ⊆ �≺w( f ). But
if a1 ∈ {α, α2}, then we have a0xy + (a2 +a1a3)x2 + (a2 +a3 +a1a2)y +a0a1. If a0 �= 0, then {xy} ⊆ �≺w( f ).

Else we have (a2 + a1a3)x2 + (a2 + a3 + a1a2)y. Now if a2 �= a1a3, then {x2, x3} ⊆ �≺w( f ). Else by direct
calculation we have wH (c) ≥ 3.

Now if a5 �= 0, a4 �= 0 but a3 = 0, then we have a2 y2 + x3 + a1xy + a4x2 + (a0 + a4 + a5)y. If a2 = 0,
then {x3} ⊆ �≺w( f ). Else continuing the reduction we have

a2 y2 + x3 + a1xy + a4x2 + (a0 + a4 + a5)y
f−→ (1 + a2a5)x3 + (a1 + a2a4)xy + a4x2

+ (a0 + a4 + a5 + a2
2)y + a1a2x + a0a2.
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If a2a5 �= 1, then {x3} ⊆ �≺w( f ). Else we have (a1 +a2a4)xy +a4x2 +(a0 +a4)y +a1a2x +a0a2. If a1 �= a2a4
then {xy} ⊆ �≺w( f ). Else {x2, x3} ⊆ �≺w( f ).

Now if a5 �= 0 but a4 = a3 = a2 = 0, then {x3} ⊆ �≺w( f ), but if a2 �= 0 then continuing the reduction

a2 y2 + x3 + a1xy + (a0 + a5)y
f−→(1 + a2a5)x3 + a1xy + (a2

2 + a0 + a5)y + a1a2x + a0a2.

If a2a5 �= 1, then {x3} ⊆ �≺w( f ). Else we have a1xy + a0 y + a1a2x + a0a2. If a1 �= 0 then {xy} ⊆ �≺w( f ).

Else if a0 �= 0 then {y, xy} ⊆ �≺w( f ). Else by direct calculations, we have wH (c) = 2. But if a3 �= 0 then we
have a3x2 y + a2 y2 + x3 + a1xy + (a0 + a5)y and continuing the reduction we have

a3x2 y + a2 y2 + x3 + a1xy + (a0 + a5)y
x2 y+y2+x−−−−−−→ (a2 + a3)y2 + x3 + a1xy + (a0 + a5)y + a3x .

If a2 = a3, then {x3} ⊆ �≺w( f ). Else continuing the reduction

(a2 + a3)xy2 + x4 + a1x2 y + (a0 + a5)xy + a3x2

x4+x−−−→ (a2 + a3)xy2 + a1x2 y + (a0 + a5)xy + a3x2 + x

xy2+x2+y−−−−−−→ a1x2 y + (a0 + a5)xy + a2x2 + (a2 + a3)y + x .

If a1 = 0, a0 = a5 and a2 = 0 then {y, xy} ⊆ �≺w( f ). Else if a2 �= 0 then {x2, x3} ⊆ �≺w( f ). If a1 = 0 but
a0 �= a5 then {xy} ⊆ �≺w( f ). But if a1 �= 0 then continuing the reduction

a1x2 y + (a0 + a5)xy + a2x2 + (a2 + a3)y + x

x2 y+y2+x−−−−−−→ a1 y2 + (a0 + a5)xy + a2x2 + (a2 + a3)y + (a1 + 1)x
f−→ a1a5x3 + (a0 + a5)xy + (a2 + a1a3)x2 + (a2 + a3 + a1a2)y + (a2

1 + a1 + 1)x + a0a1.

Thus, {x3} ⊆ �≺w( f ).

From the above calculations, we conclude that at least 1 + min{2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1,

1, 2, 1, 1, 1, 2, 2, 1, 1} = 2 elements belong to �≺w( f ). Hence, wH (c) ≥ 2.
Concluding from the above computations, we obtain the following table with first row consisting of leading

terms of various codewords c and second-row listing bounds on #�≺w( f ), where c = ev( f + Iq) and L M( f )

as in corresponding column of the first row.

1 x y x2 xy x3 y2

7 5 4 3 2 1 2

4 Construction of code

For 1 ≤ s ≤ n, we define a code as done in [3]

C := SpanF4{ev(M + I4) | M ∈ �≺(I4), δ(M) ≥ s},
where δ(M) are estimated bounds on #�≺w(M) as in the second line of above table.

For example, if s = 5, then C = SpanF4{ev(1 + I4), ev(x + I4)}. From Section 3.1.1, we obtain minimum
distance d(C) ≥ 5. Similarly, given k, 1 ≤ k ≤ n, the parameters of various codes obtained are listed below.
The results of the table have been verified by SageMath.

[7, 1,≥ 7]4 [7, 2,≥ 5]4 [7, 3,≥ 4]4 [7, 4,≥ 3]4 [7, 5,≥ 2]4 [7, 6,≥ 2]4

In all the above cases, given a value for the dimension of code, the estimate on the minimum distance of code
so obtained is the best possible according to the table in [5].
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4.1 Symbol-pair distance of codes

Symbol-pair coding was introduced for channels that output overlapping pair of symbols. This introduced a new
parameters for codes called symbol-pair distance. The symbol-pair distance of a code is defined as follows:

Let A be an alphabet of size q. For x = (x1, · · · , xn) ∈ An , we define the symbol-pair vector of x as

πsp(x) := [(x1, x2), (x2, x3), · · · , (xn−1, xn), (xn, x1)] ∈ (A2)n .

Then the symbol-pair weight of a vector x is defined as

wsp(x) := wH (πs p(x)) = {1 ≤ i ≤ n | (xi , xi+1) �= (0, 0), xn+1 = x1}.
Let C be a linear code over Fq . Then the symbol-pair distance of C is defined as

dsp(C) := min{wsp(x) | x ∈ C, x �= 0}.
A relation between minimum Hamming distance of C and symbol-pair distance of C is given as ( [7])

dsp(C) ≥ d(C) + 1. (4.1)

For more details on symbol-pair distance of codes refer to [7].
Using equation (4.1), we get the following results on codes constructed from Klein-like curve over F4.

Proposition 4.1 Let P1 := (0, 0), P2 := (1, α), P3 := (1, α2), P4 := (α, 1), P5 := (α, α), P6 := (α2, 1) and
P7 := (α2, α2) be the order of points of evaluation of code. Then

(1) If C1 := SpanF4{ev(1 + I4), ev(x + I4)}, then dsp(C1) = 6.
(2) If C2 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4), ev(x2 + I4)}, then dsp(C2) = 4.

Proof We have dsp(C1) ≥ d(C1) + 1 = 6. To prove the converse inequality, consider the codeword ev((x +
1) + I4) ∈ C1. It has symbol-pair weight 6. So, dsp(C1) ≤ 6. This proves (1).

We have dsp(C2) ≥ d(C2)+ 1 = 4. Now, the codeword ev((x2 + x + 1)+ I4) ∈ C2 has symbol-pair weight
4. So, dsp(C2) ≤ 4. This proves (2). �	

5 Generalized Hamming weights of codes

Let C be an [n, k] code over Fq . The generalized Hamming weights for linear codes were introduced in [8,9], and
rediscovered by Wei in [10]. The study of these weights was motivated by some applications in cryptography.
The generalized Hamming weights of linear codes is defined as follows.

The support of a [n, k] linear code C over Fq is defined by

supp(C) := {i : xi �= 0 for some x = (x1, · · · , xn) ∈ C}.
For 1 ≤ r ≤ k, the r-th generalized Hamming weight of C is defined by

dr (C) := min{#supp(D) : D is a linear subcode of C with dim(D) = r}.
An important property of generalized Hamming weights of C is given by the following theorem.

Theorem 5.1 ( [10], Theorem 1) For an [n, k] linear code C with k > 0, we have

1 ≤ d1(C) ≺ d2(C) ≺ · · · ≺ dk(C) ≤ n.

In this Section, we obtain lower bounds on the generalized Hamming weights of codes constructed in
Section 4. The main idea is the following:

Let C be an [n, k] code over Fq . For any subcode D of C of dimension r , 1 ≤ r ≤ k, with Fq -basis
ev(g1 + Iq), · · · , ev(gr + Iq) i.e. D = SpanFq {ev(g1 + Iq), · · · , ev(gr + Iq)}, we have from Corollary 2.3

# Supp D = n − #�≺w(〈g1, · · · , gr 〉 + Iq) = #�≺w(Iq) ∩ L M(〈g1, · · · , gr 〉 + Iq) =: #�≺w(D).

Since g1, · · · , gr are linearly independent, we can always assume that they are monic polynomials and their
leading monomials are distinct.

123



12 N. Patanker, S. K. Singh

Proposition 5.2 Let C1 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4)}. Then

(1) C1 is [7, 3,≥ 4] code.
(2) d2(C1) ≥ 6.

Proof (1) follows from Section 4. Now, consider the following polynomials

f := y + a1x + a2, g := x + b1, h := 1,

where a1, a2, b1 ∈ F4. Let D be a subcode of C1 of dimension 3, then for the various choices of D, we have

• If D := SpanF4{ev( f + I4), ev(g + I4)}, then {x, x2, x3, y, y2, xy} ⊆ �≺w(D). So, #Supp D ≥ 6.
• If D := SpanF4{ev( f + I4), ev(h + I4)}, then {1, x, x2, x3, y, y2, xy} ⊆ �≺w(D). So, #Supp D ≥ 7.
• If D := SpanF4{ev(g + I4), ev(h + I4)}, then {1, x, x2, x3, y, y2, xy} ⊆ �≺w(D). So, #Supp D ≥ 7.

Hence d2(C1) ≥ 6. This proves (3). �	
Proposition 5.3 Let C2 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4), ev(x2 + I4)}. Then

(1) C2 is [7, 4,≥ 3] code.
(2) d2(C2) ≥ 5.
(3) d3(C2) ≥ 6.

Proof (1) follows from Section 4. Now consider the following polynomials

f1 := vy2 + a1xy + a2x2 + a3 y + a3x + a5, f2 := xy + b1x2 + b2 y + b3x + b4, f3 := x2 + c1 y + c2x + c3,

f4 := y + d1x + d2, f5 := x + e1, f6 = 1,

where a1, a2, a3, b1, b2, c1 ∈ F4. Let D be a subcode of C2 of dimension 2, then for the various choices of D
we have

• If D := SpanF4{ev( f1 + I4), ev( f2 + I4)}, then {x2, x3, y, y2, xy} ⊆ �≺w(D). So, #Supp D ≥ 5.
• If D := SpanF4{ev( f1 + I4), ev( f3 + I4)}, then {x, x2, x3, xy} ⊆ �≺w(D). Now,

f3 → x2 y + c1xy
x2 y+y2+x−−−−−−→ y2 + c1xy + x .

This implies {y2} ⊆ �≺(D). So, Supp D ≥ 5.
• If D := SpanF4{ev( f2 + I4), ev( f3 + I4)}, then {x, x2, x3, y, y2, xy} ⊆ �≺w(D). So, Supp D ≥ 6.
• In all other cases, we have #Supp D ≥ 7.

Hence d2(C2) ≥ 5. This proves (2). Similarly, Let D′ be a subcode of C2 of dimension 3, then for the various
choices of D′ we have

• If D′ := SpanF4{ev( f1 + I4), ev( f2 + I4), ev( f3 + I4)}, then {x, x2, x3, y, y2, xy} ⊆ �≺w(D′). So,
Supp D′ ≥ 6.

• In all other cases, we have #Supp D ≥ 7.

Hence d3(C2) ≥ 6. This proves (3). �	
Proposition 5.4 Let C3 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4), ev(x2 + I4), ev(xy + I4)}. Then

(1) C3 is [7, 5,≥ 2] code.
(2) d2(C3) ≥ 4.
(3) d3(C3) ≥ 5.
(4) d4(C3) ≥ 6.

Proof (1) follows from Section 4. Now consider the following polynomials

f1 := xy+a1x2+a2 y+a3x + a4, f2 := x2+b1 y+b2x+b3, f3 := yv +c1x+c2, f4 := x+d1, f5 := 1,

where a1, a2, a3, a4, b1, b2, b3, c1, c2, d1 ∈ F4. Let D be a subcode of C3 of dimension 2, then for the various
choices of D we have

• If D = SpanF4{ev( f1 + I4), ev( f2 + I4)}, then {x2, x3, xy} ⊆ �≺w(D). From Section 3.1.3, we have
y2 ∈ �≺w(D). It follows that #Supp D ≥ 4.
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• If D = SpanF4{ev( f1 + I4), ev( f3 + I4)}, then {y, y2, xy} ⊆ �≺w(D). From Section 3.1.2, we have
x3 ∈ �≺w(D). Hence, #Supp D ≥ 4.

• If D = SpanF4{ev( f1 + I4), ev( f4 + I4)}, then {x, x2, x3, xy} ⊆ �≺w(D). Also,

f4 → x2 y + d1xy
x2 y+y2+x−−−−−−→ y2 + d1xy + x .

This implies y2 ∈ �≺w(D). Thus, #Supp D ≥ 5.
• In all other cases, we have #Supp D ≥ 5.

Hence, d2(C3) ≥ 4. This proves (2). Similarly, we get the remaining results. �	
Similarly, we get

Proposition 5.5 Let C4 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4), ev(x2 + I4), ev(y2 + I4)}. Then

(1) C4 is [7, 5,≥ 2] code.
(2) d2(C4) ≥ 3.
(3) d3(C4) ≥ 5.
(4) d4(C4) ≥ 6.

Proposition 5.6 Let C5 := SpanF4{ev(1 + I4), ev(x + I4), ev(y + I4), ev(x2 + I4), ev(xy + I4), ev(y2 + I4)}.
Then

(1) C5 is [7, 6,≥ 2] code.
(2) d2(C5) ≥ 3.
(3) d3(C5) ≥ 4.
(4) d4(C4) ≥ 5.
(5) d5(C4) ≥ 6.

Proof (1) follows from Section 4. Now consider the following polynomials

f1 = y2 + a1xy + a2x2 + a3 ya4x + a5, f2 := xy + b1x2 + b2 y + b3x + b4, f3 := x2 + c1 y + c2x + c3,

f4 := y + d1x + d2, f5 := x + e1, f6 := 1,

where a1, a2, a3, a4, a5, b1, b2, b3, b4, c1, c2, c3, d1, d2, e1 ∈ F4. Let D be a subcode of C5 of dimension 2, then
for the various choices for D, we have

• If D = SpanF4{ev( f1 + I4), ev( f2 + I4)}, then {xy, y2} ⊆ �≺w(D). Now,

y f
y3+x3

−−−→ a1xy2 + a2x2 y + a3 y2 + x3 + a4xy + a5 y.

If a1 �= 0, then we have a2x2 y + a3 y2 + x3 + a4xy + a1x2 + (a1 + a5)y. If a2 �= 0, then we get
(a2 + a3)y2 + x3 + a4xy + a1x2 + (a1 + a5)y + a2x . In addition, if a2 �= a3 then

(a2 + a3)y2 + x3 + a4xy + a1x2 + (a1 + a5)y + a2x
f1−→ x3 + [a4 + a1a2 + a1a3]xy + [a1 + a2

2 + a2a3]x2 + [a1 + a5 + a2a3 + a2
3]y

+ [a2 + a2a4 + a3a4]x + [a2a5 + a3a5].
So, x3 ∈ �≺w(D). Else if a2 = a3 then we directly get x3 ∈ �≺w(D). But if a2 = 0, then we have
a3 y2 + x3 + a4xy + a1x2 + (a1 + a5)y. If a3 �= 0, then

a3 y2 + x3 + a4xy + a1x2 + (a1 + a5)y
f1−→ x3 + (a4 + a3a3)xy + a1x2 + (a1 + a5 + a2

3)y + a3a4x + a3a5.

So, x3 ∈ �≺w(D). Else if a3 = 0 then we directly get x3 ∈ �≺w(D). If a1 = 0, then we have a2x2 y +
a3 y2 + x3 + a4xy + a5 y. In addition, if a2 �= 0 then we get (a2 + a3)y2 + x3 + a4xy + a5 y + a2x . Now,
if a2 �= a3 then using f1 we get x3 ∈ �≺w(D). Else if a2 = a3 then we directly get x3 ∈ �≺w(D). But if
a2 = 0 then we have two cases a3 = 0 and a3 �= 0 and in both the cases we get x3 ∈ �≺w(D).
Hence, #Supp D ≥ 3.

• If D = SpanF4{ev( f1 + I4), ev( f3 + I4)}, then {x2, x3, y2} ⊆ �≺w(D). Thus, #Supp D ≥ 3.
• In all other cases, we have #Supp D ≥ 4.

Hence, d2(C5) ≥ 3. Similarly, we get the remaining results. �	
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Concluding remarks

In this note, we obtained codes with the best possible parameters from Klein-like curves over F4, implementing
the techniques of [3]. We also obtained lower bounds on the generalized Hamming weights of these codes. The
lower bounds on the generalized Hamming weights was easily computable by the technique used. Except in the
few cases where the bounds can be obtained by Theorem 5.1, we obtained non-trivial bounds in the rest of the
cases.

This method can also be applied to primary monomial affine variety code defined over other curves to obtain
more examples of good codes.
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