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Abstract In this note we study the finiteness of solutions of the exponential Diophantine equation

(
xd − 1

x − 1

)2

− xd(xd−1 − 1)

x − 1
= ym

in rational integers x, y, d ≥ 1 and m ≥ 2.
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1 Introduction

The following questions were posed by Bhaskar Bagchi as communicated by B. Sury to me on January 23,2021.
Consider the Diophantine equation

(
xd − 1

x − 1

)2

− xd(xd−1 − 1)

x − 1
= y2. (1)

Q 1. For a fixed integer d > 0, does this have finitely many solutions x ∈ Z, y ∈ Q?
Q 2. If x is fixed, does the equation have only finitely many solutions in d, y?

This equation arises in the work of Bhaskar Bagchi [1] on the existence of a quasi-symmetric 2-design with
block graphs Sp(2d, x). See [1] for details on block graphs and in particular his Corollaries 2.6 and 2.7. In his
case, a necessary condition for the existence of such quasi-symmetric 2-designs is that x ≡ 3 (mod 8) and (1)
is satisfied with x as a prime power pα > 1.

In this paper we give partial answer to Q 1 and solve Q 2 when x is a prime power, see Sections 2 and 3.
Thus it follows that

there exists no quasi-symmetric 2-design with block graphs Sp(2d, x)and d > 1when xis a prime power
pα > 1.
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16 N. Saradha

Let

F(x) =
(

xd − 1

x − 1

)2

− xd(xd−1 − 1)

x − 1
.

By interpreting F(x) as

F(x) = 1 + 2x + 3x2 + · · · + (d − 1)xd−2 + dxd−1 + (d − 2)xd + · · · + 2x2d−4 + x2d−3, (2)

we see that (1) can be treated even for x = 1. So (1) asks for squares (or higher powers as in (3) below) with
digits 1, 2, 3, . . . , d − 1, d, d − 2, . . . , 2, 1 in their x−adic expansions. This equation is a different avatar of a
more classical equation

xn − 1

x − 1
= ym, x > 1, y > 1, m > 1, n > 2.

Here we ask for powers with all the digits equal to 1 in their x− adic expansions. This is known as the Nagell-
Ljunggren equation named after initial contributors to the above equation. It has been conjectured that this has
only finitely many solutions and it is known to follow from abc− conjecture. There are several partial results
on this equation. We refer to the expository articles of Shorey [11], Bugeaud & Mignotte [6] and the paper of
Bennett & Levin [4] for various results on this equation. This motivates us to consider a more general equation

F(x) =
(

xd − 1

x − 1

)2

− xd(xd−1 − 1)

x − 1
= ym (3)

in rational integers x, y, d ≥ 1 and m ≥ 2. There are some solutions to (3) when x = 0,±1 or y = 0,±1 or
d = 1, 2. These are given in (6)–(8), (10) and (12) of Section 2. We shall call these as trivial solutions of (3). So
when we look for non-trivial solutions, it follows from Section 2 that we may assume

x �= 0,±1, x > 1 i f m is even, |y| > 1 and d > 2. (4)

We show

Theorem 1.1 Equation (3) with (4) implies that

m ≤ C1(d).

Further if d ≡ 2 (mod 3), then

max(|x |, |y|) ≤ C2(d).

Here C1(d) and C2(d) are computable numbers depending only on d.

The proof of the above theorem depends on the fundamental results of Baker [2], [3] and Schinzel & Tijdeman
[9] on superelliptic equations. Note that Theorem 1.1 answers Q 1 in the case d ≡ 2 (mod 3). A main ingredient
here is to establish an irreducible factor for F(X) for the application of results on superelliptic equations. This is
achieved in Section 4. In the remaining two cases d ≡ 0 or 1 (mod 3), it seems F(X) itself is irreducible. This
would answer Q 1 completely. We are unable to prove the irreducibility of F(X) at present in the two cases.
We have verified this easily for d ≤ 1000 using IrreduciblePolynomialQ in Mathematika. Thus answer to Q 1 is
positive for d ≤ 1000. For yet another variation of the Nagell–Ljunggren equation, see [5].
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A variant of the Nagell–Ljunggren superelliptic equation 17

2 Some simplifications

We make some observations. First we see that y ∈ Z since F(x) ∈ Z whenever x ∈ Z. Note that

F(x) = x2d−1 + xd+1 − 3xd + 1

(x − 1)2 . (5)

Case 1. Let x �= 1.

By taking x = 0,−1 and d = 1, obvious solutions to (3) are given as follows. If m is even, then

(x, y, d) ∈
{
(0,±1, d), (−1,±1, odd), (x,±1, 1)

}
(6)

and if m is odd, then

(x, y, d) ∈
{
(0, 1, d), (−1, 1, odd), (−1,−1, even), (x, 1, 1)

}
. (7)

So in this case we may consider (3) with

|x | ≥ 2 and d ≥ 2.

Suppose y = 0. Then

L := x2d−1 + xd+1 − 3xd + 1 = 0.

Note that

|L| ≥ |x |2d−1 − 3|x |d+1 > 0 f or |x | ≥ 3 and d ≥ 4.

So we may assume that either |x | = 2 or d = 2, 3. We check that in all these cases L �= 0. Next we suppose that
ym = 1. Then from (5),

x2d−1 + xd+1 − 3xd + 1 = (x − 1)2

which leads to

L1 := x2d−2 + xd − 3xd−1 − x + 2 = 0

so that

|L1| ≥ |x |2d−2 − 3|x |d > 0 f or |x | ≥ 3 and d ≥ 4.

Arguing as before, we check that L1 = 0 only when x = −2 and d = 3. Thus

(x, y, d, m) = (−2,±1, 3, even) or (−2, 1, 3, odd) (8)

are solutions of (3). Suppose now, ym = −1 i.e y = −1 and m odd. Then (5) gives rise to

L2 := x2d−1 + xd+1 − 3xd + x2 − 2x + 2 = 0.

So

|L2| ≥ |x |2d−1 − 3.25|x |d+1 > 0 f or |x | ≥ 3 and d ≥ 4.

We check that L2 �= 0 when |x | = 2 or d = 2, 3. Thus (3) has no solution in this case. So if (3) holds with
x �= 1, we may assume that

x �= 0,−1, |y| > 1 and d ≥ 2. (9)
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18 N. Saradha

Case 2. Let x = 1.

Then from (2) we get

d3 + 1

d + 1
= d2 − d + 1 = ym .

By the results of Nagell and Ljunggren, see [7], the only solutions of this equation are

(x, y, d, m) ∈
{
(1, 1, 1, odd) (1,±1, 1, even), (1, 7, 19, 3)

}
. (10)

Case 3. Let x < −1 and m even.
Write x = −x1 with x1 > 1 and m = 2m1. Then by (3),

−x2d−1
1 + (−x1)

d+1 − 3(−x1)
d + 1 = (x1 + 1)2 y2m1 .

Hence d is odd, since the left hand side should be positive. Then we have

−x2d−1
1 + xd+1

1 + 3xd
1 + 1

must be positive and a square. This happens only when x1 = 2 and d = 3 in which case we get y = ±1. This is
already listed in (8). Thus in (3), we may assume that

x > 1 i f m is even. (11)

Case 4. Let d = 2.

Then (3) gives

2x = ym − 1.

Thus

(x, y, d, m) = ((ym − 1)/2, odd, 2, m). (12)

The solutions in (6)–(8), (10) and (12) are taken as trivial solutions of (3).
Let f (X) ∈ Z[X ] be

f (X) = f0 + f1 X + · · · + fn Xn .

Then we write

f = ( f0, f1, . . . , fn).

Now let us assume that f (X) = g(X)h(X) with g = (g0, g1, . . . , gm), h = (h0, h1, . . . , ht ) with m + t = n.

Then we write

g = (g0, g1, . . . , gm, gm+1, . . . , gn), h = (h0, h1, . . . , ht , ht+1, . . . , hn)

by taking gm+1 = · · · = gn = ht+1 = · · · , hn = 0. Then

fi = g0hi + · · · + gi h0 f or 0 ≤ i ≤ m + t. (13)

Further we take gi or hi to be zero if i < 0.
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A variant of the Nagell–Ljunggren superelliptic equation 19

3 Partial answer to Q 2.

In (1) we fix x and look for solutions in d and y. We show

Theorem 3.1 Equation (1) has no solution with x = ±pα with p prime and α ∈ N except when

(x, y, d) ∈
{
(±pα,±1, 1), (4,±(2d−1 + 1), d)

}
. (14)

Proof By (6) and (7), the only trivial solutions with x as a prime power are given by

(x, y, d) = (±pα,±1, 1)

and when d = 2, from (12), we get easily that

(x, y, d) = (4,±3, 2).

(See also the case x = 2α below). From now on, we will look for non-trivial solutions. So we shall assume that
(4) holds. From (5) and (1) we find that

x2d−1 + xd+1 − 3xd + 1 = (x − 1)2 y2 = y2
1 wi th y1 = (x − 1)y. (15)

Let x = pα, p ≥ 3, prime. Then y1 is even and hence gcd(y1 − 1, y1 + 1) = 1. From (15) we get

y1 ≡ ±1 (mod xd).

Let y1 = βxd ± 1 wi th β ∈ Z. Then (15) gives

β2xd − xd−1 − x + 3 ± 2β = 0.

Note that the left hand side of the above equality exceeds

β2xd − xd−1 − x − 2|β| > (5β2 − 2 − 2|β|)xd−1 > 0

for p = 3 and α ≥ 2 or p ≥ 5. Let now x = pα = 3. Then from (15) we have

32d−1 = y2
1 − 1

and hence

y1 − 1 = 1, y1 + 1 = 32d−1

giving

32d−1 = 3 �⇒ d = 1.

This proves the result with x = pα, p ≥ 3, prime.

Next let x = 2α. Then y1 is odd and hence gcd

(
y1−1

2 ,
y1+1

2

)
= 1. Thus

2αd−2(2α(d−1) + 2α − 3) =
(

y1 − 1

2

)(
y1 + 1

2

)
.

Hence

y1 ≡ ±1 (mod 2αd−1).

Let

y1 = β2αd−1 ± 1.

Then (15) gives

β22αd−2 − 2α(d−1) − 2α + 3 ± β = 0. (16)
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20 N. Saradha

The left hand side of the above equality

> 2αd−2(β2 − 22−α − (1/2α(d−1)−2) − β) ≥ 0 for |β| ≥ 2 and α ≥ 2.

When |β| = 1, α ≥ 3, then the left hand side

> 2αd−2(1 − 22−α − (1/2α(d−1)−2)) ≥ 0

Thus when |β| ≥ 1 and α ≥ 2 we observe that (16) is satisfied only when

α = 2 and β = 1.

This gives

x = 4 and y = y1/3 = 22d−1 + 1

which proves (14). Finally for x = 2, arguing as earlier using (16), we find no solution. 	


4 The case d ≡ 2 (mod 3).

Theorem 4.1 Let d ≡ 2 (mod 3) say d = 3p + 2. Then G(X) = 1 + X p+1 + X2p+1 is an irreducible factor
of F(X). Further (G(X))2 does not divide F(X).

Proof The polynomial F(X) is of degree 2d − 3 = 6p + 1. Following our notation in Section 2 with f = F
we have

fi =
{

i + 1 for 0 ≤ i ≤ 3p + 1
6p + 2 − i for 3p + 2 ≤ i ≤ 6p + 1.

(17)

Let G(X) = 1 + X p+1 + X2p+1. Then

g j =
{

1 for j = 0, p + 1, 2p + 1;
0 otherwise.

(18)

Let us use (13) to determine H(X) with H = (h0, h1, · · · , h4p) so that F(X) = G(X)H(X). From (13) and
(18), we have

fi = g0hi + gp+1hi−p−1 + g2p+1hi−2p−1 = hi + hi−p−1 + hi−2p−1. (19)

First, let 0 ≤ i ≤ p. Then

fi = hi

and hence from (17)

hi = i + 1 for 0 ≤ i ≤ p. (20)

Next, let p + 1 ≤ i ≤ 2p. Then

fi = hi + hi−p−1

so that from (17) and (20), we get

hi = i + 1 − (i − p) = p + 1 for p + 1 ≤ i ≤ 2p. (21)

Now let 2p + 1 ≤ i ≤ 3p + 1. Then p ≤ i − p − 1 ≤ 2p and hence 0 ≤ i − 2p − 1 ≤ p. Thus by

i + 1 = fi = hi + hi−p−1 + hi−2p−1 = hi + p + 1 + i − 2p

giving

hi = p for 2p + 1 ≤ i ≤ 3p + 1. (22)
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A variant of the Nagell–Ljunggren superelliptic equation 21

Finally, let 3p + 2 ≤ i ≤ 4p. Then 2p + 1 ≤ i − p − 1 ≤ 3p − 1 and p + 1 ≤ i − 2p − 1 ≤ 2p − 1. Hence
by (21) and (22), we have

6p + 2 − i = fi = hi + p + p + 1

giving

hi = 4p + 1 − i. (23)

Combining (20)–(23), we find that there exists a polynomial H(X) ∈ Z[X ] such that F(X) = G(X)H(X). The
irreducibility of G(X) follows by a result of Ljunggren [8, Theorem 3].

Suppose (G(X))2 divides F(X). Then G(X) divides H(X). Let

H(X) = G(X)K (X) (24)

where K (X) = k0 + k1 X + · · · + k2p−1 X2p−1 ∈ Z[X ] with k0 = k2p−1 = 1. Comparing coefficients on either
side of (24) and using (20), we see that

ki = i + 1 for 1 ≤ i ≤ p. (25)

Now we compare the coefficient of X2p−1 in (24). By (21),

coefficient of X2p−1 in H(X) = p + 1.

The coefficient of X2p−1 in G(X)K (X) equals

k2p−1 + kp−2 = p

by (25). This is a contradiction which shows that G(X) does not divide H(X). 	

Note. Since G(X) is irreducible and (G(X))2 does not divide F(X), all the roots of G(X) are simple roots of
F(X).

5 Theorems of Baker and Schinzel & Tijdeman and the proof of Theorem 1.1

The equation (3) is a superelliptic equation. In 1969 and 1975 as one of the consequences of his profound theory
on Linear forms in logarithms, Baker (see [2] and [3]) proved the following theorem on superelliptic equations.

Theorem 5.1 Let f (X) ∈ Z[X ]. Assume that the equation

f (x) = ym

holds in rational integers x, y, m with m ≥ 2. Further assume that f (X) has at least two simple roots if m ≥ 3,

and three simple roots if m = 2. Then

max(|x |, |y|) ≤ C3(m, f )

where C3(m, f ) is an effectively computable number depending only on m and f.

In 1976, Schinzel and Tijdeman proved the following theorem on superelliptic equations.

Theorem 5.2 Let f (X) ∈ Z[X ] have at least two distinct roots. Then the equation

f (x) = ym

in rational integers x, y and m ≥ 0 with |y| > 1 implies that m ≤ C4( f ) where C4( f ) is an effectively
computable number depending only on f.

We refer to the book of Shorey and Tijdeman [10] for an account on the above theorems and their extensions.
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22 N. Saradha

Proof of Theorem 1.1 From the expression for F(X) in (5), and by the rule of signs, F(X) has exactly one simple
negative real root. Since the degree of F is 2d − 3 and d ≥ 3 we see that it has at least two distinct roots. Note
also that the coefficients of F depend only on d. Hence by Theorem 5.2 , we get

m ≤ C1(d).

This proves the first part of the theorem. Let d ≡ 2 (mod 3), say d = 3p+2. Since deg F = 2d−3 = 6p+1 ≥ 3,

we have p ≥ 1 and hence the irreducible factor G(X) of F(X) is of degree 2p +1 ≥ 3. So it has at least 3 simple
roots. Hence by the note following Theorem 4.1, F(X) also has at least 3 simple roots. Now using Theorem5.1and
m ≤ C1(d) we get

max(|x |, |y|) ≤ C2(d).

This completes the proof of Theorem 1.1. 	
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