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Abstract In this article, some geometric interpretations and applications of hybrid numbers, which unify elliptic,
hyperbolic and dual numbers, are given. First, the definition of an elliptical (complex) plane is given, and elliptic
rotations in this plane are examined using hybrid number multiplication. Also, mutually orthogonal planar
elliptical rotations in four-dimensional space are discussed. At last, matrix forms of a non-parabolic rotation
transformation are expressed, and Rodrigues and Cayley rotation transformations for an elliptical hybrid vector
are proved.
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1 Introduction

Parabolic, elliptical and hyperbolic rotations in the plane can be easily handled with the help of dual, complex
and hyperbolic numbers, which are two-dimensional number systems, respectively ([12—18] ). On the other
hand, three-dimensional and four-dimensional rotations can be studied with quaternions and split quaternions,
which are quadruple number systems ([1-11,19-26,34-36,50]). Elliptic, hyperbolic and parabolic movements
on hyperboloids can be studied with the help of split quaternions, as in the study of spherical rotations with the
help of quaternions. Classification of rotations is made according to whether the plane of rotation is timelike,
spacelike, or lightlike ([27-30,33,34]). In classifying the planes in which rotations occur as elliptical, hyperbolic
or parabolic, both the character of the split quaternions and the character of the vector part of the quaternion are
taken into account.

The set of hybrid numbers is a set of numbers that combines sets of complex, hyperbolic and dual numbers,
and allows us to understand the relationships between these three sets of numbers. In hybrid numbers, the planes
in which rotations occur are naturally classified according to whether the hybrid number is parabolic, elliptical,
or hyperbolic. The geometry of the hybrid numbers will combine forms of Euclidean, Minkowski, and Galilean
plane geometries. This geometry was named hybrid plane geometry by M. Ozdemir [38]. The hybrid plane is a
two-dimensional subspace of R*. We will classify the hybridian geometry as elliptic, hyperbolic, and parabolic
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24 1. Oztiirk, M. Ozdemir

and we will examine these geometries separately according to the types of hybrid numbers. It is known that a
commutative two dimensional unital matrix algebra generated by a 2 x 2 matrix is isomorphic to either dual,
complex or hyperbolic numbers ([37,38]).

In this study, elliptic rotations will be examined with help of the set of elliptic hybrid numbers. First, necessary
information about hybrid numbers will be given briefly. In addition, Lorentzian concepts in the classification of
rotations in split quaternions will also be briefly mentioned. In the next parts of the study, a brief introduction to
the geometry of hybrid numbers will be made, then elliptical rotations will be emphasized with the help of hybrid
number multiplication and some applications will be given. In the next sections of the article, rotations in the
corresponding orthogonal planes in four-dimensional space, elliptical Rodrigues rotation and Cayley formulas
will be interpreted using hybrid numbers, and theorems will be supported with applications.

Definition 1 [38] The set of hybrid numbers, denoted by K, is defined as
K={a+bi+cetdhabedeRiP==1¢=0h=lih=—hi=e+i}.
Hybrid units named as complex, dual, and hyperbolic are defined as follows:
i< (0,1,0,0), ¢« (0,0,1,0), h<« (0,0,0,1),

respectively. The hybrid number q = a + bi + ce + dh consists of two parts, the real number « is called the
scalar part and denoted by Sg; the part vq = bi + ce + dh is called the vector part and denoted by the vector
v = (b, c,d) € R? . So, a hybrid number q can be written as q = (Sq + vq) . The conjugate of a hybrid number
q = a+bi+ce+dhisdefined as q = Sq —vq = a — bi— ce —dh. [38]. The hybridian product is associative but
not commutative. Detailed information about hybrid numbers can be found in [38]. Here we give them briefly.
The table of hybrid product is

-] £ h

i | -1 1—h | e+i
e | h+1 0 —
h| —¢—i] ¢ 1

Let’s take the hybrid numbers q = g1 + g2i + ¢3¢ + gsh and p = p1 + p2i + p3e + psh. The scalar product
of q and p is defined as
qP +Ppq
(@.p)=——F—=pia1+(2-93) (p2 = p3) = 43P3 — Paga-

So, hybridian scalar product of hybrid vectors v = (v, v2, v3) and u = (u1, uz, u3) is
(u, v)g = — (v —v2) (U1 — u2) + vouz + v3us.
This scalar product on R3 allows us to define a new pseudo metric space. Also, the vector product of two hybrid

1
numbers q and p defined asq x p = E(qﬁ — pq) and we get

q X p = (P192—P2q1+P2g4—Ppaq2) i+ (p193— Pp3q1+Pp2ga— paqa— p3qa+paqs) €
+ (194 — p2g3 + p3q2 — q1p4) h.

In this study, we will establish a relation between hybrid numbers and in the vectors of R3, as in the relation
between vectors of Minkowski space and split quaternions. In the rest of the article, the vector v = (b, c, d),
which are vectors in space R?, will be used for corresponding pure hybrid numbers bi + ce + dh. Spheres of
the vectors will be determined by the scalar product to be defined for these vectors. The spheres mentioned and
the spheres in Lorentz space are different from each other. We will classify vectors on these spheres as elliptic,
hyperbolic, and parabolic. The scalar product will give us another space that can be defined as an alternative to
space IE% The advantage of the space is that a plane with an elliptic normal is an elliptic plane and the plane
pseudo-orthogonal to this plane is an elliptic plane. In Lorentz space, this classification is done in a more complex
way.

Let’s briefly recall some concepts in split quaternions and Lorentz space. The semi-Euclidian 4-space with
2 index represented with Eg. The inner product of this semi-Euclidian 4-space is

(u, V)]Eg = —u1v] — U2 + U3V3 + U4V4
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Elliptical rotations with hybrid numbers 25

whereu = (u1, us, u3, ua), v = (v1, v2, v3, v4) . Minkowski 3-space is a three dimensional affine space endowed
with an indefinite flat metric (., .);, with signature (—, 4, +). So metric bilinear form can be expressed as

(w,v)p, = —uivy + usv2 + u3v3

for any two vectors u = (u1, uz, u3) and v = (vy, v, v3) in E? The set of split quaternions is defined as
H= {ql topit+@itak:P=—17F =K =ijk=1,q91,92.q3.q € R} .

and identify with E‘z‘ ([27,39]). Also, a pure split quaternion can be regarded as a vector gq in E? A split
quaternion is spacelike, timelike or lightlike if 7(q) < 0, I(q) > 0 or I(q) = 0, respectively, where

1@ =qq=a9 =g + 43 — 3 — 45 = — (Vo Va)s

with the signature (—, —, 4+, +) in E‘z‘. Since only the set of timelike split quaternions forms a group, elliptical,
hyperbolic and parabolic rotations can be studied using timelike split quaternions ([27,29,30,33]).

2 Three dimensional hybridian space
Three dimensional hybridian space is the vector space R? consisting of elliptic, hyperbolic and parabolic vectors.

So, the geometry of elliptic, hyperbolic and parabolic rotations in R3 can be examined as in split quaternions.
First, let’s define three dimensional Hybridian space and classification of vectors in this space.

Definition 2 The hybridian 3-space is the vector space R* equipped with the indefinite symmetric bilinear form
(u, v)g = — (v1 —v2) (uy — uz) + vauz + v3us,

for the vectors u = (u1, uz, u3), v = (v1, va, v3). Throughout the article, a pure hybrid number will be taken as
a vector in the hybridian 3-space and is classified as

u is elliptic if A (u) < 0;
u is hyperbolic if A (u) > 0;
u is parabolic if A (u) = 0.

where A (u) = — (41 — uz)>+ u% + u% The vectors u and v are called pseudo-orthogonal (or hybrid orthogonal),
if (u, v)g = 0. In this article, v denotes a vector pseudo-orthogonal to the vector v.

Definition 3 The vector product in the hybridian 3-space is
i —& —h
UXRKV=|Uy—up uy us3
vy — vy U] U3
where u = (u1, uz, u3), v= (vy, v2, v3) . Also, the property
u XK (VXK W) = (U, V)g w—(a, Wg V. (H
holds. Therefore, the hybridian product of q = Sq + vq and p = S}, + vp can be written as
qp = SqSp + SqVp + SpVq + (Vq. Vp)ic + Vg XK Vp. (2)

From now on, throughout the article, the scalar and vector product of hybrid vectors u, v will be briefly
denoted as (u, v) and u X v, instead of (u, V)i and u X V.

@ Springer



26 1. Oztiirk, M. Ozdemir

Definition 4 For the hybrid number q = a + bi + ce + dh, the vector V4 = (a, (b — ¢) , ¢, d) is a vector in ]Eg
with the signature (—, —, +, +) and

q is spacelike if C (q) < 0;

q is timelike if C (q) > 0;

q is lightlike if C (q) = 0.

where C(qQ) =qq=qq=a’+ (b —0c)> —=c? —d*> = — <V‘1’V‘I)E‘2" Besides, norm of q is defined as

lall = VIC@] = /|a + (b — ) = 2 —

and satisfies the property ||qp|l = [lql| [|p|l [31]. This norm definition is also consistent with the norm definition
in the set of complex, dual and hyperbolic numbers.

)

Definition 5 The sets of hybrid vector of R3 are as follows.
The set of all parabolic vectors of R? is

P={.y0eR:—@—y’+y+2 =0} - ((0.0.,0)).
The set of elliptic vectors of R? is
E = {(x,y,z) eR3: —(x—y)z—i—yz—i-z2 <O}.
The set of hyperbolic vectors of R3 is
H={@y.9eR =@ -2 +)2+22 >0} U(0.0.0)).
Definition 6 A matrix R € M3.3 (R) is called hybridian orthogonal, if it preserves the hybridian scalar product,
(Ru,Rv)g = (u, v)g, for any two vectors u, v € R3. Then, the matrix R € M33 (R) is a hybridian orthogonal
if and only if RT I*R = I*, where R” is transpose of R and
—-110
I"=1100
001

Hence the set of 3 x 3 type special hybridian orthogonal matrices can be expressed as
SO(3,K) = |R € Msy3 (R) : RTT*R = I* and detR = 1} .

SO(3, K) is group, and it is called the hybridian rotation group. Each R € SO(3, K) represents a rotation in
the hybridian 3-space. These rotations occur on the above cones (def. 5) and may be an elliptical, parabolic or
hyperbolic rotation.

Theorem 1 [38]The polar form of the elliptic hybrid number q is

q = |Iq]| (cos 6 + Vsin0)

V) 2

where V = Al = —1, and 6 is the argument of q defined as
q

[[€qll

T — arctan il va < 0;

6= .
arctan lgall ,a > 0;
g1

Proposition 2 Let v and w be two pure hybrid numbers.
i. VW is pseudo orthogonal to both v and w.
ii.v: = (v, v).
iti. If O and vw are pseudo orthogonal to each other; then so are v and w.
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Elliptical rotations with hybrid numbers 27

Proof i. According to the equation (2) the multiplication of vw can be written as vw = (v, w) +v x w. Therefore,
the scalar product of hybrid numbers v and vw is equal to zero: (vw, v) = ((v,w) +v x w,v) = 0.

ii. It can be easily seen from the Equation (2).

iii. If the scalar product of hybrid numbers O and vw is calculated, we find

(0,vw) = (0, (v,w) O +vxw) =(v,w) (0, 0) =(v,w).
It means that if O and vw are pseudo orthogonal to each other, then so are v and w. O
Now, let’s determine the types of two hybrid vectors that are pseudo orthogonal to each other.

Theorem 3 Let v = xi + ye + zh and vt = ai + be + ch # 0 be non-zero hybrid vectors.
i. If v is an elliptic vector, then v is an hyperbolic vector,
ii. If v is a hyperbolic vector then v* is either an elliptic, a hyperbolic or a parabolic vector,
iii. If v is a parabolic vector, then v is a hyperbolic or a parabolic vector:

Proof Since v L v+, we can write the equation —(x — y)(a — b) 4+ yb + zc = 0. Assume that x # 0, then

ax —ay —cz

b= 3)
X
So, to determine the type of hybrid vector, let’s substitute (3) in the equation A(v1).
1
A(Vl) = — <a2x — 2a2y +cx — Zacz) . (@)
X

If we solve this equation according to c, the roots are as follows:

CIZ;(Z—M)aQ:?—C(Z-F A(V)).

It is seen that the existence of roots depends on A(v). It can be seen by making a sign analysis of the quadratic
form (4) in which the given hypothesis is satisfied. The case x = 0 can be calculated similarly. O

Theorem 4 Let v = xi + ye + zh and vt = ai + be + ch be non-zero hybrid vectors.
i. If v is an elliptic vector, then v x v is an hyperbolic vector,
ii. If v is a hyperbolic vector, then v x v is either hyperbolic, elliptic or parabolic vector,

iii. If v is a parabolic vector, then v x v is a parabolic vector or zero.
Proof Since v L v+, we can write that (v, v) = —(x — y)(a — b) + yb + zc = 0. In the case x # 0, we can
write |
b=—(ax —ay—cz). %)
X

The vector product of hybrid vectors v and v is
VX vt = (cx —az)i+ (cx —cy +bz —az) e+ (ay — bx) h.

Now, to find the type of hybrid vector v x v, let’s write (5) instead of b in the equation A (v X VJ‘) and from
the equation (4).

AV X VH) = — (cy — bz)? + (cx — cy + bz — az)’ + (ay — bx)?
1
=—= (—x2 +2yx + zz) <a2x —2a’y + c*x — 2acz>
X
A(V X VJ') = —=A(V) A(VJ') (6)

From equation A(v x v1) = —A (v) A(v1), according to Theorem 3 , v x v is hyperbolic if v is elliptic, and
if v is hyperbolic, and v+ is elliptic, hyperbolic and parabolic, then v x v= is hyperbolic, elliptic, and parabolic,
respectively. Finally, if v is a parabolic, then v x v will be a parabolic or zero. The case x = 0 can be calculated
similarly. O
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28 1. Oztiirk, M. Ozdemir

3 Introduction to the geometry of hybrid numbers

In this section, we will briefly introduce the geometry of hybrid numbers in the most general way. However,
we’ll focus entirely on the elliptical geometry part later. Since the hyperbolic, and parabolic geometry part is
longer and needs to be classified, it will be given in a different study as a continuation of this study.

We will consider the vectors in the space R* with the hybrid metric and classify the vectors and planes as
complex, hyperbolic, and parabolic by the hybrid metric as in the Lorentz-Minkowski space. Thus, planes can be
classified as complex, hyperbolic and dual. Because in this way, the plane with three different casual characters

can be built as follows:
Complex plane al + bi

Hyperbolic plane al 4 dh
Dual plane al +ce

These planes share the real axis 1 = O. The plane definition given in [32] can be adapted to the hybridian
3-space. Accordingly, the following definition can be given.

Let us examine more clearly the plane Py = Span {O, v} and the plane Span {VJ‘, vV X VJ‘} orthogonal to
Py, where vt #Oand v }f vt for v € R3. In the following sections, the plane Span {VJ‘, vV X VJ‘} will be
represented as IE”VL. And, we will call the plane ]P’vL "the mutually orthogonal plane" of the plane Py. As can be
seen here the plane ]P’é- is a subspace of R as it is spanned by the vectors of R>. But Py is not a subspace of
R3, because O is not a vector of R3. Also, for w = av®t + bv x v+ € Pé‘, (w, w) = a? + b* > 0 where v
is an elliptic vector. Therefore, the norm of the vectors on the plane Py is positive. Similarly, we can give the
following definition.

Definition 7 Let P{- be a two dimensional subspace of R3? with the induced hybridian scalar product. The
hybridian scalar product on P# classifies in one of the three types:

(1) The hybridian scalar product is positive definite and IP’Vl is called elliptic (comp-like) plane where v is an
elliptic vector.

(2) The hybridian scalar product has index 1 and Py is called hyperbolic plane where v is a hyperbolic vector.

(3) The hybridian scalar product is degenerate and IP% is called parabolic plane where v is a parabolic vector.

For every unit elliptic vector v € R3, the plane PPy is isomorphic to the complex plane, because v> = —1, v

acts as i and O acts as reel axis in the plane Py and its mutually pseudo orthogonal plane spanned by the non
zero hyperbolic vectors v-, v x v is an elliptic (comp-like) plane IP’Vl and IP% is isomorphic to the complex
plane ([12-16,38,40-45] and [46]).

Proposition 5 Let P C R3 be a plane and the vector N be pseudo orthogonal to the plane P. Then P is an elliptic
(resp. hyperbolic, parabolic) plane if and only if N is an elliptic (resp. hyperbolic, parabolic) vector.

Proof Let P is an elliptic plane, then its the hybridian metric is positive definite. Thus, the vectors on the plane
P are hyperbolic vectors. According to the Theorem 3 and 4, the vector product of two hyperbolic vectors is
elliptic vector. Let N be elliptic vector. According to the Theorems 3 and 4, if N is an elliptic vector then the
vectors on the plane P are hyperbolic. Therefore the hybridian scalar product on the plane IP is positively defined
and the plane P is elliptic plane. A similar proof can be made for hyperbolic and parabolic cases. O

Proposition 6 Let’s v and v be non-zero unit vectors (pure hybrid numbers) in R3. If v is elliptic, then v # 0
is a unit hyperbolic vector. Therefore, ]P’é- always forms a mutually pseudo orthogonal plane with Py,.

Proof 1f v is an elliptic vector, then the vectors v and v x v are linear independent hyperbolic vectors. Using
these vectors, the plane ]P’ﬂ- can be constructed. O

If u and v are two non-degenerate vectors, then B = {u, v, u xp, v} is a basis of E? We can understand
whether the base is positive or negative by looking at the casual character of the vectors u and v . If u, v are
spacelike, then u x, v is timelike and B is negatively oriented because det(u, v, u X, v) = (u X, v,u x, v) < 0.
If u and v have different causal character, then u xp, v is spacelike, so B is positively oriented [47]. This idea
can be applied in the same way to the hybridian 3-space. Therefore for the elliptic vector v, one can organize the
information obtained from the Theorems 3, 4; Definition 7 and Proposition 5, 6 as the following table (Table 1):

Multiplication by a hybrid number is a linear transformation, therefore multiplying by a unit hybrid number
represents a 4-dimensional rotation in Eé just like quaternions and split quaternions. Because the hybrid numbers
are isomorphic to split quaternions and at the same time, these two sets of numbers are multiplicatively identical as
seen4from (2). Inorder to interpret the hybrid number multiplication geometrically, we will the same representation
in E;:
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Elliptical rotations with hybrid numbers 29

Table 1 Type of some vectors and planes for an elliptic vector v , where the base { v, v, v x Vl} is positively oriented

€L

Vector and Plane v v X vt The plane Py The plane IP’Vl

Type Hyperbolic Hyperbolic Elliptic Elliptic

Definition 8 Left and right hybrid multiplication transformation are defined as

Lq(p) =qp and Rq(p) = pq. @)

The compositions of these transformations are

Sq(P) = Lq(Rq(P)) =qpq and T4(p) = Lq(Rq(P)) = qpq ®)
for a hybrid number q, and are called sandvich transformation.
According to this definition, the following propositions can be given.

Proposition 7 Let Ly and Rq be left and right hybrid multiplication transformations, respectively. If v is an
elliptic vector, then the followings hold.
i. Ly(0) = Ry(0) =,

ii. Ly(V) = Ry(V) = (v,v) = —1,
iii. Ly(vt) = vk = v x v = —Ry(v1),
iv. Ly(v x vb) = (v, v) vl = —vl = —R,(v x v1).
Proof Tt can be easily seen that using (7) and hybrid number multiplication. O

Proposition 8 Ler Ty and Sy be sandwich transformations and v is an elliptic vector, then the followings hold.
i Ty(vh) = vi,
i, Ty(Vv X vh) = v x v,
iii. Sy(vt) = —vt
iv. Sy(v X vb) = —v x vt

)

Proof 1. From the equality (1), we have
TV(VJ') =vwlv=yv (VJ'V) =V X (VJ' X V) = —(v,V) vi=vt.

ii., iii., iv. can be proved similarly. O

3.1 Elliptical rotation on the plane

Now we will examine elliptic rotation transformations on the hybridian plane.

Definition 9 In space E2, the plane spanned by a unit elliptic hybrid vector v and the vector O = (1,0, 0, 0) is
called an elliptic plane of v, and it is denoted by Py or Span {O, v}.

The point (x, y) in the plane formed by the unit imaginary elliptic hybrid vector v, is written as x + vy,
where x, y € R.

Theorem 9 Letq = x + vy = cos6 + vsin6 € K be any unit timelike hybrid number, where v is a unit elliptic
hybrid vector. Then the linear map

Lq:Py =Py, p—> Lq(p)=qp
defines an elliptical rotation on the circle x*> + y*> = |C (p)| through the angle 6. The matrix representation of

this linear map is
cosf —siné
Lq= |:sin0 sin @ } ' ©)
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30 1. Oztiirk, M. Ozdemir

Fig. 1 The effect of left-hand multiplication of a hybrid number in Py by a hybrid number q € Py

Proof For the elliptic hybrid number p = ||p|| (cos« + v sin«) in the plane Py, we can find the matrix repre-
sentation of Lq by using hybrid multiplication as follows:

Lq (p) = (cos® +vsin0) ||p|| (cosa + vsina)
= |Ipll ((cos O cosa — sin @ sin«) + (cos O sin« + sin 6 cos &) v)

__|cos@ —sin6 || |Ipll cosa
" | sinf cos6 IIpll sin«

where |: ||||i’)|||| ‘;?nsz :| is vector representation of p in the plane Py. So the matrix representation of Lq is

cosf —sin6

sinf cosf |’
Then, we find

Lo (p) = Ipll (cos@ cosa —sinfsina) | | |Ipll cos (¢ + )
aP)= IIpll (cosO@sina + cosasinf) | — | [|pllsin(ax+0) |

and Lq (p) = |lpll (cos (a + ) + vsin (@ + 0)). The transformation L4 rotates the number p through the elliptic
angle 6 on x2 4+ y2 =|C (p)|. Since ||Lq (p) || = ||pll, the map preserves the norm. See from Figure 1. O
Example 1 Let’s consider the elliptic plane Py constructed by the elliptic vector v .= —i + 2¢ + 2h. Let’s

apply the transformation L to the elliptic hybrid number p = 5 + 12v € Py, where q = 3/5 + 4v/5 and
0 = arg (q) = arctan(4/3). The norm of the number p is 13 and its the argument « is arctan(12/5). So, we have

I3 __|cos@ —sin@ (|5 |3/5-4/5||5 | _|-33/5
a® =g sino |[12| = |45 3/5 ||12]| =] 56/5 |

That is, Lq (p) = —33/5 + 56v/5. Here, it can be seen that HLq P || = ||pll, and the argument of Ly (p) is
arctan(—56/33). Indeed, the argument of the number Lq (p) is found as

tanf +tana  (4/3) + (12/5) 56

a0+ o) = T ane  T—@3)(12/5) 33

and 0 + a = arctan(—56/33). It means that p is rotated on circle x> + y? = 13 in the positive direction by an
angle 6.

4 Mutually orthogonal planar rotations

We cannot express all hybrid numbers with the plane Py in space ]Eg. To express all hybrid numbers, we need the
plane IP"J; that is pseudo orthogonal to the plane Py. Each hybrid number in the plane Py is pseudo orthogonal to
every pure hybrid number in the plane Py, where v # 0 and v Jf v:-. Any base {0, v, vh, v x VJ‘} be built

for any selected pure elliptic hybrid number v, where v # 0 and v Jf v . Therefore, the direct sum of the plane
Py and Py forms E3. Thus, Py @ P = E3 can be written, since Py NP = @.
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Elliptical rotations with hybrid numbers 31

ViVl Lo (w)

<

Fig. 2 The effect of left-hand multiplication of a pure hybrid number in the elliptic plane - by a hybrid number q taken in elliptic
the plane Py

Since multiplying arbitrary hybrid numbers by a unit timelike hybrid number is a linear isometry in E2, unit
timelike hybrid number q = Sq + vq represent a rotation in E‘z‘. But to exactly show how multiplication by q
affects arbitrary hybrid numbers, we need to see how q affects hybrid numbers in the plane IP’#.

Theorem 10 Let v be a unit elliptic vector and v # 0. Multiplying a hybrid number q = (cos ) O+ (sin@) v €
Py by a hybrid vector w = (cos «) v + (sinw) (V X VJ‘) € ]P’ﬂ‘ where 0, o € [0, 21), there are following cases:
i. Lq rotates w through the angle 6 > 0 in the positive direction in ]P’é‘,
ii. Rq rotates w through the angle 0 > 0 in the negative direction in ]P’i‘.

Proof i. Since q = (cosf) O + (sinf) v and w = (cos «) v1 + (sinw) (v X VJ‘), the product Lq (W) = qw can
be obtained as

Lq (W) =qw
= ((cos ) O + (sinh) v) ((cos ) vi+ (sin ) (V X VJ'))
= (cosf cosa — sin @ sin «) vi+ (cos @ sina + sin 0 cos «) (V X VJ'>

=cos(a+9)vl+sin(a—|—8) (VXVL>. (10)

it can be seen that Lq (W) = qw isin IP’Vl from (10) and so L rotates w through the elliptic angle 6 in the positive

direction in the plane ]P’ﬂ- see from Figure 2.
ii. It can be shown similar to i.. O

Theorem 11 Let v be a unit elliptic vector and v- # 0 and w is unit elliptic vectors then the transformation
S:Py — Py, q — Sq(W) = qwg

rotates the vector w about v by the angle 26 in the positive direction, where 6 € (0, 7).

Proof Since q € Py and w € IP’VL, it can be written as q = (cosf) O + (sinf@)v and w = (cosa) v +

(sin) (V X VJ‘). We have
Sq(W) = qwq
= [(cosO) O + (sin0) V] [(cos o) v+ (sin ) (v X VL>:| [(cosB) O — (sinB) v]
= [cos (@ + 6) vt + sin (o + 6) (v X VL)] [(cosB) O — (sinO) V]

= cos (« —i—20)vl + sin (¢ + 260) (V X VJ‘).

where o € [0, 27r). It means that Sq(w) has rotated the vector w about v by 26 in the positive direction
(Figure 3). O
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32 1. Oztiirk, M. Ozdemir

Fig. 3 Elliptic rotation on P

Example 2 Let Py and P} be
Span {0, v = —i+ 2¢ + 2h},

Span {vL —3i/5+¢—2h/5,v x vE = —4i/5+28+11h/5] .

respectively. For the elliptic hybrid numbers q =(cos {5) O + (sin{5)v € Py and w = (cos §) vt +
(sin %) (V X VJ‘) c IP"J;, we have

Sq(w) = [(cos §)O + (sin F)v][(cos {T—Z)VL + (sin {5) (v x vH)1(cos )0 — (sin g)v]

= (cos %)VJ' + (sin F)(v x vh

= (cos 3)(3i/5 + & — 2h/5) + (sin F)(—4i/5+2¢+11h/5)
Sq(W) = (=2+/3/5 +3/10)i + (=1/5 + 11v/3/10)h 4 (1/2 + v/3)e.

So, w rotates v through the elliptic angle /4 in the plane IP%.

5 Matrix representation for 3D rotations

Recall from the maps Sq(x) = qxq that the map rotates the vector x through the angle 26 around the elliptic axis
vq. The maps can be expressed as follows,

Sq(x) = qxq = L(q) R(@)x.

Using the matrices corresponding to left-hand and right-hand multiplication [31], we get

91 93—q2  q2 q4 q1 —q3tq2 —q2  —q4
— 92 q1—q4 O q2 —q2 qi—q4 O q2
Sq(X) = L(Q)R =
W =LOR@D =1 gt s | | a5 —as a1t —a3ta
94 93 —q@2  q -q4  q3 -2 q
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We have the standard rotation matrix for unit timelike hybrid numbers

1 0 0 0

R |0 @-an’+a; ~2q3 29> (g1 — q4) (11
0 —2¢2 + 29293 — 29194 (q1 + q4)* — 43 29192 — 29193 — 24344 |~
029193 +2q2q4 — 2q394 —24> (q1 +44) 4} — 45 +243q2 — 47

For any unit timelike hybrid number q, one of the eigenvectors of the matrix (11) is ¢g2i + g3& + g4h and the
corresponding eigenvalue is 1. Also, the matrix R satisfies the equalities R” 7*R = I* and detR = 1.

In particular, the elliptic, parabolic and hyperbolic 3 x 3 rotation matrices corresponding to complex, hyper-
bolic and dual numbers are as follows :

e The 3 x 3 rotation matrix corresponding to the unit complex number q; = cos(6/2) +isin(6/2) is
1 cosf — 1 sinf
Rie = |0 cosf sinb

0 —sind cos6

e The 3 x 3 rotation matrix corresponding to the unit hyperbolic number q;, = cosh(6/2) 4+ hsinh(6/2) is

coshf — sinh 6 0 0
Rl = —sinh®  coshd + sinh 6 0
0 0 1

e The 3 x 3 rotation matrix corresponding to the dual number q, = 1 + €6 is

1 00
RY = |—-20%1-26
20 0 1

In addition, for the unit timelike hybrid number q = ¢ + ¢2i + ¢3¢ + gs4h corresponding to the rotation
matrix R can be calculated that following equations:

j:\/1 + R +R33 +Ryy

q1 =

2
0= Ro4 — Ry3
4q)

R42 — R34 +Roq

4=
4q)

R33 — R — Ro3

q4 == 4—
q1

where R;;, 1 < i, j < 3 are entries of R.

Remark 1 In the hybridian space the equation of a plane passing through P = (xo, yo, z0) with the normal
N = (n1,n2,n3) is

—(n1 —n2)x +ny1y +n3z = naxg + niyo + n3zo — n1xo.

Since the normal of the plane in which the rotation occurs is the rotation axis, if the rotational movement is in
the plane Ax + By + Cz = D, then the rotation axis becomes N = (B, A + B, C).

Example 3 Let’s examine the ellipse formed by the intersection of the sphere H where H is the set of hyperbolic
vectors and the plane 2x — y + z = 1 (Figure 4). According to this, the equation of the ellipse is

1
y ()= 3 (cost—ﬁsint+ 1,3cost — 1,c0st+2\/§sint — 1).

@ Springer



34 1. Oztiirk, M. Ozdemir

AN\
\\\\\ N .::.::.:
Xk
R
AN

NN
W
W

\\\
\\\\
W
W

Fig. 4 An example for elliptic rotation on the ellipse 3x2 + 2xz — 2x 4+z2 = 1

The unit elliptic hybrid number corresponding to the normal N = % (-1, 1, 1) is %@ (—=i+ & +h). So, the

rotational transformation on this ellipse can be obtained using the unit elliptic hybrid number q = cos (6/2) +
sin (0/2) N € PN. From the rotation transform (11), we get

1 2 —/2sin6 cosf — 1 1 —+/2sin6 — cos® 1
Rz=— 2¢c0s0 — /2sinf — 2 cosf 4+ +/2sin® + 1 cosh — 2+/2sinh — 1 1
2¢c0860 ++/2sin@ —2 +/2sin@ — cosh + 1 3cosh — 1 0

For example, let’s find the point obtained by rotating a point A = y (0) = (1, 1, 0) on the ellipse y by

6 = 7 /2. For this, we have to find Rg/z (A) . Thus, we obtain

| 2-V2 -1 1-2 1 [1-+v2
Rg/z(A)=§ _ﬁ_2ﬁ+1—2\/§—1 1 =§ -1 =y (n/2).
VZ-2 V2+1 0 -1 0 2V2-1

It is clear that B = y (7/2) = (1/2 — ~/2/2,—1/2,+/2 — 1/2) lies on the ellipse y. By the way, it
can also be seen by the analytical method that the angle of rotation is /2. Since the center of this ellipse is
—> —>
C=(1/2,-1/2,—1/2),wehaveu = CA = (1/2,3/2,1/2) and v = CB = (—+/2/2, 0, /2). Therefore, we
get |lul| = ||v|l = +/3/2, (u,v) =0 and cos§ = /2.

5.1 Elliptical rodrigues rotation formula

The exponential map is defined by the matrix exponential series M. For any skew-symmetric matrix (or semi-
skew-symmetric matrix) M, the matrix exponential M always gives a rotation matrix. This method is known
as the Rodrigues formula. The Rodrigues rotation formula is a utility method for generating a rotation matrix
([33,48,49]). We can use it to obtain a rotation matrix in the hybridian 3-space.

Definition 10 The matrix M that provides the equation v x u = Mu is called the hybrid semi-skew-symmetric
matrix. So, the hybridian semi-skew-symmetric matrix with vector v = vi-+ vy¢& + vsh in the hybridian 3-space
is
—v3 O V1
M=|—-v3 v3 vi—u|. (12)
vy —Up 0

Since the charasteristic polynomial of M with elliptic rotation axis P (x) = x3— (v, v) x, its eigenvalues are
x1 = 0, x2,3 = =i. So, we can give the elliptical Rodrigues formula as below.
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Theorem 12 Let M be a semi-skew symmetric matrix in the form (12) and v = vii+ vae + vzh is a unit elliptic
hybrid vector. Then the matrix exponential

R=¢"™ = I3 + (sin0) M + (1 — cos 6) M>

which is Rodrigues’ Formula for a rotation matrix, gives an elliptical rotation on the plane ]P’f; where v =
v1i + voe + vsh is an elliptic rotation axis, 6 € [0, 27) is an elliptic angle and 15 is the identity matrix. Also,
the matrix R can be written as

1—v3S—C(v%+v1v2) Cvf v1S + Cvjvs
-3 —Cvr (v —v2) B3S+CV+1 (v —v2)S+ Cvvs (13)
1S — Cuvz (v1 — v2) Cvivz —v1S Cuoy (v —2v) + 1

where V = v% — v% — Vv, sin@ = S, and C = cosH — 1.

Proof The corresponding rotation matrix is R= ¢’™. The characteristic polynomial of M is X> — A (q) X = 0.
So, we have M? = A (q)M and higher powers of M are

=A@ MM =A@ M (14)
Thus, the rotation matrix for elliptic hybrid number v is

92M?2  o’M3  otm?

R=e™=1+0M + TR T
_, 0°M>  0°M  o*M?
=hBAoME 31 n
6 @ 62 o+ 6°
=I3+(9—§+§—...>M+(§——+a—...>M2

R = I3+ (sin@) M + (1 — cos6) M.

It can be seen that detR= 1 and R” I*R = I*. Therefore, R is a rotation matrix. The eigenvector corresponding
to the eigenvalue 1 of the R matrix is v, and thus the vector v is the axis of rotation. O

Example 4 Let’s examine the ellipse formed by the intersection of the sphere H where H is the set of hyperbolic
vectors and the plane 3x — y+2z = 0. The unitelliptic hybrid number corresponding to the normal N = (—1, 2, 2)
is (—i + 2¢& + 2h). So, the rotation map on this ellipse

o (t) = (—sint,2cost + sint, cost + 2sint)

0 0
can be obtained using the unit elliptic hybrid number q = cos 3 + sin EN € Pn. From the rotation map (13),
we get

3 —2sinf —2cosH cosf — 1 2 —sinf — 2cos6
Rz = |6cosf —2sinf —62sinf —cosd +24cosf —3sinh — 4
6cosf +2sinf — 6 sinf —2cosb + 2 5cosf —4

For example, let’s take the points « (0) = A = (0,2, 1) and o (7/6) = B = (—1/2, 3+ %, %ﬁ—i— l)on the

ellipse «. Indeed, taking 6 = /6 in the matrix Rg/ 12, the rotation matrix rotates point A to point B. This can
be seen below.

2-V3 3V3-1 3-V370 -3
Ry (A)=[3/3-73-1323-1||2|=| V3+) |=8
3V3-53 -3 3V3-4] 1 3V3+1
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5.2 Elliptical Cayley map

For the semi-skew-symmetric matrix M of the form (12), (I3 + M) has an inverse, and its Cayley map is
CayM) = (I =M) (5+M) ™' = +M) ™ (13- M)

where if the vector v forming the entires of M is a hyperbolic vector (v, v) € R — {1} ([33,48,49]).

Theorem 13 Let M be the hybridian semi-skew-symmetric matrix (12) such that an elliptic vector v = vii +
va2¢ + v3h. Cayley map

R= (3 —M) (5 +M)"! (15)
is an elliptic rotation matrix and the rotation matrix R is
(v +v3 +2v3 + 1) —2v? —2v; (v3 + 1)
pl 2 (—v% +vivy + vg) — (v% — v% + 2v3 — 1) =2 (v — v + vrV3) R (16)
=2 (v2 — v1v3 + VIV3) —2v; (v3 = 1) — (v} = 2vovy + 03 — 1)

where p = v
Proof We can write
(L+MT 1*=1"(I3 —M) and (Is — M)" I* = I* (I3 + M).

Using this equalities, it can be seen that
T
RT "R = ((13 “M) (I + M)—l) I* (I — M) (I + M)~ = 1*.

Besides, since det (I3 — M) = 1 — (v, v) anddet (I3 + M) ™! = —L— | we have detR= 1. If (15) is calculated,

1—(v,v)’

(16) is found. O

Remark 2 The eigenvalue of the matrix (16) are

L . =i .
A= i A2 = T A3 =1

Also, the eigenvector corresponding to 1 is v which is the rotation axis. The matrix rotates about the axis v
by the elliptic angle 6. The angle 6 is given by

1+ (v, v)
cosl) = ——
—(v.v)
Example 5 For the elliptic vector v = —i + 2¢ — h, the hybridian semi-skew-symmetric matrix is
1 0 -1
1-1-3],
21 0

and the ellipse

B (1) 2 t3't1 t7't t+1't
= | -COSl{ — —S1nf7, -—COS’ — —S1n/, coS — Sin
5 10 5 5 2

the Cayley elliptic rotation matrix is

1 2
: —% 0
5 5
— 14 3
R = — 3 34 2
5 —5-1
The elliptic angle corresponding to this matrix can be found as cos@ = —3/5. It can be shown as follows

that point A = 8 (0) rotates the point 8 (6) by 6 = arccos (—3/5) on the ellipse B under the Cayley transform.
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Table 2 Some properties of quaternions, split quaternions and hybrid numbers

Properties Quaternions Split Quaternions Hybrid Numbers
Units iP=jP=k*=—1 iP=—-1,72=K>=1 iZ=-1,¢e2=0,h>=1
ijk = —1 ijk=1 ith=-hi=¢+i

Metrics S a? +x?—y? =72 A+ (x—y)P—yr—22

Rotations Circular Elliptic Elliptic
Hyperbolic Hyperbolic
Parabolic Parabolic

Plane Complex Spacelike if N is timelike Elliptic if N is elliptic
Timelike if N is spacelike Hyperbolic if N is hyperbolic
Lightlike if N is lightlike Parabolic if N is parabolic

6 Conclusions

It is shown in [38] that the split quaternions with hybrid numbers are isomorphic. While the units of split
quaternions are one timelike and two spacelike, hybrid numbers have elliptic, hyperbolic and dual units, and
accordingly, the coordinates of a point are expressed by three different types of vectors. The hybrid numbers will
be used to examine the rotation transformation in the frame i, &, h, which consists of an elliptic, a hyperbolic,
and a parabolic unit. Rotation matrices will be differ from those obtained with split quaternions, since they will
be obtained with products of hybrid units. In addition, two types of planes such as timelike or spacelike can be
created by using the real axis and a unit in split quaternions; three types of planes such as elliptic, hyperbolic
and dual planes are obtained by using the real axis and a hybrid unit in hybrid numbers. Also, while a plane
with a timelike normal is spacelike in E3; a plane with an elliptic normal is defined as an elliptical plane in the
Hybridian 3-space. The fact that the character of the normal and the character of the plane is the same is an
advantageous feature for the use of hybrid numbers. The plane span{1, €} can be obtained directly in the frame
i, &, h, which cannot be done directly in the frame i, j, k. Also, mutually orthogonal plane Span{e, h} of plane
Span{1, €} can be obtained directly from the frame i, ¢, h. Since there is no isomorphism between quaternions
and hybrid numbers, there is no similarity between them. The following table summarizes some properties of
quaternions, split quaternions and hybrid numbers in the article (Table 2).
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