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Abstract A graph G is called fractional [a, b]-covered if for every e € E(G), G has a fractional [a, b]-factor
containing e. A graph G is called fractional (a, b, k)-critical covered if after deleting any k vertices of G, the
remaining graph of G is fractional [a, b]-covered. In this paper, we pose a Fan-type condition for a graph being
fractional (a, b, k)-critical covered, which is an improvement of Zhou, Xu and Sun’s previous result [S. Zhou,
Y. Xu, Z. Sun, Degree conditions for fractional (a, b, k)-critical covered graphs, Information Processing Letters
152(2019)105838]. Furthermore, we claim that the main result in this paper is best possible in some sense.
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1 Introduction

A large number of real-world networks can be modelled by graphs. The nodes in the networks are represented
by the vertices in graphs, and the links between the nodes are represented by the edges in graphs. Hence, the
term network can be replaced by graph.

Consequently, we may convert the problem of network into the problem of graph theory. In data transmission
network, we always require the network as a whole to meet pre-setting transmission requirements, especially
when some nodes do not work properly due to failure or being under attacked for some unexpected reasons, the
entire network is unobstructed. From the standpoint of graph theory, the transmission problem of data packets
within a certain range in the network is equivalent to the existence of fractional [a, b]-factor in a graph. Besides,
the smooth procedure transmission under the conditions that some nodes cannot work and some links must work
is equivalent to the existence of fractional (a, b, k)-critical covered graphs. The degree condition of graph is often
used to measure the vulnerability and robustness of network, which is a more important parameter in network
data transmission and network design, etc.

The graphs considered here are simple and finite. Let G be a graph with vertex set V (G) and edge set E(G).
For every x € V(G), we denote the neighborhood and the degree of x in G by Ng(x) and dg (x), respectively.
For a subset X C V(G), let Ng(X) = |J Ng(x) and G[X] be the subgraph of G induced by X. Setting

xeX
G — X = G[V(G)\ X]. Let X and Y be two disjoint vertex subsets of G. We write e (X, Y) for the number of

edges joining X to Y in G. We denote by A(G) the maximum degree of G and by §(G) the minimum degree of
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G. We define the distance d(x, y) between two vertices x and y in G as the minimum of the lengths of the x—y
paths of G.
Let a and b be two nonnegative integers witha < bandh : E(G) — [0, 1]be afunction.Ifa < ) h(e) <b

es3x

for all x € V(G), then we call G[F}] a fractional [a, b]-factor of G with indicator function &, where Fj, = {e :
h(e) > 0,e € E(G)}. A graph G is called a fractional [a, b]-covered graph if for every e € E(G), G has a
fractional [a, b]-factor G[F},] such that h(e) = 1. Zhou, Xu and Sun [23] first defined the concept of fractional
(a, b, k)-critical covered graph, that is, a graph G is called a fractional (a, b, k)-critical covered graph if after
deleting any k vertices of G, the remaining graph of G is fractional [a, b]-covered. If h(e) € {0, 1} for every
edge e € E(G), then a fractional [a, b]-factor, a fractional [a, b]-covered graph and a fractional (a, b, k)-
critical covered graph are called an [a, b]-factor, an [a, b]-covered graph and an (a, b, k)-critical covered graph,
respectively.

A number of authors studied the existence of factors [2,5-7,13,15-17,19,20,22] and fractional factors
[1,4,8,10-12,14,18,21] in graphs. Yuan and Hao [9] presented a degree condition for a graph to be a fractional
[a, b]-covered graph. Zhou, Xu and Sun [23] improved and extended Yuan and Hao’s result, and derived a degree
condition for a graph to be a fractional (a, b, k)-critical covered graph.

Theorem 1 ( [9]). Let b > a > 3 be two integers, and let G be a graph of order n with §(G) > a + 1. Let
) { (a+b)(2a—£—be—3)+2a Jifa=3
- (a+b)(a-;)-b—2)+a7 ifa>4.
If G satisfies
a(n+1)
a+b

for each pair of nonadjacent vertices u, v of G, then G is a fractional [a, b]-covered graph.

max{dg(u), dg(v)} >

Theorem 2 ( [23]). Let a, b and k be three nonnegative integers with a > 1 and b > max{2, a}, and let G be
a graph of order n with n > (a+b)(a+12—l)+bk+3 and §(G) > a + k + 1. Then G is a fractional (a, b, k)-critical
covered graph if

max(do (), dg () = X2

a+b
for every pair of nonadjacent vertices u, v of G.

In this paper, we proceed to study fractional (a, b, k)-critical covered graphs, and obtain a new result on
the existence of fractional (a, b, k)-critical covered graphs in terms of Fan-type condition which strengthens
Theorems 1 and 2. Our main result in this paper is Theorem 3.

Theorem 3 Let a, b and k be three integers witha > 1, b > max{2, a} and k > 0. Let G be a graph of order n

with
n> (@a+b)((a—1)a+b)—1) n (a+b)(a—1)b+a—b+k.
b—1 ab
If5(G) >a+k+1and
an + bk + 2

max{dg(u), dg(v)} > a+b

for any two vertices u and v of G with d(u, v) = 2, then G is a fractional (a, b, k)-critical covered graph.
When k = 0 in Theorem 3, the following corollary holds.

Corollary 1 Let a, b be two integers with a > 1 and b > max{2, a}. Let G be a graph of order n with
(@a+b)((a—D@+b)—1) (a+b)la—Db+a—-0>b
"= b—1 * ab '

If6(G) >a+1and
an +2
a+b

for any two vertices u and v of G with d(u, v) = 2, then G is a fractional [a, b]-covered graph.
When a = b = r in Theorem 3, then the following corollary holds.

max{dg(u), dg(v)} >
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Corollary 2 Let r and k be two integers withr > 2 and k > 0. Let G be a graph of order n with
2 2
n>4r"+2r —4 — —— +k.
r—1
If6(G) >r+k+ 1and

rn+rk+2

max{dg(u), dg(v)} >
2r

for any two vertices u and v of G with d(u, v) = 2, then G is a fractional (r, k)-critical covered graph.
When a = b = r and k = 0 in Theorem 3, then the following corollary holds.

Corollary 3 Let r be an integer with r > 2. Let G be a graph of order n with

2

r—1°

n>ar>4+2r —4—

If6(G) >r+1and
rn+2

max{dg(u), dg(v)} >

for any two vertices u and v of G with d(u, v) = 2, then G is a fractional r-covered graph.

2 The proof of Theorem 3
The proof of Theorem 3 relies on the following theorem, which is a special case of Li, Yan and Zhang’s result
[3].
Theorem 4 ( [3]). Let G be a graph, and let a, b be two integers with b > a > 0. Then G is fractional
[a, b]-covered if and only if

v6(X,Y) =b|X|+dc-x(¥Y) —alY| = e(X,Y)
forany X C V(G), where Y ={u :u € V(G)\ X,dg—xW) < a}and e(X,Y) is defined by

2,if X isnot independent,

1, if X isindependent and thereis an edge joining X and V(G) \ (X UY), or
thereis an edge e = xy joining X and Y such that dg_x(y) =a fory €Y,

0, otherwise.

e(X,Y) =

Proof of Theorem 3 Let D C V(G) with |D| =k, and let H = G — D. Clearly, we have
S(H)=8(G—D)>8(G)—|D|>(a+k+1)—k=a+1 (D

by §(G) > a + k + 1. To prove Theorem 3, it suffices to show that H is fractional [a, b]-covered. Next, we
assume that H is not fractional [a, b]-covered. Then by Theorem 4, we admit

yu(X,Y) =b|X|+dy—x(Y) —alY| <e(X,Y) -1 2

for some subset X C V(H),where Y ={u:u e V(H)\ X,dy—x(u) < a}.
We choose such subsets X and Y so that | Y| is as small as possible.
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Claim1 |Y|>b+ 1.
Proof Assume that |Y| < b. Using 1, we get
I X|+dy-x(u) >dpy(w) > 6(H) > a+1 3

forallu e Y.
If |Y| = 0, then we have

yu(X,Y) =D|X| = |X] = e(X,Y),

which contradicts 2.
If |Y| = 1, then it follows from 1, 2 and b > max{2, a} > 2 that
eX,Y)—=1>yg(X,Y) =0b|X|+dy_x(Y) —alY|
>b|X|+du(Y)—|X|—a
> b -DIX|+3(H)—a
>0b-DIX|+1>]|X|>eX,7Y),
which is a contradiction.
If2 <|Y| < b, thenusing 2,3 and ¢(X, Y) < 2, we obtain
eX,Y)—=1>yug(X,Y)=b|X|+dy—x(Y) —alY|
> Y| X| +duy—x(Y) —alY]
= > (X|+dy—x(u) — a)

ueY

Z Y =z2=e(X,Y),

a contradiction. Hence, we derive |Y| > b + 1.

Claim2 dyg_x(u) <a—1lforeveryu eY.

Proof If dg_x(u) = a for some u € Y, then the subsets X and Y \ {u} satisfy 2. This conflicts with the choice
of Xand Y.

O
Claim3 |X|> 1.
Proof 1f | X| = 0, then it follows from 1, 2 and ¢(X, Y) = 0 that
—1 > yp(X.Y) =dy(Y) —alY| = Y (duy(u) — a)
ueY
> (6(H)—a) = |Y| >0,
ueY
which is a contradiction.
O

. an—ak+2
Claim 4 |X| < “a+b -

Proof Accordingto?2,e(X,Y) <2,n>|X|+|Y|+|D| = |X|+|Y|+ k, we have
2>eX,Y)-1>2ypX,Y) =blX|+dy-x(¥) —alY|
> b|X| —alY|
> blX|—an —k—|X])
= (a + b)|X| — an + ak,

: an—ak+2
that is, | X| < S

@ Springer



44 X.Lv

O
Claim 5 «|Y| > b|X| — 1.
Proof Using 2 and ¢(X, Y) < 2, we admit
l=eX,Y)—1zyu(X,Y) =bIX|+dy—x () —alY|
> b|X| —alY|,
which implies a|Y| > b| X| — 1.
O

Claim6 |X| < 2042 _ (g — 1),

Proof Assume that | X| > % — (a — 1), namely, an —ak +2 — (a + b)|X| < (a — 1)(a + b). In light of
2,e(X,Y)<2and |Y| <n—|D|—|X|=n—k—|X|, we admit
du-x(Y) < alY| = b|X|+e(X,Y) -1
<alY|—-b|X|+1
<an—k—1X))—-b|X|+1
=an —ak — (a+b)|X|+1
<(a—D(a+b)—1.

Thus, by Claim 5 and n > (a+h)((a;l)l(a+b)_l) + (a+h)(a_;)b+a_b + k, we obtain

dp-x(¥Y) _(a—D@+b)—1
alYl = bX|—1
(@a—1)(a+b)—1
- b(an—ak+2 _ (a _ 1)) _ 1

a+b
< l(1 — l).
T a b
Using the inequalities above and Claim 1, we derive
1 1Yl
dH—X(Y)S(l_E)|Y|=|Y|_7<|Y|_1~ “

Write Yo = {u : dg_x(u) = 0,u € Y}. Note that |Yy| > 2 holds by 4. For every u € Yy, dg(u) < |X| <
% by Claim 4. Note that Yy is an independent set of H and H = G — D. Hence, Y is also an independent
set of G. Combining this with the assumption of Theorem 3, the neighborhoods of the vertices in Y are disjoint.

Thus, we admit

> 8(G)[Yo| = (a + k + DIYol. &)

X1z | [ Mo

ueYy

From 4 and 5, it follows that
1
(- Z)IYI >dy-x(Y) = Y| —[Yol,

which implies [Yo| > %'. Combining this with 5, Claims 1 and 5, we get

b|X|

v

bla+k+ DYy > (@+k+ D]Y]

alY| + (k+ DY = b|X| =1+ (k+ 1)Y|
>bIX|—1+Y|>DX|-1+b+1

= b|X|+b > b|X]|,

which is a contradiction. Hence, Claim 6 holds.
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Claim7 ey(X,Y) <alX|.

Proof Note that |Y| > b+ 1 by Claim 1 and dg_x (1) < a — 1 for every u € Y by Claim 2. Hence, there exist
at least two independent vertices u, v € Y. Moreover, according to H = G — D, |D| = k, Claims 2 and 6, we
have

max{dgu), dg(v)} < max{dg_p_xWu),dc_p—x ()} +k + |X|
= max{dy_x W), dy_x ()} + k + | X|

an —ak + 2
—1 k+ ——— —(a—1
<@—-1+k+ s (@a—1)
_an+bk+2
a+b

for any two vertices u, v € Y. From the inequalities above and the hypothesis of Theorem 3, we know that
G[Ng(u) NY]is complete for any u € X. And so, it is easily seen that G[Ny («) N Y] is also complete for any
u € X. Note that X # ¢ by Claim 3. Hence, we have ey (1, Y) < A(H[Y]) + 1 <a,and so, ey (X,Y) < a|X]|
holds. -
From 1, 2, e(X, Y) < 2, Claims 1 and 7, it follows that
e(X,Y) =1z yu(X,Y) =b|X|+dy_x(¥) —alY|
=b|IX|+dy(Y) —alY|—en(X,Y)

=bIX|+ ) (du(u) —a) —en (X, Y)

ueY
> b|X| —en(X.Y)+ > (8(H) —a)
ueY
> b|X| —alX|+ Y (8(H) —a)

ueY

=YIzb+1=eX,Y),

which is a contradiction. Theorem 3 is verified.

3 Remark

The lower bound on max{dg (1), dg(v)} > % in Theorem 3 is best possible in the sense that we cannot

replace “”;rj’_];” by “”Zj’_]ﬁz — 1, which is shown in the following example:

Let a, b, r and k be four integers with @ > 2, b > max{3,a}, r > 1 and k > 0. Let H be a graph with
|V(H)| = ar + k, and let R be a graph consisting of br + 1 isolated vertices, namely, R = (br + 1)K;. We
constructa graph G = HV R. Thenn = |V(H)|+ |V(R)| = (a+ b)r + k+ 1 and

an + bk + 2 an+bk—a an+ bk +?2
R | dg(u),d = k =
Py < max{dg(u),dg(v)} = ar + > < Ry

for any two vertices u, v of R with d(u, v) = 2.
Let Q =G —Dwith D C V(H)and |D| =k.For X = V(H)\ D and Y = V(R), we admit

vo(X,Y) =b|X|+dg_x(Y) —alY| = blar) —a(br + 1) = —a < (X, Y).

Then Q is not fractional [a, b]-covered by Theorem 4, and so G is not fractional (a, b, k)-critical covered.
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