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Abstract In his notebooks and lost notebook, Ramanujan recorded two modular equations involving the Rogers—
Ramanujan continued fraction. These two modular equations were subsequently proved by several scholars. In
this paper, we provide another proof for these two modular equations in terms of the 5-dissections of the Euler
product f(—gq), its reciprocal, and Ramanujan’s theta function ¥ (g). As by-products, we also establish four
q-series identities concerning some specialized Jacobi theta series.
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1 Introduction

Throughout, we always assume that g is a complex number such that |g| < 1 and adopt the following customary
notation:

(@: @)oo = [ [0 = ag™.

n=0
(ar,az, ..., am)oo = (a1; 4)o0(a2; Qoo * - (Am q)oo-

In connection with his first proof of the now celebrated, and subsequently named the Rogers—Ramanujan
identities, Rogers [15] first defined the Rogers—Ramanujan continued fraction by

1
R(q) == - q
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48 D. Tang

and derived that

(@4 )

4% 4% @)oo

In some contexts like [9], R(g) has an additional factor ¢!/>. However, we drop off this extra factor such that
all powers of g in the series expansion of R(g) are nonnegative integers. Ramanujan [12,13] recorded a large
number of beautiful, surprising and remarkable results on the Rogers—Ramanujan continued fraction R(g). There
are many results arising from modular properties of the Rogers—Ramanujan continued fraction. In particular,
Ramanujan stated some modular equations relating R(g) with R(—q), R(¢%), R(g>) and R(g*). In this paper,
we concentrate on the following two modular equations.

R(q) (1.1)

Theorem 1.1

R(a?) — R(a)2
% = gR@ RG>, (1.2)

R(g*) — R(q)*R(g?

Modular equation (1.2) was recorded by Ramanujan in [12, Vol. 2, p. 326] and later established by Rogers
[16, p. 391], which was subsequently proved by Andrews, Berndt, Jacobsen and Lamphere [3, p. 31, Entry 24(i)]
and by Berndt [5, p. 12, Entry 1]. Hirschhorn [11, Chap. 40] provided a different proof based on two g-series
identities concerning R(q) and R(g?) (see[11, Egs. (40.2.3) and (40.2.4)]). Modular equation (1.3) was recorded
by Ramanujan in [13, p. 205]; Andrews and Berndt [2, pp. 24-25, Entry 1.5.1] gave an elementary proof by
utilizing (1.2).

In the next section, we provide alternative proofs of (1.2) and (1.3) in terms of the 5-dissections of the Euler
product (q; q)eo, its reciprocal, and Ramanujan’s theta function ¥ (¢). The main ingredient in our proofs is only
the factorizations of some polynomials on the Rogers—Ramanujan continued fraction. As by-products, we also
obtain four g-series identities (see (1.4)—(1.7) below) concerning some specialized Jacobi theta series given by

Jab = @q% 4" q% "o and Uy = (@% qM) oo

Corollary 1.2

g J3's 4202 Tis _ I3 54410 J1,5J4.10 13s
J13’5]4,10 J25J410 J14,5J22,10 122,10 J1,502,10
+24° 3J14’5 B 212,52J2,10 _zqzjzzsfzz,lo 3112,5]22,10 _ 3116 ’ (1.4)
J3 5210 Ji10 JisIi 10 J3595 10 J5'Jio
2% J3s 2 s _ 123,5]:%10_ JI3,SJ42,10+10qJI,5J4,10
J1572,10 J23,5J2»10 112,5]23,10 12,5J23,10 122,10
5 s + 602 Its g2 250 35210 _ (1.5)
113,5J4110 J2574,10 142,10 J§,5]42,10 J53 Jio ,
L(IO 22_212,5&,10 qjlz,sjf,lo B J42’10+3 J3 57410
J3.10 Ds o hstig o J3sT3 310 JEsT210
+6q2J2’5J2’10 q3112,5J22,10+q3123,10 3J22,5J51,10> _ J3 7 (1.6)
J1574,10 J22,5]42,10 J43,10 112,512‘,10 152110

Ji10

2 4 3 2 12
Ji5 J2,5J2’10 Jz,1o J1’5J2’10 J25J02.10

2 g4 3 2 g2
1 (10 D Jisdiwo | Jio J2,5J4,10_6 Ji5J4.10

2 2
2J1,512710 2 212,10

t4q

2 3 4
21257510 s 3J1,5J2,10> _ J3

2 2 2 13 4 275 °
J2,514,10 J4,10 J1,5J4,1o J2,5J4,10 J5 70
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Note on two modular equations... 49

2 Proofs of the main results

To prove (1.2) and (1.3), we first collect some necessary notation and identities.
Ramanujan’s classical theta functions are given by [1, p. 23, Corollary 2.10], [4, pp. 36-37, Entry 22,
Eq. (22.4)],

0 , (qz; qz)s
= "= 2 2.1
wa ,,Z_‘;oq (q: D3 (q* g2 2D
S 2. ,25\2
— w2 _ 47475
v ;q (@ Doo
f=q) =) (=1)"q"" D2 = (g; @)oo 22)

Moreover, we also require the following 5-dissections for the Euler product f(—g), 1/f(—¢) and ¥ (q). For
the sake of convenience, we denote R, := R(g¢") in the sequel.

Lemma 2.1 We have
|
(@; Doo = (@ q25)00<R_5 —q-— q2R5>, (2.3)
I @Pe®)3
@ Do (@5 ¢D8
( 1 g 2¢° 3¢°

—+—+—+—+5q4—3q5R5+2q6R2—q7R3+q8R4), (24)
Z 3 2 5 5 3
R{ R] RS Rs

v(q) = (_qIO’ _q157qzs;qzs)00 +q<_q5’ _qzo,qzs;qzs>oO +q3w(q25). (2.5)

Proof The identity (2.3) was stated without proof by Ramanujan [14]. Hirschhorn [11, Chap. 8] provided two
different proofs of (2.3). The identity (2.4) was established by Hirschhorn in [10, p. 843]; see also [11, Eq.
(8.4.4)]. The identity (2.5) comes from [4, p. 49, Corollary (ii)]. m|

Proof of Theorem 1.1 First, we prove (1.2).
Replacing g by ¢? in (2.3) yields that

1
@% 4 = 0% ¢ (R—m —q* - q4Rm>, (2.6)

Substituting (2.4) and (2.6) into (2.2), we have

_ @@ 0% (L o g
= 5. 1516 7 =49 o
(@°:9°)% Rio

1 q  2¢° 3¢° 4 5 602 Tp3 ., 8pd
X|—+—=+—+ —+5¢" —3¢°R 2g° R — g R: R
(R§+R§+R§+R5+q q"Rs +29"R5; —q R5 +¢q° R4

= Ao(q”) + qA1(@7) + ¢*A2(@®) + P A3 (@) + 4> Au(g), 2.7)

¥(q)

from which we obtain that
@%@ % 4
5. ,5\6 4 p2
(4”1 9°)% R R,
x (2R3 — 2R10 — ¢°RI + 2¢° Rs R}, — 3¢° R3 R},
+6q°R3R10+ 59" " RS R}y + 49" RS R} — 'O RS RY).

*Ar ) =
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According to (2.5), we find that
0=2R} — 2Ry — qR] +2qRR3 — 3q R} R3
+6q R} Ry + 5% RT RS + 4¢*ROR; — ¢*RER3
- (2 — R+ qufRz) (Rf — Ry +qRIRZ+ quRS).
As a formal power series in ¢, the factor
2—qR} +5qRiRy =2+ 4q — 10g% + - --

is not identically zero. Thus we conclude that

R? — Ry 4+ qRIR> +qRiR3 =0, (2.8)

from which we obtain that
<R2 - R%)(l - qR1R§) = 2gR3R, 2.9)
<R2 + R%) (1 - quRg) =2R?. (2.10)

Combining (2.9) and (2.10), we obtain (1.2).
Now we are in a position to prove (1.3).
Replacing ¢ by —¢g in (2.5), we get that

eq) = (4; Doolg*; qH oo
(4% 9P
= (—qlo, g, —q%; —q25) — q(fis, —q%, —¢*; —q25>oo — @Y (—q). (2.11)
On the other hand, in view of (2.3) and (2.4), we have
B (qZS; qZS)OO(qSO; qSO)go(ql()O; ql()())oo
B (g% "8,

1 2 )(1 4 3 )
X|—=——¢q—q°Rs )| =— —¢ —q R
(Rs R0

x<L+q—2+E+£+5q8—3q10R10+2q12R2 —gMR3 +q16R4>
R Ky Ry Ro o e

=: Bo(¢°) + 4B1(q°) + 4> B2(q°) + ¢° B3(¢°) + ¢* Ba(¢®), (2.12)

0]

Y(—q)

from which we obtain that
(6125; C]25)oo(q50§ qSO)gO(qIOO; qIOO)OO q2
@' q')% RsR3,R20
x (—R%Rio + R}y — 3¢ Rs R}y + ¢° RsRIyRao + 3¢ RZRS,
+3¢"RZR} R0 + 29" Ry — 5" R}y R0 + ¢'ORZRT RS,
—2¢""R3 R3y — ¢ Rs R}y + 2" RsR]yRao + 59" Rs R} R3,
+q* " R3RYy Roo + 2¢° RS Ry R3y + ¢*° Ry R3,). (2.13)

¢*Ba(q%) =

It follows from (2.11) and (2.13) that
0= —R}Ry + R? —3qRiR5 + qRIR3Ry + 3¢*RIRS + 3¢ RIR3 Ry
+2¢°R]) — 5¢°R3Rs + ¢ RIR3R? —2¢°R3R; — ¢° R\ Ry
+2¢°RIRJRy + 5¢° RIRS R; + q* RIRS R4 + 2¢* RIR]RT + ¢* RS R}
= (1 —3¢°R3 =3¢’ R3Rs — " RaR} — ¢* RS Ry — 24" RSRY)
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x (Rs — RfR> — qR1R] — qRIR3Rs)
— (R% — R4+ qung + quzRi)
X (=14 qRiRs —2¢°R5 +3qRsR3 + ¢ R1R] +2¢° Ri R3 Rs). (2.14)
Replacing ¢ by ¢? in (2.8) and substituting this identity into (2.14), we find that
(1 -3¢*R3 —3¢*R3Rs — q*RoRF — ¢* RSRs — 2¢* RSRY)
x (Rs — RIRy — gR\R} — qR1R3Rs) = 0.
As a formal power series in ¢,
1 —3¢%R5 —3¢°R3Rs — q*RSRy — ¢*RoR} — 2¢*RSR? =1 —1¢% +22¢"* — -
is not identically zero. This implies that
Ry — RIRy — qR{R? — gR1R3Ry = 0. (2.15)
Now (1.3) follows from (2.15) by rearranging terms.
We therefore complete the proof of Theorem 1.1. O
Proof of Corollary 1.2 Collecting all terms of the form q5” and q5"+1 in (2.5) and (2.7), we deduce that
q 2 p2 Ry 6q 2 R} 5o3p2
— — —2¢°R7 + —3¢g— — —— —24° +2 Ry +2¢° =2 R;{R
B TR TR T RR 7% g2 TR
(4 D% 2 3 5 5
= (=97, =97, 97 4" ) o> (2.16)
(qS; qS)go(qIO; qu)%o 00
2q R} Ry Ry 2 2R s
- —+q + +2——10—+2——6 RiRy+39"—= 4+ ¢ R|R
R Ry R3R2 T = R TR T R R TR
(q: )% 4 5. 5
= (=4,=9". 9" 4")oo- (2.17)
@ 4°)3.(q"%: q'92, =
Now (1.4) follows from (1.1) and (2.16), (1.5) follows from (1.1) and (2.17).
On the other hand, replacing g by —¢q in (2.1), we deduce that
(4: D%
o(=q) = ———. (2.18)
(@% 4H)o
It follows immediately from [4, p. 49, Corollary (i)] that
o(—q) = 9(—¢>) —2q9(q"”. ¢, 0% ¢™)oc +26%@°. 4, 7% ¢™") o0 (2.19)
According to (2.3), (2.4) and (2.18),
(qZS; q25)2 (q5 50)5 2
(p(_‘I) = 100_0 1006 - q— quS
(@ 9% Rs
1 22 3
x < P02 30 s g0p 2¢"*Riy — ¢"* Riy + q16R‘fo>- (2.20)

o4 T p3 2
Ry Ry Rip Rio

Taking all terms of the form ¢>**! and ¢°"** in (2.19) and (2.20), we derive that

1 R? 24 3q Ry R4
104°R; — <=4 N +2 SRIRS + ¢°R3 +
—2(q%: ¢H%,

:(qs;qS)%o(q‘O q'9)3, @q".q" 4")ee.
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10¢ R 1 2 R, 5 5 5 5 L R3 s

T L 60—t —3¢2R2Ry — 2¢*R? — > ~2 +243R|R

R, R} R§+RfR§+qR2 e qR§+q 172
2(¢%; ¢M8,

_ 9 10. 10

= @ L@ g0, 49.97.9 759 oo,

from which we obtain (1.6) and (1.7).
The proof of Corollary 1.2 is completed. |

3 Final remarks

In this paper, we provide another proof of two modular equations due to Ramanujan. Our method relies on the
5-dissections of Euler’s product f(—gq), its reciprocal, Ramanujan’s theta function v (¢q), and the factorizations
of some polynomials on the Rogers—Ramanujan continued fraction. We conclude this paper with several remarks.

(1) Following a similar strategy of proving (1.4)—(1.6), we can derive several g-series identities involving some
specialized Jacobi theta series from (2.11) and (2.12). However, there are more terms in these identities. On
the other hand, utilizing (2.3), (2.4) and the 5-dissection of ¢(g) (see [4, p. 49, Corollary (i)]), one can also
derive some g-series identities similar to (1.4)—(1.7) by comparing two (different) 5-dissections of ¢(¢q). But
the process of calculations is more lengthy.

(2) Collecting all terms of the form q5"+3 in (2.5) and (2.7), picking all terms of the form q5” in (2.19) and
(2.20), and taking all terms of the form q5”+3 in (2.11) and (2.12), we deduce that

2 4 72 3 2
J2,5J4,10 J1,5J4,10 J2,5J4,10 J1,5J4>10
S S B VE J2.J
1,592 10 2,572,10 1,572,10 2,572,10
2 3 4 72 2 6
s 2157210 _qu,sjz,lo 2Nishie Y G.1)
2 3 4 2 2 T T 76 :
J1,5J4»10 J2,5J4,10 J1,514,10 J2,5]4,10 Js
2 g4 3 2 2
qu . J2,5J4,10 B J1,5J4,1o J2,5J4,10 _ 2J1,5J4,10
2 4 3 2 2
J1,5J2,10 JZ,SJz,lo Jl,SJz,lo J2,5J2,10
2 2 3 2 g4 6
» 7357210 371575 10 325050 4JisT0 J5
L7 P - - 37 B T G2
1,574,10 2,5Y4,10 1.594 10 2,574,10 10
3 2 2 3
5q2+qJ1,514,1o B qJ2-,5J4,10 37150500 302505
3 2 2 3
J2,5]2,10 J1,5J2,10 J2,5J4,10 J1,514,10
3 2
+5q S25J820 Ji 107820 _3 J1,5J4,1078,20 5 2 J3.1078,20
Ji5Ja20 I3 107420 J2.5J2,10J4.20 T3 109420
4 4
B 371,575 108,20 5 3 J1.574,20 _q12,514’10J4,20
D257 107420 Dsts20 TisTY 00820
2 3 6
5 Ji1074.20 32502100400 4031074.20 J5
+2¢"— 3 -4 = =-——. 3.3)
J5 107820 J1,5J4,1048,20 J4 108,20 J10

The identities (3.1) and (3.2) can also be derived by [7, Theorem 1.1] and [6, Egs. (9.10) and (9.11)]. However,
(1.4)—(1.7) can not be established in this way. On the other hand, comparing (1.4) (resp. (1.6)) with (1.5)
(resp. (1.7)), one can obtain (1.2) again. Replacing ¢ by ¢ in (3.1) and comparing this identity with (3.2),
we can establish (1.3) by utilizing (1.2). Moreover, combining (3.2) and (3.3), one can also obtain (1.3) by
the application of (1.2). These phenomena imply that modular equations (1.2) and (1.3) are widespread in
many g-series identities.

(3) Quite recently, Chern and the author [8] established several g-series identities involving R(q), R(¢%) and
R(q4). In particular, they [8, Egs. (3.12) and (3.13)] proved that

R@) _ *R@HRGH _ NIady
R(g*)R(g") R(q) J2I2 5y
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JidaJ

2 4
+¢’R(¢)R =2¢ + —19 3.5
q"R(@)R(q™) =2¢q 72503, (3.5)

R(q)R(g*)
With the help of (3.4), (3.5) and [7, Theorem 1.1], after simplification, we find that

2 J4J150 . J2J55 JIJ4J11(§) 4 3111150 _4 3J22]55J250 4121250 J_z6

niy gy T s T TN ) T sy T

(4) As proved by Andrews and Berndt [2], our proof of (1.3) is also highly dependent on (1.2). Therefore, it
would be appealing to find an elementary proof of (1.3) without utilizing (1.2).
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