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Abstract In his notebooks and lost notebook, Ramanujan recorded two modular equations involving the Rogers–
Ramanujan continued fraction. These two modular equations were subsequently proved by several scholars. In
this paper, we provide another proof for these two modular equations in terms of the 5-dissections of the Euler
product f (−q), its reciprocal, and Ramanujan’s theta function ψ(q). As by-products, we also establish four
q-series identities concerning some specialized Jacobi theta series.
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1 Introduction

Throughout, we always assume that q is a complex number such that |q| < 1 and adopt the following customary
notation:

(a; q)∞ :=
∞∏

n=0

(1 − aqn),

(a1, a2, . . . , am)∞ := (a1; q)∞(a2; q)∞ · · · (am; q)∞.

In connection with his first proof of the now celebrated, and subsequently named the Rogers–Ramanujan
identities, Rogers [15] first defined the Rogers–Ramanujan continued fraction by

R(q) := 1

1 + q

1 + q2

1 + q3

. . .

,
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and derived that

R(q) = (q, q4; q5)∞
(q2, q3; q5)∞

. (1.1)

In some contexts like [9], R(q) has an additional factor q1/5. However, we drop off this extra factor such that
all powers of q in the series expansion of R(q) are nonnegative integers. Ramanujan [12,13] recorded a large
number of beautiful, surprising and remarkable results on the Rogers–Ramanujan continued fraction R(q). There
are many results arising from modular properties of the Rogers–Ramanujan continued fraction. In particular,
Ramanujan stated some modular equations relating R(q) with R(−q), R(q2), R(q3) and R(q4). In this paper,
we concentrate on the following two modular equations.

Theorem 1.1

R(q2)− R(q)2

R(q2)+ R(q)2
= q R(q)R(q2)2, (1.2)

R(q4)− R(q)2 R(q2)

R(q4)+ R(q2)2
= q R(q)R(q4). (1.3)

Modular equation (1.2) was recorded by Ramanujan in [12, Vol. 2, p. 326] and later established by Rogers
[16, p. 391], which was subsequently proved by Andrews, Berndt, Jacobsen and Lamphere [3, p. 31, Entry 24(i)]
and by Berndt [5, p. 12, Entry 1]. Hirschhorn [11, Chap. 40] provided a different proof based on two q-series
identities concerning R(q) and R(q2) (see [11, Eqs. (40.2.3) and (40.2.4)]). Modular equation (1.3) was recorded
by Ramanujan in [13, p. 205]; Andrews and Berndt [2, pp. 24–25, Entry 1.5.1] gave an elementary proof by
utilizing (1.2).

In the next section, we provide alternative proofs of (1.2) and (1.3) in terms of the 5-dissections of the Euler
product (q; q)∞, its reciprocal, and Ramanujan’s theta function ψ(q). The main ingredient in our proofs is only
the factorizations of some polynomials on the Rogers–Ramanujan continued fraction. As by-products, we also
obtain four q-series identities (see (1.4)–(1.7) below) concerning some specialized Jacobi theta series given by

Ja,b := (qa, qb−a, qb; qb)∞ and Ja := (qa; qa)∞.

Corollary 1.2

q
J 4

2,5

J 3
1,5 J4,10

+ 2q2
J 2

1,5

J2,5 J4,10
− J 5

2,5 J4,10

J 4
1,5 J 2

2,10

+ 3q
J1,5 J4,10

J 2
2,10

+ 6q
J 2

2,5

J1,5 J2,10

+ 2q2
J 4

1,5

J 3
2,5 J2,10

− 10q2 J2,5 J2,10

J 2
4,10

− 2q2
J 3

2,5 J 2
2,10

J 2
1,5 J 3

4,10

+ q3
J 3

1,5 J 2
2,10

J 2
2,5 J 3

4,10

= − J 6
1

J 3
5 J 3

10

, (1.4)

2q
J 2

2,5

J1,5 J2,10
− q2

J 4
1,5

J 3
2,5 J2,10

− J 3
2,5 J 2

4,10

J 2
1,5 J 3

2,10

− 2q
J 3

1,5 J 2
4,10

J 2
2,5 J 3

2,10

+ 10q
J1,5 J4,10

J 2
2,10

− 2q
J 4

2,5

J 3
1,5 J4,10

+ 6q2
J 2

1,5

J2,5 J4,10
− 3q2 J2,5 J2,10

J 2
4,10

− q3
J 5

1,5 J2,10

J 4
2,5 J 2

4,10

= − J 6
1

J 3
5 J 3

10

, (1.5)

1

J3,10

(
10q2 J1,5

J2,5
− 2

J2,5 J 4
4,10

J1,5 J 4
2,10

+ q
J 2

1,5 J 3
4,10

J 2
2,5 J 3

2,10

− 2q
J 2

4,10

J 2
2,10

+ 3q
J 2

2,5 J4,10

J 2
1,5 J2,10

+6q2 J2,5 J2,10

J1,5 J4,10
+ 2q3

J 2
1,5 J 2

2,10

J 2
2,5 J 2

4,10

+ q3
J 3

2,10

J 3
4,10

+ q3
J 2

2,5 J 4
2,10

J 2
1,5 J 4

4,10

)
= −2

J 6
2

J 2
5 J 5

10

, (1.6)

1

J1,10

(
10q

J2,5

J1,5
− J 2

1,5 J 4
4,10

J 2
2,5 J 4

2,10

+ J 3
4,10

J 3
2,10

− 2
J 2

2,5 J 2
4,10

J 2
1,5 J 2

2,10

− 6q
J1,5 J4,10

J2,5 J2,10

+3q2
J 2

1,5 J2,10

J 2
2,5 J4,10

+ 2q2
J 2

2,10

J 2
4,10

+ q2
J 2

2,5 J 3
2,10

J 2
1,5 J 3

4,10

− 2q3
J1,5 J 4

2,10

J2,5 J 4
4,10

)
= −2

J 6
2

J 2
5 J 5

10

. (1.7)
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2 Proofs of the main results

To prove (1.2) and (1.3), we first collect some necessary notation and identities.
Ramanujan’s classical theta functions are given by [1, p. 23, Corollary 2.10], [4, pp. 36–37, Entry 22,

Eq. (22.4)],

ϕ(q) :=
∞∑

n=−∞
qn2 = (q2; q2)5∞

(q; q)2∞(q4; q4)2∞
, (2.1)

ψ(q) :=
∞∑

n=0

qn(n+1)/2 = (q2; q2)2∞
(q; q)∞

,

f (−q) :=
∞∑

n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞. (2.2)

Moreover, we also require the following 5-dissections for the Euler product f (−q), 1/ f (−q) and ψ(q). For
the sake of convenience, we denote Rm := R(qm) in the sequel.

Lemma 2.1 We have

(q; q)∞ = (q25; q25)∞
(

1

R5
− q − q2 R5

)
, (2.3)

1

(q; q)∞
= (q25; q25)5∞

(q5; q5)6∞

×
(

1

R4
5

+ q

R3
5

+ 2q2

R2
5

+ 3q3

R5
+ 5q4 − 3q5 R5 + 2q6 R2

5 − q7 R3
5 + q8 R4

5

)
, (2.4)

ψ(q) =
(
−q10,−q15, q25; q25

)

∞ + q
(
−q5,−q20, q25; q25

)

∞ + q3ψ(q25). (2.5)

Proof The identity (2.3) was stated without proof by Ramanujan [14]. Hirschhorn [11, Chap. 8] provided two
different proofs of (2.3). The identity (2.4) was established by Hirschhorn in [10, p. 843]; see also [11, Eq.
(8.4.4)]. The identity (2.5) comes from [4, p. 49, Corollary (ii)]. ��
Proof of Theorem 1.1 First, we prove (1.2).

Replacing q by q2 in (2.3) yields that

(q2; q2)∞ = (q50; q50)∞
(

1

R10
− q2 − q4 R10

)
, (2.6)

Substituting (2.4) and (2.6) into (2.2), we have

ψ(q) = (q25; q25)5∞(q50; q50)2∞
(q5; q5)6∞

(
1

R10
− q2 − q4 R10

)2

×
(

1

R4
5

+ q

R3
5

+ 2q2

R2
5

+ 3q3

R5
+ 5q4 − 3q5 R5 + 2q6 R2

5 − q7 R3
5 + q8 R4

5

)

=: A0(q
5)+ q A1(q

5)+ q2 A2(q
5)+ q3 A3(q

5)+ q5 A4(q
5), (2.7)

from which we obtain that

q2 A2(q
5) = (q25; q25)5∞(q50; q50)2∞

(q5; q5)6∞
· q2

R4
5 R2

10

× (
2R2

5 − 2R10 − q5 R7
5 + 2q5 R5 R3

10 − 3q5 R3
5 R2

10

+ 6q5 R5
5 R10 + 5q10 R4

5 R4
10 + 4q10 R6

5 R3
10 − q10 R8

5 R2
10

)
.
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According to (2.5), we find that

0 = 2R2
1 − 2R2 − q R7

1 + 2q R1 R3
2 − 3q R3

1 R2
2

+ 6q R5
1 R2 + 5q2 R4

1 R4
2 + 4q2 R6

1 R3
2 − q2 R8

1 R2
2

=
(

2 − q R5
1 + 5q R3

1 R2

)(
R2

1 − R2 + q R3
1 R2

2 + q R1 R3
2

)
.

As a formal power series in q, the factor

2 − q R5
1 + 5q R3

1 R2 = 2 + 4q − 10q2 + · · ·
is not identically zero. Thus we conclude that

R2
1 − R2 + q R3

1 R2
2 + q R1 R3

2 = 0, (2.8)

from which we obtain that
(

R2 − R2
1

)(
1 − q R1 R2

2

)
= 2q R3

1 R2
2, (2.9)

(
R2 + R2

1

)(
1 − q R1 R2

2

)
= 2R2

1 . (2.10)

Combining (2.9) and (2.10), we obtain (1.2).
Now we are in a position to prove (1.3).
Replacing q by −q in (2.5), we get that

ψ(−q) = (q; q)∞(q4; q4)∞
(q2; q2)∞

=
(
−q10, q15,−q25;−q25

)

∞ − q
(

q5,−q20,−q25;−q25
)

∞ − q3ψ(−q25). (2.11)

On the other hand, in view of (2.3) and (2.4), we have

ψ(−q) = (q25; q25)∞(q50; q50)5∞(q100; q100)∞
(q10; q10)6∞

×
(

1

R5
− q − q2 R5

)(
1

R20
− q4 − q8 R20

)

×
(

1

R4
10

+ q2

R3
10

+ 2q4

R2
10

+ 3q6

R10
+ 5q8 − 3q10 R10 + 2q12 R2

10 − q14 R3
10 + q16 R4

10

)

=: B0(q
5)+ q B1(q

5)+ q2 B2(q
5)+ q3 B3(q

5)+ q4 B4(q
5), (2.12)

from which we obtain that

q2 B2(q
5) = (q25; q25)∞(q50; q50)5∞(q100; q100)∞

(q10; q10)6∞
· q2

R5 R5
10 R20

× (−R2
5 R10 + R2

10 − 3q5 R5 R4
10 + q5 R5 R2

10 R20 + 3q10 R2
5 R6

10

+ 3q10 R2
5 R4

10 R20 + 2q10 R7
10 − 5q10 R5

10 R20 + q10 R2
5 R2

10 R2
20

− 2q10 R3
10 R2

20 − q15 R5 R9
10 + 2q15 R5 R7

10 R20 + 5q15 R5 R5
10 R2

20

+ q20 R2
5 R9

10 R20 + 2q20 R2
5 R7

10 R2
20 + q20 R8

10 R2
20

)
. (2.13)

It follows from (2.11) and (2.13) that

0 = −R2
1 R2 + R2

2 − 3q R1 R4
2 + q R1 R2

2 R4 + 3q2 R2
1 R6

4 + 3q2 R2
1 R4

2 R4

+ 2q2 R7
2 − 5q2 R5

2 R4 + q2 R2
1 R2

2 R2
4 − 2q2 R3

2 R2
4 − q3 R1 R9

2

+ 2q3 R1 R7
2 R4 + 5q3 R1 R5

2 R2
4 + q4 R2

1 R9
2 R4 + 2q4 R2

1 R7
2 R2

4 + q4 R8
2 R2

4

= (
1 − 3q2 R5

2 − 3q2 R3
2 R4 − q2 R2 R2

4 − q4 R8
2 R4 − 2q4 R6

2 R2
4

)
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× (
R4 − R2

1 R2 − q R1 R2
4 − q R1 R2

2 R4
)

− (
R2

2 − R4 + q2 R3
2 R2

4 + q2 R2 R3
4

)

× (−1 + q R1 R4 − 2q2 R5
2 + 3q R5 R2

2 + q3 R1 R7
2 + 2q3 R1 R5

2 R4
)
. (2.14)

Replacing q by q2 in (2.8) and substituting this identity into (2.14), we find that
(
1 − 3q2 R5

2 − 3q2 R3
2 R4 − q2 R2 R2

4 − q4 R8
2 R4 − 2q4 R6

2 R2
4

)

× (
R4 − R2

1 R2 − q R1 R2
4 − q R1 R2

2 R4
) = 0.

As a formal power series in q,

1 − 3q2 R5
2 − 3q2 R3

2 R4 − q4 R8
2 R4 − q2 R2 R2

4 − 2q4 R6
2 R2

4 = 1 − 7q2 + 22q4 − · · ·
is not identically zero. This implies that

R4 − R2
1 R2 − q R1 R2

4 − q R1 R2
2 R4 = 0. (2.15)

Now (1.3) follows from (2.15) by rearranging terms.
We therefore complete the proof of Theorem 1.1. ��

Proof of Corollary 1.2 Collecting all terms of the form q5n and q5n+1 in (2.5) and (2.7), we deduce that

− q

R3
1

− 2q2 R2
1 + 1

R4
1 R2

2

− 3q
R1

R2
2

− 6q

R1 R2
− 2q2 R4

1

R2
+ 2q2 R2 + 2q2 R2

2

R2
1

− q3 R3
1 R2

2

= (q; q)6∞
(q5; q5)5∞(q10; q10)2∞

(−q2,−q3, q5; q5)∞, (2.16)

− 2q

R2
1

+ q2 R3
1 + q

R3
1 R2

2

+ 2q
R2

1

R2
2

− 10q
R2

R4
1

+ 2q
R2

R4
1

− 6q2 R1 R2 + 3q2 R2
2

R1
+ q3 R4

1 R2
2

= (q; q)6∞
(q5; q5)5∞(q10; q10)2∞

(−q,−q4, q5; q5)∞. (2.17)

Now (1.4) follows from (1.1) and (2.16), (1.5) follows from (1.1) and (2.17).
On the other hand, replacing q by −q in (2.1), we deduce that

ϕ(−q) = (q; q)2∞
(q2; q2)∞

. (2.18)

It follows immediately from [4, p. 49, Corollary (i)] that

ϕ(−q) = ϕ(−q25)− 2q(q15, q35, q50; q50)∞ + 2q4(q5, q45, q50; q50)∞. (2.19)

According to (2.3), (2.4) and (2.18),

ϕ(−q) = (q25; q25)2∞(q50; q50)5∞
(q10; q10)6∞

(
1

R5
− q − q2 R5

)2

×
(

1

R4
10

+ q2

R3
10

+ 2q4

R2
10

+ 3q6

R10
+ 5q8 − 3q10 R10 + 2q12 R2

10 − q14 R3
10 + q16 R4

10

)
. (2.20)

Taking all terms of the form q5n+1 and q5n+4 in (2.19) and (2.20), we derive that

10q2 R1 − 1

R1 R4
2

+ q
R2

1

R3
2

− 2q

R2
2

+ 3q

R2
1 R2

+ 6q2 R2

R1
+ 2q3 R2

1 R2
2 + q3 R3

2 + q3 R4
2

R2
1

= −2(q2; q2)6∞
(q5; q5)2∞(q10; q10)5∞

(q3, q7, q10; q10)∞,
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− 10q

R1
+ R2

1

R4
2

− 1

R3
2

+ 2

R2
1 R2

2

+ 6q
R1

R2
− 3q2 R2

1 R2 − 2q2 R2
2 − q2 R3

2

R2
1

+ 2q3 R1 R4
2

= 2(q2; q2)6∞
(q5; q5)2∞(q10; q10)5∞

(q, q9, q10; q10)∞,

from which we obtain (1.6) and (1.7).
The proof of Corollary 1.2 is completed. ��

3 Final remarks

In this paper, we provide another proof of two modular equations due to Ramanujan. Our method relies on the
5-dissections of Euler’s product f (−q), its reciprocal, Ramanujan’s theta function ψ(q), and the factorizations
of some polynomials on the Rogers–Ramanujan continued fraction. We conclude this paper with several remarks.

(1) Following a similar strategy of proving (1.4)–(1.6), we can derive several q-series identities involving some
specialized Jacobi theta series from (2.11) and (2.12). However, there are more terms in these identities. On
the other hand, utilizing (2.3), (2.4) and the 5-dissection of ϕ(q) (see [4, p. 49, Corollary (i)]), one can also
derive some q-series identities similar to (1.4)–(1.7) by comparing two (different) 5-dissections of ϕ(q). But
the process of calculations is more lengthy.

(2) Collecting all terms of the form q5n+3 in (2.5) and (2.7), picking all terms of the form q5n in (2.19) and
(2.20), and taking all terms of the form q5n+3 in (2.11) and (2.12), we deduce that

5q − 3
J2,5 J 2

4,10

J1,5 J 2
2,10

− q
J 4

1,5 J 2
4,10

J 4
2,5 J 2

2,10

+ 2
J 3

2,5 J4,10

J 3
1,5 J2,10

+ 4q
J 2

1,5 J4,10

J 2
2,5 J2,10

− 4q
J 2

2,5 J2,10

J 2
1,5 J4,10

+ 2q2
J 3

1,5 J2,10

J 3
2,5 J4,10

− q
J 4

2,5 J 2
2,10

J 4
1,5 J 2

4,10

+ 3q2
J1,5 J 2

2,10

J2,5 J 2
4,10

= − J 6
1

J 6
5

, (3.1)

5q2 − J 2
2,5 J 4

4,10

J 2
1,5 J 4

2,10

− 2q
J1,5 J 3

4,10

J2,5 J 3
2,10

+ 4q
J2,5 J 2

4,10

J1,5 J 2
2,10

− 3q2
J 2

1,5 J4,10

J 2
2,5 J2,10

+ 3q2
J 2

2,5 J2,10

J 2
1,5 J4,10

− 4q3
J1,5 J 2

2,10

J2,5 J 2
4,10

− 2q3
J2,5 J 3

2,10

J1,5 J 3
4,10

− q4
J 2

1,5 J 4
2,10

J 2
2,5 J 4

4,10

= − J 6
2

J 6
10

, (3.2)

5q2 + q
J1,5 J 3

4,10

J2,5 J 3
2,10

− 2q
J2,5 J 2

4,10

J1,5 J 2
2,10

+ 2q3
J1,5 J 2

2,10

J2,5 J 2
4,10

+ q3
J2,5 J 3

2,10

J1,5 J 3
4,10

+ 5q
J2,5 J8,20

J1,5 J4,20
− J 3

4,10 J8,20

J 3
2,10 J4,20

− 3q
J1,5 J4,10 J8,20

J2,5 J2,10 J4,20
− 2q2

J 2
2,10 J8,20

J 2
4,10 J4,20

− q3
J1,5 J 4

2,10 J8,20

J2,5 J 4
4,10 J4,20

+ 5q3 J1,5 J4,20

J2,5 J8,20
− q

J2,5 J 4
4,10 J4,20

J1,5 J 4
2,10 J8,20

+ 2q2
J 2

4,10 J4,20

J 2
2,10 J8,20

+ 3q3 J2,5 J2,10 J4,20

J1,5 J4,10 J8,20
− q4

J 3
2,10 J4,20

J 3
4,10 J8,20

= − J 6
2

J 6
10

. (3.3)

The identities (3.1) and (3.2) can also be derived by [7, Theorem 1.1] and [6, Eqs. (9.10) and (9.11)]. However,
(1.4)–(1.7) can not be established in this way. On the other hand, comparing (1.4) (resp. (1.6)) with (1.5)
(resp. (1.7)), one can obtain (1.2) again. Replacing q by q2 in (3.1) and comparing this identity with (3.2),
we can establish (1.3) by utilizing (1.2). Moreover, combining (3.2) and (3.3), one can also obtain (1.3) by
the application of (1.2). These phenomena imply that modular equations (1.2) and (1.3) are widespread in
many q-series identities.

(3) Quite recently, Chern and the author [8] established several q-series identities involving R(q), R(q2) and
R(q4). In particular, they [8, Eqs. (3.12) and (3.13)] proved that

R(q)

R(q2)R(q4)
− q2 R(q2)R(q4)

R(q)
= J1 J4 J 10

10

J 2
2 J 5

5 J 5
20

, (3.4)
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1

R(q)R(q4)
+ q2 R(q)R(q4) = 2q + J1 J4 J 10

10

J 2
2 J 5

5 J 5
20

. (3.5)

With the help of (3.4), (3.5) and [7, Theorem 1.1], after simplification, we find that

9q2 − J4 J 5
10

J2 J 5
20

− q
J2 J 5

5

J1 J 5
10

+ q
J1 J4 J 10

10

J 2
2 J 5

5 J 5
20

+ 4q3 J1 J 5
10

J2 J 5
5

− 4q3 J 2
2 J 5

5 J 5
20

J1 J4 J 10
10

+ 4q4 J2 J 5
20

J4 J 5
10

= − J 6
2

J 6
10

.

(4) As proved by Andrews and Berndt [2], our proof of (1.3) is also highly dependent on (1.2). Therefore, it
would be appealing to find an elementary proof of (1.3) without utilizing (1.2).
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